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A survey of Floer homology for
manifolds with contact type boun-
dary or symplectic homology

Alexandru Oancea

Abstract. The purpose of this paper is to give a survey of the various versions
of Floer homology for manifolds with contact type boundary that have so far
appeared in the literature. Under the name of “Symplectic homology” or “Floer
homology for manifolds with boundary” they bear in fact common features
and we shall try to underline the principles that unite them. Once this will
be accomplished we shall proceed to describe the peculiarity of each of the
constructions and the specific applications that unfold out of it: classification
of ellipsoids and polydiscs in C™, stability of the action spectrum for contact
type boundaries of symplectic manifolds, existence of closed characteristics on
contact type hypersurfaces. The computation of the Floer cohomology for balls
in C™ is carried out by explicitly perturbing the nondegenerate Morse-Bott
spheres of closed characteristics.

1 Constructions of Floer homological invariants

1.1 Morse homology

Floer homology can be seen as a vast generalization of the Thom-Smale-Witten
(TSW) complex to infinite dimension. We briefly recall below the construc-
tion of the latter [F3, Sch]. The resulting homology theory is called Morse
(co)homology as a tribute to Marston Morse’s pioneering use of critical points
of smooth maps in the study of the topology of manifolds.

Consider a Morse function f : L — R defined on a closed manifold L and
a Riemannian metric g which is generic with respect to a certain transversal-
ity property. One defines two complexes, one homological and the other one
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cohomological, by

C};VIOTSE(L, _v!]f) — @ Z(_z) s (11)
VIf(z) =0
indf(z) = ¢q
8Morse . C«(I)\/It)lrse(L7 _v_qf) N (/‘4(1]\/17:311ra‘e(L7 _v_qf) , (12)
Moy = N #(M(w, y s —VIf)/R) (). (1.3)
indf(y)=q—1
Clorse L=V 1) = @ Z(x), (L.1y
VIf(z) =0
indf(z) = ¢
OMorse * C]%jorsc(La 7vgf) - CI‘\I/[txlrsc(L7 7vgf‘) ’ (12)/
5Morse<z> = Z #(M(yy Z; 7vg.f)/R) <y> (13)/
indy (y)=q+1

The notation M(y, z ; —V9f) stands for the space of parameterized nega-
tive gradient trajectories running from y to z, on which the additive group R
naturally acts by reparameterization. The transversality condition mentioned
above concerns the transverse intersection of any pair of stable and unstable
manifolds of —V9 f. It ensures in particular that M(y, z ; —V9f) is a smooth
manifold of dimension ind(y) — inds(x), where indf(x) is the Morse index of
the nondegenerate critical point x for the function f. When the difference of
the indices is equal to 1, a careful description of the relative compactness of
sequences of trajectories proves that the quotient M(y, z ; —V9f)/R is finite.
Any choice of orientations for the unstable manifolds allows one to orient the
trajectory spaces and algebraically count the elements of M(y, z ; —V9f)/R
when indf(y) — indy(x) is equal to 1. This gives a precise meaning for the
expressions defining OM°™® and Syporse. The crucial identities (8M°rse)2 =0

and (5Morse)2 = 0 are a consequence of a glueing theorem which constitutes,
together with the analysis of the convergence of sequences of trajectories, a de-
scription of the compactification of M(y, z; —V9f)/R by “broken trajectories”.
Finally, the homology of the above complexes is seen to compute the singular
homology and, respectively, cohomology H,.(CM°™¢(L, —V9f)) ~ H.(L ; Z),
H*(Ciiorse(L, =V9[)) = H*(L ; Z). The most intuitive way to see this is to
use the fact [L] that the unstable manifolds give rise to a CW-decomposition
of L and use cellular (co)homology as a bridge between Morse and singular
(co)homology [Po, O].
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We should mention at this point two important extensions of the preceding
setup. Firstly, the negative gradient vector field can be replaced by a vec-
tor field X which is negative gradient-like with respect to a Morse function
f ie. X - f < 0 outside the critical points of f, which satisfies the same
transversality condition and which is equal to —V9f near the critical points
for some given metric g. Secondly, when the manifold L is no longer compact,
the same construction can be carried out if f satisfies the Palais-Smale con-
dition: every sequence (z,) such that f(z,) is bounded and V9f(z,) — 0
contains a convergent subsequence. The Palais-Smale condition can of course
be formulated for a (negative) gradient-like vector field. For any two regular
values @ < b of f the complexes constructed on the critical points belong-
ing to f~![a, b] eventually compute the relative singular homology/cohomology
H(CYMose(L, —V9f 5 a, b)) = H.(f?, f% Z), H* (Cijonse(Ls —Vf ; a, b)) =
H*(f*, f? Z). For any real number ¢ we have denoted f¢ = {f < c}.

1.2 Floer homology for closed manifolds

Let us now describe the main lines along which Hamiltonian Floer homology
of a closed manifold is constructed. This section recalls the construction pre-
sented in F. Laudenbach’s paper “Symplectic geometry and Floer homology”
published in this same issue of the journal. A comprehensive reference is also
provided by D. Salamon’s lecture notes [S2], while the full details under the
symplectic asphericity condition (w, m2(M)) = 0 that we require henceforth are
disseminated in several papers of A. Floer [F1, F2|. This assumption can be
eliminated with moderate effort in the monotone case (“bubbles”) and with
strenuous one (“virtual cycle technique”) in the general case, but it is suitable
for this survey paper to simplify things. We henceforth assume (w, mo(M)) = 0,
as well as (c;, m2(M)) = 0 in order for the Conley-Zehnder index of a periodic
orbit to be well defined.

Let H : S' x M — R be a time-dependent Hamiltonian and Xy the Hamil-
tonian vector field defined by tx,w = dH(t,-). Let J; € End(TM), t € S! be
a loop of almost complex structures which are compatible with the symplectic
form i.e. g5,(-,-) = w(, Ji-), t € S* are symmetric positive definite bilinear
forms. We then have J; Xp(t,) = V9 H(t,-).

From a formal point of view, the construction of Floer homology closely
follows that of Morse homology with the following analogies:

Manifold L «— Space of contractible loops in M, denoted A

Metric g +— L? metricon A : (n, £) :/ g1, (n(t), £(t))dt,
§1

n, £ € T,A=C®(S!, y*TM)
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Function f «— Action functional Ay : A — R,
v */ Tw— / H(t,~(t))dt
D2 st
@) — dAn()n == [ wn®). 50 - Xn(r(0))dt
Critical point of f «— 1 — periodic orbit: ¥(t) = Xg (¢, v(t))

VIf e V7Au(y) =0 - I Xn
Negative gradient trajectory «— Mapu:R — A or u:RxS!' — M

satisfying
ou ou
ou R v 72 -
7 + Ji(u(s,t)) 5 V9% H (t,u(s,t)) =0 (1.4)
and having bounded energy
1 Ou;2  Ou 2
E(u)—§/SI/R(\$| +|57 — Xn(tu)] )dsdt<oo. (1.5)

Let us make some comments before going on with the dictionary. For a
contractible loop 7 : S* — M we have denoted 7 : D> — M a map verifying
Flst = 7. The symplectic asphericity implies that the action functional is well
defined i.e. the quantity |, p2 ¥ w does not depend on the choice of the extension
.

From a formal point of view, the analogues of the negative gradient trajec-
tories of the finite dimensional case are maps u : R x S' — M only verifying
equation (1.4). For finite-dimensional closed manifolds this automatically im-
plies the convergence at +00 to critical points of f. On the contrary, when the
dimension is infinite one has to impose a supplementary condition in order to
ensure the convergence at 0o to 1-periodic orbits. This condition is precisely
given by the finiteness of the energy (1.5). The latter is equivalent to the con-
vergence at +o0o of a cylinder verifying (1.4), under the assumption that the
1-periodic orbits of H are nondegenerate. For a 1-periodic orbit z(t) = z(t+1),
this means that

det(Id — di; (2(0))) # 0
where ¢}, is the flow of Xp.

The minima of the energy are precisely the solutions of Floer’s equation (1.4).
For any two orbits z, y of period 1 let us denote by U(y, x) the space of maps
u: R xS' — M that verify lim,_, oo u(s, t) = y(t), lims_ 100 u(s, t) = x(t)
with uniform convergence in ¢t. Any element in u € U(y, x) satisfies
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E(u) = /gl/‘ 81: VH(t,u)‘zdsdt+AH(y)7AH(z)4

This is a consequence of the identities 7— = Ap(u(s, fsl w(us, ug — Xpg) dt
and |us + Juy — JXg|* = |us|? + |up — XH| 2f§lw us, ug — Xgr) dt. The
minimum Ag(y) — Ap(x) of the energy on U(y, ) is attained precisely by the
solutions of equation (1.4) and we denote M(y, ) the set of these trajectories.
An element of M(y, ) will be called a Floer trajectory.

A similar phenomenon occurs in the finite dimensional case the negative gra-
dient trajectories are the minima of the energy By 4(v) = & [; [V12+|V9f(7)|? ds,
defined on the space of maps 7 : R — L that converge at +00 to some given
critical points of f. The transversality condition that was mentioned in §1.1
can be rephrased in terms of a surjectivity property for the linearization of the
equation of gradient trajectories [S1]

D=V £+ VeVE(y), €eTL.

A similar transversality condition has to be verified in the infinite dimensional
case in order for the spaces M(y, x) to inherit the structure of a finite dimen-
sional manifold. The linearization

Dy& = V& + J(u)Vi€ 4+ VeJ (w)uy — Ve VH(t, u), EeuwTM

of the equation (1.4) has to be a Fredholm map whose differential is surjec-
tive at solutions of (1.4). The Fredholm character requires the use of suitable
functional spaces for the elliptic analysis and holds if the 1-periodic orbits of H
are nondegenerate. The surjectivity is satisfied for a generic choice of H and J
[FHS]. Our dictionary goes now as follows:

Nondegenerate critical points «— 1 — periodic nondegenerate orbits

Morse index indyorse(z) «— Conley-Zehnder index icz(y) of a
of a critical point = periodic orbit v, taken with negative sign

dim M(y, z) = indmorse(y) — indporse () «— dim M(y, z) = icz(z) — icz(y)
= —icz(y) — (—icz(x))

Let us remark that, unlike in the finite dimensional case, the Hessian of Ay
at a critical point admits an infinite number of negative as well as positive
eigenvalues. Its “Morse” index is therefore not well defined. This can be easily
seen on the following example: consider H = 0 on C and the action of a loop v =
Shez et is [@wdy = m Y, klzk|?. The positive and negative eigenspaces of
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this quadratic form are obviously infinite dimensional. In fact, this shows again
that the classical Morse theory is not adapted to the present context: it would
come to glueing infinite dimensional discs along infinite dimensional spheres,
which are contractible. The homotopical invariants of the corresponding spaces
would vanish at any step of the construction.

The Conley-Zehnder index is an integer that is associated to a path of sym-
plectic matrices having the identity as origin and whose end does not contain
the eigenvalue 1 in its spectrum. To any periodic orbit v one can associate a
Conley-Zehnder index by trivializing T'M over a filling disc 7 and by considering
the path of symplectic matrices induced by the linearization of the Hamiltonian
flow along . The assumption {(c1, m2(M)) = 0 ensures that two such trivializa-
tions are homotopically equivalent along v and the integer icz(7y) will thus be
independent of the trivialization. We explain at the end of this section why the
suitable analogue of the Morse index is the Conley-Zehnder index considered
with negative sign, rather than simply the Conley-Zehnder index.

If the transversality assumptions are verified, the implicit function theorem
ensures that the dimension of M(y, z) at u is equal to the Fredholm index of
D,,. The identification of the latter with the difference between the Conley-
Zehnder indices of the ends is a consequence of a characterization in terms of
the spectral flow of a certain family of first order differential operators that is
associated to equation (1.4) [RS1, RS2, S2].

The only ingredient still lacking in order to formally define a (co)homological
differential complex in analogy with the TSW complex is a recipe to associate
a sign to a Floer trajectory running between periodic orbits whose Conley-
Zehnder indices have a difference equal to 1. We shall not pursue this matter
here and will just claim that there is one such recipe [FH2, S1]. One can
alternatively work with Z/2Z coefficients in order to avoid all sign problems.

Definition. The homological Floer complex FC.(M; H, J) and the cohomo-
logical one FC*(M; H, J) are defined respectively by the analogues of equations
(1.1, 1.2, 1.8) and (1.1', 1.2, 1.3 ) through the above dictionary. The grading
is given by the opposite of the Conley-Zehnder index.

The definition depends on the transversality results that we have mentioned
above. In the case of a Hamiltonian having nondegenerate periodic orbits,
the almost complex structures for which these hold form a set Jycq(H) which
is of the second category in the sense of Baire in the space of w-compatible
almost complex structures. Conversely, for any fixed family J = (J;), the
transversality results are valid for a second Baire category set of Hamiltonians
Hreg(J) C C°(S' x M, R). In finite dimension, this amounts to prescribe
the metric and to choose a generic Morse function: from the point of view of
genericity, the metric and the function play symmetric roles.

In order to fix ideas, all the remarks that are to follow will concern coho-
mology groups. The distinction homology - cohomology will gain importance
only for manifolds with boundary. The definition will in that case contain as
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a supplementary ingredient an algebraic limit process which, according to the
formalism being homological or cohomological, will be direct or inverse.
The fundamental property of Floer cohomology

FH*(M; H, J) = H*(FC*(M; H, J))

is its independence with respect to the Hamiltonian and with respect to the
almost complex structure. For any two pairs (H°, J°), (H!, J') which satisfy
the above regularity conditions there is a homotopy of regular pairs (H?, Jt),
t € [0, 1] that links them together. Any such homotopy induces an isomor-
phism FH*(M; H°, J°) = FH*(M; H', J') which, moreover, does not de-
pend on the chosen reqular homotopy. The consequence is that one can iden-
tify Floer (co)homology with a classical topological invariant, namely singular
(co)homology. Let us recall the relevant argument. Consider a Hamiltonian
function that is time independent and Morse. Any critical point = of H is a
(constant) 1-periodic orbit and, in view of the convention Xy = —JVH, we
infer icz(z) = n — indmorse(z, —H), n = %dim M or, written in a different
way, indyvorse(z, —H) =n + (7 zcz(x)) When H is small enough in the C?
norm one can show that there are no 1-periodic orbits other than the critical
points of H and, moreover, the Floer trajectories (solving us + Ju; = VH)
that run between points whose index difference is equal to 1 are in fact time
independent [F2]. This means that the Floer complex coincides with the TSW
complex corresponding to VH. If the grading on F'C* is given by minus the
Conley-Zehnder index, one gets the isomorphism

1
FH*(M, w) ~ H"™(M; Z), n= idimM .

We see in particular the interest of grading by —icz rather than icz. In the
latter case we would have obtained the isomorphism FH* ~ H"* through the
extra use of Poincaré duality H,,_.(M) ~ H""*(M).

1.3 Floer homology for manifolds with contact type boun-
dary or Symplectic homology

The second big setting in which Hamiltonian Floer homology groups can be
defined is that of compact symplectic manifolds with contact type boundary.
The main references on this topic are the papers by K. Cieliebak, A. Floer,
H. Hofer, K. Wysocki [FH1, CFH, CFHW] and C. Viterbo [V2]. I have used
D. Hermann’s thesis [Hel] with great profit due to the very clear exposition
style. The paper of P. Biran, L. Polterovich and D. Salamon [BPS] contains
results concerning the existence of periodic orbits representing nontrivial free
homotopy classes. The Weinstein conjecture and related problems are discussed
in the book by H. Hofer and E. Zehnder [HZ].

The initial motivation for the construction of Floer homology groups was the
existence problem for closed orbits of Hamiltonian systems. Roughly speaking,
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this problem has two distinct aspects: existence of closed orbits with a given
period and existence of closed orbits on a given energy level. Historically, these
two directions correspond to two conjectures of V.I. Arnold [A] (1965) and A.
Weinstein [We] (1979). In one of its variants, the first claims that a lower bound
for the number of closed orbits with fixed period on a closed symplectic manifold
M is provided by the rank of the (rational) cohomology H*(M; Q). Under the
assumptions (w, ma(M)) =0, (c1(M), m2(M)) = 0 of the previous section, this
follows from the very construction of the Floer homology groups. Since 1996
there are proofs that work in full generality, with no extra assumptions on the
underlying manifold. The second conjecture claims the existence of at least one
closed orbit on a regular compact energy level ¥ which is of contact type. Floer
homology for manifolds with boundary is a tool that is particularly adapted
to the study of this question (§4.3), but we shall present two other fascinating
applications in §4.1 and §4.2.

Definition 1.1. A (compact) hypersurface ¥ of a symplectic manifold (M, w)
is said to be of contact type if there is a vector field X defined in a neighbourhood
of ¥, transverse to ¥ and verifying Lxw = w. The vector field X is called the
Liouville field. The 1-form A = txw is called the Liouville form. If the Liouville
field is globally defined on the whole of M we say that 3 is of restricted contact
type.

The boundary of a compact symplectic manifold M is said to be of (restricted)
contact type if the above conditions are satisfied and the Liouville field is out-
ward pointing.

The contact type condition is a symplectic analogue for convexity in the
linear symplectic space R?": any compact convex hypersurface is of (restricted)
contact type, as the radial vector field X (x) = %x, x € R?" satisfies the above
conditions (assuming 0 is in the bounded component of R?™\ ¥}). The conjecture
has been formulated precisely in view of preliminary existence results on convex
or star-shaped energy levels. A first proof for a contact type ¥ C R?" was given
by C. Viterbo [V1] and lots of other ambient spaces have been subsequently
exlored.

The contact type condition is related to holomorphic pseudo-convexity, as
remarked by Y. Eliashberg, M. Gromov [EG] and D. McDuff [McD]. This is
precisely the reason why we impose that the Liouville field be outward pointing.
One should remark that this is automatically true if the boundary is of restricted
contact type as the Liouville field (exponentially) expands volumes. We give
more details on pseudo-convexity in the sequel.

Floer homology groups of a manifold M with contact type boundary will be
defined with the help of Hamiltonians that admit the boundary OM as a regular
level. The invariants that we thus obtain will take into account not only the 1-
periodic orbits in the interior of the manifold, but also the closed orbits having
arbitrary period on the boundary. As a consequence, they are well adapted to
the study of Weinstein’s problem. Let us stress from the very beginning that,
unlike Floer homology of closed manifolds which is finally proved to be equal
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to the singular homology, Floer homology of manifolds with boundary has no
similar topological correspondent. It is all the more important to exhibit in the
latter case qualitative properties that are determined by additional geometric
properties of the manifold.

Here is how one retrieves closed orbits of arbitrary period on a contact type
level with the help of 1-periodic orbits in a neighbourhood of ¥. Note that
the restriction of w to TY. has a one dimensional kernel on which A does not
vanish. If H is an autonomous Hamiltonian admitting 3 as a regular level then
Xpu € ker w|py and M(Xg) # 0.

Definition 1.2. The Reeb vector field (or characteristic field) Xgeer, of X is
defined by the following two properties: Xgeeh € ker w|rs and A(Xgeeb) = 1.
An orbit of Xgeeb is called a characteristic of X.

One should note that the area [ A of a closed characteristic is equal to its
period. Moreover, the orbits of Xy that are located on X are in one-to-one cor-
respondence with the latter’s characteristics. It is important to understand that
the Hamiltonian dynamics on a regular level does not depend on the Hamilto-
nian but on the level itself: it is more of a geometric nature rather than purely
dynamic or analytic.

Let us denote by ¢% the flow of the Liouville field. A whole neighbourhood
V of ¥ is foliated by the hypersurfaces ¢ (X)_s< t< s with § > 0 small enough.
In view of p4*w = e'w, the characteristics on these hypersurfaces are in one to
one correspondence with those of X. It is now comfortable to make a coordinate
change via the symplectic diffeomorphism

T :Sx[l-6 1+ >V, 0 > 0 small , (1.6)

¥(p, 5) =% ) ,
verifying
UA=5"- A
where )| is the restriction of A = txw to T'Y. The autonomous Hamiltonian
H :Y¥x[1-6,1+6¢—R
H(p, S) = h(9), h:[1-61+0 —R

satisfies Xy (p, S) = —h/(S)XReeb. Its 1-periodic orbits that are located on
the level S correspond to characteristics of period h'(S) located on ¥ (with the
opposite orientation). By studying the 1-periodic orbits of such Hamiltonians
one will have in fact studied characteristics on ¥: the more important the
variation of A in the small interval [1 — ¢, 1+ 6] is, the more characteristics one
“sees”.

Any reasonable Floer homology invariant for a manifold with boundary should
take into account the topology of the manifold and all closed characteristics on
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the boundary. We thus retrieve the common underlying principle of the con-
structions in [FH1, CFH, CFHW, V2]: the cohomology

FH'(M) = lm FH*(M; H, J) (1.7)

will be defined as a limit following an admissible family of Hamiltonians, steeper
and steeper near the boundary. As we have already warned the reader, this limit
is of direct or inverse type respectively, according to the choice of a homological
or cohomological formalism. One supplementary refinement will consist in using
a truncation by the values of the action, a crucial ingredient for the applications
in §4.1 and §4.2. Before reaching them, let us describe the various points of
view already present in the literature.

Symplectic homology of a bounded open set U C (C", w), cf. [FH1]

This definition was introduced by A. Floer and H. Hofer [FH1]. In order to
give a presentation in tune with the subsequent constructions we shall present
below the cohomological setup, while the original point of view is homological.
The two main features of this theory are the following:

a. it is “extrinsic” in the sense that Hamiltonians are defined on the whole
ambient space C";

b. the definition is valid for arbitrary open sets, without any regularity or
contact type hypothesis on the boundary.

The class H(U) of admissible Hamiltonians H : S! x C* — R is defined by
the following properties:

1. H [ < 05
2. there is a positive definite matrix A such that

\H’(t,u)fAu\_’O7 ] = o0
Jul
uniformly in ¢ € S*;
3. the differential system
—it = Az, z(0) = z(1)
admits only the trivial solution z = 0;
4. there is a constant ¢ > 0 such that
| H (t,u) ||< ¢, vteS, ueC,

OH'

W(t,u)( <e(l+]u)), VteS!, ueCm.
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Condition (1) “pins down” the Hamiltonian along U and allows it to (steeply)
increase only in the neighbourhood of the boundary, according to the philosophy
that we have detailed above. Condition (2) prescribes the asymptotic behaviour
of Xy and, combined with (3), ensures not only that all its 1-periodic orbits
are contained in a compact set, but also that the Floer trajectories that link
them together do not escape to infinity. This is a crucial point in proving
Floer compactness for open manifolds and we shall give more details on it in
the context of the two constructions to follow. Condition (4) is of a technical
nature and plays some role in the proof of the C° estimates. One should note
that condition (2) is to be interpreted as a kind of quadratic asymptoticity for
H.

We denote by ng(U) the class of admissible Hamiltonians having nonde-
generate 1-periodic orbits: it is of second Baire category in H(U). We denote
by J the class of almost complex structures on C™ that are compatible with
wo and that are equal to the standard complex structure ¢ outside a com-
pact set. The transversality in Floer’s equation is verified for a dense set
HT reg(U) C Hreg(U) x J and the truncated Floer cohomology groups are
defined for a regular pair as follows:

FCf o, )= P Zz), acRU{-oo},

a, 4o0]
—icg(@) =k
Ag(z) > a

FH oo(H, J) = H(FCjy oo(H, )

FCy(H, J) = FC}, oo (H, J) | FC, (H, J), —00 < a<b< +oo,

a, +oo[

FH}, ,(H, J) = H (FCy, , (H, J)) .

The inverse limit (1.7) is considered with respect to the following partial order
relation on HJreg(U), which induces an inverse system on the cohomology
groups: _

(H,J) < (K, J) if  H(t,u) < K(t, u) .

The cohomological inverse system is_determined in the following manner.

For two ordered pairs (H, J) < (K, J) we consider a homotopy (H(s, t, u),

J(s, t, u)) such that:

—There is an so > 0 with (H(s, t, u), J(s, t, w)) = (H(t, u), J(t, u)), s < —so
, J(t, u

t,u
(K(t7 u) N( ))’ §2>50;

— The homotopy is an increasing function with respect to s i.e. % (s, t, u) > 0;

— The homotopy satisfies certain additional assumptions concerning the be-
haviour at infinity and the regularity. The most important of them is the
following compatibility with the quadratic asymptoticity:
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There is a smooth path A(s) € Endg(C") of positive definite matrices such
that A(s) = A(—sp) for s < —sg, A(s) = A(so) for s > s¢ and

|H'(s, t, u) — A(s)ul

— 0, lu| — oo .
Jul

Moreover, we require that if the Hamiltonian system —i& = A(8)z has a non-

trivial 1-periodic solution for some 5 € R, then %A(s) _is positive definite.
s=4

The asymptotic conditions on the homotopy ensure that the solutions of the
parameterized Floer equation

us + J(s, t, wyuy — VH(s, t,u) =0, (1.8)

u(s, t) — az*, 5 — 400, (1.9)

which play now the role of the trajectories verifying (1.4 - 1.5), do also stay in
a compact set. Here 2~ and 2" are 1-periodic orbits of H and K respectively.
The dimension of the moduli space M(z~, ™) of solutions of (1.8 - 1.9) is
—icz(z”) — ( —icz(z")) but, to the difference of equation (1.4 - 1.5), the
group R is no longer acting by translation. This implies that, generically, the
moduli space is no longer empty if its formal dimension is zero and the morphism
of complexes defined according to (1.3’) will respect the grading:

o 1 FC, (K, J) — FC}, (H, J), (1.10)

saty = Y #ME, o) ).
icz(z~)=icz(zt)
The map o is well defined because the action is decreasing along solutions of
the parameterized equation (1.8). This is due to the fact that the homotopies
that we allow are increasing;:

d

25 Ano u(s,)) = = [ i e = Xz (uls, D)t = [ Z (st s 1)

0

51 Os
3}

zf/w(us,J(stustus /—stust))dt
Sl a

= t, t dt <
s, - /6 5,4, u(s, 0.

The morphism o commutes with the differential and descends to a morphism
in cohomology that is called “monotonicity map”

oK J)
7 7,0
—

FHy (K, J) FHy 5 (H, J) . (1.11)
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As in the compact case, two admissible homotopies induce the same morphism
in homology and we moreover have

o O-(K,V:;f,> _ (K’,j’)

%(H,J) (K, J) OH,0)

for (H, J) < (K, J) < (K', J). Let us then define

FHy, y(U) = lim FHy,,(H,J), —oo<a<b<+oo,
(H,7)
FH;, oo (U) = lim FH, | (H, J)
(H,J)

and get in particular

FH}, | (U) = 1%nFH]”;,b](U), b— +oo .

The “truncation maps” FH}, ,,(U) — FHy, ,,(U), b > b are induced by
the inclusions FC], OO[(H, J) — FC}, o (H, J), a > a’ which give rise to the

morphisms
FH]*a,b](H, J)—»FH]’;/’,,,](H, J), a>ad,b>V.

The latter are compatible with the monotonicity maps. For a fixed value of a
the groups F H]’;, o (H, J) form an inverse bi-directed system. In view of the
fact that two inverse (or direct) limits in a bi-directed system commute one can
therefore write

FH}, ,o(U) =lim lim FH;, ,,(H, J) = lim lim FH}, ,(H,J),  b—oco.
b (H,J) (H,J) b

We shall see below (cf. §2.2) that, for an open set U with restricted contact type
boundary, the groups FH]’; +Oo[(U) do not depend on a if the latter is strictly
negative. This is due to the existence of a cofinal family whose 1-periodic orbits
all have an action that is either positive, either negative and arbitrarily close

to zero [Hel, V2]. We define in the general case
FH*(U) = FH_ o oo|(U) - (1.12)

We shall then have FH*(U) = FH], +Oo[(U)7 a < 0 if U has restricted contact
type boundary.

As we have already pointed out, the present version of Floer homology asks for
an important new ingredient compared to the case of closed manifolds, namely
the existence of a priori C° bounds which ensure that, for fixed limiting orbits,
all Floer trajectories for the parameterized equation stay in a compact set. If
this were not the case then some pathological noncompactness might appear
in the moduli space of Floer trajectories: the number of trajectories between
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two orbits with index difference equal to one might be infinite, or the square of
the Floer differential might no longer be zero. We give more details about the
proofs of these bounds for the two constructions to follow and in §2.1.

Let us mention that an analogous construction can be used to define Floer
homology groups. The differential will be defined according to (1.3) (and this is
the original setup of [FH1]). The sub-complexes that will be preserved by the
differential are

FO>H, J)= @ Z), a<c

Ap(z)<a

and the monotonicity and truncation morphisms will define a direct double
system:

FHS T (U) =lim lim FHY(H, J) = lim lim FH}, ,(H,J), b—oo.
b (H,J) (H,J) b '

This distinction bears a specific importance: the direct limit is an exact
functor, while the inverse limit is generally only left exact and becomes exact if
the terms of the directed system are all finite dimensional vector spaces ([ES]
Ch. VII). This has nontrivial consequences in practice: one can prove for
example a Kiinneth formula that is valid in Floer homology with arbitrary
coefficients, while the analogous Kiinneth formula holds in Floer cohomology
only with coefficients in a field (see §4.3).

Symplectic homology of relatively compact open sets in manifolds
with contact type boundary, cf. [CFH] and [CFHW)]

‘We describe below a construction introduced by K. Cieliebak, A. Floer and H.
Hofer in [CFH], as well as one of its variants appearing in [CFHW].

The admissible Hamiltonians for a relatively compact open set U C M \ 0M
are defined in [CFH] by the following properties:
<0

lstxo

— H =m(H) = max H > 0 in a neighbourhood of dM;
— all periodic orbits satisfying fol H(t,z(t))dt < m(H) are nondegenerate.

A neighbourhood of the boundary is trivialized by the Liouville flow ¢ o In
as (OM x [1 =6, 1], d(SA])), 6 > 0. The admissible almost complex structures
are defined to be those that can be written near the boundary as

J(p,s)l.sa= Jo, )
J.9)(33) = 75 Rccb(p)é >0, (1.13)
Jp,5)(XReeb(P)) = —CS55 .
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with Jy an almost complex structure compatible with the restriction of w to
the contact distribution £ on dM. These are precisely the almost complex
structures that are invariant by homotheties (p, S) — (p, aS), a > 0. The
homotopies are again chosen to be increasing in the s-variable and such that,
for fixed s, the Hamiltonian H(s, -, ) is of the type above.

The definitions of the Floer complex and of the (co)homology groups are
perfectly similar to those that we have described for open sets in C™ and the
existence of the C° bounds for the parameterized trajectories is again the cru-
cial point. In the present situation it is replaced by the requirement that the
parameterized Floer trajectories stay at bounded distance from the boundary.
To the difference of the preceeding construction and thanks to the very special
form of the Hamiltonians and of the homotopies, a geometric argument based
on holomorphic convexity allows one to conclude easily.

Definition 1.3. Let J an almost complex structure that is compatible with the
symplectic form w. A hypersurface ¥ C M s said to be J-convex if it can
be locally written as the reqular level set of a plurisubharmonic function i.e. a
function ¢ : M — R which satisfies dd°p < 0, where d® = J*d.

Example: if M is a manifold with contact type boundary, all hypersurfaces
OM x {Sp} C OM x [1 — ¢, 1] are J-convex with respect to any admissible
almost complex structure. Indeed, ¢(p, S) =S is plurisubharmonic as dd°S =
d(-=CS\|) = —Cw < 0.

The interest of plurisubharmonic functions and pseudo-convex hypersurfaces
lies in the following lemma.

Lemma 1.4. (H. Hopf, see also [McD]) Let ¥ C M be a J-convex hypersur-
face and ¢ a (local) function of definition which is plurisubharmonic. No J-
holomorphic curve u : (D?(0, 1), ) — M can have an interior strict tangency
point with ¥ i.e. ¢ owu cannot have a strict local mazimum.

Proof. Let z = s+ it be the complex coordinate on D?(0, 1) and Jy = i be
the standard complex structure on the disk. The crucial (easy) computation is
dd5 (¢ ou) = —A(p ou)ds A dt. The J-holomorphicity of u implies dd, (¢ o
u) = dJju*dy = du*J*dp = u*ddSp. But ¢ is plurisubharmonic and thus
A(pou) > 0ie. ¢ouis plurisubharmonic in the classical sense. Hence ¢ ou
satisfies the mean value inequality and there can be no strict maximum that is
achieved in the interior of the disk.

O

One can refine this argument and prove that ¢ ow can neither have an interior
maximum, be it strict or not. This shows that all Floer trajectories correspond-
ing to a fized Hamiltonian stay at a bounded distance from the boundary. The
argument requires some further refinement in order to deal with parameterized
trajectories but its basic feature remains the use of the maximum principle
[CFH].
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In order to get an intuition of what the corresponding invariants really com-
pute, let us consider the case where the open set U has a contact type boundary
as well. One can then construct a cofinal family of Hamiltonians with a special
geometric meaning, whose form is sketched in Figure 1 (2). A neighbourhood
of QU is trivialized by the corresponding Liouville flow as U x [1 —¢, 1+ €] and
the Hamiltonians are of the form H = h(S’), S’ € [1 — ¢, 1+ €], with h steeper
and steeper (see §1.3 for a discussion of nondegeneracy). Characteristics on U
are therefore seen twice, once on the convex part and once on the concave part
of the function h.

v

W @ ®

Figure 1: Admissible families: (1) - [FH1], (2) - [CFH], (3) - [V2]

Here is now the slight modification of the above definition which is used in
[CFHW] for proving the stability of the action spectrum for a compact sym-
plectic manifold with contact type boundary. We describe it in view of its use
in §4.2, as well as in order to further discuss the relevance of the direction in
which morphisms go in Floer (co)homology. One should note that this defini-
tion produces an invariant of the whole manifold and that there are no open
sets involved anymore.

In this new setting, a periodic Hamiltonian H : S' x M — R is admissible
if it satisfies the following:

— H<0;
— H =0 in a neighbourhood of OM;
— all periodic orbits z of Xy satisfying fz H < 0 are nondegenerate.

There is one important remark that has to be made concerning this setting:
by definition of the admissible Hamiltonians, they have plenty of degenerate 1-
periodic orbits, namely constants in a neighbourhood of M with action equal
to 0. This has as consequence the fact that the truncated homology groups
FH}, ;) cannot possibly be well defined if 0 €la, b]. On the other hand, by
using admissible almost complex structures of the type described above they
are well defined if a < b < 0 or 0 < a < b. The maximum principle applies
in this context in a direct way to the parameterized Floer trajectories (which
are holomorphic) near the boundary and Lemma 1.4 directly gives the fact that
(parameterized) trajectories stay at a bounded distance from dM.
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As we now want to let the admissible Hamiltonians go to —oo, the partial
order will be
H<K iff H(t, z) > K(t, y) .

If we stick to the cohomological formalism, the inverse limit that we have pre-
viously encountered will therefore change to a direct limit. Note the difference
with [CFHW] where a slight error concerning this point has found its way in
the paper, with no consequences whatsoever.

Floer homology of manifolds with contact type boundary

This approach has been developed by C. Viterbo in [V2]. In comparison with the
previous ones, it directly isolates the specific features of Floer (co)homology that
are linked to the Weinstein conjecture by building a complex in which to every
characteristic corresponds a single (transversally nondegenerate) generator. We
define the symplectic completion of M as

]/VT= MU@MX{l} OM x [1,+o0[,

~_ w on M
Y= d(SA])  on OM x [1,+oo] .

The glueing is realized through the diffeomorphism (1.6) induced by the Liou-
ville flow. Formally, the admissible Hamiltonians are of the type K, u > 0
such that K, = 0 on M, K,(t,p, S) = k,(S) on OM x [1, +00), with k,(S) = p
for § > 11 and k, convex. We have sketched a typical graph in Figure 1 (3).
The homotopies are chosen to be increasing in the s variable and convex. We
also note at this point that it would be enough to choose Hamiltonians that are
linear in the S variable outside a compact set or linear at infinity.

The 1-periodic orbits of K, are the constants in the interior of M and the
closed characteristics on M having an action at most equal to u. As K, is
time independent, any nonconstant orbit is at most transversally nondegen-
erate and one will have to think in practice to a perturbed Hamiltonian or
family of Hamiltonians K,. Full details concerning the perturbations are pro-
vided in D. Hermann’s thesis [Hel] and the technique of perturbation is due to
[FHW]: a nonconstant and transversally nondegenerate periodic orbit is to be
seen as a Morse-Bott critical nondegenerate circle and a small time-dependent
perturbation supported in a neighbourhood will “break” the circle into two
nondegenerate periodic orbits, corresponding to the critical points of a Morse
function on S'. More explanations on this point of view are given in section 3,
where we perform the same kind of perturbation for Morse-Bott nondegenerate
spheres, not only circles. The perturbed Hamiltonians K, satisfy

- f{ugf(u’ if p < g

— (I?u,);oo is a cofinal family among the Hamiltonians H : S! x M—R
which verify H < 0 on M \ M.
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The admissible almost complex structures are chosen to be of the form (1.13)
out of a compact set. The existence of C° bounds comes from the fact that,
for generic values of u, there are no characteristics of period p on M. As a
consequence, the 1-periodic orbits of K, are all located in a neighbourhood of
M. The Floer trajectories that connect such 1-periodic orbits could leave the
respective neighbourhood only by having an interior tangency with a certain
OM x{Sp}, a phenomenon which is forbidden by the Lemma below, based again
on the maximum principle.

Lemma 1.5. [V2] Any solution u : (D?(0, 1), i) — OM x [1—¢, oo[ of Floer’s
equation
us + Jug — VH(s, t, u(s, t)) =0

with J a standard almost complex structure, H(s, t, p, S) = h(s, ¢, S) and

3‘123"'5 > 0 cannot have a strict interior tangency with some OM x {Sp}.

Proof. In what follows we shall denote by A, h” the derivatives of h with
respect to S. We put f = S owu and we show that it cannot have an interior
strict maximum point. One first computes

0
_ / 9
VH(s, t,u) = Cfh'(s, t, f)(?S )
in view of ‘%F = 5. We therefore have u, + Ju; — Cfh';% = 0 which, by
applying dS and J, gives
Osf — C(Sou)(uy) — Cfh' =0

and

o f +C’(So u)A(us) =0 .
‘We apply % to the first equation, 2 57 to the second and sum up:
0 = AF=C(0u((Sewulu) = 0 ((S 0 wAalus) ) — COL(f1)
= AF = C(us((SN)(w) — u((SN)(ws)) ) — Co,(f1)

= Af—C(d(SN)(us, ue) = (SA)([us, w))) — COs (F1)
= Af—C(|us]* — d(SN)(us, b Xpeen)) — COs (fh’)

= Af - Clus|? + CdS(u,)k — COfh — Cfa as — CfH'd,f
8h

— _ 27 4

= Af—Clus f5e55 ~ CHH"ouf -

We have used [us, u] = 0 and u; = Jus — h' Xgeep in the fourth equality. We
finally get

A~ CIN' (s, 1, P)0Lf = Clu + CF >0
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with the last inequality holding precisely due to the hypothesis % > 0. Thus

f satisfies the elliptic inequation of second order without zero order term
Af —Cfh'(s, t, f)3sf 20,

which obviously implies that f cannot have an interior strict maximum.

O

We define as above the groups FH], +m[(M), —00 < a < 00. The new
phenomenon is that they are independent of a as soon as a < 0. The explanation
is very simple: the terms of the cofinal family that we consider all have 1-
periodic orbits with action bigger than —d, with § > 0 arbitrarily fixed. Indeed,
the orbits are of two types: on the one hand the critical points of H in the
interior of M, with negative action close to zero, on the other hand the orbits
corresponding to closed characteristics on M, whose action is approximately
equal to the (positive) area of the latter ones. One should bear in mind at this
point that the action of a 1-periodic orbit appearing on a level S is

A= SK(S)—h(S) .
‘We therefore have

FH*(M) = FH;,

a, 4o0[

(M), a<0.

2 Comments and further properties

2.1 C° bounds

As we have pointed out repeatedly, the crucial ingredient in the construction of
a Floer (co)homology theory for manifolds with boundary is the existence of a
priori C° bounds for Floer trajectories. The geometric pseudo-convexity argu-
ment of [V2] has to be modified in a nontrivial manner if one wishes to extend
the class of admissible Hamiltonians and deformations by allowing a more gen-
eral dependance on s or p in H(s, t, p, S). This motivates the additional work
in [FH1] and [CFH], on which we have not given full details. Nevertheless, some
variant of the maximum principle enters in both contexts: [FH1] Prop. 8 and
[CFH] p. 110. We mention that the ideas in [FH1], pp. 48-56 can be adapted
to the setting of [V2] in order to establish the C° bounds for “asymptotically
linear Hamiltonians” (see [O] §1.2).

2.2 Relations between different symplectic homologies

D. Hermann [He2] §4.3 proves that the homology groups defined in [FH1] for
a bounded open set U C C" coincide with the ones defined in [V2] if U has
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restricted contact type boundary. Moreover, this holds for any fixed range of
the action. The proof goes by exhibiting a cofinal sequence of Hamiltonians
(Figure 2) that are admissible in the sense of [FH1] and whose periodic orbits
fall in two classes: on one side orbits having positive or close to zero action
(of type I and II), on the other side orbits whose action tends uniformly to
—oo and which therefore do not count in the Floer complex (of type III, IV
and V). This is possible with a suitable choice of the parameters A, B, A and
. The cofinal sequence is constructed so that the orbits of the first kind are
also orbits of a Hamiltonian that is admissible in the sense of [V2] and the
isomorphism between the Floer homology groups is induced by an isomorphism
that holds at the level of complexes. One consequence of this identification is
the independence of FH]’; +oo[(U) with respect to a < 0 when U has restricted
contact type boundary.

I know of no similar construction which identifies the homology groups defined
in [CFH] and [V2]. The 1-periodic orbits can no longer be separated in a suitable
fashion by the action as in [He2] and, for the same truncation by the action,
the complex defined in [CFH] generally involves strictly more orbits than the
one in [V2]. The presence of extra generators in the Floer complex raises the
probability that “interesting” (i.e. geometric) generators be killed in homology.
In this sense the homology defined in [V2] has a more geometric flavour than
the one of [CFH].

Figure 2: Cofinal family [He2] for the isomorphism [FHI]-[V2]; S and S’ are
the coordinates along the Liouville field of U and along the radial field in C™

One crucial feature of the definitions in [CFH, CFHW] is that they are in-
trinsic and depend only on the interior of the manifold. This will be crucial
in proving the stability of the action spectrum (see §4.2). In comparison, the
definition in [FHI] is inherently extrinsic, while the one in [V2] is intrinsic
but depends on the boundary as well. As a drawback, in the homology of
[CFH, CFHW] every geometric generator on the boundary appears twice and
this may cause some loss of information when computing the global homology.
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Let us remark at this point that it would be interesting to find a version
of homology that would depend only on the interior of the manifold and that
would use a complex in which every geometric generator enters exactly once.
This could lead to topological obstructions for symplectic fillings, as well as to
connections with contact homology.

2.3 Invariance through isotopies

Floer homology satisfies two important invariance properties, with respect to
deformations of the Hamiltonians and with respect to deformations of the sym-
plectic forms. We shall state them precisely below. The Hamitonian invariance
is valid under more general hypothesis than the ones adopted here, in particular
for some homotopies that are not necessarily increasing. But for our needs the
results below will do. Note that it does not matter whether one works with the
definition in [CFH] or with that in [V2].

Theorem 2.1. [V2] Let H(s), s € [0,1] be an admissible deformation(cf.
§1.3), such that the 1-periodic orbits of Xpy(s), s € [0, 1] all stay in a fized
compact set. Let a,, by be continuous families of parameters in R such that
H(s) has no 1-periodic orbits with action equal to as or bs. There is a canoni-

cal isomorphism
FH}, ) (Hy) == FHj, 0 (Ho)

obtained in the usual manner by considering solutions of the equations (1.8 -

1.9).

One should note that we suppose in particular Hy < H;. We leave it to the
reader to extract from the computations given in the next section a ready-made
example showing that it is essential to require that all 1-periodic orbits stay in
a fixed compact set.

The invariance of Floer homology with respect to deformations of the sym-
plectic form is closely related to the preceding result. It can be given a heuristic
interpretation by taking as; = —o0, by = +o0:

Theorem 2.2. [V2] Let M be a compact symplectic manifold with boundary
and ws, s € [0, 1] an isotopy of symplectic forms with respect to which the
boundary OM is of contact type. There is an isomorphism FH*(M, wy) =~
FH*(M, wy) between the nontruncated Floer homologies corresponding to wo
and w1 .

The isomorphism is again obtained by counting solutions of an equation that
is very much similar to (1.8). It is crucial to work with the nontruncated
homology in order for the morphism to be well defined. It is also important to
note that the isotopy must not necessarily preserve the cohomology class of the
symplectic form. Let us also bear in mind the following useful corollary which
shows that the nontruncated Floer homology of a manifold with boundary M
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is in fact an invariant of its completion M. The result is stated for open sets
with smooth boundary only for the sake of applying the above theorem as
such, although it is true for general open sets if one suitably defines the Floer
homology groups. As a side remark, note that the invariance with respect to
deformations of the symplectic form raises the question of the differentiable
invariance of Floer homology of manifolds with boundary.

Corollary 2.3. Let U, U’ be two open sets with smooth boundary in M which
satisfy the following conditions:

— OU and 0U' are contained in the domain of definition of the Liouville
vector field extended to M as S%;

— the Liouville vector field is transverse and outward pointing along U, dU’.

Then
FH*(U) ~ FH*(U') .

Proof. One can realise a differentiable isotopy between U and U’ along
the Liouville vector field. This corresponds to an isotopy of symplectic forms
on U starting from its initial symplectic form wy and ending to the one in-
duced from U’, denoted by wy. The invariance theorem ensures FH*(U, wy) ~
FH*(U, w). But (U, wy) and (U’, wy) are symplectomorphic and hence we
also have FH*(U, wy) ~ FH*(U', wy).

O

3 A computation: balls in C"

The Floer cohomology groups FH]’:L b of the ball D?" C C™ have been computed
for the first time in [FHW], together with those of ellipsoids and polydiscs, for
arbitrary a, b € R. The nontruncated cohomology groups vanish: FH*(D?*") =
0. The method of [FHW] consists in approximating the ball by ellipsoids whose
characteristics are transversally nondegenerate. The homology of the latter
is studied by considering perturbed Hamiltonians whose nontrivial 1-periodic
orbits are nondegenerate and come in pairs which correspond to transversally
nondegenerate characteristics. The two 1-periodic orbits in a pair correspond
to the two critical points of a Morse function defined on the corresponding
characteristic, which is identified with S!. The difference between their Conley-
Zehnder indices is equal to 1 = dimS!. The same perturbation technique is
used in [CFHW] in the proof of the stability of the action spectrum of the
boundary of a symplectic manifold.

The closed characteristics on the sphere S>*~1 = §D?" are the great circles
together with their positive multiples. They appear in families that are param-
eterized by the sphere S?*~! itself. We shall present in section 3.3 a way of
perturbing the natural Hamiltonians H(z) = h(|z|?) such that every manifold
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of closed characteristics produces two nondegenerate periodic orbits, whose dif-
ference of Conley-Zehnder indices is equal to 2n — 1 = dimS?*~!. This is the
higher dimensional analogue of the perturbation method in [FHW]. The inter-
est of this point of view lies in that it allows one to understand the vanishing
of the Floer homology of the ball without using as an intermediate ingredi-
ent the homology of ellipsoids. It also involves some interesting computations
of Conley-Zehnder indices and may serve as a hands-on example for the con-
structions in [Po] §3.4 and [BPS] §5.2 which compute the local Floer homology
of a Lagrangian intersection and, respectively, of a Hamiltonian admitting a
Morse-Bott nondegenerate manifold of 1-periodic orbits.

3.1 Recollections on the Robbin-Salamon index

‘We remind that the Conley-Zehnder index is an integer that is associated to a
path of symplectic matrices starting at Id and ending at a matrix ¥ such that
det(Id — W) # 0. This is precisely the situation encountered after linearizing
the Hamiltonian flow along a nondegenerate periodic orbit.

‘We shall compute below some Conley-Zehnder indices through the interme-
diate of the Robbin-Salamon index [RS1]. The latter generalizes the Conley-
Zehnder index to arbitrary paths in Sp(2n, R). The reader can consult [S2]
§2.4. for a review of the basic properties of the Conley-Zehnder index and for
its computation using crossing numbers, as well as [RS1] for a complete account
on the Robbin-Salamon index. We shall sketch here only the facts that are used
in the sequel.

The Robbin-Salamon index igs(¥) of an arbitrary path of symplectic matri-
ces ¥ : [0, 1] — Sp(2n) is defined as the index of the Lagrangian path gr(¥)
in (R?" x R?", (—w) ® w) relative to the diagonal A = {(X, X) : X € R?"}.
Its computation makes use of the notions of simple crossing and crossing form.

A crossing is a number ¢ € [0, 1] such that gr ¥(¢) N A # 0 or else ker(Id —
U(t)) # 0. The crossing form at a crossing to is the quadratic form (U, o) :
ker(Id — ¥(t)) — R defined by

(¥, t9)(v) = wo(v, \P(to)v) .

Any path in Sp(2n, R) is solution to a differential equation W(t) = JoS(t)¥(t),
with S(¢) a symmetric matrix. One can therefore write

(T, to)(v) = (v, S(to)v) .

A crossing g is called simple if the crossing form I'(U, ¢¢) is nondegenerate. A
simple crossing is necessarily isolated.

Any path ¥ is homotopic with fixed end points to a path having only simple
crossings. The index igg(¥) of a path having only simple crossings is defined
to be

1 1
ins(¥) = 5 signT (¥, 0) + > signT(T, ) + 5 sign (¥, 1),
o<t<1
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where the summation runs over all simple crossings of ¥. We recall that the sig-
nature of a nondegenerate quadratic form is the difference between the number
of its positive eigenvalues and the number of its negative eigenvalues.

The main features of the Robbin-Salamon index are the following.

i. additivity under concatenations of paths: irs(¥|ia,5) + irs(¥lp,q) =
irs (¥, q) ;

ii. irg characterizes paths up to homotopy with fixed end points ;

iil. additivity under products: ips(V' @ ¥") =irs(V’) + igs(¥”) .

3.2 Direct computation of the cohomology of a ball

The argument that we present below appears in [FHW| and [V2]. Let us
identify C" with R?" by associating to z = z + iy, =,y € R™ the vector
(T1y-++ s Tny Y1y---, Yn). We consider on C" the standard symplectic form
wo = S_iy dx; A dy; with its primitive Ao = 3 37 @;dy; — yidz;. The asso-
ciated Liouville vector field X (z) = %z, z € C" is transverse to all the spheres
that are centered at the origin. We shall use the standard almost complex struc-
ture given by complex multiplication with ¢ i.e. J(Z1,..., Tn, Y1, » Yn) =
(=¥Y1s-++» —Yn, T1,--- , Tn). The Reeb vector field on S~ is Xgeen(2) = 2J2
and its closed orbits are the great circles and their positive multiples, with action
km, k € N*. It is clearly possible to construct a cofinal family of Hamiltoni-
ans of the form Hy(z) = p(|z[?), with p : [0, co[— R satisfying p|jp,1] < 0,
P20, pllite ool = A Plio,14¢) > 0, € = €(A) > 0. When A > 0 is not a
multiple of 7 the 1-periodic orbits of Hy are parameterized by the critical point
0 (the constant orbit) and the spheres {z : p/(|2|?) = Ir}, 1 <1 < k where
kr <A< (k+1)m.

Let therefore A # km and take b sufficiently large compared to A\. We claim
that

FHY  y(H\) =FH'  y(Az> =), (3.1)

where 0 < ¢ < 1 is a constant such that A|z|?> — ¢ < Hy. Note that it is always
possible to choose ¢ < 1 if A is large enough, due to the cofinality of the family
(H)x. We can connect Az|2 — ¢ with H, through an admissible homotopy
of Hamiltonians of the same type as Hy. The periodic orbits that are created
correspond to closed characteristics on S?*~! and we easily see that their action
will not cross b if the latter is large enough (e.g. b > A+ 1 for our choice of c).
The isotopy invariance theorem 2.1 implies (3.1).

In order to fix ideas, let us suppose that k7 < A < (k+1)7. The Hamiltonian
Qx = \|z|> — ¢ has a unique 1-periodic orbit: the constant z = 0. We have seen
above that the natural grading on Floer (co)homology is given by the Conley-
Zehnder index taken with opposite sign. This amounts to the computation of
the index of the 1-periodic orbits of the vector field —Xg, (2) = 2AJz, whose
flow is o;(2) = ez, Tts linearization is dp;(2) - Y = e*MY | or
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cos2At  —sin 2\t
sin2At  cos 2\t

dpy =
0 ( cos2At  —sin 2\t )

sin2\t  cos 2\t

sin2At  cos 2\t

n(2k + 1) : the path ¢ — €%* in Sp(2, R) has k interior crossings at ¢ = Ir/,
1 <1 < k and one initial crossing at ¢ = 0, with an intersection form of constant
signature equal to 2. We get thus the nontruncated cohomology

The Conley-Zehnder index is icz(dgt) = n - icz< < COS2)\t - —sin 2A¢ ) )

Z, *=n(2k+1),

FH"(Hy) :{ 0, *#n(2k+1)

As a consequence we have

FH*(D*") =1lim FH*(H,) =0.
—

lzI*

Figure 3: Computation of the Floer homology of D"

3.3 Alternative point of view: perturbation of critical
Morse-Bott manifolds

‘We present now an alternative point of view which consists in directly per-
turbing the critical manifolds of Hy. Our computation concerns the (opposite)
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Conley-Zehnder indices of the corresponding generators in the Floer complex.

Let us first compute the Robbin-Salamon indices i gg for the 1-periodic orbits
of Hy, km < A < (k + 1)m considered with the opposite orientation. We have
— X, (2) = 20'(]2]?)Jz and the flow is p;(2) = 20 (12"t The linearization
of the flow is

doe(z) Y = 2/ Uty 4 957 (122) gt 20/ 1270t o0y vy . 2

For z = 0 the linearization is dg;(0) = €207t and satisfies the differential
equation ¥(t) = J diag(20'(0)) ¥(t), ¥(0) = Id. For a sufficiently large A the
cofinality of H) imposes p'(0) < 7. As a consequence the path €2?(97% has a
unique crossing at ¢ = 0 with intersection form of signature 2n. We get

iRs(Z = 0) =n. (3.2)
Let us now look at a sphere S; = {z : p/(|2|?) = Iz}, 1 <1 < k. Consider the

J-invariant symplectic decomposition of T,R?", z € S given by

T, R?*" = R( ® R@lrJz) @ &,

SRR

where £ = T'S; N JT'S; is the contact distribution on ;. The matrix of dy; is
written with respect to this decomposition as

1 0
dpi(z) = F=-t 1
dipee,

2imJt we can still write in the canonical trivialization of TR?":

dpi(2) = x(8) 0 ¥ () ,

As dpy(2)|1.5, =€

with U(t) = e2™Jt and
1

0
x(t) = (T%t 1

[®

Idan—o
The homotopy (cf. [CFHW])

_ [ X(s0¥(3), 57
K(s t)= { x((s+2)E — (s + D)D), = <

connects with fixed ends the path x(¢)¥(t) to the concatenation of ¥(t) and
X(t)¥(1). We thus get

ins (dpu(2)) = ins(V(#)) +ins(x(O) V(1) = 2n + 3,
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or else
. 1
'LRS(SL) =2ln+ 5 . (3.3)

Once we have computed the indices before perturbing, we can go on with
the description of the latter. By a time-dependent change of variables we can
suppose that

Xy, =0 on 5.

We leave it to the reader to work it out or check [CFHW], p.34. The idea is to
spin S! the other way round so that all its points become fixed under the new
flow.

Let us now choose a Morse function having exactly two critical points h :
S; — R. We extend h to h in a neighbourhood of S; by h(z, S) = h(z),
where (z, S) — Sz is an orthogonal parameterization of a neighbourhood of
S; by Syx]1 —€, 1+¢. Let Hy = H+57L, 0 > 0. One can show by an
argument similar to [CFHW] that, for ¢ small enough, X, has precisely two
1-periodic (constant) orbits in the neighbourhood of \S;, that correspond to the
two critical points of h. Let ¥(t) be the linearized flow of — X, ®5(t) be the
linearized flow of —X 7, ¥s(t) be the linearized flow of —Xp,. For small § the
paths ¥;s(t) and U (t)Ps(t) are homotopic with ends in Spo(2n, R), the set of
symplectic matrices with eigenvalues different from 1. The homotopy is given
by L(s, t) = W,5(t)®(1—s)5(t). The same argument as above shows that

irs(¥s) = irs(¥) +irs(¥(1)®s) -
But igs(¥) = % + 2in by the above computations. It is therefore enough to
find the index of M(t) = ¥(1)®5(¢) and we again use the definition. Then
—X5(2) = 0JVh(z) = 0JVh(z), z € S and the linearization of the flow

at the critical point zy € S; is a solution of the differential equation A(t) =
D( - X (20)) - A(t), A(0) = Iday. This implies

d(pt’xﬁﬁ (20) _ eétllvzﬂ(zo) )
_ 2
But it is easy to see that V2h(z) = ( v }6(20) 8 ) in the decomposition

T, R* =T, S & R(zo). This immediately implies ker(Idf\IJ(l)dw;X‘”") = {0}
for ¢ > 0 and one is reduced to compute the intersection form at ¢ = 0. We
have

ker(Id — ¥(1)®5(0)) = 1%, S

and therefore
signT'(®s, 0) = sign 6V2h(z0) .

The signature of I' is therefore equal to 2n — 1 at the critical point of index 0,
respectively equal to —(2n —1) at the critical point of index 2n — 1. This means
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irs(¥(1)®s(t)) = £(n — 3) and

. ~Xu, [ 2n+n, indmorse(20) =0
irs(dy, (20)) = { 2n—n+1, indyomse(z0) =20 — 1

The situation is therefore the following: for km < A < (k + 1)m the Hamilto-
nian H) admits a constant orbit z = 0 of index n and k& manifolds of periodic
orbits diffeomorphic to §>"~! and having indices 2In + %, 1 < I < k. After
perturbation, each such manifold produces two nondegenerate orbits of indices
2ln —n+1 and 2in + n, corresponding respectively to the maximum and mini-
mum of the perturbing function. The truncated homology FH" (Hy)),b> A
was already computed above and it is nontrivial only in degree n + 2kn, where
it equals Z. We infer that the arrows in the perturbed Floer complex run as
shown below, where the third line indicates the degree in the Floer complex,
given by the opposite of the Conley-Zehnder index and the first line indicates
the action of the corresponding orbit (compare with [FHW]).

€ m—e m+e 2m—e (k—)r—€e (k—1m+e kr—e
714 7 747 747 7 (3.4)
n n+l 3n 3n+1 2k—1)n (2k-1)n+1 (2k+1)n

This allows one to also compute the values of the truncated Floer cohomology
groups FH};, b](DZ“) for arbitrary a, b € R, recovering the results in [FHW].

4 Applications

As we have already pointed out, each of the three constructions described above
has specific features that allow particular applications. We shall present below
the symplectic classification of ellipsoids and polydiscs using symplectic ho-
mology as in [FH1], the stability of the action spectrum of the contact type
boundary of symplectic manifolds [CFHW], as well as applications to Wein-
stein’s conjecture and exact Lagrange embeddings [V2]. These problems will
make the reader familiar with some techniques that are representative for the
field.

4.1 Polydiscs and ellipsoids

‘We use in this section the homology groups defined by Floer and Hofer or those
defined by Viterbo (cf. sections 1.3, 1.3, 2.2). We explain the following two
theorems.
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Theorem 4.1. Let r = (r1, 72, ..., ) €RY, ry <rp < ... <1y and denote
= |z
E(r):{(zl,“.,zn)ecn : Z 7_12 <1} .
i=1 1

Then E(r) and E(r') are symplectically diffeomorphic if and only if r =1'.
Theorem 4.2. Letr = (r1, 72, ..., ) €RY, ry <rp < ... <1y and denote
D*(r) = B%(ry) x ... x B%(r,) C C" .

Then D**(r) and D*"(r") are symplectically diffeomorphic if and only if r =r'.

Both theorems follow from the explicit computation of the truncated sym-
plectic (co)homology of ellipsoids and polydiscs and we shall address the case
of ellipsoids. The computation for polydiscs is of a similar nature and we refer
the interested reader to [FHW], p. 583.

Sketch of proof for Theorem 4.1. One interesting remark concerning the Floer
complex that we have computed in §3 is that the same homology would have
been obtained out of the following complex:

0— (Z, n; 0)i»(Z,n+1;7r)L(Z,n+2;7r)£>~--i>(2, 3n; m)
Mz, 3n+1;2m) % - (4.1)

The meaning of the notation is the following: in a term (Z, k; ) we have k
standing for the grading and « for the corresponding action of the generator.
If one wishes to compute the truncated cohomology FH]*{L,)] the complex to
consider is Cp/C,, with Cy, = ®a<p(Z, k; @). This corresponds to formally
replacing the arbitrarily small € in (3.4) with 0.

The complex (4.1) is precisely the one used in [FHW] and arises in a natural
geometric way. To the difference of our method of perturbing the spheres of
characteristics with action km, k¥ € Z% and produce 2 orbits, the method of
the original paper is to approximate the ball by a generic ellipsoid having n
simple characteristics (0, ... ,r;€?™*/™ ... 0) whose areas {2}, 1<j<n
are linearly independent over Q, and then perturb each such characteristic in
order to finally produce 2n nondegenerate orbits. For the perturbations of the
simple characteristics that arise for an approximation of the sphere the indices
are precisely n +1, n+2,..., 3n.

This discussion is of course no proof of the general case, but gives a geometric
explanation for the construction of the complex that computes the symplectic
cohomology of a general ellipsoid, where every closed characteristic (simple or
not) gives rise to 2 orbits having action arbitrarily close to some k7T’r‘]2», keZy.

FHj, (E(r)) = H*(Cb/C)

Co=0—(Z,n) % @z n+1) L @ n+2) ... (@ n+2mb; 1))
00— (4.2)
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where
m(b;r) = #{(k, j) € Z} x {1,...,n} : kar} <b}.

The reader can easily get convinced that, for the ball of radius one, the two
complexes (4.1) and (4.2) are the same.

In the case of a generic ellipsoid Theorem 4.1 follows now at once, as one can

. n+2j - i P
easily compute for example FH]M]Q’%, iy Z and FH]mf )= 0 if
* £ n+2j.

—e, 7r7'§+e

O

4.2 Stability of the action spectrum

In this section we use the version of symplectic homology described in [CFHW]|
(cf. section 1.3). The “stability of the action spectrum” is a problem related
to the question of the extent to which the interior of a symplectic manifold
determines its boundary. One answer is that, in the nondegenerate case, the
set of values of the areas of closed characteristics on the boundary is determined
by the interior of the manifold. We first introduce the relevant definitions.

Definition 4.3. A symplectic manifold (M, w) is said to satisfy the symplectic
asphericity condition if (w, mo(M)) = 0. If in addition (c1(M), mo(M)) =0 we
say that the manifold is strongly symplectically aspherical (the Chern class is
computed with respect to an almost complex structure J that is compatible with
the symplectic form, and does not depend on J).

Definition 4.4. Let (M, w) be a compact symplectic manifold with nonempty
contact type boundary. Assume (M, w) is strongly symplectically aspherical.
We note X the Liouville vector field, A the Liouville form and Xgeen the Reeb
vector field.

Letx : [0, T) — OM be a contractible closed characteristic with x(0) = x(T).
We define the action of x to be

Az) = /T:r*)\ .

0

We define the index igs(z) of x to be the Robbin-Salamon index of the path

L(t) = ¥(e*7T) 0y, € Symp(Tuo) M) ,
where 1y is the flow of the Reeb vector field on OM, vy, : Typ(o)M — Ty M de-
notes its linearization extended by 1, (X (z(0)) = X (x(t)), and ¥ : TM|p2 —
D? x Ty0)M denotes a trivialization of TM over a filling disc D? forzx.

One should note that the condition (w, m2(M)) = 0 ensures that the value of
the action is independent on the Liouville form, as we have fOT A= [ T,
with Z : D> — M such that Z(e*™*/T) = z(t). On the other hand, the
hypothesis (c1, m2(M)) = 0 ensures that any two trivializations of 7'M over

disks with common boundary are homotopic along the boundary and this means
that the value of igs(z) does not depend on the choice of trivialization.
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Definition 4.5. [CFHW] Let (M, w) be a compact symplectic manifold with
nonempty contact type boundary, satisfying the strong symplectic asphericity
condition {w, mo(M)) = (c1, m2(M)) = 0. Denote by C(M) the set of con-
tractible closed characteristics on OM. The action spectrum A(OM) is defined
as

A@M) = {(Ale), ~ins(@)) | @ € C(M)} . (43)

Definition 4.6. Let = : [0, T] — OM be a closed characteristic of period T,
parameterized by the Reeb vector field. We say that x is transversally nonde-
generate if the restriction of the linearization of the Reeb flow

Yyt €a0) — Ex(0)
has no eigenvalue equal to 1.
We will see below that, under this hypothesis, the index igg(z) is an integer.

Theorem 4.7. [CFHW] Let M and N be compact symplectic manifolds with
nonempty boundary of contact type, satisfying the symplectic asphericity con-
dition and having transversally nondegenerate closed characteristics. Assume
that their interiors M, N are symplectically diffeomorphic. Then

A(DM) = A(ON) .

This is an immediate consequence of the result below, where the Floer ho-
mology groups are defined according to [CFHW]. Indeed, this definition of the
Floer homology groups for a manifold M depends only on the interior M (the
admissible Hamiltonians have compact support in M ) and on the possibility to
“complete” M by adding a boundary of contact type.

Theorem 4.8. Let M be a manifold satisfying the hypotheses of Theorem 4.7
and let a € R*.

a) The groups FH},__ . (M) become independent of € > 0 as soon as the
latter is sufficiently small. We denote them by FH}(M).

b) If (a, k) ¢ A(OM) for all k € Z then FHEF(M) = 0. If (a, k) € A(OM)
has multiplicity n, then it gives rise to m copies of Z as direct summands in
FHF(M) and to n copies of Z as direct summands in FHF(M).

‘We note that the hypothesis a # 0 is necessary for the groups F H;*

]a—(,a+€](1\/{)
to be well defined (cf. §1.3).

Sketch of proof. The nondegeneracy hypothesis implies that the characteristics
have geometrically isolated images. In particular, the values of their action form
a discrete set A C R. If a € A then it is possible to choose € > 0 such that
Ja—¢e a+ e NA={a} and the invariance property of symplectic homology
ensures that all FH" /](J\/[ ) are isomorphic for 0 < € < e. The same

Ja—¢’, ate
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holds if a ¢ A, with the additional information that this group is now equal to
zero by definition. This proves a) and the first assertion in b).

Let us now focus on the second assertion in b). The Liouville flow gives rise
to the usual trivialization of a neighbourhood of the boundary as M x [1-4, 1],
¢ > 0 sufficiently small. Denote S the coordinate on the second factor. One
considers a cofinal family of Hamiltonians (Figure 4) which verify H(p, S) =
h(S) on OM x [1 — 6, 1], with h < 0 increasing, h = ct. on [1 — 4, 1], h strictly
convex on [ry, re], k' = ct. on [ra, 3], h strictly concave on [r3, 74], h = 0 on
[ra,1]. Here 1 =6 <71 <713 <713 <71y <1andmr —las H-= —oo.
Moreover, one assumes that the value of b’ on [rq, r3] is not equal to the action
of any closed characteristic on OM.

Figure 4: Cofinal family in the proof of the stability of the action spectrum

These Hamiltonians have highly degenerate 1-periodic orbits but the ones
having nonzero action are made nondegenerate by an arbitrarily small pertur-
bation away from OM x [ry, 1]. After perturbing, the 1-periodic orbits of H fall
into the following classes:

— constants in IM X [r4, 1] with action 0;

— isolated constants away from OM x [1 — §, 1], with action approximately
equal to —min H — +00;

— every characteristic z with action less than maxh’ is seen twice in the
unperturbed Hamiltonian: once in M X [ry, ro] (call the corresponding
orbit 1) and once in OM X [r3, r4] (call the corresponding orbit z2). After
perturbation, each of these produces two nondegenerate periodic orbits

£, 2F. Moreover Ay (zf) — +00, Ag(ad) — A(z).

A computation of the Robbin-Salamon indices very similar in spirit to the
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one already performed in §3 shows that

. . 1 . . 1
irs(®1) = irs(x) + 3 irs(z2) = irs(z) — 5
while
1
57
In the limit the only orbits whose action belongs to [A(z) — €, A(z) + €] are
z;, with indices igrs(z5 ) = irs(z), irs(z3) = irs(z) — 1 or, otherwise stated

irs(xf) =ins(zi) F i=1,2.

71’}{5(1727) = 71’Rs($), 72’Rs(w2+) = 7iRs(I) +1.

If, for a given value a of the action, there is a single characteristic taking on
this value, then the computation of FH]’;%Y a+€](H) is reduced to the under-
standing of the differential in the Floer complex Z(zy) — Z(z3). We have
seen in §3 as a by-product of the direct calculation of the Floer cohomology
that the differential between the perturbed images of a sphere of periodic or-
bits is zero. A direct argument based on the implicit function theorem and the
isotopy invariance of Floer cohomology can be applied in the present situation
to yield the same result, and generalize it to the case where there are several
closed characteristics with action a.

O

4.3 Applications to Weinstein’s conjecture and exact La-
grange embeddings

In this section we use the Floer cohomology groups as defined by Viterbo (cf.
section 1.3). We have already mentioned that they are useful for proving the
existence of closed characteristics on contact type hypersurfaces. The first key
tool is provided by the map

c* 1.
FH*(M) = H" (M, OM), nzadlmM, (4.4)
obtained by restricting the range of the action and by using the isomorphism
FHf;yoJr](M) ~ H"™(M, OM), a<0.

Here 0T stands for a small enough positive number. As we have already pointed
out in §1.2, when restricting the range of the action and considering autonomous
Hamiltonians H that are sufficiently small in the C2 norm, the Floer complex
reduces to the Morse complex of the vector field VH. By construction, the
latter is outward pointing along dM. We get in this way the homology of M
relative to the boundary, graded by the Morse index of the critical points of
—H, the function for which VH is negative pseudo-gradient (see also [O], Ch.
3 for further details on this point).
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By the very construction of Floer homology we see that the failure of ¢*
to be bijective implies the existence of a closed characteristic on M, which
corresponds to the appearance in the Floer complex of a generator other than
a critical point of a Morse function defined on int(M). We follow [V2] and
consider the following definition.

Definition 4.9. [V2] A manifold M satisfies the algebraic Weinstein conjec-

ture (AWC) if there is a Ting of coefficients such that the map FH*(M) <,
H"*(M, OM) is not an isomorphism.

It is clear that AWC implies the validity of Weinstein’s conjecture for 9M. In
certain situations that we are going to state below, the AWC property is inher-
ited by codimension 0 submanifolds in M and it will prove useful to distinguish
between the situations where the morphism FH*(M) — H"™* (M, OM) fails
to be injective or fails to be surjective (we shall then say that M satisfies case
a), respectively b) of the AWC property).

The second key tool is the existence [V2] §2 of a transfer morphism

FH (W) £ FE (M) (4.5)

that is associated to a codimension 0 inclusion W <& M , where M has contact
type boundary and W has restricted contact type boundary in W, with the
meaning that the symplectic form admits a primitive defined on the whole of
W such that the Liouville vector field is transverse to OW.

There are two remarks to be made about this transfer morphism. The first
remark is that Fj' is defined only if the manifold W verifies an additional
condition on the Floer trajectories ([V2], p. 1000). Following Viterbo, we shall
refer to this condition as condition (A). It states that Floer trajectories in M
for Hamiltonians of the type below, running between nonconstant 1-periodic
orbits contained in W, must be entirely contained in W. The main point about
this condition is that if it is violated then there obviously is a periodic orbit on
ow.

The second remark is that, if 9W carries no closed characteristic, then the
hypothesis of being of restricted contact type in W can be relaxed to contact
type, and the morphism Fj' is still defined (condition (A) being assumed).

Here is a brief description of the morphism (4.5) (see also Figure 5). A neigh-
bourhood of OW in W is trivialised by the Liouville flow of W as W x]0, 1],
due to the restricted contact type nature of OW. Let us denote by S, the
coordinate on the second factor. A neighbourhood of 9M is trivialised in the
usual way by the Liouville flow of M as 9Mx]1 — 4§, 1], § > 0 and we denote
by S the coordinate on the second factor. The morphism Fj' is constructed
with the help of a family H = H,, . of Hamiltonians that take into account
the characteristics on OW as well as those on M and which bear the following
form: H = hx(S,,), € < S, <1, hy = Xand H = k,(S), S > 1, kI'L =,
while H is C?-close to 0 on W\ OW x [¢, 1] and H = A\(1 —¢) on M \ W.
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The transfer morphism is induced by the truncation morphism (for a suitable
almost complex structure J)

FH]’E)*,b](H7 J)— FH]Z,b](Hv J),

with a = a(e, A) < 0 negative enough and b = b(e, A) > 0 positive enough. An
isotopy argument identifies the (inverse) limit following €, A and 4 in the second
term with FH*(M). In the same manner, under the additional hypothesis men-
tioned above, the first term is identified with FHy g (Ky), Kx = kA(Sy),

S, >1in W, K, = 0 on W. By taking the (inverse) limit following A and e

one gets FH*(W).
/

Figure 5: Construction of the transfer morphism [V2]

The fundamental property of the transfer morphism is the commutativity
of the following diagram, which is proved by a careful analysis of the various
truncation morphisms which are involved [V2] Thm. 3.1. :

FEH*(W) T

c*l lc* (4.6)

FH*(M)

o

HY (W, W) -  H"™(M, OM)
This allows one to deduce the following:
Theorem 4.10. ([V2], Thm. 4.1) Let M be a connecied symplectic manifold
of dimension 2n such that the morphism FH" (M) < H?>(M, M) is not

surjective. Any submanifold W <L M with contact type boundary admits a
closed characteristic on OW.

Proof. Assume that OW carries no closed characteristic. Then condition
(A) is trivially satisfied and the transfer morphism is defined under the re-
laxed contact type assumption. The commutative diagram (4.6) therefore holds
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true. The morphism H?"(W, OW) — H?"(M, dM) is bijective if W is con-
nected or surjective if W is disconnected. The hypothesis implies therefore
that FH™(W) — H?"(W, OW) is not surjective and we infer the existence of
a closed characteristic on 9W. This gives a contradiction and proves that there
is always a closed characteristic on OW. O

Remark. If one uses field coefficients and the manifold M is connected, the
nonsurjectivity of the morphism FH"(M) — H?"(M, OM) is equivalent to
its vanishing.

Let us now mention some interesting cases of manifolds which satisfy case b)
of the AWC.

1. We have already seen that
FH*(D*")=0, D™ ={2€C" : |2|<1}.

Through the preceding result, this directly implies Weinstein’s conjecture for
hypersurfaces of contact type in C™ (the original proof appeared in [V1] ).

2. It is proved in [V2], Thm. 4.2. that a subcritical Stein manifold of dimen-
sion 2n (i.e. having the homotopy type of a CW-complex of dimension n — 1)
always satisfies case b) of the AWC property: the morphism FH™(M)
H?"(M, OM) is not surjective. The same argument as above proves the exis-
tence of a closed characteristic on any hypersurface of contact type in a sub-
critical Stein manifold.

3. The above result can also be deduced as a consequence of a Kiinneth
formula valid in Floer cohomology with field coefficients for a product of mani-
folds with restricted contact type boundary [O], Ch.2. There is a commutative
diagram where the horizontal arrows are isomorphisms:

@ FH"(M)® FH*(N) - FH*(M x N)
r+s=k

c* ®c*l lc*

@ H™T(M, dM)® H™ (N, dN) = H™ k(M x N, 9(M x N))
r4+s=k
(4.7)

Now a theorem of K. Cieliebak [Ci] ensures that a subcritical Stein manifold
M is deformation equivalent to a split manifold (N x C, wy @ wgq). The fact
that FFH*(C) = 0 allows one to infer the stronger result FH*(M) = 0.

The commutativity of the diagram (4.7) has not been used in the above
argument. Nevertheless it plays a crucial role in the proof of the stability
of AWCbD) under products in the class of restricted contact type symplectic
manifolds.

4. T know of only one more case of manifold satisfying case b) of AWC,
namely unit disc bundles associated to hermitian line bundles £ with negative



Floer homology for manifolds with boundary or Symplectic homology 87

Chern class ¢;(£) = —Alw|, A > 0 over a symplectic base (B, w). These are
endowed with a symplectic form that restricts to the area form in the fibers and
which equals the pull-back of w on the horizontal distribution of a hermitian
connection. One can compute in this case FH*(L) = 0 as a consequence of the
existence of a spectral sequence valid in Floer homology [O], Ch. 4.

Let us mention at this point that the only other available explicit computation
of Floer homology concerns cotangent bundles ([V3, SW]) :

FH*(DT*N) ~ H*(AN) ,

where N is a closed Riemannian manifold, DT*N = {v € T*N : |v| < 1}
and AN is the loop space of N. The morphism ¢* coincides, modulo Thom’s
isomorphism, with the surjection H*(AN) — H*(N) induced by the inclu-
sion N — AN. In this situation the argument of Theorem 4.10 does not
work anymore in order to prove the Weinstein conjecture in cotangent bundles,
but one can nevertheless use the fact that the morphism FH"(DT*N) —
H?"(DT*N, ODT*N) ~ H"(N) is surjective in order to prove that there are
no exact Lagrangian embeddings L < M for manifolds M satisfying AWCb)
in maximal degree. Here, by exact Lagrangian embedding one means that the
Liouville form A on M restricts to an exact form on L. Indeed, according to a
theorem of Weinstein, an exact Lagrangian embedding would yield an embed-

ding DT*L < M with ODT*L of restricted contact type in M. One can prove
that condition (A) is always satisfied in this situation and therefore one would
get a commutative diagram
FH"(DT*L) 5, FHY(M)
| et

H>(DT*L, 9DT*L) -~ H>(M, OM)

This would imply that FH"(DT*L) — H**(DT*N, 8DT*N) is not surjec-
tive, a contradiction. We have thus recovered the proof of the following theorem.

Theorem 4.11. [V2] Let M be a manifold with restricted contact type boundary
which verifies AWCD) in mazimal degree. There is no exact Lagrange embedding
L— M.

The above theorem applies in particular for M a subcritical Stein manifold.
‘We also note that the Weinstein conjecture in cotangent bundles is proved in
[V2] for simply connected manifolds with the help of an equivariant version of
Floer homology.

Before closing this section, let us remark that the preceding results have their
analogues in a homological setting. There still is a morphism

Hyyo(M, OM) <= FH,(M) (4.8)
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obtained by restricting the range of the action, as well as a transfer morphism
FH, (M) 22 FH,(W)

which is defined under the same hypothesis as above. This fits into the com-
mutative diagram

FH,(W) &

e | Te. (4.9)

FH.(M)

Hppo(W, 0W) < H,,.(M, OM)

The proof of these claims is dual to the one in [V2].

5 Further reading and conclusions

‘We have described three constructions and gave an application for each of them.
The underlying idea - we have repeated it over and over - is to catch symplec-
tically invariant information about the characteristics in terms of Hamiltonians
defined on the whole manifold. A first theme to keep in mind is that there is
no “best” construction and that each of the ones we have presented has virtues
and shortcomings, which arise from the different behaviours at infinity or near
the boundary that one imposes on the admissible Hamiltonians.

Let us mention some material for further reading - here “further” does not
mean “harder”, but only “different and exploiting similar ideas”.

The paper of P. Biran, L. Polterovich and D. Salamon [BPS] develops at least
three directions that are closely related to the ideas that we have discussed.
The first of them is the construction of Floer homology groups based on the
1-periodic orbits belonging to a given free homotopy class of loops which is
not necessarily trivial. The second direction concerns the modification of the
class of admissible Hamiltonians. The authors prove existence results for 1-
periodic orbits of compactly supported Hamiltonians in cotangent bundles of
flat tori and in cotangent bundles of negatively curved manifolds, under the
only assumption that their value is prescribed and sufficiently large on the zero
section. There is an interplay between direct and inverse limits for this class
of admissible Hamiltonians and the class of compactly supported ones, which
allows the authors to construct relative symplectic capacities for the above types
of cotangent bundles. Their computation uses the results of Pozniak [Po] on
Floer homology for Hamiltonians whose periodic orbits appear in Morse-Bott
nondegenerate families, like the ones in section 3 above.

A generalization of the above results for arbitrary cotangent bundles over
closed manifolds is in progress by J. Weber [W], using the computation of
truncated Floer homology groups for cotangent bundles [V3, SW].
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The paper by U. Frauenfelder and F. Schlenk [FrSc] studies the dynamics of
compactly supported Hamiltonians on completions of compact manifolds with
contact type boundary or products of such objects - split-convex manifolds.
The main tool is a kind of symplectic capacity, or selector, associating to any
Hamiltonian a value in its spectrum. The selector is defined as the smallest
value for which the image of the fundamental class of the manifold through a
truncation morphism in Floer homology vanishes. One interesting feature of
the authors’ construction is that the emphasis is put on the Hamiltonians rather
than on some geometric levels, so that they need to consider only slow growths
at infinity. Applications include existence of 1-periodic orbits for Hamiltonians
having a displaceable support. The main point is that displaceability implies
uniform boundedness of the selector for all the iterates of the corresponding
Hamiltonian diffeomorphism.

A recent survey of the Weinstein conjecture, including details on the selector
method, is provided by the paper of V.L. Ginzburg [Gi].

Let us mention two directions for future research that seem promising. The
first concerns the class of admissible Hamiltonians prescribed for each of the
homology theories that we have presented. Their behaviour near the boundary
[CFH, CFHW] or at infinity [FH1, V2] is used in a crucial manner in order to
obtain a priori bounds on the Floer trajectories but, in some sense, is too rigid.
This becomes appearant as soon as one tries to perform geometric construc-
tions on Floer (co)homology, related to additional geometric structure on the
underlying manifold. As an example, the difficulty of the proof of the Kiinneth
formula (4.7) lies in the fact that the componentwise sum of two Hamiltonians
that are linear at infinity is no longer linear at infinity on the product manifold.
It seems to me of interest to enlarge the class of admissible Hamiltonians in
the setting of [V2], the main point being to still be able to prove a priori C°
bounds. An extension in this sense was accomplished in the dissertation [O]
through Hamiltonians that are asymptotically linear at infinity. This points to
the investigation of new instances where the maximum principle can be applied,
for example by allowing the almost complex structure to vary as well at infinity.

A second interesting direction of investigation is to clarify the relationship
between (truncated) Floer homology and contact homology of the boundary.
Contact homology is a recent and powerful invariant that can be defined intrin-
sically for any contact manifold, in particular for the boundary of contact type
of a symplectic manifold. This could lead to obstructions on the topology of
symplectic fillings of contact manifolds.
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