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S = {a1, . . . , am}
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&(4 % )('17 (C +%&'() *+(,-. 04.17C K ) %3 B1 % &051 C+%) 12(+6 4( 0&41+-+14
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9,1.40(& 0& � JÉH6 H .0&51 481+1 .4077 %+1 &( +1., 74. %B(,4 04 H
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�ßÙæÙçÖØÖÙ× � ¥ �ïô ñ÷ý k � ðïô ñ÷ý λ > 0 � ëí ê C′(λ)

îú ñòò üñ÷ üêòòñ ëøï÷ö ôïö êô ëý ï üüõôî ùø ëí ï�êôùí êòú ø÷ó ö ôï ìñìøòø ëý ø÷ ëí ê ðêù�ôêòñ ëïô ú ïûêòïð ôñ÷ ûïú óôïõö î þ �÷ ö ñô ëø üõòñô � íýö êô ìïòøüø ëý ï üüõôî ùø ëí ï�êôùíêòú ø÷óö ôïìñ ìøòø ëý ø÷ ëí øî ú ïûêò � ñî ùêòò ñî ëïôîøï÷ �ðô êê÷ êîî ñ÷ û üïíïú ïòïóøüñòûøú ê÷îøï÷
2
þ

rC 5(,+.1 K 481 (/1+2817) 0&* -+(B%B07043 '1- 1&'. (&
k

%&'
λ
´ C(+ /1+3

.)%77
λ
s. K 04 0. &151..%+3 4( 4%61 7%+*1+

`
C(+ 481 .8%+1 4( B 15() 1 57(.1 4(

1
H\(41 %7.( 48%4 .0&51 481 &,)B1+ (C -(..0B71 +17%4(+. (C 71&*48

`
*+(2 .

1L-(&1&40%773 2 048
`
K % +%&'() +17%4(+ (C 71&*48 %4 )(.4

`
%54,%773 8%.

71&*48 B14211&
`(1−ε) %&'

`
K .( 48%4 0& 480. )('17 %77 +17%4(+. 8%/1 %7) (.4

481 .%)1 71&*48 H
t80. -+(-(.040(& %--1%+. 0& �{+(}~� K F HE HM =0& 481 &(4%40(& 481+1(C K 48 0.

0. 481 5%.1 281&
`2/`1

0. /1+3 57(.1 4(
1
? H t80. 0. 481 )('17 +1C1++1'

4( %. ;*Ì&Ì+0504Ì C%0B71A =21%6 *1&1+05043 ? 0& ��8| xK �8|G� H t81 -+((C 0.
.4+%0*84C(+2%+' H t%61 1 H* H

k = 2
H t81 &,)B1+ (C 5(,-71. (C +1',51' +17%4(+.

(C 71&*48 %4 )(.4
`
B18%/1. 7061

(2m− 1)2`
K 281+1%. 481 &,)B1+ (C 5(,-71.

(C +17%4(+. .8%+0&* % 5())(& .,B2(+' (C 71&*48
λ`

B18%/1. +(,*873 7061
(2m−1)2`−λ`

H Î( 481 .8%+1 (C 5(,-71. (C +17%4(+. 8%/0&* % 5())(& .,B2(+'
(C 71&*48

λ`
K C(+ .()1

λ > 0
K 0. 1L-(&1&40%773 .) %77 281&

` → ∞ K .( 48%4
481

C′(λ)
5(&'040(& 0. .%40.>1' =% 704471 ) (+1 5%+1 0. &11'1' 4( 4+1%4 481

5%.1 (C % -0151 B 14211& 42( -%+4. (C 481 .%) 1 +17%4(+? H
�Ôâáß	 
 ¥ t81 C12:+17%4(+ )('17 (C +%&'() *+(,-. %--1%+. %. 481
0
:'1&.043 5%.1 (C 481 '1&.043 )('17 H
Ä(+ 480. +1%.(& K +1.,74. 6&(2& 4( 8(7' 0& 480. ) ('17 %+1 '0.5,..1' B17(2

0& � J HE H

J& �{+(}~� K F HE HM K {+()(/ 0))1'0%4173 &(41. 48%4 04 0. &(4 &151..%+3 4(
%..,) 1 48%4 %77 +17%4(+. 8%/1 71&*48. (C 481 .%) 1 (+'1+ (C ) %*&04,'1 4(
*14 83-1+B(705043H t80. 3017'. 4( 481 &1L4 )('17 K 28058 0. 4158&05%773 ),58
)(+1 '0v 5,74 H
ÓÔÕÖ×ÖØÖÙ× � ÛÜÔÝ ÞßÔàáØÙß âÙãÔà Ý ÖØ� 
áßÖÙåç àÔ×äØ� çè ¥�ø�ê÷

k
ø÷ ëêó êôî

`1, . . . , `k � òê ë
Rk,`1,...,`k = {〈 a1, . . . , am | r1, . . . , rk 〉 , ri

ôêûõüêû
, |ri| = `i}

ìê ëí ê îêë ïð ö ôêîê÷ ëñ ëøï÷î ùø ëí k ôêòñ ëïôî ïð ö ôêî üôøìêû òê÷ó ëíî þé êë
P ìê ñ ö ôïö êô ëý ïð ñ ö ôêîê÷ ëñ ëøï÷ þ ÿê îñý ëíñ ë

P
ï üüõôî 2048

(/1+2817) 0&* -+(B%B07043 ø÷ ëíøî ú ïûêò øð ðïô ñ÷ý ε > 0
ëí êôê ê� øî ëî ñ÷

`î õüí ëíñ ë� øð min `i > ` � ëí ê÷ ëí ê îíñôê ïð ö ôêîê÷ ëñ ëøï÷î ø÷ Rk,`1,...,`k

ùíøüííñ�ê ö ôïö êô ëý P øî óôêñ ëêô ëíñ÷
1 − ε

þ



É ¦§YÊ« ¦Ë ¥�ª£Z�Ê ©�¦�ª« E|

J& *1&1+%7 K 481 .) %77 5%&5177%40(& 5(&'040(&
C′(λ)

0. ��� .%40.>1' 0& 48 0.
) ('17 H J&'11' K %. .((& %. 1 H* H

`2
0. 1L-(&1&40%773 7%+*1+ 48%&

`1
K /1+3

-+(B%B73 481 +17%4(+
r1

2077 %--1%+ %. % .,B2(+' (C 481 +17%4(+
r2

H
r&51 %*%0& 8(21/1+ K 83-1+B(705043 ( 55,+. 2 048 (/1+2817) 0&* -+(B%B07:

043H t80. 0. .4%41' 2 048(,4 -+((C 0& �{+(}~� K F HE HM K %&' 0. +1C1++1' 4(
%. ;t8Ì(+�)1 .%&. -+1,/1A 0& �{8�|F� H M 704471 B04 7%41+ K -+((C. 21+1
*0/1& 0&'1- 1&'1&473 B3 �8%)-1401+ ��8| xK �8|G� =0& 481 5%.1

k = 2
? %&'

r7 s.8%&.60�� �r7.|E� H
��ÔÙßÔâ � ¥ ÿøëí ï�êôùíêòú ø÷ó ö ôïìñìøòø ëý � ñ ôñ÷ ûïú óôïõö ø÷ ëí êðêù�ôêòñ ëïô ú ïûêò ùø ëí �ñôøïõî òê÷ó ëíî øî ÷ ï÷ �êòêú ê÷ ëñôý íýö êô ìïòøü � ëïôîøï÷ �ðô êê � ïð üïíïú ïòïóøüñò ûøú ê÷îøï÷ ñ ë ú ïî ë

2
þ

M C12 )(+1 +1., 74. %+1 6&(2& 0& 480. )('17 H Ä(+
k = 2

K 481 B(,&'%+3 (C
481 *+(,- 0. % w1&*1+ 5,+/1 ��8|G� =.11 %7.( � J Hn H' H? H M 7.( 481 +%&6 0. 481
(&1 1L-1541' ��Î|}� =%&' 0& -%+405,7%+ 481 5(8()(7(*05%7 '0) 1&.0(& 0& 481
-+1/0(,. 481(+1) 0. %54,%773

2
? ´

��ÔÙßÔâ � ¥ ÿøëí ï�êôùíêòú ø÷ó ö ôïìñìøòø ëý � ñ ôñ÷ ûïú óôïõö ø÷ ëí êðêù�ôêòñ ëïô ú ïûêò ùø ëí �ñôøïõî òê÷ó ëíî íñî ëí ê ðïòòïùø÷ó ö ôïö êô ëý � ëí êîõìóôïõö óê÷êôñ ëêû ìý ñ÷ý m − 1
ó ê÷ êôñ ëïôî üíïîê÷ ñú ï÷ó

a1, . . . , am
øîðôêê ïð ôñ÷�

m− 1
þ

w(+1(/1+ K 48%&6. 4( % 481(+1) (C �8%)-1401+ ��8|n� 481 .- 154+%7 +%'0, .
(C 481 +%&'() 2%76 (-1+%4(+ %..(50%41' 2 048

a1, . . . , am
=.11 '1>&040(& 0&

� J Hn HC H? 0. %+B 04+%+073 57(.1 4( 481 .) %771.4 -(..0B 71 /%7,1 √
2m− 1/m

��Î|}� H
× .0&* .0) 07%+ .- 154+%7 B(,&'. K 04 0. -+(/1& 0& ��É|.� 48%4 C(+

k = 1
=(&1

+17%4(+? K 481 .1) 0:*+(,- *1&1+%41' B3
a1, . . . , am

0. C+11 HW14 ,. .4+1.. 48%4 5(&4+%+3 4( 481 C12:+17%4(+ K (&1:71&*48 )('17 K 481 C12:
+17%4(+ )('17 2 048 /%+0(,. 71&*48. 0. ��� .,B.,) 1' 0& 481 '1&.043 )('17
B 17(2 H J4 ) 0*84 K 8(21/1+ K B1 +15(/1+1' %. %& 041+%41' +%&'() 9,(401&4 %4
'1&.043

0
=.11 � JJ HE H? K B,4 481 4158&05%7 '14%07. &11'1' 4( *14 480. %+1 .4077

,&571%+ H

Ì Í� Í ��Òa Ò� �Ö Ô��Ö�Ó_
ø #ù #! # � ¸+Ã½�½¶Ã ¶º ·¸Ã�½�»# ³3 481 40) 1 �8%)-1401+ %&' r7 s.8%&:
.60�� 8%' -+(/1& 80. > +.4 .4%41) 1&4 K {+()(/ 8%' %7+1%'3 0&/1&41' %&(481+
)('17 K 481 ������� � ���� =�{+(|n� K �8%-41+ | 1&40471' � ������� � ��������
� ���� �� ������� �� ������ ����� � ��� ��� �� �� ���������� ? H M 5(&40&,(,.
'1&.043 -%+%)141+ &(2 5(&4+(7. 481 9,%&4043 (C +17%4(+. -,4 0& 481 +%&'()
-+1.1&4%40(& H t81 .8%+-&1.. (C 481 &(40(& 0. +1/1%71' 48+(,*8 % -8%.1
4+%&.040(& 481(+1) ´ 0C '1&.043 0. 71.. 48%&

1/2
K 481& 481 +%&'() *+(,- 0.

/1+3 -+(B%B73 0&>&041 83-1+B(705 K 281+1%. 04 0. 4+0/ 0%7 %4 '1&.0401. %B(/1
1/2

H



nF � �������  ¡¡¢ £�¤ £¥�¥ £¦� ¥¦ ���§¦¨ ©�¦�ª«

ÓÔÕÖ×ÖØÖÙ× � ÛÓÔ×çÖØ� âÙãÔà ÙÕ ßá×ãÙâ äßÙåæçè ¥éêë
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³,4 481 C%54 48%4 *+(,-. 0& 481 4+0%&*,7%+ )('17 %+1 ; 7%+*1+A 48%& 48(.1 0&
481 '1&.043 )('17 0. 1.- 150%773 571%+ 281& 5(&.0'1+0&* 481 C(77(2 0&* -+(-(:
.04 0(& H
�ßÙæÙçÖØÖÙ× 
# ¥ �ð

d < 1/3 � ëí ê÷ ùøëí ï�êôùíêòú ø÷ó ö ôïìñìøòø ëý � ñôñ÷ ûïú óôïõö ø÷ ëí ê ëôøñ÷ó õòñô ú ïûêò ñ ë ûê÷îø ëý d øî ðôêê þ
rC 5(,+.1 04. +%&6 0. .) %771+ 48%&

n
H t80. +1.,74. C+() 481 C%54 48%4 %4

'1&.043
d < 1/3

0& 481 4+0%&*,7%+ )('17 K 481 ',%7 *+%-8 (C %&3 /%& Í%)-1&
'0%*+%) 0. % 4+11 H
%,6 �%,6Fn� 2 +(41 % -+((C 48%4 0& 481 4+0%&*,7%+ )('17 K 481 .-154+%7

5+041+0(& C(+ -+(- 1+43
(T )

0. .%40.>1' ´
��ÔÙßÔâ 
Ú ¥ �ð

d > 1/3 � ëí ê÷ ùøëí ï�êôùí êòú ø÷ó ö ôïìñìøòø ëý � ñ ôñ÷ �ûïú óôïõö ø÷ ëí ê ëôøñ÷ó õòñô ú ïûêò ñ ë ûê÷îø ëý d íñî ö ôïö êô ëý (T )
þ

J& 481 4+0%&*,7%+ )('17 K '1&.043
1/3

5(++1.-(&'. 4( 481 &,)B1+ (C +1:
7%4(+. B 10&* 19,%7 4( 481 &,)B1+ (C *1&1+%4(+. H Î( 43-05%773 %4

d > 1/31/1+3 *1&1+%4(+ %--1%+. % 7%+*1 &,)B1+ (C 40) 1. 0& 481 +17%4(+. K 28058 0.
&(4 481 5%.1 C(+

d < 1/3
H �(&.19,1&473K 481 70&6 (C

e
0& 481 �%3713 *+%-8

2 077 B 1 % +%&'() *+%-8 2 048 % 7%+*1 &,)B1+ (C 1'*1. -1+ /1+41L H Î,58
*+%-8. 8%/1 % /1+3 7%+*1 =57(.1 4(

1
? .- 154+%7 *%- %&' 481 .- 154+%7 5+041+0(&

C(+ -+(-1+43
(T )

)1&40(&1' %B(/1 %--701. H
M54,%773K %. %& 0&41+) 1'0%41 .41- %,6 ,.1. 314 %&(481+ /%+0%&4 (C 481 4+0:

%&*,7%+ )('17 =B%.1' (& +%&'() -1+),4%40(&. K .11 .1540(& ~ Hx 0& �%,6Fn�? K
28058 0. +%481+ %+40>50%7 C(+ +%&'() *+(,-. B,4 %+0.1. /1+3 &%4,+%773 0& 481
5(&41L4 (C +%&'() *+%-8. K % 5+,50%7 4((7 (C 481 -+((C H t81 4+%&.C1+ 4( 481
.4%&'%+' 4+0%&*,7%+ )('17 0&/(7/1. ,.1 (C 481 )%4580&* 481(+1) H\(2 -+(-1+43

(T )
0. .4%B71 ,&'1+ 9,(401&4. H × .0&* 481 )(+-80.)

ϕ :
G3 → G

%B(/1 K t81(+1) E~ C(77(2 . C+() t81(+1) n x %&' C+() %77 481
'14%07. 21 s/1 () 0441' =1 H* H 481 &151..%+3 )('0> 5%40(&. 4( ) %61 0& (+'1+
4( *14 % .,+u 1540/1

ϕ
K (+ 8%&'70&* (C 481 +1',540(& -+(B71) .? H J4 .11) .

48%4 %54,%773 &10481+ 481.1 '14%07. &(+ t81(+1) E~ 04.17C '( %--1%+ 0& 481
7041+%4,+1 H

ø #¡ #= # Á¸��½Ã¾ �=¸ � ½!Ã¾¿¹! Â ¶·¸¹ ) 8  ¶Â ¶4 4� # �=¸ "¶Â¼¿�¸ #
t81+1 0. %& %),.0&* .4(+3 4( B 1 4(7' %B(,4 481 4+0%&*,7%+ )('17 H J& EFF xK
$ 058%+' Í1&3(& -1+C(+)1' 5()-,41+ 1L-1+0) 1&4. 4( 41.4 {+()(/ s. .4%41:
) 1&4 =t81(+1) E|? H �1 ,.1' Ê1+16 �(74 s. Í³wM{ -%56%*1 ��(7|G� 4(
41.4 4+0/ 0%7043 (C +%&'() *+(,-. 0& 481 4+0%&*,7%+ )('17 H t81 41.4. 21+1
) %'1 ,- 4(

n = 500
*1&1+%4(+. ,.0&* %B(,4

2000
+17%40(&. =28058 )%61.

d.70*8473 %B(/1
1/3

? H t81 +1.,74. .,**1.41' 48%4 4+0/ 0%7043 (55,++1' %. .((&
%.
d > 1/3

K 0& 5(&4+%'0540(& 2 048 t81(+1) E| H Í1&3(& .,B.19,1&473 +1:
/0121' {+()(/ s. -+((C (C t81(+1) xx *0/1& 0& �{+(|n� %&' -(0&41' (,4
481 () 0..0(& (C /%& Í%)-1& '0%*+%) . C1%4,+0&* 481 .%)1 +17%4(+ .1/1+%7
40) 1. =.11 � ÉH? H
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t81 %,48(+ - 1+C(+) 1' %&(481+ .1+01. (C 1L-1+0) 1&4. %&' %&%73I1' 481
+1.,74. B3 8%&' H J4 4,+&1' (,4 48%4 1%58 40) 1 481 *+(,- 2%. 4+0/ 0%7 %4
1/3 < d < 1/2

K 48 0. 2%. ',1 4( .() 1 ;1L51-40(&%7 1/1&4A 28(.1 %.3)-4(405
-+(B%B07043 .8(,7' B1 /1+3 .) %77 Å B,4 481 5()B0&%4(+0%7 C%54(+ 5(,&40&*
481.1 1/1&4. K %748(,*8 B(,&'1' K 0. 9, 041 7%+*1 =% C%54 48%4 ) %3 B1 +17%41'
4( 481 8,*1 5(&.4%&4. %--1%+0&* 0& 481 7( 5%7:*7(B%7 -+0&50-71 K .11 '0.5,..0(&
0& � ÉH? Å .( 481 -81&() 1&(& .8(,7' '0.%--1%+ 281& ,.0&* 7%+*1+

n
H r&

481 (481+ 8%&' K 04 2%. &(4 '0v 5,74 4( 5(++154 {+()(/ s. %+*,) 1&4 =48 0.
71' 4( 481 -+((C (C t81(+1) xx *0/1& 0& �r77F��? H t81 (B.1+/1' 58%&*1 (C
B 18%/0(+ (C 481 %7*(+048) %4

d > 1/3
)0*84 B 1 +17%41' 4( ¬+(-(.040(& nF ´ %4

d < 1/3
481 *+(,- 0. &(&:4+0/ 0%7 =%54,%773 C+11? C(+ 4+0/ 0%7 +1%.(&. K 281+1%.

%4
1/3 < d < 1/2

481 +1%.(&. C(+ &(&:4+0/ 0%7043 0&/(7/1 481 C, 77 .4+1&*48 (C
83-1+B(705 481(+3H

t81 4+0%&*,7%+ )('17 8%. .11) 0&*73 B11& 71.. .,551..C,7 48%& 481 '1&:
.043 )('17 H �()-%+0&* ¬+(-(.040(& nF %&' t81(+1) nxK 480. ) ('17 ) %3
B1 9,041 .-150>5 4( 481 .4,'3 (C -+(-1+43

(T )
=B,4 % (&1:.41- -+((C (C t81:

(+1) E~ ,.0&* 481 .-154+%7 5+041+0(& %--701' 4( % *1&1+%40&* .14 ) %'1 (C
2(+'. (C 71&*48

`/3
0. C1%.0B71? H w(+1(/1+ 481 4+0%&*,7%+ )('17 '(1. &(4

*1&1+%70I1 4( % 481(+3 (C +%&'() 9,(401&4. (C *0/1& *+(,-. =� JJ HxHK � JJ HE H? H
r& 481 5(&4+%+3K 0& 481 ,.,%7 ) ('17 '1&.043 5(&4+(7. 481 ( 55,++1&51 (C .1/:
1+%7 5()B0&%4(+0%7 %&' *1() 14+05 1/1&4. Å 21 &(2 4,+& 4( 481 '1.5+0-40(& (C
.() 1 4+%&.C(+) %40(&. 8%--1&0&* %4 '1&.0401.

1/6
%&'

1/5
H

ø #¡ #½ # c¿�½"!¹ c�Á
(0)

,Ã¸�� !Ã· �=¸ � !!¾¸ ¿¼ ¼ ¶¼ ¸ �»# J& /012
(C t81(+1) E~ K (&1 5%& 2(&'1+ 281481+

1/3
0. 481 (-40) %7 '1&.043 /%7,1 C(+

481 ( 55,++1&51 (C -+(-1+43
(T )

H J4 0. &(4 4+,1 48%4 %77 +%&'() *+(,-. 8%/1
48 0. -+(- 1+43 ´ 0&'11' K +%&'() *+(,-. %4

d < 1/12
%+1

C′(1/6)
.) %77 5%&517:

7%40(& *+(,-. K %&' K C( 77(2 0&* < 0.1 �< 0.F�� K 48(.1 '( &(4 8%/1 -+(-1+43
(T )

H
t80. 8%--1&. 4( B 1 481 5%.1 ,- 4( '1&.043 %4 71%.4

1/5
�r< :B� ´

��ÔÙßÔâ 
� ¥ é êë
d < 1/5

þ "íê÷ ùø ëí ï�êôùíêòú ø÷ó ö ôï ìñìøòø ëý � ñôñ÷ ûïú óôïõö ñ ë ûê÷îø ëý d íñî ñ üï ûøú ê÷îøï÷ �
1
î õìóôïõö þ �÷ ö ñô ëøüõòñô � ø ëûïêî ÷ ïë íñ�ê ö ôïö êô ëý (T )

þ
t81 5('0) 1&.0(&:

1
.,B*+(,- =481 1L 0.41&51 (C 28058 1L57,'1. -+(-1+43

(T )
B3 % +1.,74 0& �\$|}�? 0. 5(&.4+,541' 48+(,*8 % 4158&09,1 '1/17(-1' B3

Î%*11/ �Î%*|G� K 1L41&'1' %)(&* (481+. B3 < 0.1 �< 0.F�� K +17%41' 4( %540(&.
(C 481 *+(,- (& 5,B1 5()-71L1. H < 81&

d < 1/6
K 481 5(&.4+,540(& (C �< 0.F��

C,773 %--701. %&' -+(/0'1. % 5()-7141 *1() 14+0I%40(& 481(+1) �r< :B� ´
��ÔÙßÔâ 

 ¥ é êë

d < 1/6
þ "íê÷ ùø ëí ï�êôùíêòú ø÷ó ö ôï ìñìøòø ëý � ñôñ÷ ûïú óôïõö ñ ë ûê÷îø ëý d ñüëî ðôêêòý ñ÷ û üï üïúö ñüëòý ï÷ ñ $�"

(0)
üõìêüïúö òê� þ 7 ïôêï�êô ø ë øî ñ�"�ú ê÷ñìòê �= ññó êôõö ö ôïö êô ëý � þ

W 061 -+(- 1+43
(T )

K 2 048 28058 04 0. 0&5()-%40B71 K 481 �%%*1+,- -+(-1+43
(C % *+(,- 8%. 4( '( 2 048 04. %540(&. (& 481 � 07B1+4 .-%51 H J4 %)(,&4. 4(
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481 1L 0.41&51 (C % -+(- 1+ 0.() 14+05 %v &1 %540(& (& 481 �07B 1+4 .-%51 K 28058
0. % 60&' (C X1L 0B07043 1L57,'0&* -+(-1+43
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H <1 +1C1+ 4( ���DDÉFx� C(+

% C%54 .8114 (& 481 �%%*1+,- -+(-1+43H Ä(+ '0.5+141 *+(,-. K % /1+3 & 051
19,0/%71&4 '1>&040(& 0. 481 1L 0.41&51 (C % -+(- 1+ %540(& (& % .-%51 2 048
) 1%.,+1' 2%77. ��wÉF�� H

t81 .4+%41*3 0. 4( 5(&.4+,54 2%77. ��¬|}� 0& 481 *+(,- H \%4,+%7 5%&'0:
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(C 1'*1. (C 481 �%3713 5()-71L K %&' 481 1'*1. (C 481 83-1+*+%-8. 5(&&154
/1+4051. 5(++1.-(&'0&* 4( ) 0'-(0&4. (C '0%) 14+%773 (--(.041 1'*1. 0& C%51.
(C 481 �%3713 5()-71L =%..,) 0&* 48%4 %77 +17%4(+. 8%/1 1/1& 71&*48 ? H

Ê1&.0401.
1/5

%&'
1/6

5() 1 0&4( - 7%3 %. C(77(2 . H JC 481 *+(,- -+1.1&4%40(&
.%40.>1. 481 5(&57,.0(& (C t81(+1) xG =60&' (C {+11&'70&*1+ s. W1))%? K
28058 8%--1&. ,- 4(

1/5
K 481& 481 83-1+*+%-8. %+1 4+11. 1)B1''1' 0& 481

�%3713 5()-71L %&' .( %+1 *1&,0&1 2%77. H t81 .4%B070I1+. (C 481.1 2%77.
-+(/0'1 5('0)1&.0(&:

1
.,B*+(,-. K 48,. +1C,40&* -+(-1+43

(T )
�\$|}� H r&

481 5(&4+%+3 04 8%--1&. 48%4 C(+
d > 1/5

K 481+1 0. (& 73 (&1 83-1+*+%-8 K
28058 -%..1. 48+(,*8 1/1+3 1'*1 (C 481 �%3713 5()-71L �r< :B� HHH

Ä(77(2 0&* Î%*11/ s. �Î%*|G� (+0*0&%7 0'1%. K 481+1 0. % &(2 .4%&'%+' �\$|} K\ 05F� K < 0.F� K �\ K �< � 5(++1.-(&'1&51 B 14211& .-%51. 2 048 2%77. %&' 5,:
B05%7 5()-71L1. H J& (,+ 5%.1 K B 17(2 '1&.043

1/6
=B,4 &(4 %B(/1? 481 83-1+:

*+%-8. 8%/1 .() 1 5(&/1L 043 -+(-1+401. %&' )(+1(/1+ 42( *0/1& 83-1+*+%-8.
5%&&(4 0&41+.154 %4 )(+1 48%& (&1 -(0&4 =1L51-4 C(+ '1*1&1+%41 5%.1.? Å 48 0.
%77(2 . 4( .8(2 48%4 481+1 %+1 ;1&(,*8A 2%77. C(+ 481 5,B1 5()-71L 5(&.4+,5:
40(& 4( 2(+6 ��< � K *1440&* % C+11 K 5( 5()-%54 %540(& (C 481 +%&'() *+(,- H
=J4 .11) . 706173 8(21/1+ 48%4 t81(+1) nn 8(7'. ,- 4( '1&.043

1/5
H?

t81 �%%*1+,- -+(-1+43 C(77(2 . 10481+ C+() 5(&.0'1+%40(& (C 481 5,B1
5()-71L %. 0& �\$|}� K (+ C+() *1&1+%7 -+(-1+401. (C *+(,-. %540&* (& .-%51.
2 048 2%77. =��wÉF�� K %C41+ % +1) %+6 (C �%*7,&' K ¬%,70& %&' É%71441? H

M55(+'0&* 4( ¬+(-(.040(& xF K +%&'() *+(,-. %4
d < 1/6

.%40.C3 481
C(6).) %77 5%&5177%40(& 5(&'040(& H Î( %& 0&41+-+14%40(& (C t81(+1) nn 0. 48%4

;*1&1+05A
C(6)

*+(,-. 8%/1 481 �%%*1+,- -+(-1+43H J4 0. 5,++1&473 %& (-1&
9,1.40(& 4( 6&(2 281481+ .() 1

C(6)
*+(,-. 5%& 8%/1 -+(-1+43

(T )
H

t80. 57(.1. (,+ u (,+&13 48+(,*8 481 0&X,1&51 (C '1&.043 (& -+(-1+401. (C
481 *+(,- H Î-%51 2%. ) 0..0&* 4( '+%2 481 *1() 14+05 -054,+1. 5(++1.-(&'0&*
4( 481 1/1&4. 5(&.0'1+1' Å B,4 1%58 40) 1 K '1&.043 %77(2 . (+ C(+B0'. 481 1L 0.:
41&51 (C /1+3 5(&5+141 '0%*+%) . 0& 481 �%3713 5()-71L 2 048 51+4%0& ) 14+05
-+(- 1+401. +171/%&4 4( 481 9,1.40(& ,&'1+ .4,'3H

Ì Í> Í ?`� ÖU�Õ� Ò Ð a ��@�Ô S�ÒTUÖ
M ����� � ��° �� ¯ ���

m
���� ���� 0. % >&04173 *1&1+%41' *+(,-

G
K 4(*1481+

2 048 %&
m

:4,-71 (C 171) 1&4.
g1, . . . , gm ∈ G

.,58 48%4 481.1 171) 1&4. *1&1+:
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%41
G

Å (+ K 19,0/%71&473K % *+(,-
G

4(*1481+ 2 048 % .,+u 1540/1 8()()(+-80.)
Fm → G

H
Ä(+ >L1'

m
K 481 .-%51 Gm

(C %77 *+(,-. )%+61' 2 048
m

171) 1&4. 8%.
% &%4,+%7 4(-(7(*3K %--%+1&473 >+.4 0&4+(',51' 0& {+0*(+58,6 s. 5171B+%41'
-%-1+ �{+0}�� K -%+4 . =%7.( 5()-%+1 481 1&' (C �{+(} x�? ´ 42( ) %+61' *+(,-.
(G, (gi))

%&'
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%+1 57(.1 0C 481 61+&17. (C 481 42( )%-.
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K
Fm → G′ 5(0&50'1 0& % 7%+*1 B%77 (C

Fm
K (+ K 19,0/%71&473K 0C .()1 7%+*1 B%77.

0& 481 �%3713 *+%-8. (C
G
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G′ 2 H+ H4 H 481 42( *0/1& *1&1+%40&* .14. %+1

0'1&40>1' B3 481 ) %--0&*
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m
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0. 5()-%54 K 4(4%773 '0.5(&40&,(,. H Ï/1+3 >&041 *+(,- 0. %& 0.(7%41' -(0&4 H
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H M&3 >&04173 -+1.1&41' *+(,- 8%. %
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J.()(+-80.) (C *+(,-. '1>&1. % &%4,+%7 19,0/%71&51 +17%40(& (& Gm
H J4

8%--1&. 48%4 48 0. +17%40(& 0. 1L4+1) 173 0++1*,7%+ C+() % )1%.,+%B71 -(0&4
(C /012 K .( 48%4 04 0. &(4 -(..0B 71 4( ) 1%.,+%B73 57%..0C3 >&04173 *1&1+%41'
*+(,-. B3 % +1%7 &,)B1+ ��8| xK �8FF� ´
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X

%&'
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R
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þ
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C+11 *+(,- =481 ��� �� � ���� � (C Î17% �Î17�? 0. %7+1%'3 9,041 5()-71L �Î17 K
�{FG� H <1 C(5,. 81+1 (& 481 %.- 154. 70&61' 4( 481 0'1% (C 43-05%7043 C(+
*+(,-. H

t81 ,.,%7 &(40(& (C 4(-(7(*05%7 *1&1+05043 =
Gδ
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%7(&1 K .( 48%4 %&3 ³%0+1:*1&1+05 -+(-1+43 8%. 4( 8(7' C(+ 481.1 57%..1. (C
*+(,-. H Ä(+ 481.1 +1%.(&. K .( C%+ 480. .-%51 8%. &(4 B 1 ,.1' 4( '1>&1 %&
%741+&%41 &(40(& (C % ;43-05%7A *+(,- 5()-140&* 2 048 {+()(/ s. -+(B%B070.405
%--+(%58 H
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\1/1+48171.. K C(77(2 0&* �8%)-1401+ 21 5%& ,.1 (,+ -+0(+ 6&(2 71'*1 (C
*1&1+05043 (C 4(+.0(&:C+11 83-1+B(705 *+(,-. =t81(+1) . G %&' xx? 4( +1.4+054
(,+.17/1. 4( 481 57(.,+1 0& Gm

(C 48(.1 *+(,-. K %&' 4+3 4( 0'1&40C3 *1&1+05
-+(- 1+401. 481+10& H J&'11' 480. -+(*+%) 8%--1&. 4( 2(+6 /1+3 2177 ��8| xK
�8FF� ´
��ÔÙßÔâ 
� ¥ é êë HCDm ìê ëí ê üòïîõôê ø÷ Gm

ïð ëí ê îõìîö ñ üê ïð ñòò ÷ ï÷ �êòêú ê÷ ëñôý � ëïôîøï÷ �ðôêê íýö êô ìïòøü óôïõö î þ "íê÷ ëí êôê øî ñ
Gδ

�ûê÷îê îõìîê ë
X ⊂ HCDm î õüí ëíñ ë ñ÷ý óôïõö G ∈ X

îñ ëøî� êî ëí ê ðïòòïùø÷ó ö ôïö êô ëøêî �
• � ëî øîïú ïôö íøîú üòñîî øî ûê÷îê ø÷ HCDm �
• � ë øî ëïôîøï÷ �ðô êê �
• � ë øî ïð ôñ÷�

2 �
• � ë øî ïð ê�ö ï÷ê÷ ëøñò óôïùëí � ÷ï÷ �ñú ê÷ñìòê �
• � ë üï÷ ëñø÷ î ÷ï ðôêê îõìóôïõö ïð ôñ÷�

2 �
• � ë îñ ëøî� êî / ñEí ûñ÷ 2î ö ôïö êô ëý (T )�
• � ë øî ö êôðêüë�
• � ë íñî ÷ï �÷ø ëê 0õïëøê÷ ë ìõë ëí ê ëôø�øñò óôïõö þ

Î( %77 481.1 -+(-1+401. 5%& B1 /0121' %. *1&1+05 -+(- 1+401. (C %& ; 0&>&04173
-+1.1&41' 43-05%7 *+(,-A H\(41 8(21/1+ 48%4 .,58 -+(-1+401. '( '1-1&' (& 481 57%.. (C *+(,-. 21
4%61 481 57(.,+1 (C H JC K (C t81(+1) . G %&' xxK 21 8%' (&73 +14%0&1' 481
C%54 48%4 % +%&'() *+(,- 0. &(&:171) 1&4%+3 83-1+B(705 =%&' C(+*14 04 0.
4(+.0(&:C+11? K 481& 21 2(,7' &%4,+%773 8%/1 5(&.0'1+1' 481 57(.,+1 Hm

0&
Gm

(C 481 .,B.-%51 (C &(&:171) 1&4%+3 83-1+B(705 *+(,-. K 0& 28058 5%.1 21
*14 481 C( 77(2 0&* ��8| xK �8FF� =5()-%+1 �r7.| x5�? ´
��ÔÙßÔâ 
� ¥ "íêôê øî ñ

Gδ
�ûê÷îê îõìîê ë ïð Hm

üï÷îøî ëø÷ó ï÷òý ïðóôïõö î ùíøüí ñôê ø÷�÷ø ëê ñ÷ û ñòò êòêú ê÷ ëî ïð ùíøüí ñôê ïð ëïôîøï÷ þ
J&>&041 4(+.0(& *+(,-. 8%/1 7(&* B11& .(,*84 C(+ =F ������� � ��Ù��� '%4:

0&* B%56 4( x|FE? H t813 21+1 5(&.4+,541' C(+ 481 >+.4 40) 1 0& x|.� B3
M'3%& %&' \(/06(/ %&' 8%/1 B11& 481 .(,+51 (C %& %B,&'%&4 7041+%4,+1
.0&51 481& =.11 1 H* H �J/%|} K {,-}|� C(+ +1/012 .? H Ê 0%*+%))%405 ) 148('. C(+
48 0. -+(B71) 21+1 0&4+(',51' B3 r7 s.8%&.60�� �r7.}E K r7.}n� H J4 .11) . 48%4
83-1+B(705 *+(,-. %+1 % &%4,+%7 2%3 4(2%+'. 0&>&041 4(+.0(& *+(,-. =�Ê{� K
�Jr|.� K �J/%|�� K �r7.|n� K �r7.| x5� K 58%-41+ xE (C �{8�|F� K .1540(& � HG H�
(C �{+(}~�? H

t81 .4+1&*48 (C 480. 4(-(7(*05%7 %--+(%58 5()-%+1' 4( 481 -+(B%B070.405
(&1 0. 48%4 04 *0/1. %551.. 4( 0&>&04173 -+1.1&41' *+(,-. H t81 '+%2B%56 0.
48%4 04 '(1. &(4 -+(/0'1 B3 04.17C % &(&:4+0/ 0%7 &(40(& (C *1&1+05 -+(- 1+401. (C
*+(,-. ´ (&1 8%. 4( 5()B0&1 04 2 048 -+0(+ 6&(2 71'*1 C+() 481 -+(B%B070.405
%--+(%58 H r&51 -+(-1+401. 6&(2& 4( 8(7' 2 048 (/1+2817) 0&* -+(B%B07043
C(+ >&04173 -+1.1&41' *+(,-. %+1 .171541' =%&' 481 +1.,74 ) %3 '1-1&' (&
48 0. 58(051? K 481 57(.,+1 (C 481.1 *+(,-. 0& 481 .-%51 Gm -+(/0'1. % &(40(& (C
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*1&1+05043 C(+ 0&>&04173 -+1.1&41' *+(,-. H rC 5(,+.1 481 &(40(&. (C *1&1+:
05043 C(+ >&04173 %&' 0&>&04173 -+1.1&41' *+(,-. 5%&&(4 B,4 B 1 ),4,%773
0&5()-%40B71 H\(41 8(21/1+ 48%4 481 -+(B%B070.405 %--+(%58 '(1. &(4 -+(/0'1 % 2177:
'1>&1' &(40(& (C ; +%&'() *+(,-A 10481+ .0&51 (&1 8%. 4( 5(&.0'1+ % C%) 073
(C -+(B%B07043 ) 1%.,+1. 0&'1L1' B3 481 71&*48

`
(C 481 +17%4(+. Å B,4 %4 71%.4

48 0. '1>&1. % &(40(& (C % *1&1+05 -+(-1+43 (C >& 04173 -+1.1&41' *+(,-. 281&
`→ ∞ H

t81 41)-1+%4,+1 )('17 =� JÉH6 H? K 0C ,&'1+.4((' K 2(,7' .(7/1 %77 481.1
-+(B71) . K &(4051%B73 B3 -+(/0'0&* % &%4,+%7 C%) 073 (C =9,%.0:0&/%+0%&4@?
-+(B%B07043 )1%.,+1. (& Gm

H Î11 %7.( � JÉH* H C(+ 9,1.40(&. %+0.0&* 0& 48 0.
C+%) 12(+6 H
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H,(40&* C+() �{+(}~� K G HGÄ ´ ;Ï/1+3480&* B(07. '(2& 4( .8(2 0&* 48%4 %''0&*I.,v 501&473 +%&'() s +17%40(&. 4( % &(&:171) 1&4%+3 2(+' 83-1+B(705 *+(,-
*0/1. ,. % 2(+' 83-1+B(705 *+(,- %*%0& �HHH�A �(&.0'1+0&* +%&'() 171) 1&4.
0& % *0/1& *+(,- 0. (C41& % *((' 2%3 4( 1)B('3 481 0&4,040(& (C 28058
-+(-1+401. %+1 4+,1 281& ;&(480&* -%+405,7%+ 8%--1&.A %&' 281& 481 171:
) 1&4. %+1 ;,&+17%41'A H t81 B18%/0(+ (C +%&'() 171) 1&4. 0. (C41& 481 B1.4
-(..0B71 H

<1 077,.4+%41 48 0. (& 42( 5%41*(+01. (C 1L%)-71. ´ t81 >+.4 0. 48%4 43-05%7
171) 1&4. 0& % =4(+.0(&:C+11? 83-1+B(705 *+(,- 5%& B1 60771' 2 048(,4 8%+) 0&*
481 *+(,- 4(( ),58 =+(B,.4&1.. (C 83-1+B(705043 ? K %&' 481 -+(B%B070.405
%--+(%58 %77(2 . 4( 9,%&40C3 /1+3 -+150.173 481 &,)B1+ (C 171) 1&4. 48%4 5%&
B1 60771' H t81 .15(&' 0. % .8%+- 5(,&40&* (C 481 &,)B1+ (C (&1:+17%4(+
*+(,-. �� �� ���� ��� � ��� K 481 0'1% B 10&* 48%4 % +%&'() +17%4(+ 0. &05173
B 18%/1' K 0)-730&* % +0*0'043 -+(- 1+43K %&' 48%4 B3 '1>&040(& 43- 05%7 +17%4(+.
%+1 481 )(.4 &,) 1+(,. .( 48%4 04 0. 1&(,*8 4( 5(,&4 (& 73 481) H

Ä(+ 48 0. +1/012 K 43-05%7 171)1&4. 0& % *+(,- 21+1 5(&.0'1+1' (&73 0&.(C%+
%. 4813 %+1 -,4 0& .() 1 *+(,- -+1.1&4%40(& %&' -+(/0'1 &12 K +%&'() 73:
'1>&1' *+(,-. K 81&51 481 42( 4(-05. .171541' H $%&'() 171)1&4. 0& % >&041
(+ 0&>&041 *+(,- 8%/1 -71&43 (C 0&41+1.40&* -+(-1+401. B3 481) .17/1. K 28058
%+1 &(4 5(/1+1' 81+1 H Î11 C(+ 1L%)-71 481 &051 �Ê 0LFE� C(+ 481 5%.1 (C >&041
*+(,-. H

ÌÌ ÍÎ Í � �����S ���ÔÒa ���a ��ÓÖ Ò Ð � S�ÒTU
ø ø #> #! # * !Ã·¶Â J¿¶�½¸Ã�� �» ¸¹¸Â ¸Ã�� ½Ã ! �!¹¹ # t81(+1) xx
.4%41. 48%4 % +%&'() 9,(401&4 (C 481 C+11 *+(,- 0. 83-1+B(705 H r&1 5%&
2(&'1+ 281481+ % +%&'() 9,(401&4 (C %& %7+1%'3 83-1+B(705 *+(,- .4%3.
83-1+B(705 K %&' 48 0. 0. 481 5%.1 H J& (481+ 2(+'. K 83-1+B(705043 0. &(4 (& 73
*1&1+05 B,4 %7.( +(B,.4 H t80. 0. %77 481 )(+1 +1%.(&%B71 %. K C+() % *1(:
) 14+05 -(0&4 (C /012 K 481 0&4, 040(& 0. 48%4 =4(+.0(&:C+11? 83-1+B(705 *+(,-.
.,--(.1'73 B 18%/1 7061 C+11 *+(,-. H

t81 C(77(2 0&* 0. t81(+1) n (C �r77F�� =,- 4( 481 B1&0*& +1-7%51) 1&4
(C .-81+1. B3 B%77. K .11 � J HE H5 H? K 28058 *1&1+%70I1. 481 -8%.1 4+%&.040(& (C
t81(+1) xx %B(/1 H M . ,.,%7 ;2 048 (/1+2817) 0&* -+(B%B07043A ) 1%&. ;2 048
-+(B%B07043 41&'0&* 4(

1
%.
`→ ∞A H
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��ÔÙßÔâ 
 ¥ éêë
G0 ìê ñ ÷ï÷ �êòêú ê÷ ëñôý � ëïôîøï÷ �ðôêê íýö êô ìïòø üóôïõö ê0õøöö êû ùø ëí îïú ê �÷ø ëê ó ê÷ êôñ ëø÷ó îêë� ñ÷ û òêë

B` ìê ëí ê îê ë ïðêòêú ê÷ ëî ïð
G0

ùøëí ÷ïôú ñ ë ú ïî ë
`
ù þô þëþ ëíøî ó ê÷ êôñ ëø÷ó îêëþé êë

0 6 d 6 1
þ é êë

R ⊂ G0 ìê ñ îê ë ïìëñø÷ êû ìý ö øü� ø÷ó ñ ë ôñ÷ ûïú
(#B`)

d ëøú êî ñ÷ êòêú ê÷ ë ø÷
B`

þ é êë
G = G0/〈R〉 ìê ëí ê ôñ÷ ûïú 0õïëøê÷ ëïìëñø÷ êû þ

• �ð
d < 1/2 � ëí ê÷ ùøëí ï�êôùíêòú ø÷ó ö ôï ìñìøòø ëý G øî �÷ï÷ �êòêú ê÷ ëñôý �íýö êô ìïòø ü þ

• �ð
d > 1/2 � ëí ê÷ ùøëí ï�êôùíêòú ø÷ó ö ôïìñìøòø ëý G = {e} þ

t81 1L-7%&%40(& (C 481
1/2

0. (C 5(,+.1 1L%5473 481 .%) 1 %. C(+ t81(:
+1) xxK &%)173 481 -+(B%B070.405 -0*1(&:8(71 -+0&50-71 K %748(,*8 481 -+((C
C(+

d < 1/2
0. 5(&.0'1+%B73 )(+1 '0v 5,74 H \(41 %*%0& 48%4 481 &,)B1+

(#B`)
d 0. +%481+ 7%+*1 H t80. -81&()1&(& .11) . 4( B 1 9,041 +(B,.4 %&'

*1&1+%7 %&' ) 0*84 B 1 *1&1+%70I1' 4( (481+ .,B.14. 0& 28058 481 *1&1+%4(+.
%+1 -0561' K %&' ) %3B1 (481+ 57%..1. (C *+(,-. =� JÉHC H? H

t81 4(+.0(&:C+11&1.. %..,)-40(& 5%& B1 +17%L1' 4( % ;8%+) 71.. 4(+.0(&A
(&1 K B,4 04 5%&&(4 B1 5()-714173 +1)(/1' K 481 (B.4+,540(& B10&* *+(248
(C 481 51&4+%70I1+. (C 4(+.0(& 171) 1&4. =.11 t81(+1) � x B17(2 K � JÉHC H %&'
�r77FGB�? H

<1 +1C1+ 4( � JÉHC H C(+ &%4,+%7 9,1.40(&. %&' (-1& -+(B71) . 5(&51+&0&*
481.1 +%&'() 9,(401&4. H

Ä+() % 5(&.4+,540/1 -(0&4 (C /012 K 04 ) 0*84 .11) 9,041 '0v 5,74 4( - 056
+%&'() 171)1&4. ,&0C(+) 73 '0.4+0B,41' 0& 481 B%77 (C % *+(,- K 5()-%+1'
4( 481 1%.3 *1&1+%40(& (C +%&'() 2(+'. %. ,.1' 0& t81(+1) . xx %&' �F H
�(21/1+ K %7*(+048) 05 -+(- 1+401. (C 83-1+B(705 *+(,-. %+1 /1+3 &051 ´ 19,%7:
043 (C 42( 171)1&4. 0. '150'%B71 0& +1%7 40) 1 ��(7FF� K 1/1+3 171) 1&4 5%&
B1 1v 501&473 �Ï� � -,4 0&4( % &(+) %7 C(+) K %&' 481+1 0. %& 1L-70504 >&041
%,4() %4(& 1&,)1+%40&* 481.1 &(+) %7 C(+) . =;w %+6(/ 5('0&*.A ´ .1540(& G HE
(C �{+(}~� K �{8�|F�? H

M55(+'0&* 4( {+()(/ s. 9,(41 %B(/1 K 481 0'1% 48%4 ,&+17%41' 171) 1&4.
0& % 83-1+B(705 *+(,- 5%& B1 60771' 0. 9,041 (7' H J& % '141+) 0&0.405 5(&:
41L4 K 480. ; +17%40/1 .) %77 5%&5177%40(&A K -+1.1&41' 0& .1540(& G HG (C �{+(}~�
=281+1 {+()(/ +1C1+. 4( r7 s.8%&.60�� s. -%- 1+ �r7.}n�? 2%. 7%41+ C(+) %7:
0I1' B3 r7 s.8%&.60�� =.1540(& � (C �r7.|n�? K �8%)-1401+ ��8|�� %&' Ê17I%&4
�Ê17|.%� H t80. 481(+3 *1&1+%70I1. 481 ,.,%7 .) %77 5%&5177%40(&

C′(λ)
4( 17:

1) 1&4. 58(.1& 0& % 83-1+B(705 *+(,- H ³,4 K u ,.4 %. ,.,%7 .) %77 5%&5177%40(&
.4(-. %4 '1&.043

1/12
C(+ +%&'() *+(,-. K +17%40/1 .) %77 5%&5177%40(& 0. 4((

+1.4+0540/1 %&' '(1. &(4 ) %61 04 ,- 4( 481 )%L0) %7 &,)B1+ (C 171) 1&4. (&1
5%& 6077 K 81&51 481 0&41+1.4 (C 481 +%&'() -(0&4 (C /012 H

ø ø #> #� # 8  ¶È �= ¶º  !Ã·¶Â J¿¶�½¸Ã�� # M 481(+1) .4%40&* 48%4 481
*+(248 1L-(&1&4 '(1. &(4 58%&*1 ),58 ,&'1+ .,58 % 9,(401&4 K *1&1+%70I0&*
t81(+1) EG K 8%. B11& -+(/1& �r77:B� =21 +1C1+ 4( � J Hn H1 H C(+ 481 '1>&040(&



GF � �������  ¡¡¢ £�¤ £¥�¥ £¦� ¥¦ ���§¦¨ ©�¦�ª«

(C 481 *+(248 1L-(&1&4? H \(41 48%4 B3 481 +1.,74. 0& �MWFE� K 480. 1L-(&1&4
5%&&(4 .4%3 ,&58%&*1' H
��ÔÙßÔâ 
! ¥ éêë

G0 ìê ñ ÷ï÷ �êòêú ê÷ ëñôý � ëïôîøï÷ �ðôêê íýö êô ìïòø üóôïõö ó ê÷êôñ ëêû ìý ëí ê �÷ø ëê îêë
S
þ é êë

B` ìê ëí ê ìñòò ø÷ G0
ñ÷ û

g
ëí êóôïùëí ê�ö ï÷ê÷ ë ïð G0 � ìï ëí ù þô þëþ

S
þ é êë

G ìê ñ ôñ÷ ûïú 0õïëøê÷ ë ïð
G0ìý êòêú ê÷ ëî ïð B` ñ ë ûê÷îø ëý d ñî ø÷ "íêïôêú LM � ñ÷ û îõöö ïîê ïð üïõôîê

d < 1/2
þ

"íê÷ � ðïô ñ÷ý ε > 0 � ùøëí ï�êôùíêòú ø÷ó ö ôïìñ ìøòø ëý ëí ê óôïùëí ê�ö ï÷ê÷ ëïð
G
òøêî ø÷ ëí ê ø÷ ëêô�ñò

(g − ε; g)
þ

J4 0. 706173 �r77:1� 48%4 481 .-154+%7 +%'0,. (C 481 +%&'() 2%76 (-1+%4(+
(& 481 *+(,- '(1. &(4 58%&*1 ),58 4(( =5()-%+1 t81(+1) �E? H

ÌÌ Í� Í � �����S ���ÔÒa ÑÒ�ÔÖ V ��Ô �Ó���Ó�Ô NTÒÒ
Ó���ÓÖ

øø #ù #! # * !Ã·¶Â J¿¶�½¸Ã�� �» È¶ ·� # t81(+1) n} '1.5+0B 1. 28%4
8%--1&. 281& 9,(401&40&* % 83-1+B(705 *+(,- B3 +%&'() 171) 1&4. 0& 04 H
M&(481+ -(..0B71 *1&1+%70I%40(& (C t81(+1) xx 0. 4( 9,(401&4 B3 +%&'()
2(+'. 0& 481 *1&1+%4(+. H t8(,*8 ) %3B1 &(4 %. 0&4+0&.05 K 48 0. ) ('17 8%. 481
%'/%&4%*1 48%4 481 &(40(& (C +%&'() 9,(401&4 B 15() 1. 0&'1- 1&'1&4 (C 481
0&040%7 *+(,- =2 0480& 481 57%.. (C ) %+61' *+(,-.? Å 0& -%+405,7%+ K 04 %77(2 .
4( .4,'3 .,551..0/1 +%&'() 9,(401&4. (C % *+(,- 4%61& 2 H+ H4 H (&1 %&' 481
.%) 1 *1&1+%40&* .14 K %. ,.1' &(4%B73 0& �{+(Fn� H

rC 5(,+.1 K 481 ,&%/(0'%B71 5(&.19,1&51 (C 481 )('17 B10&* 0&'1-1&'1&4
(& 481 0&040%7 *+(,- 0. 48%4 481 5+0405%7 '1&.043 2 077 '1-1&' (& 480. *+(,- H
M54,%773 481 5+0405%7 '1&.043 0. 19,%7 4( 481 1L-(&1&4 (C +14,+& 4(

e
(C

481 .0)-71 +%&'() 2%76 2 H+ H4 H 481 *1&1+%40&* .14
a1, . . . , am

5(&.0'1+1' ´
B%.05%773K 0C 480. -+(B%B07043 B 18%/1. 7061

(2m)−αt
C(+ 7%+*1 40) 1.

t
K 481

5+0405%7 '1&.043 2 077 B 1
α
H t81 +1.,74 +1%'. =�r77F�� K t81(+1) �? ´

��ÔÙßÔâ �# ¥ éêë
G0 ìê ñ ëïôîøï÷ �ðô êê íýö êô ìïòø ü óôïõö óê÷êôñ ëêû ìýëí ê êòêú ê÷ ëî

a1, . . . , am
þé êë

(wt)t∈N ìê ëí ê ëôñ5 êüëïôý ïð ñ îøúö òê ôñ÷ ûïú ùñò� ø÷
G0

ù þô þëþ ëí êó ê÷ êôñ ëïôî
a±1
i

ñ÷ û òê ë
dOPQC = − lim

t→∞
t RSRT

1

t
log2m Pr(wt =G0

e) = − log2m ρ(G0)

ùíêôê
ρ
øî ëí ê îö êüëôñò ôñûøõî ïð ëí ê ôñ÷ ûïú ùñò� ïö êôñ ëïô �U/ êîVWX ïôY � þL þð þ� þ 4 ïëê ëíñ ë dOPQC > 0

õ÷òêîî
G0

øî êòêú ê÷ ëñôýþé êë
0 6 d 6 1

ñ÷ û òê ë
W` ìê ëí ê îê ë ïð ñòò

(2m)`
ùïôûî ïð òê÷ó ëí

`
ø÷ëí ê

a±1
i

2î þ é êë
R ìê ëí ê ôñ÷ ûïú îêë ïìëñø÷ êû ìý ö øü� ø÷ó (2m)d`

ëøú êî ñ ëôñ÷ ûïú ñ ùïôû ø÷
W`

þ
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éêë
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• "í ê �ñòê÷ üý ïð ñ÷ý �êô ëê� ïð
Γ
øî ñ ë ú ïî ë

v
þ

• "í ê óøô ëí ñ÷ û ûøñú êëêô ïð Γ
îñ ëøîðý DiamΓ 6 C girth Γ <∞ þ

ëí ê÷ ñ ôñ÷ ûïú òñìêòòø÷ó ïð ëí ê j �îõìûø�øîøï÷ Γ/j � ï÷ üê ôêûõüêû � îñ ëøî� êî ëí ê��′(α)
üï÷ ûø ëøï÷ � ùøëí ö ôï ìñìøòø ëý ñô ìø ëôñôøòý üòïîê ëï

1
øð

girth Γ
øî òñôó êê÷ ïõóí �ûêö ê÷ ûø÷ó ï÷

α, v, C� þ�÷ ö ñô ëø üõòñô ðïô α < 1/6
ëí ê üï÷ üòõîøï÷î ïð "íêïôêú ^ h íïòû þ

w(+1(/1+ K 481 ) 14+05 '0.4(+40(& 0&',51' B3 481 +1',540(& .41- 0. 5(&:
4+(771' =.11 481 7%.4 .1540(& (C �r77:%� K (+ �r< :%�? H

ø ø ø #> #· # * !Ã·¶Â ¹!� ¸¹¹½Ã¾� ¶º ¸�¼!Ã·¸ � ¸Ã�!½¹ . !i=·!Ã j� ¼ ¶¼ ,
¸ �»

(T )
# t81 *+(,- '1>&1' B3 % *+%-805%7 -+1.1&4%40(& 0&81+04. .() 1

.-154+%7 -+(-1+401. (C 481 *+%-8 K %4 71%.4 281& 481 7%B 1770&* 0. +%&'() H
J& -%+405,7%+ K 0C 481 W%-7%50%& (& 481 *+%-8 8%. % 7%+*1 1&(,*8 .-154+%7
*%- K 481& 481 *+(,- '1>&1' B3 % +%&'() 7%B1770&* 2 077 8%/1 -+(-1+43

(T )
H

Î1540(& xHE (C �{+(Fn� )1&40(&. =*1&1+%70I%40(&. (C ? 480. K %&' 481 28(71
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.1540(& n (C �{+(Fn� 0. '1/(41' 4( B,07'0&* % *1&1+%7 C+%)12(+6 1&5()-%..:
0&* 481 ,.,%7 .- 154+%7 5+041+0% C(+ -+(- 1+43

(T )
)1&40(&1' %B(/1 0& J Hn H* H

=.11 +1C1+1&51. 481+1? H <1 *0/1 (&73 481 C( 77(2 0&* .4%41) 1&4 K % '14%071'
-+((C (C 28058 2%. 2+0441& B3 Î07B 1+) %& =�Î07Fn� K �(+(77%+3 E Hx|? ´
��ÔÙßÔâ � ¥ �ø�ê÷

v ∈ N � λ0 > 0
ñ÷ û ñ÷ ø÷ ëêó êô

j > 1
ëí êôê ê� øî ëîñ÷ ê�ö òø üø ë g0 îõüí ëíñ ë øð

Γ
øî ñ óôñö í ùø ëí

girth Γ > g0 � λ1(Γ) > λ0
ñ÷ ûê�êôý �êô ëê� ïð ùíøüí íñî �ñòê÷ üý ìê ëùêê÷ 3

ñ÷ û
v � ëí ê÷ ñ ôñ÷ ûïú òñ ìêòòø÷óïð ëí ê

j
�î õìûø�øîøï÷ Γ/j

ûê�÷êî ñ óôïõö ùøëí / ñEí ûñ÷ 2î ö ôïö êô ëý (T )� ùøëíö ôïìñ ìøòø ëý ëê÷ ûø÷ó ëï
1
ñî ëí ê îøEê ïð

Γ
ëê÷ ûî ëï ø÷�÷ø ëýþ

t81 0'1% 0. %. C(77(2 . ´ ¬+(-1+43
(T )

0. +17%41' 4( 481 2%3 481 +%&'() 2%76
(-1+%4(+ %54. (& 19,0/%+0%&4 C,&540(&. C+() 481 *+(,- 4( ,&04%+3 +1-+1.1&:
4%40(&. (C 04 H \(2 0& 481 5%.1 (C *+%-805%7 -+1.1&4%40(&. K B3 5(&.4+,540(&
%&3 19,0/%+0%&4 C,&540(& (& 481 *+(,- =28058 0. '141+) 0&1' B3 04. /%7,1 %4
e
? 5%& B1 70C41' 4( % ; 7%B17:19,0/%+0%&4A C,&540(& (& 481 *+%-8 .0&51 53571.

0& 481 *+%-8 %+1 7%B1771' B3 +17%40(&. 0& 481 *+(,- H JC ) (+1(/1+ 481 7%:
B 1770&* 2%. 4%61& %4 +%&'() K 481& % +%&'() 2%76 0& 481 *+%-8 ; .0),7%41.A
% +%&'() 2%76 0& 481 *+(,- 0& 481 .1&.1 48%4 481 7%B 17. 1&5(,&41+1' B3 %
+%&'() 2%76 0& 481 *+%-8 %+1 -7%0& +%&'() 2(+'. =%4 .8(+4 40) 1.? H Î( 0C
481 *+%-8 8%. % 7%+*1 .-154+%7 *%- K 04 0. - (..0B71 4( 4+%&.C1+ 481 .-154+%7
0&19,%7043 4( 481 +%&'() 2%76 (-1+%4(+ (& 481 *+(,- H t81 '14%07. 5%& B1
C(,&' 0& �Î07Fn� H\(41 48%4 481 >+.4 .41- =70C40&* 19,0/%+0%&4 C,&540(&.? C(77(2 . (&73 C+()
481 '1>&040(& (C *+%-805%7 -+1.1&4%40(&. K 281+1%. 481 .15(&' (&1 ,.1. 481
C%54 48%4 481 7%B1770&* 2%. +%&'() =0& .() 1 21%6 K .4%40.405%773 41.4%B71
.1&.1? H

ø ø ø #> #¸ # 8¸Ã¸ !¹½i!�½¶Ã� )  ¸¹!�½4¸ ¾ !¼= ½"!¹ ¼ ¸�¸Ã�!�½¶Ã� 3 !Ã·
Â¶ ¸ # M 7%B1771' *+%-8 5%& %7.( B 1 ,.1' 4( '1>&1 % 9,(401&4 (C %& %+B0:
4+%+3 ) %+61' *+(,- K B3 9,(401&40&* 481 *+(,- B3 481 2(+'. +1%' (& 53571.
(C 481 *+%-8 H t80. 0. % 613 .41- ,.1' B3 {+()(/ 0& 481 2 07' *+(,- 5(&:
.4+,540(& '1.5+0B 1' B17(2 =� JJJ HE H? H

D,.4 %. (+'0&%+3 .)%77 5%&5177%40(& 481(+3 5%& B1 1L41&'1' C+() 9,(:
401&4. (C 481 C+11 *+(,- 4( 9,(401&4. (C % *0/1& 83-1+B(705 *+(,- B3 171:
) 1&4. .%40.C3 0&* % ;+17%40/1 .) %77 5%&5177%40(&A 5(&'040(& =�Ê17|.%� K ��8|�� K
.1540(& � (C �r7.|n� K .1540(& G HG (C �{+(}~�? K %& %&%7(*,1 4( t81(+1) �.
8(7'. 281& 481 0&040%7 *+(,- 0. 83-1+B(705 =) %3B1 2 048 .() 1 +1.4+0540(& (&
4(+.0(& ? 0& .41%' (C C+11 H

J& �r77:5� %& 171) 1&4%+3 /1+.0(& (C {+()(/ s. .4%41) 1&4. 0. *0/1& K 28058
5%& B1 -+(/1& ,.0&* 481 4+%'040(&%7 /%& Í%)-1& '0%*+%) %--+(%58 (C
�r77F�� K 5()B0&1' 2 048 481 5()B0&%4(+0%7 %+*,) 1&4. .-150>5 4( 481 *+%-8:
05%7 5%.1 %. 0& �r77:%� H

³,4 {+()(/ -+(/1' 480. 0& % )(+1 *1&1+%7 5(&41L4 ,.0&* ;+(4%40(& C%):
0701. (C *+(,-.A K 281+1 -,+173 *1() 14+05%7 %+*,)1&4. 5%& B1 *0/1& H t81
5(&41L4 0. % *+(,-

G
%540&* -+(- 1+73 %&' 5(5()-%5473 B3 0.() 14+01. (&



�ªªÊ £Z�¥£¦�« c d��§¦¨ £�©�Y§£Y�¥« £� «ªYZ £Ë £Z Z¦�«¥��Z¥£¦�« . x
.() 1 83-1+B(705 .-%51

X
Å 21 2%&4 4( .4,'3 481 9,(401&4 (C

G
B3 % &(+) %7

.,B*+(,-
R

H
J& &(&:*+%-805%7 .) %77 5%&5177%40(& 481(+3 =+17%40/1 4( % 83-1+B(705 *+(,-

G
? K
R

0. *1&1+%41' B3 171) 1&4.
(ui)

%&' %77 4810+ 5(&u ,*%41. Å 2 048 1%58
ui0. %..(50%41' % *1('1.05

Ui
0&
X

0&/%+0%&4 ,&'1+
ui

Å % 5(&u ,*%41 (C
ui

2077
B 1 %..( 50%41' 2 048 481 5(++1.-(&'0&* 4+%&.7%41 (C

Ui
H Î) %77 5%&5177%40(&

C(+ 481 C%) 073
(ui)

=+17%40/1 4(
G

? 0. 19, 0/%71&4 4( 481 C%) 073 (C %77
Ui

s. %&'
4810+ 4+%&.7%41. &(4 4( 4+%/17 57(.1 4( 1%58 (481+ C(+ % ;4(( 7(&*A 40) 1 =481
40) 1 0. ) 1%.,+1' 2 H+ H4 H 481 ) 0& 0) %7 '0.-7%51) 1&4 (C 481 %540(& (C 481

ui
s.

(&
X

K &%) 173K 71.. 48%&
1/6

(C 48 0. '0.-7%51) 1&4 Å 57(.1&1.. 0. )1%.,+1'
2 H+ H4 H 481 83-1+B(705043 5(&.4%&4 (C

X
? H Ä(+ *+%-805%7 .) %77 5%&5177%40(& K

.%3 21 8%/1 % 5(&&1541' 7%B1771' *+%-8
Γ
Å 70C4 04. ,&0/1+.%7 5(/1+

Γ̃
4(
G%&' 4%61 481 5(++1.-(&'0&* (+B04

U
0&
X

=480. 0. % 4+11? K 4(*1481+ 2 048 %77
04. 4+%&.7%41. =481 4+%&.7%41. 5(++1.-(&' 4( 5(&u,*%41 70C4. (C

Γ̃
4(
G

? Å 0C 48 0.
C%) 073 (C 4+11. 0&

X
.%40.>1. 481 .%) 1 5(&'040(& %. %B(/1 =&(4 4+%/1770&*

57(.1 4( 1%58 (481+ C(+ % 7(&* 40) 1? K 481& 481 9,(401&4 (C
G

B3 481 7%B 1771'
*+%-8 2 077 B 1 83-1+B(705 %*%0& H JC

Γ
0. &(4 5(&&1541' 21 *14 %. )%&3

Ui
s.

%. 481+1 %+1 5(&&1541' 5()-(&1&4. =-7,. 4810+ 4+%&.7%41.? H
J& .1540(& E (C �{+(Fn� K {+()(/ 1L-(.1. % ='0v 5,74 4( +1%'? *1&1+%7

41+) 0&(7(*3 %&' 5(&'040(&. C(+ 481.1 0'1%. 4( 2(+6 H Ï 71)1&4. (C -+((C %+1
.5%441+1' 0& C(,+ -%-1+. =.1540(& E (C �{+(Fn� K .1540(&. .¥ ~ (C �{+(F x%� K
.1540(&. EG¥nE (C �{+(F xB� K .1540(& xF (C �{+(F x5�? H t80. C+%)12(+6 .11) .
4( B 1 9,041 -(21+C,7 H

M .0)-71+ -+((C 5%& B1 *0/1& 0& 481 5%.1 (C Ü��� .) %77 5%&5177%40(& =2 048
1/6

+1-7%51' B3 .()1 40&3 5(&.4%&4? K ,.0&*
CAT(−1, ε)

.-%51. H t81 0'1% (C
481 -+((C K /1+3 &1%473 '1.5+0B1' %4 481 B1*0&&0&* (C �Ê{� =.11 %7.( �Ê17:B�
%&' {+()(/ s. -%-1+. u ,.4 5041'? %&' C, 773 '1/17(-1' 7%41+ 0& 48%4 -%-1+ K
0. %. C( 77(2 . ´ 21 8%/1 % *+(,-

G = π1(X)
%540&* -+(-1+73 5( 5()-%5473

B3 0.() 14+01. (& % 83-1+B(705 .-%51
X̃

K %&' 21 2%&4 4( 9,(401&4
G

B3 %
&(+) %7 .,B*+(,-

R
Å 481 9,(401&4 0. K (C 5(,+.1 K 481 C,&'%)1&4%7 *+(,- (C

481 .-%51
X ′ (B4%0&1' B3 *7,0&* '0.6. 4(

X
%7(&* 7((-. 0&

X
5(++1.-(&'0&*

4( *1&1+%4(+. (C 481 &(+)%7 .,B*+(,-
R

H t81 0'1% 0. 4( 1&'(2 481.1 '0.6.
2 048 % ) 14+05 (C 5(&.4%&4 &1*%40/1 5,+/%4,+1 4,+&0&* 481) 0&4( 83-1+B(705
5(&1. H t80. %77(2 . 4( 58156 48%4

X ′ 0. ����� �� %
CAT(−1, ε)

.-%51 K %&' 481
�%+4%&:�%'%) %+' 481(+1) =(+ 7( 5%7:*7(B%7 -+0&50- 71 C(+ 83-1+B(705 .-%51.?
481& %77(2 . 4( 5(&57,'1 48%4 481 ,&0/1+.%7 5(/1+

X̃ ′ 0. *7(B%773
CAT(−1, ε)

K
81&51 83-1+B(705043 (C

G/R
H

t80. 0'1% (C )14+0I0&* �%3713 5()-71L1. K %--701' 0& �Ê{� 4( 481 ³,+&.0'1
-+(B71) K 7((6. /1+3 -+() 0.0&* =.11 � JÉH0 H? H

ÌÌ Ì Í� Í Ý�_ ��_ S��U`Ö Ñ �Ó` �bU��Ô��Ö

J& �{+(Fn� =%. %&&(,&51' 0& �{+(FF�? K {+()(/ 5(&.4+,54. % >&04173 *1&:
1+%41' *+(,- 28(.1 �%3713 *+%-8 ;9,%.0:5(&4%0&.A % C%) 073 (C 1L-%&'0&*
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*+%-8. %&' 28058 48,. %') 04. &( ,&0C(+) 1)B1''0&* 0&4( 481 �07B1+4 .-%51 H
t81 )%0& 0'1% 0. 4( ,.1 % *+%-805%7 -+1.1&4%40(& %+0.0&* C+() % +%&'() 7%:
B 1770&* (C 481.1 1L-%&'1+. H

$15%77 =.11 1 H* H �W,B|�� K �Ê ÎÉFn�? 48%4 % C%) 073 (C 1L-%&'0&* *+%-8.
=(+ 1L-%&'1+.? 0. % .19,1&51 (C *+%-8.

(Γi)i∈N

(C B(,&'1' /%71&53K (C .0I1
41&'0&* 4( 0&>&043K .,58 48%4 481 >+.4 10*1&/%7,1 (C 481 '0.5+141 W%-7%50%&
(& 481) 0. B(,&'1' %2%3 C+()

0
281&

i → ∞ H M ,&0C(+) 1)B1''0&* (C
) 14+05 .-%51. 0. % ) %-

ϕ
.,58 48%4 481+1 1L 0.4. % C,&540(&

f : R → R
2048

dist(ϕ(x), ϕ(y)) > f(dist(x, y))
%&'

f(x) → ∞ 281&
x→ ∞ H

r&1 (C 481 +1%.(&. C(+ 481 0&41+1.4 0& 48 0. -%-1+ 0. 48%4 K %. -+(/1&
B3 � 0*.(& K É H W%À(+*,1 %&' Î6%&'%70. 0& ��WÎFE� K 480. 0)-701. C%07,+1 (C
481 ³%,) :�(&&1. 5(&u 154,+1 2 048 5(1v 501&4. C(+ 480. *+(,- H t81 0&040%7
.4+(&*1+ )(40/%40(& 2%. 4( +1C,41 481 \(/06(/ 5(&u 154,+1 H J&4+(',50&*
481.1 5(&u 154,+1. 0. B 13(&' 481 .5(- 1 (C 480. -%-1+ %&' 481 %,48(+ s. >17'
(C 5()-141&51 H <1 +1C1+ 481 +1%'1+ 4( �ÍWFG K É%7FEB K Î6%|| K � 0*|}� H {+(:
)(/ s. *+(,- 0. % '0+154 70) 04 (C 83-1+B(705 *+(,-. Å C(+ 83-1+B(705 *+(,-. K 481\(/06(/ 5(&u 154,+1 ��w}} K �w|F� K 1L 0.41&51 (C % ,&0C(+) 1)B1''0&* 0&4(
481 �07B1+4 .-%51 �Î17|E� %&' 481 ³%,) :�(&&1. 5(&u 154,+1 �W%CFE K wÆ FE�
8(7' H Ä(+ 481 70&6 B14211& 48(.1 7%.4 42( -+(-1+401. .11 �Æ,FF K ÎtÆFE� H
��ÔÙßÔâ �! ¥ �ïô ñ÷ý ε > 0

ëí êôê ê� øî ëî ñ �÷ø ëêòý ó ê÷ êôñ ëêû � ôêüõô �îø�êòý ö ôêîê÷ ëêû óôïõö G� ñ ðñú øòý ïð ê�ö ñ÷ ûêôî (Γi)i∈N � üï÷î ëñ÷ ëî A,B > 0ñ÷ û ú ñö î ϕi îê÷ ûø÷ó ëí ê �êô ëø üêî ïð
Γi

ëï �êô ëøüêî ïð
Cay(G)

î õüí ëíñ ë
A (dist(x, y) − εDiamΓi) 6 dist(ϕi(x), ϕi(y)) 6 B dist(x, y)

ðïô ñ÷ý i
ñ÷ û

x, y ∈ Γi � ùíêôê ëí ê ûøî ëñ÷ üê ø÷
Γi

øî ëí ê ïôûø÷ñôý óôñöíûøî ëñ÷ üê ñ÷ û ëí ê ûøî ëñ÷ üê ø÷
Cay(G)

øî ù þô þëþ îïú ê �� êû �÷ø ëê ó ê÷ êôñ ëø÷óîêëþ$ï÷îê0õê÷ ëòý ëí êôê ê� øî ëî ñ �÷ø ëêòý ö ôêîê÷ ëêû óôïõö ñûú øëëø÷ó ÷ï õ÷ø�ðïôú êú ìêûûø÷ó ø÷ ëï ëí ê = øò ìêô ë îö ñ üê þM77 481 0&*+1'01&4. (C 481 -+((C 5%& B1 C(,&' 0& �{+(Fn� K 48(,*8 7(4. (C
'14%07. %+1 () 0441' H {+()(/ %-(7(*0I1. 0& 481 0&4+(',540(& 48%4 81 58(.1
&(4 4( 2+041 ;% C12 4158&05%7 71))%. K 2 048 % .4+%0*84C(+2%+' 8%7C:-%*1 -+((C
1%58A B,4 +%481+ 4( ;,&5(/1+ 481 -+(- 1+ 5(&41L4 +1&'1+0&* �HHH� 481 -+((C.
4%,4(7(*05%7A K %&' 481& %''. ;M +1%'1+ ) %3 >&' 04 %),.0&* 4( -7%3 481
*%) 1 B%562%+'. B3 +1',50&* 481 -+1.1&4 -%-1+ 4( .1/1& -%*1. (C C(+) %7
.4%41) 1&4. %&' -+((C.A H t80. 0. .4077 2%040&* 4( B1 '(&1 K 48(,*8 .() 1 -%+4.
(C 481 u (B %+1 2+0441& �Ê{ K r77:5 K r77:% K Î07Fn� H Ä,77 ,&'1+.4%&'0&* %&'
1L-7(04%40(& (C 481.1 ; 5(&41L4.A 2 077 '(,B471..73 B 1 %& 0)-(+4%&4 .(,+51 (C
&12 +1.,74. %&' 4158&09,1. H

t81 -+0&50-71 (C 481 -+((C 0. %. C( 77(2 . =%&' 481 4158&05%7 5(&'040(&.
&11'1' C(+ 04 4( 2(+6 %+1 .4%41' B17(2 0& Ê1>&040(& GF %&' t81(+1) GxK
1L4+%541' C+() �r77:5�? ´ Î4%+4 2 048 481 C+11 *+(,-

F2
%&' %&3 C%) 073 (C
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1L-%&'1+.

Γi
H ¬,4 % +%&'() 7%B1770&* (& .() 1 .,B'0/0.0(&

Γ
/j
1

(C
Γ1

%&'
714

G1
B1 481 *+(,- *0/1& B3 481 *+%-805%7 -+1.1&4%40(&

Γ1
H M55(+'0&* 4(

¬+(-(.040(& �~ %&' t81(+1) �. K 0C
j

0. 7%+*1 1&(,*8 K
G1

2077 B 1 % &(&:
4+0/0%7 83-1+B(705 *+(,- H M. '1.5+0B 1' 0& � JJJ HxH% HK 481+1 2 077 B 1 % &%4,+%7
*+%-8 ) %-

Γ
/j
1 → Cay(G1)

K 28058 0. %54,%773 % 9,%.0:0.() 14+05 1)B1''0&* H
t81& 5(&.0'1+ % +%&'() 7%B1770&* (C % .,B'0/0.0(& (C

Γ2
%&' 714

G2
B1

481 9,(401&4 (C
G1

B3 481 *+%-805%7 -+1.1&4%40(&
Γ2

H M--730&* 481 ; +17:
%40/1A /1+.0(& (C -+(-(.040(& �~ K %. '1.5+0B 1' 0& � JJJ HxH1 HK

G2
2077 B 1 %

&(&:4+0/ 0%7 83-1+B(705 *+(,- K -+(/0'1' 481 *0+48 (C
Γ2

0. 7%+*1 5()-%+1' 4(
481 83-1+B(705043 5(&.4%&4 (C

G1
=28058 0. (C 481 .%) 1 (+'1+ (C ) %*&04,'1

%.
DiamΓ1

? H ×- 4( 4%60&* % .,B.19,1&51 (C 481 C%) 073 (C 1L-%&'1+. 21 5%&
%72%3. .,--(.1 48%4

girthΓi � DiamΓi−1
K 28058 %77(2 . 4( '1>&1 0&',5:

40/173 % 83-1+B(705 *+(,-
Gi

(B4%0&1' B3 9,(401&40&*
Gi−1

B3 % +%&'()
7%B1770&* (C =% .,B'0/0.0(& (C ?

Γi
H t81 *+(,-

Gi
5() 1. 2 048 % &%4,+%7 *+%-8

) %- C+()
Γ
/j
i

4( 04. �%3713 *+%-8 H
t81 *+(,-

G
0. 481& (B4%0&1' %. 481 '0+154 70) 04 (C %77

Gi
s. H J4 0. ���

>&04173 -+1.1&41' K B,4 5%& B1 +15,+.0/173 -+1.1&41' B3 +1-7%50&* +%&'() :
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�� � ����� � �� ������ ���� ��� � �� �� ��� �� �

w H {+()(/ K ±� ���� ��� ²��������
t81 -+(B71) . -+1.1&41' 81+1%C41+ %+1 /%+01' 0& .4371 %&' '0v 5,743H Î() 1 (C
481) %)(,&4 4( % 571%&0&* (C +1.,74. 0)-70504 0& 481 7041+%4,+1 K (481+. %+1
2177:'1>&1' 9,1.40(&. K 281+1%. 481 2(+.4 (C 481) %+1 57(.1+ 4( B%BB70&*
(& %& 1) 1+*0&* &(40(& H Î() 1 %+1 '0+15473 1L4+%541' C+() 481 1L51771&4
1L-(.040(& (C {+()(/ 0& 481 >&%7 58%-41+ (C �{+(|n� K %&' .4077 ,&.(7/1' H

r&73 -+(B 71) . '0+15473 - 1+4%0&0&* 4( +%&'() *+(,-. %+1 -+1.1&41' 81+1 H
J4 ),.4 B1 .4+1..1' 48%4 {+()(/ s. -%-1+ �{+(Fn� 5(&4%0&. % 7(4 (C &12 K
58%771&*0&* 0'1%. 0&.-0+1' B3 80. +%&'() *+(,- 5(&.4+,540(& B,4 B 17(&*0&*
4( &10*8B(+0&* >17'. K 28058 ,&C(+4,&%4173 5(, 7' &(4 B 1 '0.5,..1' 81+1 H

� ½�"¹! ½Â ¸ # t81 70.4 (C -+(B71) . 0. -+(/0'1' ;%. 0.A K 2 048(,4 %&3 2%+:
+%&43K 10481+ 1L-+1.. (+ 0)-701' K 0&57,'0&* K B,4 &(4 70) 041' 4( K 481 2%++%&43
(C 5(++154&1.. K (C 0&41+1.4 K (C >4&1.. 4( %&3 -%+405, 7%+ -,+-(.1 =.,58 %. %&
%+40571 (+ 481.0.? K (+ (C &(&:4+0/0%7043H <1 2 0.8 481 +1%'1+ *((' 7,56 H

ø2#! # �=!� =!¼¼ ¸Ã� !� �=¸ " ½�½"!¹ ·¸Ã�½�»s t81 ,.,%7 9,1.40(&
%C41+ % 4%76 (& +%&'() *+(,-. HHH

M .60&* 281481+ % +%&'() *+(,- %4 '1&.043
d = 1/2

0. 0&>&041 (+ 4+0/0%7
) 0*84 &(4 B1 481 +0*84 2%3 (C 7((60&* %4 480&*. H t81 )(.4 -+() 0.0&* %&'
0&4+0*, 0&* %--+(%58 0. 4( '1>&1 % 70) 04 (Bu 154 C(+

` → ∞ %&' C(+ '1>&041
d < 1/2

K %&' 481& 714
d → 1/2

H t81 70) 04 (Bu 154 2(,7' B1 %. C( 77(2 . ´ B3
t81(+1) xn 481 �%3713 *+%-8 (C 481 +%&'() *+(,-

G
0. % 4+11 ,- 4( '0.4%&51

`(1 − 2d)
K %&' )(+1(/1+ 481 83-1+B(705043 5(&.4%&4 0. %4 )(.4

4`/(1− 2d)
H

Î( 04 0. &%4,+%7 4( 5(&.0'1+ 481 ) 14+05 .-%51 1
`Cay(G)

281+1 1
`

)1%&. 21
+1.5%71 481 '0.4%&51 B3 48 0. C%54(+ ´ 480. 3017'. K C(+ %&3

`
K %

4/(1 − 2d)
:

83-1+B(705 .-%51 28058 0. % 4+11 ,- 4( '0.4%&51
1− 2d

H J4 .11) . 706173 48%4
C(+ >L1'

d
K C(+

` → ∞ 48 0. ) 14+05 .-%51 5(&/1+*1. B �� {+()(/:¬%,70&
4( .() 1 =) %3B1 '141+) 0&0.405 0& .()1 .1&.1? &(&:7( 5%773 5()-%54 ) 14+05
.-%51 7( 5%773 )('171' (& % +1%7 4+11 H t80. (Bu 154 2(,7' '1-1&' (&

d
%&'

B1
4/(1 − 2d)

:83-1+B(705 H W1440&* 481&
d → 1/2

) 0*84 B+0&* % &(&:4+0/ 0%7
(Bu 154 K ) %3B1 2 048 .()1 .17C:.0) 07%+043 (+ ,&0/1+.%7043 -+(- 1+401. H
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M&(481+ %--+(%58 5(&.0.4. 0& 71440&* .0),74%&1(,.73

`→ ∞ %&'
d→ 1/2

H
J&'11' K t81(+1) xn .8(2 . 48%4 481 B%77 (C +%'0, .

`(1 − 2d)
0& 481 �%3713

*+%-8 0. % 4+11 H r&1 0. 48,. 41)-41' 4( 714
d→ 1/2

%&' .14
` = K/(1−2d).( 48%4 481 71&*48 (C 481 .) %771.4 +17%40(& 0& 481 *+(,- 0. 61-4 5(&.4%&4 =B,4

481 B0* -+(B 71) 0. 48%4 480.
`

)%3 B1 4(( .) %77 C(+ t81(+1) xx 4( 8(7'? H
J4 ) %3 8%--1& 48%4 C(+ 7%+*1 1&(,*8 /%7,1. (C

K
K 481 *+(,- 5(&/1+*1. =0&

7%2 ? 4( .()1 &(&:4+0/0%7 *+(,- 2 048 +%'0, . (C 0&u 1540/ 043
K

K ) %3B1 0&>&04173
-+1.1&41' H J4 ) %3 %7.( 8%--1& 48%4 481 *+(,- 0. 4+0/ 0%7 &( ) %441+ 8(2 7%+*1
K

0. H
JC (&1 .4056. 4( 481 9,1.40(& (C 28%4 8%--1&. 281& 21 4%61 1L%5473

d =
1/2

0& 481 '1>&040(& (C 481 '1&.043 )('17 K (&1 .8(,7' &(41 481 C(77(2 0&* H JC
0& 481 '1&.043 )('17 21 4%61 &(4

(2m−1)d`
B,4

P (`)(2m−1)d`
+17%4(+. 2 048

P
% .,B1L-(&1&40%7 41+) K C(+

d 6= 1/2
480. '(1. &(4 58%&*1 481 481(+1) H

³,4 C(+
d = 1/2

4+0/ 0%7043 (+ 0&>&041&1.. ) %3 '1-1&' (& 481 .,B1L-(&1&40%7
41+)

P
H J4 ) 0*84 '1- 1&' )(+1(/1+ (& 481 '14%07. (C 481 )('17 =.,58 %.

4%60&* +17%4(+. (& 481 .-81+1 (+ 0& 481 B%77? H ÏL%54 '141+) 0&%40(& (C 481.1
-%+%)141+. ) 0*84 &(4 B 1 /1+3 +171/%&4 H M&32%3K %. % .8(+4 %&.21+ K C(+
d = 1/2

%&'
P (`) = 1

K 04 0. 1%.3 4( 58156 =,.0&* 481 -+(B%B070.405 - 0*1(&:
8(71 -+0&50-71 %. 0& 481 5())1&4. %C41+ t81(+1) xx? 48%4 481 +%&'() *+(,-
8%. % -(.040/1 -+(B%B07043 =.() 1480&* 7061

(1/e)2m
? 4( B1 4+0/ 0%7 H

Î() 1 1L-154 K 8(21/1+ K 48%4 ;%77 57%..05%7 *+(,-. 701 %4
d = 1/2

A =,.0&*
-+150.1 1&(,*8 %.3)-4(405. C(+ 481

P (`)
%B(/1@? H ³3 481 2%3K &(41 48%4

-+(- 1+43
(T )

8(7'. %4
d > 1/3

%&' 0& -%+405, 7%+ %4
d = 1/2

H

ø2#� # � ½v¸ ¸Ã� ¾ ¶¿¼� !� ·½v¸ ¸Ã� ·¸Ã�½�½¸�s M&(481+ 9,1.40(& K
730&* %4 481 5(+1 (C 481 '1&.043 )('17 K 0. 4( 6&(2 281481+ '1&.043 +1%773
8%. %& 0)-%54 (& 481 +%&'() *+(,- H

t81 9,1.40(& 0. &(4 1L%5473 4( 6&(2 281481+ 42( +%&'() *+(,-. %+1
),4,%773 0.()(+-805 (+ &(4 ´ 0&'11' 42( .,551..0/1 +%&'() .%)-70&*. (C
% *+(,- %4 481 .%) 1 71&*48 %&' '1&.043 2 077 706173 B1 &(&:0.()(+-805 =%7:
48(,*8 % -+((C (C 480. 2(,7' B1 /1+3 0&41+1.40&* %&' '0v 5,74 K 5()-%+1
� JJ Hn H C(+ 481 (&1:+17%4(+ 5%.1 Å .11 %7.( �{+(|n� K - H E~|? H $%481+ (&1 2(,7'
7061 4( 6&(2 0C 481 -+(B%B07043 ) 1%.,+1. C(+ '0.40&54 /%7,1. (C

d
B15() 1

)(+1 %&' )(+1 '0À1+1&4 %.
`→ ∞ H w (+1 -+150.173K (&1 2(,7' 7061 4( 6&(2

0C K C(+ 1/1+3 '1&.043
d0

%&'
ε > 0

K 481+1 1L0.4. % -+(-1+43 (C *+(,-.
Pd0,ε28058 ( 55,+. 2 048 -+(B%B07043 41&'0&* 4(

1
%4 '1&.043

d = d0
K %&' 2 048

-+(B%B07043 41&'0&* 4(
0

%4 %&3 '1&.043
d 6∈ (d0 − ε, d0 + ε)

K %.
`→ ∞ H

Î0&51 % +%&'() *+(,- %4 '1&.043
d

%&' 71&*48
`
8%. Ï,71+ 58%+%541+0.405

1 −m+ (2m− 1)d`
K C(+ >L1'

m
481 &,)B1+

d`
5%& B1 +15(/1+1' C+() 481

%7*1B+%05 .4+,54,+1 (C 481 *+(,- H Î( 04 2(,7' B1 1&(,*8 4( +15(/1+ %&3
(481+ 5()B0&%40(& (C

d
%&'

`
4( *14 481 %&.21+ H J4 0. 571%+ 48%4 �� � ��° ��

� ���� �K 2 048 4810+ .4%&'%+' *1&1+%40&* .14 B10&* 6&(2& K +%&'() *+(,-. %+1
'0À1+1&4 ´ 0&'11' K C(+ 1L%)-71 481 (-40) %7 0.(-1+0) 14+3 5(&.4%&4

1 − 2d
0.

-+(/0'1' B3 t81(+1) xn H ³,4 58%&*0&* 481 *1&1+%40&* .14 0. % ) 1.. H
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M /1+3 0&41+1.40&* B,4 %--%+1&473 '0v 5,74 %--+(%58 0. .,**1.41' B3 {+(:
)(/ 0& �{+(|n� =- H E~|? H W14

G = Fm/N
B1 % >&04173 -+1.1&41' *+(,- %&'

'1>&1 481 ������� (C 480. -+1.1&4%40(& %. C(77(2 . ´ 481+1 0. %& 0&41*1+
`
.,58

48%4 481 &(+)%7 57(.,+1 (C
N ∩ B`

0.
N

=281+1
B`

0. 481 B%77 (C +%'0,.
`0&

Fm
? Å C(+

1 6 k 6 `
714 481 '1&.043

dk = log #(N ∩ Bk)/ log #Bk
=(&1

5%& ,.1 .-81+1. 0&.41%' (C B%77.? %&' 714
d(Fm → G) = supk6` dk

H \(2 714
d(G)

B1 481 0&>),) (C 481.1 '1&.0401.
d(Fm → G)

(/1+ %77 >&041 *1&1+%40&*
.14. (C

G
H t81 9,1.40(& 0. 281481+ C(+ % +%&'() *+(,- %4 '1&.043

d
48 0.

*0/1. B%56
d
H �()-,4%40(& (C '1&.0401. (C 57%..05%7 *+(,-. 2(,7' %7.( B1

0&41+1.40&* H
{+()(/ *0/1. .1/1+%7 (481+ %--+(%581. 0& �{+(|n� K | H³ H=0? H

t81 &051.4 480&* 2(,7' B1 4( >&' *+(,- 0&/%+0%&4. '1-1&'0&* 5(&40&,:
(,.73 (& '1&.043H t81 +%&6 (C 481 *+(,- 0. % '0.5+141 0&/%+0%&4 /%+30&* 2 048
'1&.043K B,4 0. C%+ C+() 2177 ,&'1+.4((' =.11 � JÉH' H? H ¬%&., .,**1.41' 481
,.1 (C

`p
:5(8()(7(*3K 281+1 481 5+0405%7

p
) 0*84 /%+3 2 048

d
=.11 �{+(|n� K

| H³ H=0? (&
`pH

1 6= {0}? K (+ 481 5(&C(+) %7 '0) 1&.0(& (C 481 B(,&'%+3K B,4
48 0. %--+(%58 8%. &(4 314 B 11& '1/17(- 1' H J4 0. 2 0.1 4( 611- 0& ) 0&' 481
&(&:/%+0%40(& (C 481 .- 154+%7 *%- =t81(+1) E. ? H\(41 48%4 48 0. 2(,7' &(4 5(&4+%'054 t81(+1) n� .0&51 K > +.4 K 21 '( &(4
1L-154 0&'1-1&'1&473 - 0561' +%&'() *+(,-. %4 481 .%)1 '1&.043 4( B1
0.()(+-805 K %&' .15(&' K +%&'() *+(,-. %+1 &(4 %4 %77 '1&.1 0& Gm

H

ø2#" # Á¶
(T )

¶ Ã¶� �¶
(T )

# ¬+(- 1+43
(T )

C(+ +%&'() *+(,-. 0. 6&(2&
4( 8(7' %4 '1&.043

> 1/3
=t81(+1) E~? K %&' &(4 4( 8(7' %4 '1&.043

< 1/5=t81(+1) nE? H t81+1 &151..%+073 1L 0.4. % 5+0405%7 '1&.043 C(+ -+(-1+43
(T )

K
.0&51 480. -+(-1+43 0. 0&81+041' B3 9,(401&4. =0&'11' ´ 0C %4 % '1&.043

d0
K

-+(- 1+43
(T )

( 55,+. 2 048 -(.040/1 -+(B%B07043K 481& %4 '1&.0401.
d > d0

21
5%& 2+041 481 *+(,- -+1.1&4%40(& %. % ,&0(& (C % 7%+*1 &,)B1+ (C -+1.1&:
4%40(&. %4 '1&.043

d0
K %&' (&1 (C 481) 0. 1&(,*8 4( B+0&* -+(-1+43

(T )
? H

Ê141+) 0&%40(& (C 480. 5+04 05%7 '1&.043 0. % C+, .4+%40&* 9,1.40(& H
t81 *%- B14211& 481 �%%*1+,- -+(-1+43 %4

d < 1/6
=t81(+1) nn? %&'

C%07,+1 (C -+(- 1+43
(T )

%4
d < 1/5

0. -+(B%B73 u ,.4 % 4158&05%7 21%6&1..
0& �r< :B� H J4 2(,7' B 1 /1+3 0&41+1.40&* 4( 6&(2 281481+ K C(+ +%&'()
*+(,-. K -+(- 1+43

(T )
.4%+4. u , .4 281+1 481 �%%*1+,- -+(-1+43 .4(-. K .( 48%4

481.1 42( -+(-1+401. K 48(,*8 &(4 (--(.041 K 2(,7' B 1 ;*1&1+05%773 (--(.041A
=% -(..0B07043 .() 1 -1(-71 5(&.0'1+ 2(,7' B1 ;.%'A? H

M&(481+ 9,1.40(& 0. 281481+ -+(- 1+43
(T )

8(7'. %4
d > 1/3

C(+ % +%&'()
9,(401&4 =480. 0. %7+1%'3 %.61' 0& �{+(}~� K � HG H�? H J4 0. 4+0/ 0%773 481 5%.1 C(+
9,(401&4. B3 +%&'() 2(+'. K C(+ %&3 0&040%7 *+(,- =.0&51 -+(-1+43

(T )
0. 0&:

81+041' B3 9,(401&4.? B,4 0& 480. 5%.1 481 +%&'() 9,(401&4 ) 0*84 %7+1%'3 B1
4+0/0%7 %4

d = 1/3
=.11 t81(+1) �F? %&' .( 48 0. .4%41) 1&4 5(,7' B 1 1)-43H

³,4 04 0. /1+3 +1%.(&%B71 4( 1L-154 481 .%) 1 8(7'. C(+ +%&'() 9,(401&4.
B3 171) 1&4. 0& B%77. (C 83-1+B(705 *+(,-. %. 0& t81(+1) n} ´ %--730&* 481
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5+041+0(& (C �%,6Fn� 4( 481 *1&1+%40&* .14 ) %'1 (C %77 171)1&4. (C 71&*48
`/37((6. -+() 0.0&* H

J& 481 ) 1%&40) 1 K 04 0. % *((' 1L1+50.1 4( 2+041 % -+150.1 -+((C (C 481 C%54
48%4 +%&'() *+(,-. %4 '1&.043

d > 1/3
8%/1 -+(-1+43

(T )
=0& 481 '1&.043

)('17 K &(4 0& 481 4+0%&*,7%+ )('17 K .11 '0.5,..0(& 0& � J Hn H* H? H

ø2#· # * !ÃÇ !Ã· �¶¿Ã·! »# Ï/1& .,58 % .0)-71 0&/%+0%&4 (C *+(,-.
%. 481 +%&6 =) 0&0) %7 &,)B1+ (C 171)1&4. 0& % *1&1+%40&* .14? 0. &(4 6&(2&
C(+ +%&'() *+(,-. =1L51-4 (C 5(,+.1 C(+ +%&'() 9,(401&4. (C

F2
? H t81 +%&6

'(1. /%+3 2 048 '1&.043 ´ B3 t81(+1) x~ K %4 '1&.043
0

=%&' 706173 %4 .)%77
1&(,*8 '1&.0401.? 04 0. 19,%7 4(

m
K B,4 04 0. 1%.3 4( .8(2 48%4 %4 '1&.043

d > 1 − log(2k − 1)/ log(2m− 1)
K 481 +%&6 0. %4 )(.4

k
=480. C( 77(2 . C+()

1/%7,%40&* 481 -+(B%B07043 48%4 .()1 +17%4(+ 5%& B1 2+0441& %. % -+(',54 (C
(&1 *1&1+%4(+ C( 77(21' B3

` − 1
*1&1+%4(+. 58(.1& %)(&*

k
? H t80. B(,&'

0. /1+3 5+,'1 %&' -+(B%B73 &(4 (-40) %7 =(&1 ) %3 1L-154 K C(+ 1L%)-71 K 481
+%&6 4( B1

2
281&

d→ 1/2
? H

t81 +%&6 2(,7' -+(/0'1 % &(&:5(&40&,(,. B,4 &1/1+48171.. 0&41+1.40&*
0&/%+0%&4 4( -+(/1 48%4 '0À1+1&4 '1&.0401. -+(',51 '0À1+1&4 *+(,-. H

M -(..0B71 %--+(%58 0. 4( *1&1+%70I1 481 ) 148(' (C M+I8%&4.1/% %&'
r7 s.8%&.60�� %4 '1&.043

0
K 28058 ,.1. +1-+1.1&4%40(& (C .,B*+(,-. B3 *+%-8.

%&' .,B.19,1&4 .4,'3 (C 481 1L-(&1&40%7 *+(248 +%41 (C 481 &,)B1+ (C 2(+'.
28058 %+1 +1%'%B71 (& 481 *+%-8 H �()B0&%40(& (C 480. 2 048 7%+*1 '1/0%40(&
4158&09,1. C(+ >&041:.4%41 w %+6(/ 58%0&. ) %3 71%' 4( % .8%+- 1.40) %41 (C
481 /%+0(,. 1L-(&1&4. ='1&.0401.? %4 -7%3H

t81.1 4158&09,1. ) %3 B1 ,.1C,7 C(+ (481+ 9,1.40(&. +17%41' 4( 481 %7*1:
B+%05 .4+,54,+1 H Ä(+ 1L%)-71 K {+()(/ %.6. =�{+(|n� K | H³ H=0?? 281481+ %
+%&'() *+(,- 5(&4%0&. % &(&:C+11 0&>&041 .,B*+(,- (C 0&>&041 0&'1L H M 7.( K
(&1 2(,7' 7061 4( 1L41&' t81(+1) �� (& 481 &,)B1+ (C (&1:+17%4(+ *+(,-.
4( )(+1 +17%4(+. =%. %.61' B3 {+()(/ 0& �{+(|n� K - H E~|? K 28058 K B1.0'1.
481 0&41+1.4 (C 5(,&40&* *+(,-. K 2(,7' 8%/1 0)-705%40(&. C(+ 481 -+(B71) .
'0.5,..1' 0& � JÉHB H

J4 0. /1+3 706173 48%4 % +%&'() *+(,- 0. (&1:1&'1' %&' 0& -%+405, 7%+
'(1. &(4 .-704 %. % C+11 -+(',54 =48 0. 0. 4+,1 %4 .)%77 '1&.0401. %&' %4
d > 1/3

K .11 � J Hn H' H? H M&(481+ 9,1.40(& 0. ,&05043 (C 481 *1&1+%40&* .14
,- 4( \ 01 7.1& )(/1. =5()-%+1 t81(+1) x|? Å 1 H* H C(+

m = 2
04 5%& B1

.8(2& 48%4 K C(+
d > 0.301 . . .

=%& %--%+1&473 4+%&.51&'1&4%7 /%7,1 5() 0&*
C+() 7%+*1 '1/0%40(& 481(+3 (C 481

4
:.4%41 w %+6(/ 58%0& '1.5+0B0&* +1',51'

2(+'. 0& 42( 71441+.? K 481 -%0+
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*1&1+%41. 481 +%&'() *+(,- K B,4 04

0. &(4 571%+ 281481+ (+ &(4 48 0. -%0+ 0. \ 01 7.1&:19, 0/%71&4 �� �� � � ���� 4(
481 .4%&'%+' *1&1+%40&* -%0+

(a1, a2)
H

ø2#¸ # µ ¶ ¸ ¼ ¶¼ ¸ �½¸� ¶º  !Ã·¶Â ¾ ¶¿¼� # M&3 9,1.40(& 28058 0.
) 1%&0&*C,7 C(+ 4(+.0(&:C+11 83-1+B(705 *+(,-. ) %3 B1 %.61' C(+ +%&'()
*+(,-. H Î()1 ) %3 1/1& B1 %&.21+1' H
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:5(8()(7(*3K .0)-70:

50%7 &(+) (& 5(8()(7(*3K 1L0.41&51g&(&:1L0.41&51 (C C+11 .,B*+(,-. K &(&:
1)B1''%B07043 (C +%&'() *+(,-. 4( 1%58 (481+ K ; .()1480&*
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