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Some properties of the
Cremona group

Julie Déserti

Abstract. We recall some properties, unfortunately not all, of the Cre-
mona group.

We first begin by presenting a nice proof of the amalgamated product
structure of the well-known subgroup of the Cremona group made up of the
polynomial automorphisms of C2. Then we deal with the classification of
birational maps and some applications (Tits alternative, non-simplicity...)
Since any birational map can be written as a composition of quadratic
birational maps up to an automorphism of the complex projective plane,
we spend time on these special maps. Some questions of group theory are
evoked: the classification of the finite subgroups of the Cremona group and
related problems, the description of the automorphisms of the Cremona
group and the representations of some lattices in the Cremona group.
The description of the centralizers of discrete dynamical systems is an
important problem in real and complex dynamic, we describe the state of
the art for this problem in the Cremona group.

Let S be a compact complex surface which carries an automorphism f
of positive topological entropy. Either the Kodaira dimension of S is zero
and f is conjugate to an automorphism on the unique minimal model of
S which is either a torus, or a K3 surface, or an Enriques surface, or S is
a non-minimal rational surface and f is conjugate to a birational map of
the complex projective plane. We deal with results obtained in this last
case: construction of such automorphisms, dynamical properties (rotation
domains...).
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Dear Pat,

You came upon me carving some kind of little figure out of wood
and you said: “Why don’t you make something for me ?”

I asked you what you wanted, and you said, “A box.”

“What for 77

“To put things in.”

“What things ?”

“Whatever you have,” you said.

Well, here’s your box. Nearly everything I have is in it, and it is
not full. Pain and excitement are in it, and feeling good or bad and
evil thoughts and good thoughts — the pleasure of design and some
despair and the indescribable joy of creation.

And on top of these are all the gratitude and love I have for you.

And still the box is not full.

John

J. Steinbeck
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Introduction

The study of the Cremona group Bir(P?), i.e. the group of birational
maps from P?(C) into itself, started in the XIXth century. The subject
has known a lot of developments since the beginning of the XXIth century;
we will deal with these most recent results. Unfortunately we will not be
exhaustive.

We introduce a special subgroup of the Cremona group: the group
Aut(C?) of polynomial automorphisms of the plane. This subgroup has
been the object of many studies along the XXth century. It is more rigid
so is, in some sense, easier to understand. Indeed Aut(C?) has a structure
of amalgamated product so acts non trivially on a tree (Bass-Serre the-
ory); this allows to give properties satisfied by polynomial automorphisms.
There are a lot of different proofs of the structure of amalgamated product.
‘We present one of them due to Lamy in Chapter 2; this one is particularly
interesting for us because Lamy considers Aut(C?) as a subgroup of the
Cremona group and works in Bir(IP?) (see [128]).

A lot of dynamical aspects of a birational map are controlled by its ac-
tion on the cohomology H2(X, R) of a “good” birational model X of P?(C).
The construction of such a model is not canonical; so Manin has introduced
the space of infinite dimension of all cohomological classes of all birational
models of P?(C). Its completion for the bilinear form induced by the cup
product defines a real Hilbert space Z(PP?) endowed with an intersection
form. One of the two sheets of the hyperboloid {[D] € Z(P?)|[D]? = 1}
owns a metric which yields a hyperbolic space (Gromov sense); let us de-
note it by Hz. We get a faithful representation of Bir(P?) into Isom(Hz).
The classification of isometries into three types has an algrebraic-geometric
meaning and induces a classification of birational maps ([43]); it is strongly
related to the classification of Diller and Favre ([73]) built on the degree
growth of the sequence {deg [™}nen. Such a sequence either is bounded
(elliptic maps), or grows linearly (de Jonquiéres twists), or grows quadrati-
cally (Halphen twists), or grows exponentially (hyperbolic maps). We give
some applications of this construction: Bir(P?) satisfies the Tits alternative
([43]) and is not simple ([46]).
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One of the oldest results about the Cremona group is that any bi-
rational map of the complex projective plane is a product of quadratic
birational maps up to an automorphism of the complex projective plane.
It is thus natural to study the quadratic birational maps and also the cubic
ones in order to make in evidence some direct differences ([52]). In Chap-
ter 4 we present a stratification of the set of quadratic birational maps.
We recall that this set is smooth. We also give a geometric description of
the quadratic birational maps and a criterion of birationality for quadratic
rational maps. We then deal with cubic birational maps; the set of such
maps is not smooth anymore.

While Noether was interested in the decomposition of the birational
maps, some people studied finite subgroups of the Cremona group ([25,
122, 172]). A strongly related problem is the characterization of the bi-
rational maps that preserve curves of positive genus. In Chapter 5 we
give some statements and ideas of proof on this subject; people recently
went back to this domain [12, 15, 16, 29, 61, 79, 33, 150, 74], providing
new results about the number of conjugacy classes in Bir(P?) of birational
maps of order n for example ([61, 27]). We also present another construc-
tion of birational involutions related to holomorphic foliations of degree 2

on P%(C) (see [50]).

A classical question in group theory is the following: let G be a group,
what is the automorphisms group Aut(G) of G ? For example, the auto-
morphisms of PGL,,(C) are, for n > 3, obtained from the inner automor-
phisms, the involution u ~ %! and the automorphisms of the field C. A
similar result holds for the affine group of the complex line C; we give a
proof of it in Chapter 6. We also give an idea of the description of the
automorphisms group of Aut(C2), resp. Bir(P?) (see [66, 67]).

Margulis studies linear representations of the lattices of simple, real Lie
groups of real rank strictly greater than 1; Zimmer suggests to generalize
it to non-linear ones. In that spirit we expose the representations of the
classical lattices SL,,(Z) into the Cremona group ([65]). We see, in Chap-
ter 7, that there is a description of embeddings of SL3(Z) into Bir(P?)
(up to conjugation such an embedding is the canonical embedding or the
involution u +— w™!); therefore SL,(Z) cannot be embedded as soon as
n > 4.

The description of the centralizers of discrete dynamical systems is
an important problem in dynamic; it allows to measure algebraically the
chaos of such a system. In Chapter 8 we describe the centralizer of bi-
rational maps. Methods are different for elliptic maps of infinite order,
de Jonquieres twists, Halphen twists and hyperbolic maps. In the first
case, we can give explicit formulas ([32]); in particular the centralizer is
uncountable. In the second case, we do not always have explicit formulas
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([51])... When f is an Halphen twist, the situation is different: the cen-
tralizer contains a subgroup of finite index which is abelian, free and of
rank < 8 (see [43, 99]). Finally for a hyperbolic map f the centralizer is
an extension of a cyclic group by a finite group ([43]).

The study of automorphisms of compact complex surfaces with positive
entropy is strongly related with birational maps of the complex projective
plane. Let f be an automorphism of a compact complex surface S with
positive entropy; then either f is birationally conjugate to a birational
map of the complex projective plane, or the Kodaira dimension of S is
zero and then f is conjugate to an automorphism of the unique minimal
model of S which has to be a torus, a K3 surface or an Enriques surface
([40]). The case of K3 surfaces has been studied in [41, 134, 146, 162, 171].
One of the first example given in the context of rational surfaces is due
to Coble ([57]). Let us mention another well-known example: let us con-
sider A = Z[i] and E = C/A. The group SLy(A) acts linearly on C? and
preserves the lattice A x A; then any element A of SLa(A) induces an auto-
morphism f4 on E x E which commutes with «(z,y) = (iz,iy). The auto-
morphism f4 lifts to an automorphism }:\ on the desingularization of the
quotient (E'x E) /¢, which is a Kummer surface. This surface is rational and
the entropy of E is positive as soon as one of the eigenvalues of A has
modulus > 1.

We deal with surfaces obtained by blowing up the complex projective
plane in a finite number of points. This is justified by Nagata theorem (see
[138, Theorem 5]): let S be a rational surface and let f be an automorphism
on S such that f, is of infinite order; then there exists a sequence of holo-
morphic applications m;41: Sj41 — S; such that S; = P?(C), Sy41 = S
and 7,11 is the blow-up of p; € S;. Such surfaces are called basic surfaces.
Nevertheless a surface obtained from P?(C) by generic blow-ups has no
non trivial automorphism ([114, 123]).

Using Nagata and Harbourne works McMullen gives an analogous re-
sult of Torelli’s Theorem for K3 surfaces ([135]): he constructs automor-
phisms on rational surfaces prescribing the action of the automorphisms
on the cohomological groups of the surface. These surfaces are rational
ones having, up to a multiplicative factor, a unique 2-form Q such that
Q is meromorphic and Q2 does not vanish. If f is an automorphism on S
obtained via this construction, f*Q is proportional to Q and f preserves
the poles of 2. We also have the following property: when we project S on
the complex projective plane, f induces a birational map which preserves
a cubic (Chapter 10).

In [19, 20, 21] the authors consider birational maps of P?(C) and adjust
the coefficients in order to find, for any of these maps f, a finite sequence
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of blow-ups 7: Z — P?(C) such that the induced map fz = 7~ fr is
an automorphism of Z. Some of their works are inspired by [113, 112,
165, 166, 167]. More precisely Bedford and Kim produce examples which
preserve no curve and also non trivial continuous families (Chapter 11).
They prove dynamical properties such as coexistence of rotation domains
of rank 1 and 2 (Chapter 11).

In [69] the authors study a family of birational maps (®,),>2; they
construct, for any n, two points infinitely near ﬁl and ﬁg having the
following property: @, induces an isomorphism between P2(C) blown
up in ﬁl and P?(C) blown up in 1324 Then they give general conditions
on @, allowing them to give automorphisms ¢ of P2(C) such that ¢ ®,
is an automorphism of P?(C) blown up in P, 50(132), (¢ @) gp(ﬁg),
(¢ 'I)n)k(p(]%) = Py. This construction does not work only for ®,,, they
apply it to other maps (Chapter 12). They use the theory of deformations
of complex manifolds to describe explicitely the small deformations of ra-
tional surfaces; this allows them to give a simple criterion to determine the
number of parameters of the deformation of a given basic surface ([69]).
We end by a short scholium about the construction of automorphisms with
positive entropy on rational non-minimal surfaces obtained from birational
maps of the complex projective plane.
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Chapter 1

First steps

1.1 Divisors and intersection theory

Let X be an algebraic variety. A prime divisor on X is an irreducible
closed subset of X of codimension 1.

Examples 1.1.1. o If X is a surface, the prime divisors of X are the
irreducible curves that lie on it.

o If X = P*(C) then prime divisors are given by the zero locus of
irreducible homogeneous polynomials.

A Weil divisor on X is a formal finite sum of prime divisors with
integer coefficients

m
ZaiDi, m €N, a; € Z, D; prime divisor of X.
i=1

Let us denote by Div(X) the set of all Weil divisors on X.
If f € C(X)* is a rational function and D a prime divisor we can define
the multiplicity vy(D) of f at D as follows:

e vf(D) =k >0 if f vanishes on D at the order k;
e vf(D) = —Fk if f has a pole of order k on D;
e and v;(D) = 0 otherwise.

To any rational function feC(X)* we associate a divisor div(f)eDiv(X)
defined by

div(f) = Y wvf(D)D.
L;_p_rime

13
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Note that div(f) € Div(X) since v¢(D) is zero for all but finitely
many D. Divisors obtained like that are called principal divisors. As
div(fg) = div(f) + div(g) the set of principal divisors is a subgroup
of Div(X).

Two divisors D, D’ on an algebraic variety are linearly equivalent
if D — D’ is a principal divisor. The set of equivalence classes corresponds
to the quotient of Div(X) by the subgroup of principal divisors; when X
is smooth this quotient is isomorphic to the Picard group Pic(X). !

Example 1.1.2. Let us see that Pic(P") = ZH where H is the divisor of
an hyperplane.
Consider the homorphism of groups given by

©: Div(P") — Z, D of degree d — d.

Let us first remark that its kernel is the subgroup of principal divisors.
Let D = Y a;D; be a divisor in the kernel, where each D; is a prime
dwisor given by an homogeneous polynomial f; € Clzo,...,x,] of some
degree d;. Since Y a;d; = 0, f =[] f{" belongs to C(P")*. We have
by construction D = div(f) so D is a principal divisor. Conversely any
principal divisor is equal to div(f) where f = g/h for some homogeneous
polynomials g, h of the same degree. Thus any principal divisor belongs to
the kernel.

Since Pic(P™) is the quotient of Div(P™) by the subgroup of princi-
pal divisors, we get, by restricting © to the quotient, an isomorphism
Pic(P") — Z. We conclude by noting that an hyperplane is sent on 1.

‘We can define the notion of intersection.

Proposition 1.1.3 ([109]). Let S be a smooth projective surface. There
exists a unique bilinear symmetric form

Div(S) x Div(S) — Z, (C,D)~C-D
having the following properties:

e if C and D are smooth curves meeting transversally then C - D =

#(C'ND);
e if C and C' are linearly equivalent then C - D = C" - D.
In particular this yields an intersection form

Pic(S) x Pic(S) — Z, (C,D)— C-D.

1The Picard group of X is the group of isomorphism classes of line bundles on X.
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Given a point p in a smooth algebraic variety X of dimension n we say
that 7: Y — X is a blow-up of p € X if Y is a smooth variety, if

i@y Y\ {7 0)) = X\ {p}

is an isomorphism and if 771 (p) ~ P"~1(C). Set E = n~1(p); E is called
the exceptional divisor.

Ifn:Y — X and 7': Y’ — X are two blow-ups of the same point p
then there exists an isomorphism ¢: Y — Y’ such that 7 = 7. So we
can speak about the blow-up of p € X.

Remark 1.1.4. When n =1, 7 is an isomorphism but when n > 2 it is
not: it contracts E = n~1(p) = P"~1(C) onto the point p.

Example 1.1.5. We now describe the blow-up of (0:0: 1) in P?(C). Let
us work in the affine chart z = 1, i.e. in C? with coordinates (x,y). Set

BI(O,O)IPQ = {((z,y), (u: v)) cC?x P! ‘xv = yu}‘

The morphism 7: Bl(g’g)PZ — C2 given by the first projection is the blow-
up of (0,0):

o First we can note that 7=(0,0) = {((O,O)7 (w:v))|(u:v) € IP’I} 50
E = 77Y0,0) is isomorphic to P';

o Let g = (z,y) be a point of C2\ {(0,0)}. We have
@) = {((@.9). (@ :v) } € BlooP*\ E
50 Bl o, P2\E 15 an isomorphism, the inverse being
(@,y) = ((z,9), (x:y)).

How to compute ? In affine charts: let U (resp. V') be the open subset
of BI(OYO)PZ where v # 0 (resp. w # 0). The open subset U is isomorphic
to C? wia the map

C* U, (y,u) = ((yu,p), (u: 1));

we can see that V is also isomorphic to C2. In local coordinates we can
define the blow-up by

e (y, 1) = (yu,y), E is described by {y = 0}

C? - C?, (z,v) — (z,2v), E is described by {z =0}
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Let : Bl,S — S be the blow-up of the point p € S. The morphism 7 in-
duces a map 7* from Pic(S) to Pic(B1,S) which sends a curve C on 7~ (C).
If C C S is irreducible, the strict transform C of Cis C = 7-1(C \ {r}).

‘We now recall the definition of multiplicity of a curve at a point.
If C C Sis acurve and p is a point of S, we can define the multiplicity
mp(C) of C at p. Let m be the maximal ideal of the ring of functions
0,52 Let f be a local equation of C; then m,(C) can be defined as the
integer & such that f € m*\m*F*!. For example if S is rational, we can find
a neighborhood U of p in S with U C C2?, we can assume that p = (0,0)
in this affine neighborhood, and C is described by the equation

n
Z P;(z,y)=0, P; homogeneous polynomials of degree ¢ in two variables.

i=1

The multiplicity m,(C) is equal to the lowest i such that P; is not equal
to 0. We have

o m,(C) > 0;
e m,(C) =0 if and only if p & C;
e m,(C) =1 if and only if p is a smooth point of C.

Assume that C' and D are distinct curves with no common component
then we define an integer (C'-D), which counts the intersection of C' and D
at p:

e it is equal to O if either C' or D does not pass through p;

e otherwise let f, resp. ¢ be some local equation of C, resp. D in
a neighborhood of p and define (C' - D), to be the dimension of

Ops/(f.9):
This number is related to C' - D by the following statement.

Proposition 1.1.6 ([109], Chapter V, Proposition 1.4). If C and D are
distinct curves without any common irreducible component on a smooth
surface, we have

C-D= Y (C-D);

peCND

in particular C - D > 0.

2Let us recall that if X is a quasi-projective variety and if  is a point of X, then
Oy, x is the set of equivalence classes of pairs (U, f) where U C X is an open subset
z €U and f € C[U].
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Let C be a curve in S, p = (0,0) € S. Let us take local coordinates z,
y at p and let us set k = my,(C); the curve C is thus given by

Pk(ﬁ’y)+Pk+1($7y)+"'+Pr'(a77y) :07

where P; denotes a homogeneous polynomial of degree i. The blow-up of p
can be viewed as (u,v) — (uv,v); the pull-back of C' is given by

vk(pk(u, 1) + vpgya(u, 1) + ... + vrfka(a:,y)) =0,

i.e. it decomposes into k times the exceptional divisor E = 7-%(0,0) =
(v =10) and the strict transform. So we have the following statement:
Lemma 1.1.7. Let w: BL,S — S be the blow-up of a point p € S. We have
in Pic(BL,S)

7 (C) = C+my(C)E
where C is the strict transform of C and E = 7 (p).
We also have the following statement.

Proposition 1.1.8 ([109], Chapter V, Proposition 3.2). Let S be a smooth
surface, let p be a point of S and let w: Bl,S — S be the blow-up of p. We
denote by E C BL,S the curve m~(p) ~ P'. We have

Pic(Bl,S) = n*Pic(S) + ZE.

The intersection form on BL,S is induced by the intersection form on S via
the following formulas

o 7*C-7*D =C-D for any C, D € Pic(S);
o 7C - E =0 for any C € Pic(S);
« B?=F-E=-1;

o C2=C2—1 for any smooth curve C' passing through p and where C
is the strict transform of C.

If X is an algebraic variety, the nef cone Nef(X) is the cone of divi-
sors D such that D - C' > 0 for any curve C in X.
1.2 Birational maps
A rational map from P2(C) into itself is a map of the following type

FP2C) - PX(C), (z:y:2) - (folz,y,2): filz,y,2) : fol2,y,2))
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where the f;’s are homogeneous polynomials of the same degree without
common factor.
A birational map from P?(C) into itself is a rational map

f:P*(C) --» P*(C)

such that there exists a rational map v from P?(C) into itself satisfying
fop=1of=id.

The Cremona group Bir(P?) is the group of birational maps from
P2(C) into itself. The elements of the Cremona group are also called
Cremona transformations. An element f of Bir(P?) is equivalently
given by (x,y) = (fi(z,y), fo(z,y)) where C(f1, f2) = C(z1,x2), i.e.

Bir(P?) ~ Aute(C(z,y)).

The degree of f: (z :y:x) --» (fo(z,y,2) : fi(z,y,2) : fa(m,y,2)) €
Bir(P?) is equal to the degree of the f;’s: deg f = deg f;.

Examples 1.2.1. e Every automorphism

fi(x:iy:z)--» (aprtary+asz : asx+asy+asz : agrtary+asz),
det(a;) # 0

of the complex projective plane is a birational map. The degree of f
is equal to 1. In other words Aut(P?) = PGL3(C) C Bir(P?).

e The map o: (x : y: z) --» (yz : xz : xy) is rational; we can verify
that o oo =id, i.e. o is an involution so o is birational. We have:
dego = 2.

Definitions 1.2.2. Let f: (x:y:2)--»(fo(x,y,2) : fi(z,y,2) : fao(z,y,2))
be a birational map of P?(C); then:

o the indeterminacy locus of f, denoted by Ind f, is the set

{m € P?(C) | fo(m) = fi(m) = fa(m) = 0}

e and the exceptional locus Exc f of f is given by

{m € P?(C) ! det jac(f)(m) = 0}.

Examples 1.2.3. e For any f in PGL3(C)=Aut(P?) we have Ind f =
Exc f=0.
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e Let us denote by o the map defined by o: (x:y: 2) --» (yz : zz : 2Y);
we note that

Excoz{wz&yz&zz@},
Indo = {(1:0:0), (0:1:0), (0:0:1)}.

o If p is the following map p: (z:y: 2) --+ (vy : 22 : yz), then
Excp={y=0,2=0} & Indp={(1:0:0),(0:1:0)}.

Definition 1.2.4. Let us recall that if X is an irreducible variety and Y
a variety, a rational map f: X --»Y is a morphism from a non-empty
open subset U of X toY.

Let f: P?(C) --» P?(C) be the birational map given by
(@:y:2) - (folz,y,2) : fi(z 1y 2 2) 2 falz,y,2)

where the f;’s are homogeneous polynomials of the same degree v, and
without common factor. The linear system Aj of f is the pre-image
of the linear system of lines of P?(C); it is the system of curves given
by Y aif; = 0 for (ap : a1 : az) in P?(C). Let us remark that if A is
an automorphism of P?(C), then Ay = Aap. The degree of the curves
of Ay is v, i.e. it coincides with the degree of f. If f has one point of
indeterminacy pi, let us denote by 7y : BlplIP’2 — P%(C) the blow-up of
p1 and & the exceptional divisor. The map ¢1 = f om; is a birational
map from Bl,, P? into P?(C). If ¢; is not defined at one point py then we
blow it up via m2: Bly, p,P? — P2(C); set & = 75 '(p2). Again the map
s = 1 0m1: Blp, »,P? --» P?(C) is a birational map. We continue the
same processus until ¢, becomes a morphism. The p;’s are called base-
points of f or base-points of Ay. Let us describe Pic(Bl,, .., P?). First
Pic(P?) = ZL where L is the divisor of a line (Example 1.1.2). Set E; =
(Tiq1...mp)*E and £ = (my ... 7. )*(L). Applying r times Proposition 1.1.8
we get
Pic(Bly,,. P =Z(®ZE, & ... ® LE,.

Moreover all elements of the basis (¢, E, ..., E,) satisfy the following re-
lations
P=r-0=1, E? =1,

The linear system Ay consists of curves of degree v all passing through
the p;’s with multiplicity m;. Set E; = (miy1...7,)*E;. Applying r times
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Lemma 1.1.7 the elements of A, are equivalent to vL—Y";_, m; E; where L
is a generic line. Remark that these curves have self-intersection
T
v — Z m?.
i=1
All members of a linear system are linearly equivalent and the dimension
of Ay, is 2 so the self-intersection has to be non-negative. This implies
that the number r exists, i.e. the number of base-points of f is finite.
Let us note that by construction the map ¢, is a birational morphism

S/
§------>§

The linear system A of f corresponds to the strict pull-back of the system
Oz2(1) of lines of P?(C) by ¢. The system A, which is its image on
Bly, . ,.P? is the strict pull-back of the system Opz(1). Let us consider
a general line L of P?2(C) which does not pass through the p;’s; its pull-
back ¢, 1(L) corresponds to a smooth curve on Bl,, ., P? which has
self-intersection —1 and genus 0. We thus have (¢;1(L))? = 1 and by
adjunction formula

o7 (L) - Kp

Since the elements of A, are equivalent to

vl — i szz
i=1

and since Kpy,  p2 = —3L+ Y1, F; we have

p1oopr P2 T =3

T T
Zmi:!}(u—l), ngil/2—1.
i=1 i=1
In particular if ¥ = 1 the map f has no base-points. If v = 2 then r = 3
and m; = mg = mg = 1. As we will see later (Chapter 4) it doesn’t mean
that “there is one quadratic birational map”.
So there are three standard ways to describe a Cremona map
e the explicit formula (z:y: 2) --» (fo(z,9,2) : fi(w,y,2) : fa(m,y2))
where the f;’s are homogeneous polynomials of the same degree and
without common factor;
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e the data of the degree of the map, the base-points of the map and
their multiplicity (it defines a map up to an automorphism);

e the base-points of 7 and the curves contracted by n with the nota-
tions of Theorem 1.3.1 (it defines a map up to an automorphism).

1.3 Zariski’s theorem

Let us recall the following statement.

Theorem 1.3.1 (Zariski, 1944). Let S, S be two smooth projective surfaces
and let f:S --+ S be a birational map. There exists a smooth projective
surface S' and two sequences of blow-ups w1 : S' — S, ma: S’ — S such that
f=mm!

%
N
e 3
Example 1.3.2. The involution
o: P?(C) --» P*(C), (z:y:2) -+ (yz: 22 : 2y)

is the composition of two sequences of blow-ups with

A=(1:0:0), B=(0:1:0), C=(0:0:1),

Lap (resp. Lac, resp. Lpc) the line passing through A and B (resp. A
and C, resp. B and C) E4 (resp. Ep, resp. Ec) the exceptional divisor
obtained by blowing up A (resp. B, resp. C) and Lap (resp. EAO, resp.
EBC) the strict transform of Lap (resp. Lac, resp. Lpc).
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There are two steps in the proof of Theorem 1.3.1. The first one is to
compose f with a sequence of blow-ups in order to remove all the points of
indeterminacy (remark that this step is also possible with a rational map
and can be adapted in higher dimension); we thus have

The second step is specific to the case of birational map between two
surfaces and can be stated as follows.

Proposition 1.3.3 ([128]). Let f: S — S be a birational morphism be-
tween two surfaces S and S'. Assume that f~' is not defined at a point
p of S'; then f can be written w¢ where 7: Bl,S" — S’ is the blow-up of
p €S’ and ¢ a birational morphism from S to BL,S’

Bl,S

Before giving the proof of this result let us give a useful Lemma.

Lemma 1.3.4 ([13]). Let f: S --» S’ be a birational map between two
surfaces S and S'. If there exists a point p € S such that f is not defined
at p there exists a curve C on S’ such that f~1(C) = p.

Proof of the Proposition 1.3.3. Assume that ¢ = 7! f is not a morphism.
Let m be a point of S such that ¢ is not defined at m. On the one hand
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f(m) = p and f is not locally invertible at m, on the other hand there
exists a curve in Bl,S’ contracted on m by ¢~1 (Lemma 1.3.4). This curve
is necessarily the exceptional divisor E obtained by blowing up.

Let q1, g2 be two different points of E at which ¢! is well defined and
let C1, C3 be two germs of smooth curves transverse to E. Then m(Cy)
and 7(Cq) are two germs of smooth curve transverse at p which are the
image by f of two germs of curves at m. The differential of f at m is thus
of rank 2: contradiction with the fact that f is not locally invertible at m.

C1 CZ
S
E
@ q2
Y

[ ™

S 8
p=f(m)
¢~H(C1) m J;
w(C1)
) e
O

We say that f: S --» P2(C) is induced by a polynomial automor-
phism? of C? if

e S = C?2U D where D is a union of irreducible curves, D is called
divisor at infinity;

e P2(C) = C?U L where L is a line, L is called line at infinity;
e f induces an isomorphism between S\ D and P2(C) \ L.

If f: S --» P2(C) is induced by a polynomial automorphism of C? it
satisfies some properties:

3A polynomial automorphism of C? is a bijective application of the following type

f:C? =3 (z,y) = (fi(z,y), f2(z,9)), fi € Clz,y].
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Lemma 1.3.5. Let S be a surface. Let f be a birational map from S
to P2(C) induced by a polynomial automorphism of C2. Assume that f is
not a morphism. Then

e f has a unique point of indeterminacy p1 on the divisor at infinity;

e [ has base-points pa, ..., ps and for all i = 2,...,s the point p; is
on the exceptional divisor obtained by blowing up p;—1;

e cach irreducible curve contained in the divisor at infinity is contracted
on a point by f;

e the first curve contracted by mo is the strict transform of a curve
contained in the divisor at infinity;

o in particular if S = P2(C) the first curve contracted by ma is the
transform of the line at infinity (in the domain).

Proof. According to Lemma 1.3.4 if p is a point of indeterminacy of f there
exists a curve contracted by f~! on p. As f is induced by an automorphism
of C? the unique curve on P?(C) which can be blown down is the line
at infinity so f has at most one point of indeterminacy. As f is not a
morphism, it has exactly one.

The second assertion is obtained by induction.

Each irreducible curve contained in the divisor at infinity is either con-
tracted on a point, or sent on the line at infinity in P?(C). Since f~!
contracts the line at infinity on a point the second eventuality is excluded.

According to Theorem 1.3.1 we have

where S’ is a smooth projective surface and 71: S' — S, m2: S’ — P2(C)
are two sequences of blow-ups. The divisor at infinity in S’ is the union of

e a divisor of self-intersection —1 obtained by blowing-up ps,

e the other divisors, all of self-intersection < —2, produced in the se-
quence of blow-ups,

e and the strict transform of the divisor at infinity in S'.

The first curve contracted by s is of self-intersection —1 and cannot be the
last curve produced by 71 (otherwise p; is not a point of indeterminacy); so
the first curve contracted by o is the strict transform of a curve contained
in the divisor at infinity.

The last assertion follows from the previous one. O
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Some subgroups of the
Cremona group

2.1 A special subgroup: the group of poly-
nomial automorphisms of the plane

A polynomial automorphism of C? is a bijective application of the
following type

fe=c (zy) e (Aly), (), fi €Clayl.

The degree of f = (f1, f2) is defined by deg f = max(deg f1, deg f2). Note
that degtfip~! # deg f in general so we define the first dynamical
degree of f

() = lim(deg /)"

which is invariant under conjugacy'. The set of the polynomial automor-
phisms is a group denoted by Aut(C?).

Examples 2.1.1. e The map

C? >, (@, y) = (@17 + b1y + c1, a2 + boy + c2),

a;, b, ¢; € C, a1by —azby # 0

is an automorphism of C2. The set of all these maps is the affine
group A.

1The limit exists since the sequence {deg f™},en is submultiplicative

25
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o The map

C?—C?, (z,y) = (az + P(y), By + ),

a, 8,7 €C,aB #0, P €Cly]

is an automorphism of C2. The set of all these maps is a group, the
elementary group E.

e Of course
S=ANE= {(a1z+b1y+cl,b2y+02) }ai, b;, c; € C, arby # 0}
is a subgroup of Aut(C?).
The group Aut(C?) has a very special structure.

Theorem 2.1.2 (Jung’s Theorem [121]). The group Aut(C?) is the amal-
gamated product of A and E along S :

Aut(C?) = A g E.

In other words A and E generate Aut(C?) and each element f in Aut(C?)\s
can be written as follows

f=(ar)er...an(en), e; CE\ A, a; €A\E.

Moreover this decomposition is unique modulo the following relations

aie; = (a;8) (s e;), eis1a; = (e;_18")(s'1ay), s, s €8.

Remark 2.1.3. The Cremona group is not an amalgam ([59]). Neverthe-
less we know generators for Bir(P?) :

Theorem 2.1.4 ([143, 144, 145, 49]). The Cremona group is generated
by Aut(P?) = PGL3(C) and the involution (1 1)

x'y )

There are many proofs of Theorem 2.1.2; you can find a “historical
review” in [128]. We will now give an idea of the proof done in [128] and
give details in §2.2. Let

I (@) = (Fi(z,9), f2(,1))

be a polynomial automorphism of C? of degree v. We can view f as a
birational map:

f:P3(C) --> P2(C), (z:y:z)--» <z”f1 (g g) : z"fz (z, E) : z”) .
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Lamy proved there exists ¢ € Bir(P?) induced by a polynomial automor-
phism of C2 such that #Ind fo~! < #1Ind f; more precisely “p comes
from an elementary automorphism”. Proceeding recursively we obtain a
map g such that #Ind f = 0, in other words an automorphism of P?(C)
which gives an affine automorphism.

According to Bass-Serre theory ([159]) we can canonically associate a
tree to any amalgamated product. Let 7 be the tree associated to Aut(C?):

o the disjoint union of Aut(C?)/E and Aut(C?)/A is the set of vertices,
o Aut(C?)/s is the set of edges.

All these quotients must be understood as being left cosets; the cosets
of f € Aut(C?) are noted respectively fE, fA, and fS. By definition the
edge hS links the vertices fA and gE if hS C fA and hS C gE (and so fA =
hA and gE = hE). In this way we obtain a graph; the fact that A and E are
amalgamated along S is equivalent to the fact that 7 is a tree ([159]). This
tree is uniquely characterized (up to isomorphism) by the following pro-
perty: there exists an action of Aut(C?) on 7, such that the fundamental
domain of this action is a segment, i.e. an edge and two vertices, with E
and A equal to the stabilizers of the vertices of this segment (and so S is the
stabilizer of the entire segment). This action is simply the left translation:
g(hS) = (go h)S.

eaE aed

~ eaE aeh

From a dynamical point of view affine automorphisms and elemen-
tary automorphisms are simple. Nevertheless there exist some elements in
Aut(C?) with a rich dynamic; this is the case of Hénon automorphisms,
automorphisms of the type ¢gi ... gy~ ! with

¢ € Aut(C?), gi = (y, Pi(y) — i), P; € Cly], deg P, > 2, 6; € C".

€ A\E EE\A

—~N—N
Note that g; =(y,z) (=d;iz+ Pi(y),y) .
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Using Jung’s theorem, Friedland and Milnor proved the following state-
ment.

Proposition 2.1.5 ([92]). Let f be an element of Aut(C?).
Either f is conjugate to an element of E, or f is a Hénon automor-
phism.

If f belongs to E, then d(f) = 1. If f = g1...g, with g; = (y, Pi(y) —

P
0;x), then d(f) = Hdeg gi > 2. Then we have
i=1

e d(f) =1 1if and only if f is conjugate to an element of E;

e d(f) > 1if and only if f is a Hénon automorphism.

Hénon automorphisms and elementary automorphisms are very
different:

e Hénon automorphisms:
no invariant rational fibration ([36]),
countable centralizer ([127]),

infinite number of hyperbolic periodic points;

e Elementary automorphisms:
invariant rational fibration,

uncountable centralizer.

2.2 Proof of Jung’s theorem
Assume that ® is a polynomial automorphism of C? of degree n
¢: (z,y) — (<I>1(x,y),<I>2(ac,y)), ®; E(C[m,y];

we can extend ¢ to a birational map still denoted by ®

D:(z:y:z)--» (z”fbl (27 Q) 1 2Dy (E7 Q) : z"’) .
z'z z'z
The line at infinity in P2(C) is z = 0. The map ®: P?(C) --» P?(C) has a
unique point of indeterminacy which is on the line at infinity (Lemma 1.3.5).
We can assume, up to conjugation by an affine automorphism, that this
point is (1: 0: 0) (of course this conjugacy doesn’t change the number of
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base-points of ®). We will show that there exists ¢: P?(C) --» P2(C) a
birational map induced by a polynomial automorphism of C? such that

P2(C)
%) /1 \\ Do~ !
/// \\\
P2(C)- - - - - - - >P2(C)

P

and # base-points of ®p~! < # base-points of ®. To do this we will re-
arrange the blow-ups of the sequences m; and 72 appearing when we apply
Zariski’s Theorem: the map ¢ is constructed by realising some blow-ups
of m and some blow-ups of ms.

2.2.1 Hirzebruch surfaces

Let us consider the surface F; obtained by blowing-up (1:0: 0) € P2(C).
This surface is a compactification of C? which has a natural rational fi-
bration corresponding to the lines y = constant. The divisor at infinity is
the union of two rational curves (i.e. curves isomorphic to P*(C)) which
intersect in one point. One of them is the strict transform of the line at
infinity in P?(C), it is a fiber denoted by fi; the other one, denoted by
s1 is the exceptional divisor which is a section for the fibration. We have:
f? =0and s2 = -1 (Proposition 1.1.8). More generally for any n we
denote by F,, a compactification of C2 with a rational fibration and such
that the divisor at infinity is the union of two transversal rational curves:
a fiber fo and a section s, of self-intersection —n. These surfaces are
called Hirzebruch surfaces:

]P]pl(c) (O]pl((j) D O]pl(((:)(n)).

Let us consider the surface F,,. Let p be the intersection of s, and f,,
where f, is a fiber. Let m; be the blow-up of p € F,, and let w5 be the
contraction of the strict transform }; of f,. We can go from F,, to F, 41
via momy b

~(nt1)

n Sl
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We can also go from F,, 1 to IF,, via momy ! where

e 7, is the blow-up of a point p € F,,;1 which belongs to the fiber f,
and not to the section s,41,

e 75 the contraction of the strict transform ;‘Z of fp,:

fn P T

—(n+1)

Snt1 e Sn

Fria Fy

2.2.2 First step: blow-up of (1:0:0)

The point (1:0: 0) is the first blown-up point in the sequence 7. Let us
denote by ¢; the blow-up of (1:0:0) € P2(C), we have

Fy
- AN
P11 N 91
e N
» KN
P(C) -~ - 5 - - - P2(C)

Note that # base-points of g1 = # base-points of ® —1. Let us come back
to the diagram given by Zariski’s theorem. The first curve contracted by s
which is a curve of self-intersection —1 is the strict transform of the line at
infinity (Lemma 1.3.5, last assertion); it corresponds to the fiber f; in Fy.
But in F; we have f12 = 0; the self-intersection of this curve has thus to
decrease so the point of indeterminacy p of g; has to belong to fi. But p
also belongs to the curve produced by the blow-up (Lemma 1.3.5, second
assertion); in other words p = f; N sy.

2.2.3 Second step: Upward induction

Lemma 2.2.1. Let n > 1 and let h: F, --» P2(C) be a birational map
induced by a polynomial automorphism of C2. Suppose that h has only one
point of indeterminacy p such thatp = f,Ns,. Let : Fy --» Fp 1 be the
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birational map which is the blow-up of p composed with the contraction of
the strict transform of f,. Let us consider the birational map h' = hop™1:

Fn,+1
~N
w/1 \\h’
s AN
s
Fo—------>P(C)

Then
e # base-points of h' = # base-points of h — 1;
e the point of indeterminacy of h' belongs to fni1.

Proof. Let us apply Zariski Theorem to h; we obtain

where S is a smooth projective surface and 7y, 7o are two sequences of
blow-ups.

Since 5,2 < —2 (where s, is the strict transform of s,,) the first curve
contracted by 2 is the transform of f,, (Lemma 1.3.5). So the transform of
fn in S is of self-intersection —1; we also have f2 = 0 in F,,. This implies
that after the blow-up of p the points appearing in m are not on f,.
Instead of realising these blow-ups and then contracting the transform of
fn we first contract and then realise the blow-ups. In other words we have

the following diagram
n - n+

1= === == >1P’z

T

where 7 is the blow-up of p and n the contraction of f,. The map 57"

is exactly the first link mentioned in §2.2.1. We can see that to blow-
up p allows us to decrease the number of points of indeterminacy and to
contract f,, does not create some point of indeterminacy. So

# base-points of A’ = # base-points of h —1



32 Julie Déserti

Moreover the point of indeterminacy of A’ is on the curve obtained by the
blow-up of p, i.e. fy.
O

After the first step we are under the assumptions of the Lemma 2.2.1
with n = 1. The Lemma gives an application h’: Fy --» P?(C) such that
the point of indeterminacy is on fy. If this point also belongs to s we can
apply the Lemma again. Repeating this as long as the assumptions of the
Lemma 2.2.1 are satisfied, we obtain the following diagram

]FI'VL
N
P2, N 92
s N
a \
Fi- - - - - >PC)

where s is obtained by applying n — 1 times Lemma 2.2.1. Moreover
# base-points of go = # base-points of g1 —n + 1

and the point of indeterminacy of g, is on f,, but not on s, (remark: as,
for n > 2, there is no morphism from F,, to P?(C), the map g has a point
of indeterminacy).

2.2.4 Third step: Downward induction

Lemma 2.2.2. Let n > 2 and let h: F,, --» P2(C) be a birational map
induced by a polynomial automorphism of C2. Assume that h has only
one point of indeterminacy p, and that p belongs to f, but not to s,.
Let ¢: F,, --» F,,_1 be the birational map which is the blow-up of p com-
posed with the contraction of the strict transform of f,. Let us consider
the birational map h' = hop™!:

]Fn—l
~
AP/” N B
s AN
s
2
Fo—-—---->PC)

Then
o # base-points of h' = # base-points of h — 1;

e if b has a point of indeterminacy, it belongs to fr,_1 and not to s,_1.
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Proof. Let us consider the Zariski decomposition of i

Since 5‘52 = —n with n > 2, the first curve blown down by 79 is the
transform of f, (Lemma 1.3.5). Like in the proof of Lemma 2.2.1 we
obtain the following commutative diagram

S
N
SN,
SN N
Fo _ Foog=-==-- > P*(C)

where 7 is the blow-up of p and 7 the contraction of f,. We immediately
have:

# base-points of b’ = # base-points of h — 1.

Let F’ be the exceptional divisor associated to 7; the map h has a base-
point on F’. Assume that this point is F’ N };, then (771 (fn))? < —2:
contradiction with the fact that it is the first curve blown down by 7. So
the base-point of h is not F’ N E and so it is the point of indeterminacy
of b/ that is on f,_; but not on s,,_;. O

After the second step the assumptions in Lemma 2.2.2 are satisfied. Let
us remark that if n > 3 then the map h’ given by Lemma 2.2.2 still satisfies
the assumptions in this Lemma. After applying n — 1 times Lemma 2.2.2
we have the following diagram

Fq
7 AN
v3 , N 93
V2 N
v BN
Fp—————— > P?(C)
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2.2.5 Last contraction

Applying Zariski’s theorem to gs we obtain

The fourth assertion of the Lemma 1.3.5 implies that the first curve con-
tracted by 7o is either the strict transform of f; by 71, or the strict trans-
form of s; by 71. Assume that we are in the first case; then after realising
the sequence of blow-ups 7; and contracting this curve the transform of
s1 is of self-intersection 0 and so cannot be contracted: contradiction with
the third assertion of Lemma 1.3.5. So the first curve contracted is the
strict transform of s; which can be done and we obtain

The morphism ¢4 is the blow-up of a point and the exceptional divisor
associated to its blow-up is s1; up to an automorphism we can assume
that sq is contracted on (1:0 : 0). Moreover

# base-points of g3 = # base-points of gy.

2.2.6 Conclusion
After all these steps we have

P2(C)
. 7 >
P40P30p2001 N 94
e ~N
5 // \\ 5
P(C)~ — ~ —p — ~ = P(0)

where # base-points of g4 = # base-points of ® — 2n + 1 (with n > 2).

Let us check that ¢ = ¢4 0 @30 @9 0 7 is induced by an element of
E. It is sufficient to prove that ¢ preserves the fibration y = constant, i.e.
the pencil of curves through (1 : 0 : 0); indeed

e the blow-up ¢ sends lines through (1:0:0) on the fibers of Fy;

e o and 3 preserve the fibrations associated to F; and Fy,;

o the morphism ¢, sends fibers of Fy on lines through (1:0: 0).
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Finally g4 is obtained by composing ® with a birational map induced by
an affine automorphism and a birational map induced by an element of E
S0 g4 is induced by a polynomial automorphism; morevoer

# base-points of g4 < # base-points of ®.

2.2.7 Example
Let us consider the polynomial automorphism ® of C? given by
= (y+(y+2°)° + (y +2°)°y +27).

Let us now apply to ¢ the method just explained above. The point of
indeterminacy of ® is (0: 1:0). Let us compose ® with (y, z) to deal with
an automorphism whose point of indeterminacy is (1: 0 : 0). Let us blow
up this point

Fi

e

P2(C)

SN
s

P2(C)

Then we apply Lemma 2.2.1

On Fy the point of indeterminacy is on the fiber, we thus apply

Lemma 2.2.2
Fy Fa Fy

P2(C)

and contracts s;

(e+y29) (y,2)
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We get the decomposition ® = &' (z + 42, y)(y, ¥) with
' =(y+a®+ada) = (e + 7+ )y a)

We can check that @ has a unique point of indeterminacy (0 :1:0). Let
us blow up the point (1:0:0)

F1

e

P%(C)

and then apply two times Lemma 2.2.1

NN
S

P%(C)

then two times Lemma 2.2.2

NININTN
/

P2(C)

Finally we contract the section s;
1 Fa F3 Fy £y

@' =(z+y2+v3,) (v.2)

and obtain ® = (z + y2 + *,y) (v, 2).
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2.3 The de Jonquiéres group

The de Jonquiéres maps are, up to birational conjugacy, of the following

type
<a(y)z +b(y) ay+ B)
cy)z +d(y) yy+9)’

a(y)  b(y) a f .
[ cly) dly) } € PGL2(C(y)), [ . ] € PGL,(C);
let us remark that the family of lines y = constant is preserved by such
a Cremona transformation. De Jonquiéres maps are exactly the Cremona
maps which preserve a rational fibration?. The de Jonquieres maps form
a group, called de Jongquiéres group and denoted by dJ. Remark that
the exceptional set of ¢ is reduced to a finite number of fibers y = cte and
possibly the line at infinity.

In some sense dJ C Bir(P?) is the analogue of E C Aut(C?). In the 80’s
Gizatullin and Iskovskikh give a presentation of Bir(IP?) (see [100, 117]);
let us state the result of Iskovskikh presented in P!(C) x P!(C) which is
birationally isomorphic to P%(C).

Theorem 2.3.1 ([117]). The group of birational maps of P!(C) x P1(C)
is generated by dJ and Aut(P'(C) x P*(C)) °.

Moreover the relations in Bir(P'(C) x P(C)) are the relations of dJ,
of Aut(P(C) x P*(C)) and the relation

(e = (33) where 0z () () & s (0. 2)).

Let f be a birational map of P?(C) of degree v. Assume that f has a
base-point p; of multiplicity m; = v — 1. Then we have

1/27(1/71)272171?:1, 31/7(1/71)7277%:3
i=2 i=2

where pa, ..., p, are the other base-points of f and m; the multiplicity
of p;. This implies that Y| ,m;(m; —1) =0, hence mp = ... =m, =1
and r = 2v—1. For simplicity let us assume that the p;’s are in P?(C). The
homaloidal system A consists of curves of degree v with singular point p;
of multiplicity v — 1 passing simply to 2v — 2 points pa, ..., pa,—1. The
corresponding Cremona transformation is a de Jonquieres transformation.

2Here a rational fibration is a rational application from P?(C) into P! (C) whose fibers
are rational curves.

3The de Jonquires group is birationally isomorphic to the subgroup of Bir(P!(C) x
P'(C)) which preserves the first projection p: P'(C) x P*(C) — P!(C).



38 Julie Déserti

Indeed let T be an element of Ay. Let = be the pencil of curves of Ay
that have in common with I" a point m distinct from py, ..., pa,—1. The
number of intersections of I' with a generic curve of Z that are absorbed
by the p;’s is at least

v-1Hwv-2)+2v-2+41=v(r—-1)+1

one more than the number given by Bezout’s theorem. The curves of =
are thus all split into T" and a line of the pencil centered in p;. Let us
assume that p; = (1:0:0); then I is given by

y—2(y,2) + Y1y, 2), deg i = i.

To describe Ay we need an arbitrary curve taken from Ay and outside =
which gives

(@y—2 + Yy —1)(aoy + a12) + 2p,—1(y, 2) + @u(y,2), degy; =1i.
Therefore f can be represented by

(wry:2)--»

(xQOV—l + @yt (xwu—2 + wu—l)(ay + bZ) : (IWV72 + 7111/71)(6?4 + dz))

with ad — bc # 0. We can easily check that f is invertible and that Ay
and Ay-1 have the same type. At last we have in the affine chart z = 1

( ror-1(y) +uly) ay+ b)
why_o(y) + b1 (y) cy+d/)

2.4 No dichotomy in the Cremona group

There is a strong dichotomy in Aut(C?) (see §2.1); we will see that there
is no such dichotomy in Bir(P?). Let us consider the family of birational
maps (fa,g) given by

P2(C) --» P2(C), (z:y:2)— ((ax+y)z: By(z + 2) : z(z + 2)),
a, BeC |al=18l=1

so in the affine chart z =1

fap(x,y) = <%,By> .



Chapter 2. Some subgroups of the Cremona group 39

Theorem 2.4.1 ([66]). The first dynamical degree* of fo s is equal to 1;
more precisely deg fgﬁ ~ n.

Assume that a and B are generic and have modulus 1. If g commutes
with fo g, then g coincides with an iterate of fo g; in particular the cen-
tralizer of fo g is countable.

The elements fgs have two fized points mq, ma and

o there exists a neighborhood Vi of my on which fup is conjugate
to (az, By); in particular the closure of the orbit of a point of Vy
(under fo,8) is a torus of dimension 2;

o there exists a neighborhood Vay of ma such that fg is locally lineari-
zable on Va3 the closure of a generic orbit of a point of Vs (under
2 3) is a circle.

In the affine chart (z, y) the maps f, g preserve the 3-manifolds |y|= cte.
The orbits presented below are bounded in a copy of R? xS'. The dynamic
happens essentially in dimension 3; different projections allow us to have
a good representation of the orbit of a point. In the affine chart z =1 let
us denote by p; and po the two standard projections. The given pictures
are representations (in perspective) of the following projections.

e Let us first consider the set

Qui(m, o, ) = {(p(£2 5(m)), Im(p2(f2 5(m)))) | n = 1..30000};
this set is contained in the product of R? with an interval. The
orbit of a point under the action of f, g is compressed by the double
covering (z, pel?) — (z, psin6).

e Let us introduce

Qa(m, o, f) = {(Re(p1(f2 5(m))), p2(fi 5(m))) | n = 1..30000}

which is contained in a cylinder R x S'; this second projection shows
how to “decompress” €1 to have the picture of the orbit.

Let us assume that a = exp(2iv/3) and § = exp(2iv/2); let us denote
by €;(m) instead of Q;(m, a, B).

4For a birational map f of P?(C) the first dynamical degree is given by \(f) =
lierrl (deg f™)H/™.
n—+oo
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The following pictures illustrate Theorem 2.4.1.

0,(10741,1074) Q2(1074,10744)

It is “the orbit” of a point in the linearization domain of (0: 0 : 1); we
note that the closure of an orbit is a torus.

€1(10000 + 10741, 10000 + 107%i)  Q(10000 + 1041, 10000 + 10~4i)

It is “the orbit” under f; 5 of a point in the linearization domain of
(0:1:0); the closure of an “orbit” is a topological circle. The singularities
are artifacts of projection.

Remark 2.4.2. The line z = 0 is contracted by fap on (0:1:0) which
is blow up on z =0 : the map fqp is not algebraically stable (see Chapter
3) that’s why we consider fiﬁ instead of fa g

The theory does not explain what happens outside the linearization
domains. Between V; and V, the experiences suggest a chaotic dynamic
as we can see below.

Q1(0.4 + 1074, 0.4 + 10~4) Qa(0.4 + 1074, 0.4 + 10~4i)

‘We note a deformation of the invariant tori.
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21(0.9 +10741,0.9 + 10~41) 22(0.9 +107%,0.9 + 107%1)

Qi (1+ 1074, 1+ 1074) Qo(1+ 1074, 1+ 1074)

Q1 (1.08 + 1074, 1.08 + 107%i) Q(1.08 + 10741, 1.08 + 107%i)

The invariant tori finally disappear; nevertheless the pictures seem to
organize themselves around a closed curve.

So if there is no equivalence between first dynamical degree strictly
greater than 1 and countable centraliser we have an implication; more
precisely we have the following statement.

Theorem 2.4.3 ([43]). Let f be a birational map of the complex projective
plane with first dynamical degree \(f) strictly greater than 1. If ¢ is an
element of Bir(P?) which commutes with f, there exist two integers m in
N* and n in Z such that ™ = f™.



Chapter 3

Classification and
applications

3.1 Notions of stability and dynamical de-
gree

Let X, Y be two compact complex surfaces and let f: X --» Y be a dom-
inant meromorphic map. Let I'y be the graph of f and let m; : I'y — X,
my: I'y — Y be the natural projections. If I'y is a singular submani-
fold of X x Y, we consider a desingularization of I'y without changing
the notation. If 3 is a differential form of bidegree (1,1) on Y, then 7343
determines a form of bidegree (1,1) on I'y which can be pushed forward
as a current f*f := m 753 on X thanks to the first projection. Let us
note that f* induces an operator between HY! (Y, R) and HV1 (X, R) : if B
and ~ are homologous, then f*f and f*v are homologous. In a similar way
we can define the push-forward f, := mo,7mi: H?4(X) — H”4(Y). Note
that when f is bimeromorphic f. = (f~!)*.

Assume that X = Y. The map f is algebraically stable if there
exists no curve V in X such that f*(V) belongs to Ind f for some integer
k>0.

Theorem-Definition 3.1.1 ([73]). Let f: S — S be a dominating mero-
morphic map on a Kdhler surface and let w be a Kdhler form. Then f is
algebraically stable if and only if any of the following holds:

o for any o € HY'(S) and any k in N, we have (f*)*a = (f*)*q;

e there is no curve C in S such that f¥(C) C Ind f for some integer
k> 0;

e for all k >0 we have (f*)'w = (f*)*w.

42
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In other words for an algebraically stable map the following does not
happen

i.e. the positive orbit! of p; € Ind f~! intersects Ind f.

Remark 3.1.2. Let f be a Cremona transformation. The map f is not
algebraically stable if and only if there exists an integer k such that

deg f* < (deg f)*.
So if f is algebraically stable, then A\(f) = deg f.
Examples 3.1.3. o An automorphism of P2(C) is algebraically stable.

o The involution o: P*(C) --» P*(C), (z : y : 2) = (yz : 2z : zy)
is not algebraically stable: Indo~! = Indo~; moreover dego? = 1
and (deg 0)? = 4.

Examples 3.1.4. Let A be an automorphism of the complex projective
plane and let o be the birational map given by

o: P*(C) --» P*(C), (T:y:z) --» (yz: 2z : ay).

Assume that the coefficients of A are positive real numbers. The map Ao
is algebraically stable ([52]).

Let A be an automorphism of the complex projective plane and let p be
the birational map given by

p: P2(C) --» P?(C), (x:y:z)--» (zy: 2% yz).

Assume that the coefficients of A are positive real numbers. We can verify
that Ap is algebraically stable. The same holds with

7: P2(C) --» P2(C), (x:y:2) - (2% 2y y® —x2).

Let us say that the coefficients of an automorphism A of P*(C) are al-
gebraically independent if A has a representative in GL3(C) whose coeffi-
cients are algebraically independent over Q. We can deduce the following:
let A be an automorphism of the projective plane whose coefficients are
algebraically independent over Q, then Ao and (Ac)™' are algebraically
stable.

1The positive orbit of p1 under the action of f is the set {f™(p1)|n > 0}.
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Diller and Favre prove the following statement.

Theorem 3.1.5 ([73], theorem 0.1). Let S be a rational surface and let
f+ S -- S be a birational map. There exists a birational morphism
£: S — S such that efe~! is algebraically stable.

Idea of the proof. Let us assume that f is not algebraically stable; hence
there exists a curve C and an integer k such that C is blown down onto p;
and py, = f*"'(py) is an indeterminacy point of f.

The idea of Diller and Favre is the following: after blowing up the

points p; the image of C is, for i = 1, ..., k, a curve. Doing this for any
element of Exc f whose an iterate belongs to Ind f we get the statement.
O

Remark 3.1.6. There is no similar result in higher dimension. Let us
recall the following statement due to Lin ([129, Theorem 5.7]): suppose
that A = (ai;) € Mn(Z) is an integer matriz with det A = 1. If X and
X are the only eigenvalues of A of mazimal modulus, also with algebraic
multiplicity one, and if X = |\e* ™ with ¥ € Q; then there is no toric
birational model which makes the corresponding monomial map

fa: C*—=C", (1, ey ) Hx?“,‘..,Hx?"j
J J

algebraically stable. A 3 x 3 example is ([110))

-1 1 0
A=| -1 0 1 [;
1 00
R ) . A 0 ) ) )
in higher dimension 0 1d where 0 is the zero matriz and 1d is the

identity matriz works.

The first dynamical degree of f is defined by
A(f) = Timsup |(f")*]*/"
n—+4o00

where | .| denotes a norm on End(H"!(X,R)) ; this number is greater or
equal to 1 (see [157, 91]). Let us remark that for all birational maps f we
have the inequality

A" < deg f7

where deg f is the algebraic degree of f (the algebraic degree of f = (fo :
f1: f2) is the degree of the homogeneous polynomials f;).
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Examples 3.1.7. e The first dynamical degree of a birational map of
the complex projective plane of finite order is equal to 1.

o The first dynamical degree of an automorphism of P?(C) is equal to 1.

e The first dynamical degree of an elementary automorphism (resp. a
de Jonquiéres map) is equal to 1.

e The first dynamical degree of a Hénon automorphism of degree d is
equal to d.

e The first dynamical degree of the monomial map

a, b

Iz (z,y) —~ (%, 2%y?)

is the largest eigenvalue of B = [ Z z ]

o Let us set E = C/Z[i], Y = E x E = C?/Z[i] x Z[i] and B =

a b

c d

so B induces a map Gp: Ex E — E X E. The surface E x E is not

rational whereas X =Y/(x,y) ~ (ix,iy) is. The matriz B induces a

map Gp: Ex E — E X E that commutes with (ix,iy) so Gp induces

a map gg: X — X birationally conjugate to an element of Bir(P?).

The first dynamical degree of gp is equal to the square of the largest
eigenvalue of B.

. The matriz B acts linearly on C? and preserves Z[i] x Z[i]

Let us give some properties about the first dynamical degree. Let us
recall that a Pisot number is a positive algebraic integer greater than 1
all of whose conjugate elements have absolute value less than 1. A real al-
gebraic integer is a Salem number if all its conjugate roots have absolute
value no greater than 1, and at least one has absolute value exactly 1.

Theorem 3.1.8 ([73]). The set
{M(f) | f € Bir(P*)}
is contained in {1} UP US where P (resp. S) denotes the set of Pisot
(resp. Salem) numbers.
In particular it is a subset of algebraic numbers.
3.2 Classification of birational maps

Theorem 3.2.1 ([99, 73, 32]). Let f be an element of Bir(P?); up to
birational conjugation, exactly one of the following holds.



46 Julie Déserti

The sequence |(f™)*| is bounded, the map [ is conjugate either to
(ax:By:z) orto (ax:y+2z:2);
o the sequence |(f™)*| grows linearly, and f preserves a rational fibra-

tion. In this case f cannot be conjugate to an automorphism of a
projective surface;

the sequence |(f™)*| grows quadratically, and f is conjugate to an
automorphism preserving an elliptic fibration.

the sequence |(f™)*| grows exponentially; the spectrum of f*
outside the unit disk consists of the single simple eigenvalue \(f),
the eigenspace associated to \(f) is generated by a nef class 04 €
HYMY(P2(C)). Moreover f is conjugate to an automorphism if and
only if (04+,04+) = 0.

In the second and third cases, the invariant fibration is unique.
Definition 3.2.2. Let f be an element of Bir(P?).
o If {deg fk}keN is bounded, f is elliptic;

o if {deg fk}keN grows linearly (resp. quadratically), then f is a de
Jonquiéres twist (resp. an Halphen twist);

o if {deg f"}kEN grows exponentially, f is hyperbolic.

Remark 3.2.3. If{dcg fk}keN grows linearly (resp. quadratically) then f
preserves a pencil of rational curves (resp. elliptic curves); up to birational
conjugacy f preserves a pencil of lines, i.e. belongs to the de Jonquiéres
group (resp. preserves an Halphen pencil, i.e. a pencil of (elliptic) curves
of degree 3n passing through 9 points with multiplicity n).

3.3 Picard-Manin space

Manin describes in [132, Chapter 5] the inductive limit of the Picard group
of any surface obtained by blowing up any point of a surface S. Then he
shows that the group Bir(S) linearly acts on this limit group.

e Let S be a Kahler compact complex surface. Let Pic(S) be the Picard
group of S and let NS(S) be its Néron-Severi group?. Let us consider the
morphism from Pic(S) into NS(S) which associates to any line bundle L
its Chern class ¢;(L); its kernel is denoted by Pic’(S). The dimension
of NS(R) ® R is called the Picard number of S and is denoted by p(S).

2The Néron-Severi group of a variety is the group of divisors modulo algebraic equiv-
alence.
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There is an intersection form on the Picard group, there is also one on
the Néron-Severi group; when S is projective, its signature is (1, p(S) —1).
The nef cone is denoted by NS™(S) or Pic™(S) when NS(S) = Pic(S). Let
S and S’ be two surfaces and let w: S — S’ be a birational morphism.
The morphism 7* is injective and preserves the nef cone: 7*(NST(S')) C
NS*(S). Moreover for any ¢, £ in Pic(S), we have (7, 7*¢") = (¢,£).

e Let S be a Kédhler compact complex surface. Let B(S) be the category
which objects are the birational morphisms 7’: S’ — S. A morphism
between two objects m1: S| — S and m2: S, — S of this category is a
birational morphism e: S§ — S}, such that mee = 7. In particular the set
of morphisms between two objects in either empty, or reduced to a unique
element.

This set of objects is ordered as follows: 7 > 7o if and only if there
exists a morphism from m; to m; we thus say that 71 (resp. S}) domi-
nates mo (resp. S5). Geometrically this means that the set of base-points
of ! contains the set of base-points of 75 L If 7, and 7o are two objects
of B(S) there always exists another one which simultaneously dominates
71 and 7. Let us set

Z(S) = 1131 NS(S')

the inductive limit is taken following the injective morphism 7*.
The group Z(8) is called Picard-Manin space space of S. The inva-
riant structures of 7* induce invariant structures for Z(S):

e an intersection form (,): Z(S) x Z(S) — Z;

e a nef cone Z¥(S) = lim NS*(S);
—
e a canonical class, viewed as a linear form Q: Z(S) — Z.

Note that NS(S’) embeds into Z(S) so we can identify NS(S’) and its
image in Z(S).

Let us now describe the action of birational maps of S on Z(S). Let S;
and Sy be two surfaces and let f be a birational map from S; to Sy. Accor-
ding to Zariski Theorem we can remove the indeterminacy of f thanks
to two birational morphisms 7;: S — S; and m3: S’ — Ss such that
f = mem ', The map m; (vesp. ) embeds B(S') into B(S) (resp. B(Sz)).
Since any object of B(S1) (resp. B(S2)) is dominated by an object of
T1:(B(S)) (resp. m2.(B(S))) we get two isomorphisms

T 1% - Z(S/) — 2;7(81)7 Tox * Z(S/) — Z(Sz)
Then we set f. = 7r2*7r1’*1.

Theorem 3.3.1 ([132], page 192). The map f — f. induces an injective
morphism from Bir(S) into GL(Z(S)).
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If f belongs to Bir(S), the linear map f. preserves the intersection form
and the nef cone.

Let us denote by Eclat(S) the union of the surfaces endowed with a
birational morphism 7: S’ — S modulo the following equivalence relation:
S 3 p1 ~ py € S if and only if f—:glal sends p; onto ps and is a local
isomorphism between a neighborhood of p; and a neighborhood of py. A
point of Eclat(S) corresponds either to a point of S, or to a point on an
exceptional divisor of a blow-up of S etc. Any surface S’ which dominates
S embeds into Eclat(S). Let us consider the free abelian group Ec(S)
generated by the points of Eclat(S); we have a scalar product on Ec(S)

(p,p)E = -1, (p,q) =0ifp#q.

The group Ec(S) can be embedded in Z(S) (see [43]). If p is a point
of Eclat(S) let us denote by e, the point of Z(S) associated to p, i.e. e,
is the class of the exceptional divisor obtained by blowing up p. This
determines the image of the basis of Ec(S) in Z(S) so we have the morphism
defined by

Ee(S) > Z(), S ap— 3 alpe,.

Using this morphism and the canonical embedding from NS(S) into Z(S)
we can consider the morphism

NS(S) x Ec(S) — Z(8).

Proposition 3.3.2 ([132], p.197). The morphism NS(S) x Ec(S) — Z(S)
induces an isometry between (NS(S), (-, ))®(Ec(S), (,-)g) and (Z(S), (-,-)).

Example 3.3.3. Let us consider a point p of P?(C), BL,P? the blow-up
of p and let us denote by E, the exceptional divisor. Let us now consider
q € BL,P? and as previously we define Bl, ;P* and E,. The elements e,

and eq belong to the image of NS(BL, ,P?) in Z(P?). IfEN'p is the strict
transform of E,, in B, (P? the element e, (resp. e,) corresponds to E,+E,
(resp. Eq). We can check that (ep,eq) = 0 and (ep, ep) = 1.

e The completed Picard-Manin space Z(S) of S is the L?-completion
of Z(S); in other words

Z(8) ={[D] +Y_ a,[B,) | [D] € NS(S), ap € R, > a? < oo}

Note that Z(S) corresponds to the case where the a, vanishes for all but
a finite number of p € Eclat(S).
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Example 3.3.4. For S = P?(C) the Néron-Severi group NS(8) is iso-
morphic to Z|H| where H is a line. Thus the elements of Z(S) are given
by

ag[H] + Z ay[Ep], with Zai < 00.

p€EEclat(S)

The group Bir(S) acts on Z(S); let us give details when S = P?(C).
Let f be a birational map from P2?(C) into itself. According to Zariski
Theorem there exist two morphisms 7y, m2: S — P2(C) such that f =
momy t. Defining f* by f* = (7))~ 75 and f. by fo = (f*)~" we get
the representation f +— f. of the Cremona group in the orthogonal group
of Z(P?) (resp. Z(P?)) with respect to the intersection form. Since for
any p in P?(C) such that f is defined at p we have fi(ep) = ef(p) this
representation is faithful; it also preserves the integral structure of Z(IP?)
and the nef cone.

e Only one of the two sheets of the hyperboloid {[D]€Z(P?) | [D]*=1}
intersects the nef cone Z(P?); let us denote it by Hz. In other words

Hz = {[D] € Z(P*)| [D]*> = 1, [H] - [D] > 0}.
We can define a distance on Hz:
cosh(dist([D1], [D2])) = [D1] - [D2].

The space H is a model of the “hyperbolic space of infinite dimension”;
its isometry group is denoted by Isom(Hz) (see [103], §6). As the action
of Bir(P?) on Z(P?) preserves the two-sheeted hyperboloid and as the
action also preserves the nef cone we get a faithful representation of Bir(P?)
into Isom(Hz). In the context of the Cremona group we will see that
the classification of isometries into three types has an algebraic-geometric
meaning.

o As Hz is a complete cat(—1) metric space, its isometries are either
elliptic, or parabolic, or hyperbolic (see [98]). In the case of hyperbolic
case we can characterize these isometries as follows:

e clliptic isometry: there exists an element £ in Z(S) such that f*(¢) =
¢ and (¢,0) > 0 then f, is a rotation around ¢ and the orbit of any p
in Z(S) (resp. any p in Hz) is bounded;

e parabolic isometry: there exists a non zero element ¢ in Z%(S) such
that f.(¢) = €. Moreover (¢{,{) = 0 and R is the unique inva-
riant line by f. which intersects Z7(S). If p belongs to Z7(S), then
lim f7(Rp) = BL.
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e hyperbolic isometry: there exists a real number A > 1 and two ele-
ments {4 and ¢_ in Z(S) such that f.(¢;) = M4 and f.({-) =
(1/A)e_. If p is a point of ZT(S) \ R/_, then

lim (;)"mp) —veRe\ {0},

n—oo
We have a similar property for /_ and f~!.

This classification and Diller-Favre classification (Theorem 3.2.1) are
related by the following statement.

Theorem 3.3.5 ([43]). Let f be a birational map of a compact complex
surface S. Let f. be the action induced by f on Z(S).

o f. is elliptic if and only if f is an elliptic map: there exists an
element ¢ in Z%(S) such that f(¢) = £ and ((,€) > 0, then f. is a
rotation around { and the orbit of any p in Z(S) (resp. any p in Hz)
is bounded.

e f. is parabolic if and only if f is a parabolic map: there exists a non
zero € in Z*(S) such that f(¢) = L. Moreover (¢,£) = 0 and R{ is
the unique invariant line by f. which intersects Z*(S). If p belongs
to Z*(S), then ngriloo(f*)"(Rp) =R¢.

e f. is hyperbolic if and only if f is a hyperbolic map: there exists a
real number A > 1 and two elements {1+ and (_ in Z(S) such that
fully) =My and fo(0-) = (1/N)E—. If p belongs to ZT \ RE_ then

lim (;) F2(p) = v € R, {0

n—+oo

there is a similar property for {_ and f~ .

3.4 Applications

3.4.1 Tits alternative
Linear groups satisfy Tits alternative.

Theorem 3.4.1 ([168]). Let k be a field of characteristic zero. Let T' be
a finitely generated subgroup of GLy, (k). Then

e cither T contains a non abelian, free group;

o or T contains a solvable’ subgroup of finite index.

3Let G be a group; let us set GO = G et G = [GE-D gk-1] =
(aba='b=1]a, b € G~V for k > 1. The group G is solvable if there exists an in-
teger k such that G*) = {id}.
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Let us mention that the group of diffeomorphisms of a real manifold
of dimension > 1 does not satisfy Tits alternative (see [97] and refer-
ences therein). Nevertheless the group of polynomial automorphisms of
C? satisfies Tits alternative ([127]); Lamy obtains this property from the
classification of subgroups of Aut(C?), classification established by using
the action of this group on 7:

Theorem 3.4.2 ([127]). Let G be a subgroup of Aut(C2). Ewactly one of
the followings holds:

e any element of G is conjugate to an element of E, then
— either G is conjugate to a subgroup of E;
— or G is conjugate to a subgroup of A;
— or G is abelian, G = UiEN G; with G; C Giy1 and any G; is
conjugate to a finite cyclic group of the form ((az, By)) with «,
B roots of unicity of the same order. Any element of G has a

unique fize point* and this fixe point is the same for any element
of G. Finally the action of G fizes a piece of the tree T.

e G contains Hénon automorphisms, all having the same geodesic, in
this case G is solvable and contains a subgroup of finite index iso-
morphic to Z.

o G contains two Hénon automorphisms with distinct geodesics, G thus
contains a free subgroup on two generators.

One of the common ingredients of the proofs of Theorems 3.4.1, 3.4.2,
3.4.6 is the following statement, a criterion used by Klein to construct free
products.

Lemma 3.4.3. Let G be a group acting on a set X. Let us consider I'y
and Ty two subgroups of G, and set I' = (I'y,I's). Assume that

o I'y (resp. T'z) has only 3 (resp. 2) elements,
e there exist X1 and Xo two non empty subsets of X such that

Xo ¢ Xi; VaeTi\{id}, a(Xz) CXi; VB €Ty )\ {id}, B(X1) C Xo.

Then I' is isomorphic to the free product I'y * 'y of T’y and T's.

Example 3.4.4. The matrices { (1) i } and { ; (1J ] generate a free
subgroup of rank 2 in SLa(Z). Indeed let us set

nefs e (2] e

4as polynomial automorphism of C?
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Xy ={(x,y) eR?||2| > |y|} & Xo={(z,y) eR?|[a|<[y[}.

Let us consider an element v of T'y \ {id} and (z,y) an element of X2, we
note that y(x,y) is of the form (xz +my,y), with |m| > 2; therefore vy(x,y)
belongs to Xy. If v belongs to T's \ {id} and if (z,y) belongs to X, the
image of (z,y) by v belongs to Xo. According to Lemma 3.4.3 we have

1 2 10
HIER TS

We also obtain that
1 k 10
ER S

generate a free group of rank 2 in SLy(Z) for any k > 2. Nevertheless it is
not true for k = 1, the matrices

11 1 0
ool e ]
generate SLy(Z).

Example 3.4.5. Two generic matrices in SL,(C), with v > 2, generate a
free group isomorphic to Fs.

In [43] Cantat characterizes the finitely generated subgroups of Bir(P?);
Favre reformulates, in [86], this classification:

Theorem 3.4.6 ([43]). Let G be a finitely generated subgroup of the Cre-
mona group. Ezactly one of the following holds:

o Any element of G is elliptic thus

— either G is, up to finite index and up to birational conjugacy,
contained in the connected component of Aut(S) where S de-
notes a minimal rational surface;

— or G preserves a rational fibration.

e G contains a (de Jonquiéres or Halphen) twist and does not contain
hyperbolic map, thus G preserves a rational or elliptic fibration.

e G contains two hyperbolic maps f and g such that (f, g) is free.

e G contains a hyperbolic map and for any pair (f,g) of hyperbolic
maps, (f,g) is not a free group, then

1—kerp—G-572—1

and ker p contains only elliptic maps.
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One consequence is the following statement.

Theorem 3.4.7 ([43]). The Cremona group Bir(P?) satisfies Tits alter-
native.

3.4.2 Simplicity

Let us recall that a simple group has no non trivial normal subgroup. We
first remark that Aut(C?) is not simple; let ¢ be the morphism defined by

Aut(C?) — C*, [ detjac f.

The kernel of ¢ is a proper normal subgroup of Aut(C?). In the seventies
Danilov has established that ker ¢ is not simple ([60]). Thanks to some
results of Schupp ([158]) he proved that the normal subgroup® generated
by

(ca)IS’ a= (y7 71)7 €= (I’y+3xs 75$4)

is strictly contained in Aut(C?).
More recently Furter and Lamy gave a more precise statement. Before
giving it let us introduce a length £(.) for the elements of Aut(C?).

e If f belongs to ANE, then ((f) = 0;

e otherwise ¢(f) is the minimal integer n such that f = g ...g, with
gi in A or E.

The length of the element given by Danilov is 26.
We note that £(.) is invariant by inner conjugacy, we can thus assume
that f has minimal length in its conjugacy class.

Theorem 3.4.8 ([94]). Let f be an element of Aut(C?). Assume that
detjac f =1 and that f has minimal length in its conjugacy class.

o If f is non trivial and if ((f) < 8, the normal subgroup generated
by f coincides with the group of polynomial automorphisms f of C?
with det jac f = 1;

o if f is generic® and if ¢(f) > 14, the normal subgroup generated by f
is strictly contained in the subgroup {f € Aut(C?) | detjac f = 1}
of Aut(C?).

5 Let G be a group and let f be an element of G; the normal subgroup generated by
finGis (hfh=' | h e G).
6 See [94] for more details.
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Is the Cremona group simple ?

Cantat and Lamy study the general situation of a group G acting by
isometries on a d-hyperbolic space and apply it to the particular case of
the Cremona group acting by isometries on the hyperbolic space Hz. Let
us recall that a birational map f induces a hyperbolic isometry f, € Hz
if and only if {deg f*}ren grows exponentially (Theorem 3.3.5). Another
characterization given in [46] is the following: f induces a hyperbolic isome-
try f. € Hxz if and only if there is a f,-invariant plane in the Picard-Manin
space that intersects Hz on a curve Ax(f,) (a geodesic line) on which f,
acts by a translation:

dist(z, fi(z)) = log A(f), Vo € Ax(fy).

The curve Ax(f.) is uniquely determined and is called the axis of f.. A
birational map f is tight if

o f. € Isom(Hz) is hyperbolic;

e there exists a positive number ¢ such that: if g is a birational map
and if g.(Ax(f«)) contains two points at distance £ which are at
distance at most 1 from Ax(f.) then g.(Ax(f.)) = Ax(f.);

e if g is a birational map and g.(Ax(f.)) = Ax(f.) then gfg~! = f

or f~L
Applying their results on group acting by isometries on d-hyperbolic space
to the Cremona group, Cantat and Lamy obtain the following statement.
Theorem 3.4.9 ([46]). Let f be a birational map of the complex projec-

tive plane. If f is tight, then f* generates a non trivial normal subgroup
of Bir(IP?) for some positive interger k.

They exhibit tight elements by working with the unique irreducible
component of maximal dimension

Va={ovp "¢, ¢ € Aut(P?), ¢ € dJ, degp = d}
of Bird‘
Corollary 3.4.10 ([46]). The Cremona group contains an uncountable

number of normal subgroups.
In particular Bir(P?) is not simple.

3.4.3 Representations of cocompact lattices of SU(n, 1)
in the Cremona group

In [64] Delzant and Py study actions of Kéhler groups on infinite dimen-
sional real hyperbolic spaces, describe some exotic actions of PSLy(IR) on
these spaces, and give an application to the study of the Cremona group.
In particular they give a partial answer to a question of Cantat ([43]):
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Theorem 3.4.11 ([64]). Let T be a cocompact lattice in the group SU(n, 1)
with n > 2. If p: T — Bir(P?) is an injective homomorphism, then one of
the following two possibilities holds:

o the group p(I') fizes a point in the Picard-Manin space;

e the group p(T') fizes a unique point in the boundary of the Picard-
Manin space.



Chapter 4

Quadratic and cubic
birational maps

4.1 Some definitions and notations

Let Raty be the projectivization of the space of triplets of homogeneous
polynomials of degree k in 3 variables:

Raty, = P{(fo, f1, f2) | fi € Clz,y, 2]}

An element of Raty has degree < k.
We associate to f = (fo : f1: f2) € Raty the rational map

(ry2) - 0(fo(w,y,2) : film,y,2) : falz,y,2)),

_ 1
where § = S 7oy

Let f be in Raty; we say that f = (fo : f1 : f2) is purely of degree k if
the f;’s have no common factor. Let us denote by Raty the set of rational
maps purely of degree k. Whereas Raty can be identified to a projective
space, Raty, is an open Zariski subset of it. An element of Raty, \ Raty can
be written ¢ f = (¢¥ fo : ¥ f1 : ¥ f2) where f belongs to Rat,, where ¢ < k,
and 1) is a homogeneous polynomial of degree k — ¢. Let us denote by Rat
the set of all rational maps from P?(C) into itself: it is U Raty. It’s also

k>1

the injective limite of the Rat}’s where

Raty = {f*| f € Raty}.

Note that if f € Raty is purely of degree k then f can be identified to f°.
This means that the application

Raty — Rat},

56
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is injective. Henceforth when there is no ambiguity we use the notation f
for the elements of Raty and for those of Raty. We will also say that an
element of Raty “is” a rational map.

The space Rat contains the group of birational maps of P?(C). Let
Birg C Ratp be the set of birational maps f of Raty such that f® is
invertible, and let us denote by Bir;, C Biry the set of birational maps
purely of degree k. Set

Biry = {f*| f € Birx}.

The Cremona group can be identified to U l%irk,, Note that Bir; ~PGL3(C)
E>1

is the group of automorphisms of P?(C); we have Bir; ~ Bir] = Biry. The
set Raty can be identified to P®(C) and Rat is the projectivization of the
space of matrices of rank greater than 2.

For k = 2 the inclusion éirg C Biry is strict. Indeed if A is in PGL3(C)
and if £ is a linear form, ¢A is in Birs but not in Birs.

There are two “natural” actions on Ratg. The first one is the action
of PGL3(C) by dynamic conjugation

PGLg((C) x Ratyp — Raty, (A, Q) = AQA71

and the second one is the action of PGL3(C)? by left-right composition

(Lr.)
PGL;(C) x Raty x PGL3(C) — Raty,  (4,Q,B) — AQB™.

Remark that Io%atk, Biry and Birk are invariant under these two actions.
Let us denote by Ogyn(Q) (resp. O, (Q)) the orbit of @ € Raty, under the
action of PGL3(C) by dynamic conjugation (resp. under the Lr. action).

Examples 4.1.1. Let o be the birational map given by
P2(C) --» P?(C), (x:y:2z)--» (yz: 2z : 2y).

The map o is an involution whose indeterminacy and exceptional sets are
gwen by:

Indo={(1:0:0),(0:1:0),(0:0:1)}, Exco={z=0,y=0,z=0}.

The Cremona transformation p: (x :y : 2) --» (zy : 2% : y2) has two
points of indeterminacy which are (0 : 1 :0) and (1 : 0 : 0); the curves
contracted by p are z = 0, resp. y = 0. Let 7 be the map defined by
(x:y:2) - (2% 2y y? — 22); we have

Ind7={(0:0:1)}, Excr = {z=0}.
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Notice that p and T are also involutions.

The Cremona transformations f and 1 are birationally conjugate if
there exists a birational map n such that f = ¢Ymp=L. The three maps o, p
and T are birationally conjugate to some involutions of PGL3(C) (see for
example [80)).

Let us continue with quadratic rational maps.
Let C[z,v, z], be the set of homogeneous polynomials of degree v in
C3. Let us consider the rational map det jac defined by

detjac: Raty --» P(Clz,y,z]3) ~ {curves of degree 3}
Q] --» [detjac@ =0].

Remark 4.1.2. The map detjac is not defined for maps [Q] such that
detjac@ = 0; such a map is up to L.r. conjugacy (Qo : Q1 : 0) or
(% 1y s 2y).

Proposition 4.1.3 ([52]). The map det jac is surjective.

Proof. For the map o we obtain three lines in general position, for p the
union of a “double line” and a line, for 7 one “triple line” and for (x? :
y? i (x — y)z) the union of three concurrent lines.

With

1 1 1
detjac [ ——a% 4 2% : %z + ﬂzz — g2y
o 2 4 4

= [z = a(e - )z - 02)]

we get all cubics having a Weierstrass normal form.

IfQ: (z:y:2) - (wvy: 2z : 22+yz2), then det jac Q = [v(2? —yz) = (]
is the union of a conic and a line in generic position.

We have det jac (y? : 2% + 222 : 22 + 2y +yz) = [y(22? —yz) = 0] which
is the union of a conic and a line tangent to this conic.

We use an argument of dimension to show that the cuspidal cubic
belongs to the image of det jac.

Up to conjugation we obtain all plane cubics, we conclude by using the
Lr. action. O

4.2 Criterion of birationality

We will give a presentation of the classification of the quadratic birational
maps. Let us recall that if ¢ is a rational map and P a homogeneous
polynomial in three variables we say that ¢ contracts P if the image by ¢
of the curve [P = 0] \ Ind ¢ is a finite set.
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Remark 4.2.1. In general a rational map doesn’t contract det jac f (it is
the case for f: (x:y:z) -——» (22 : y? : 22)). Buts if f is a birational map
of P2(C) into itself, then detjac f is contracted by f.

Let A and B be two elements of PGL3(C). Set Q@ = AoB (resp.
Q = ApB, resp. Q = A7B). Then detjacQ is the union of three lines in
general position (resp. the union of a “double” line and a “simple” line,
resp. a triple line). We will give a criterion which allows us to determine
if a quadratic rational map is birational or not.

Theorem 4.2.2 ([52]). Let Q be a rational map; assume that Q is purely
quadratic and non degenerate (i.e. detjac@ # 0). Assume that Q con-
tracts det jac Q; then detjac Q is the union of three lines (non-concurrent
when they are distincts) and Q is birational.

Moreover:

o if detjac Q is the union of three lines in general position, Q is, up to
l.r. equivalence, the involution o;

e if detjac@ is the union of a “double” line and a “simple” line,
Q = p up to l.r. conjugation.

e ifdetjacQ is a “triple” line, Q belongs to O, (7).

Corollary 4.2.3 ([52]). A quadratic rational map from P?(C) into itself
belongs to O, (c) if and only if it has three points of indeterminacy.

Remark 4.2.4. A birational map Q of P?(C) into itself contracts det jac Q
and doesn’t contract any other curve. Is the Theorem 4.2.2 avalaible in
degree strictly larger than 2 ¢ No, as soon as the degree is 3 we can exhibit
elements @ contracting det jac Q but which are not birational:

Q: (z:y:2) - (22 : x2? 1 y2).

Remark 4.2.5. We don’t know if there is an analogue to Theorem 4.2.2
in any dimension; [151] can maybe help to find an answer in dimension 3.

Remark 4.2.6. In [52, Chapter 1, §6] we can find another criterion which
allows us to determine if a quadratic rational map is rational or not.

Proof of Theorem 4.2.2. Let us see that detjac@ is the union of three
lines.

Assume that det jac @ is irreducible. Let us set Q: (z:y: 2) --» (Qo :
Q1 :Q2). Up to Lr. conjugacy we can assume that det jac Q is contracted
on (1:0:0); then detjac @ divides Q1 and Q2 which is impossible.

In the same way if det jac Q = Lg where L is linear and ¢ non degene-
rate and quadratic, we can assume that ¢ = 0 is contracted on (1: 0 : 0);
then Q: (z:y:2) --» (g1 : ¢ : aq) and so is degenerate.
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Therefore det jac @ is the product of three linear forms.

First of all let us consider the case where, up to conjugacy, det jac Q =
zyz. If the lines z = 0 and y = 0 are contracted on the same point,
for example (1 : 0 : 0), then Q: (x : y : 2) --» (q : zy : azry) which is
degenerate. The lines z = 0, y = 0 and z = 0 are thus contracted on
three distinct points. A computation shows that they cannot be aligned.
We can assume that @ = 0 (resp. y = 0, resp. z = 0) is contracted on
(1:0:0) (resp. (0:1:0), resp. (0:0:1)); let us note that @ is the
involution (z : y: z) --» (yz : xz : xy) up to L.r. conjugacy.

Now let us consider the case when det jac @ has two branches x = 0
and z = 0. As we just see, the lines x = 0 and z = 0 are contracted on
two distinct points, for example (1 :0:0) and (0: 1 :0). The map Q is
up to Lr. conjugacy Q: (z:y:2) --» (2(ay + B2) : x(yx + dy) : zz). A
direct computation shows that @ is birational as soon as 3§ — a7y # 0 and
in fact Lr. equivalent to p.

Then assume that det(jac@Q) = z3. We can suppose that z = 0 is
contracted on (1:0:0); then Q: (z:y:2) --» (¢: 20y : 203) where ¢ is a
quadratic form and the ¢;’s are linear forms.

o If (2,01, 0s) is a system of coordinates we can write up to conjugacy
Q:(x:y:2)--»(qg:z2:y2), q=az®+by*+c2?+dzy.
The explicit computation of det(jac@) implies: ¢ = b = d = 0,
i.e. either @ is degenerate, or ) represents a linear map which is
impossible.
e Assume that (z,¢1,/2) is not a system of coordinates, i.e.

0 =az+{(z,y), ly = bz + el(z,y).

Let us remark that £ is nonzero (otherwise @ is degenerate), thus we
can assume that £ = x. Up to l.r. equivalence

Q:(w:y:2)--»(q:az:2%).
An explicit computation implies the following equality: detjac@ =
72222—,‘1; thus z divides B—Z In other words ¢ = az?+Brz+vyz?+0yz.
Up to Lr. equivalence, we obtain Q = 7.
Finally let us consider the case: det(jacQ) = zy(z —y). As we just
see the lines z = 0 and y = 0 are contracted on two distinct points, for
example (1:0:0) and (0:1:0). So

Q: (z:y:2)--» (ylax + by + cz) : x(ax + By +72) : xy)
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with a, b, ¢, o, B, v € C. Let us note that the image of the line z = y
by Qis ((a+b)z+cz : (a+ )z + vz : x); it is a point if and only if ¢ and
~ are zero, then @ does not depend on z. O

Set
5% = 01y (0), 5% = O (p), 5= O (7).
Let us consider a birational map represented by
Q: (wry:2) -2 L(ly: £y : o)

where £ and the ¢;’s are linear forms, the ¢;’s being independent. The
line given by £ = 0 is an apparent contracted line; indeed the action of @
on P2(C) is obviously the action of the automorphism (£y : 1 : £3) of
P2(C). Let us denote by X9 the set of these maps

30 = {€ty : by : 1a) | £, ¢; linear forms, the ¢;’s being independent }.

We will abusively call the elements of X0 linear elements; in fact the
set
(20)0 — {f.|f c EO}

can be identified to PGL3(C). We have 0 = Oy, (z(z : y : 2)): up to Lr.
conjugacy a map ¢A can be written zA’ then xid. This approach allows
us to see degenerations of quadratic maps on linear maps.

Let us remark that an element of X¢ has i points of indeterminacy and
i contracted curves.

An element of ¥? cannot be linearly conjugate to an element of ¥/ where
j # i; nevertheless they can be birationally conjugate: the involutions o,
p and 7 are birationally conjugate to involutions of PGL3(C). Let us
mention that a generic element of ¥, 4 > 1, is not birationally conjugate
to a linear map.

Corollary 4.2.7 ([52]). We have
Bir, = S'Us?Us?, Bir, =x°Ustux?uss,
Remarks 4.2.8. i. A Nether decomposition of p is
(z—y:y—z:yoly+z:z:a)0@x+z:y—2:2).
We recover the classic fact already mentioned in [115, 3]: for any bi-

rational quadratic map QQ with two points of indeterminacy, there exist (1,
Uy and U3 in PGL3(C) such that Q = lyoly0ls.
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#. Themap = (x%: 2y : y>—x2) of B can be written £10ly0l30€,005
where
bL=@Yy—z:2y—z:2—y+x), bh=(x+z:2:y),
43
bs=Yy—o:-2x+z:2x—y).

(—y:z+2z-3y:x), by=(z+z:2:Y),

Therefore each element of B! is of the following type €100y0¢3004005 where
{; is in PGL3(C) (see [115, 3]). The converse is false: if the {;’s are generic
then l10lyol30ly0ls is of degree 16.

4.3 Some orbits under the left-right action

As we saw Birs is a finite union of Lr. orbits but it is not a closed algebraic
subset of Rats : the “constant” map (yz : 0 : 0) is in the closure of Oy, (o)
but not in Birs. To precise the nature of Biry we will study the orbits of
o, p, Tand z(z:y: 2).

Proposition 4.3.1 ([52]). The dimension of ¥* = Oy, (0) is 14.

Proof. Let us denote by Isoto the isotropy group of o. Let (A,B) be
an element of (SL3(C))? such that Ac = oB; a computation shows that
(A, B) belongs to

<<<§:%:aﬁz>, <a¢:ﬁy:£>>,sﬁxsﬁ|a,ﬁec*>

Se={id, (x:2:y), (z:y:2), (y:w:2), (y:z:2), (z:2:y)}.

where

This implies that dimIsoto = 2. 0
Proposition 4.3.2 ([52]). The dimension of £2 = Oy (p) is 13.

Proof. We will compute Isot p, i.e. let A and C be two elements of SL3(C)
such that Ap = npC where 7 is in C*. Let us recall that

Indp={(0:1:0),(1:0:0)};

the equality Ap = npC implies that C preserves Ind p. But the points of
indetermincay of p “are not the same”, they don’t have the same multi-
plicity so C' fixes (0: 1:0) and (1:0:0); thus C = (ax+bz : cy+dz : ez),
where ace # 0. A computation shows that

A = (nydx +nBdz : naly : nadz), C=(yx+Bz:0y:az)

with 7%a2§ = @y = 1. The dimension of the isotropy group is then 3. [
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Notice that the computation of Isot p shows that we have the following
relations
(vox + Boz : o’y adz)p = p(yx + Bz : 6y : az), a,v, 6 €C*, BeC.
‘We can compute the isotropy group of 7 and show that:

Proposition 4.3.3 ([52]). The dimension of £! is 12.

In particular we obtain the following relations: A7 = 7B when

ae 0 Be a B 0
A= | ey+2aB8 a® (6+p°%) |, B=|0 ¢ 0
0 0 g2 vy 4§ aje

where 3,7, 0 € C, a, € € C*.
A similar computation allows us to state the following result.

Proposition 4.3.4 ([52]). The dimension of 2° = O, (z(z : y : 2)) is 10.

4.4 Incidence conditions; smoothness of Biry
and non-smoothness of Bir,

Let us study the incidence conditions between the £¥’s and the smoothness
of Biry :

Proposition 4.4.1 ([52]). We have
20 c %L, ¥ c¥2, »?cxd
(the closures are taken in Bira); in particular ©3 is dense in Birs.
Proof. By composing o with (2 : y : ez + 2) we obtain
of = (y(ex +2) 1 z(ex + 2) 1 y2)
which is for £ # 0 in Oy, (o). But of is L.r. conjugate to
05 = (zy: (ex + 2)z 1 y2).
Let us note that ggr(l] 05 = (zy: 2% yz) = p; so B2 C 3.

If we compose p with (z : = +y : z), we have up to L.r. equivalence
(yz + xz : 2% : zy). Composing with (x : y : y + z), we obtain up to Lr.
conjugation the map f = (yz+y?+zz : 22 : 2y). Set g := f(zx/e 1y : —e2);
up to Lr. conjugation g. can be written (—eyz +y? — x2 : 22 : 2y). For
€ = 0 we have the map 7. Therefore X! is contained in %2
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If € is nonzero, then 7 can be written up to l.r. conjugation:
(2% zy : %y? 4 22);
for € = 0 we obtain (x : y : z) which is in %°. Hence %0 C X1 O
Thus we can state the following result.
Theorem 4.4.2 ([52]). The closures being taken in Bir, we have

30 =50, st=xux »2=x'uxtux?

Bir, = YU X2 U 3, Bir, =3 =xux'ux?us?
with

dim¥’ =10, dim¥' =12, dim¥*=13 and dim¥®=14.

Theorem 4.4.3 ([52]). The set of quadratic birational maps is smooth in
the set of rational maps.

Proof. Because any X' is one orbit and because of the incidence conditions
it is sufficient to prove that the closure of X% is smooth along :°.
The tangent space to X0 in x(z : y : 2) is given by:
Tm(z:yz)ZO = {(a1x2 + aszy + aszz ﬁle + ﬁng + Baxy + PBsxz + Peyz :
y2® + Boz® + vazy + 1522 + Payz) | i, Bi, vi € C}.

The vector space S generated by
(y*:0:0), (22:0:0), (yz:0:0), (0:22:0),
(0:0:9?), (0:0:22), (0:0:yz)
is a supplementary of Tz(z:y%)EU in Raty. Let f be an element of ¥3N
{x(z:y:2)+ S}, it can be written
(a® + Ay? + B2* + Cyz : wy + a2’ s vz + ay® + 22 + yyz).

Necessarily f has three points of indeterminacy.

Assume that a # 0; let us remark that the second component of a
point of indeterminacy of f is nonzero. If (z : y : z) belongs to Ind f, then
= —az?/y. We have

f(=az?fy:y: 2) = (®2*+ Ay + By* 22 +Cy°z : 01 —a2® +ay®+ By +yy°2)
=(P:0:Q).
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As f has three points of indeterminacy, the polynomials P and @ have to
vanish on three distinct lines. In particular @ divides P:

a?2t + Ayt + By?2? + Cyz = (My + N2)(—az® + ay® + Byz? + y%2).
Thus
B=-3%-an, C=-py—aa, A=-af. (4.4.1)

These three equations define a smooth graph through f and z(z : y : 2),
of codimension 3 as ¥3.

Assume now that a is zero; a point of indeterminacy (z : y : 2) of f
satisfies xy = 0. If x = 0 we have

fO:y:2) = (Ay? + B22 + Cyz : 0: ay® + Ba* + yy2)

and if y = 0 we have f(z :0:2) = (22 + Bz? : 0: w2z + 32?). The map f
has a point of indeterminacy of the form (z : 0 : 2) if and only if B = —3%.
If it happens, f has only one such point of indeterminacy. Since f has
three points of indeterminacy, two of them are of the form (0 : y : z) and
the polynomials Ay? + Bz?+ Cyz and ay? + B2 +~yz are C-colinear. We
obtain the conditions

e a=0,B=—-(% A= —af and C = —f~ if 8 is nonzero;
e a=B=[(=Ay—aC =0 otherwise.

Let us remark that in this last case f cannot have three points of inde-
terminacy. Finally we note that 3 N {z(z : y : 2) + S} is contained in
the graph defined by the equations (4.4.1). The same holds for the closure
S3N{x(x 1y : z)+ S} which, for some reason of dimension, coincides thus
with this graph. Then 3 is smooth along %°. |

Remark 4.4.4. Since 33 is smooth along £° and since we have incidence
conditions, X33 is smooth along ©% and L'. Nevertheless we can show these
two statements by constructing linear families of birational maps (see [52]).

Proposition 4.4.5 ([52]). The closure of Biry in P17 ~ Raty is not
smooth.

Proof. Let ¢ be a degenerate birational map given by z(x : y : 0). The
tangent space to O, (¢) in ¢ is given by

ToO1r(¢) = {(n2” +asz”® + quzy + aszz + aeyz : auy’ + Bsz°
+aray + Bswz + Boyz 1 Y5wz +v6yz) | i, Bi, v € Cl
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A supplementary S of T4Oy.,.(¢) is the space of dimension 8 generated
by

(¥*:0:0), (0:2%:0), (0:42:0), (0:zy:0),
(0:0:2?%), (0:0:9?), (0:0:22), (0:0:zy).

We will prove that {(ZS +5 } N Y3 contains a singular analytic subset of
codimension 3. Since 3 is also of codimension 3 we will obtain, using the
Lr. action, the non-smoothness of ¥3 along the orbit of ¢. An element @
of {¢+ S} can be writen

(2 + ay? : yz + bx® + cy® + day - eax® + fy° + g2% + hay).
The points of indeterminacy are given by the three following equations
zz+ay’ =0, yz+ba®+cy® +dey=0, ex?+ fy®+ hay=0;
after eliminating z this yields to Py = P, = 0 where
Py, = —ay® + bx® + cay® + daty, Py = ex’ + f2%y® + a®gyt + ha’y.

Let us remark that if, for some values of the parameters, P; vanishes on
three distinct lines and divides P, then the corresponding map @ has
three points of indeterminacy and is birational, more precisely @ is in $°.
The fact that Py divides P gives

e=0A
f—cA+dB
P, =(Az+ By)Ph & a’g = —aB (4.4.2)
h=dA+bB
aA=cB

Let us note that the set A of parameters such that
a=0, bf —ce=0, bh —de =0

satisfies the system (4.4.2) (with A = e¢/b and B = 0). The set A is of
codimension 3 and is not smooth. The intersection A’ of quadrics bf —ce =
0 and bh — de = 0 is not smooth. Indeed A’ contains the linear space F
given by b = e = 0 but is not reduced to E: for example the space defined
by b =c=d = e = f = his contained in A’ and not in E. Since
codim E = codim A’ the set A’ is thus reducible and then not smooth; it
is the same for A. If a=b=e=0(resp. b=c=d=e¢=f=h=1,
a = 0) the polynomial P; is equal to cxy? + dz?y (resp. z° + zy? + 22y)
and in general vanishes on three distinct lines. So we have constructed in
3N {¢> + S} a singular analytic set of codimension 3. |
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4.5 A geometric description of quadratic bi-
rational maps
4.5.1 First definitions and first properties

In a plane P let us consider a net of conics, i.e. a 2-dimensional linear
system A of conics. Such a system is a homaloidal net if it possesses
three base-points, that is three points through which all the elements of A
pass. There are three different such nets

e the nets Az of conics with three distinct base-points;

e the nets Ay of conics passing through two points, all having at one
of them the same tangent;

e the nets A; of conics mutually osculating at a point.

In order to have three conics that generate a homaloidal net A it suffices
to annihilate the minors of a matrix

[ by by L }
& b6 b
whose elements are linear forms in the indeterminates z, y and z. Indeed
the two conics described by
lol — €yl =0, Lol — bl =0 (4.5.1)
have four points in common. One of them ((£y = 0)N (¢, = 0)) doesn’t be-
long to the third conic ¢1£, — ;{5 = 0 obtained from (4.5.1) by eliminating
lo/0y. So A is given by
(lo((o[’l - /661) + a1(£0€’2 - 52/6) + (1,2(51[2 - /’162) =0

with (ag : a1 : az) € P?(C).

Let z, y, z be some projective coordinates in P and let u, v, w be some

projective coordinates in P’, another plane which coincides with P. Let f
be the algebraic correspondance between these two planes; it is defined by

oz, y, z;u,0,w) =0
Y(z,y, z;u,v,w) = 0.

As f is a birational isomorphism we can write ¢ and 1 as follows

(2,9, z 0,0, w) = ubo(2,y, 2) + vli(z,y, 2) + wla(2,y, 2),
P(z,y, z;u,v,w) = uly(x,y, z) + vl (z,y, z) + wly(z,y, z)
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and also

oz, y, z3u,v,w) = xLo(u,v,w) + yLi(u, v, w) + zLa(u, v, w),
P(z,y, z;u,v,w) = wLy(u, v, w) + yLi (u,v,w) + 2L, (u, v, w)

where (;, ¢}, L; and L) are some linear forms. This implies in particular
that

(u:v:w) = (€1ly — ol < baly — Loly : Lol — (147) (4.5.2)

i.e. u (resp. v, resp. w) is a quadratic form in z, y, z.

On can note that if m = (u: v : w) € P’ belongs to the line D given
by apu+ a1v+ asw = 0 the point (z : y : z) corresponding to it via (4.5.2)
belongs to the conic given by

(L()(Elﬂz — [26/1) —+ ay ([2(6 — e()[,z) + az(é()[/l — [146) =0.

So the lines of a plane thus correspond to the conics of a homaloidal net
of the other plane.

Conversely we can associate a quadratic map between two planes to a
homaloidal net of conics in one of them. Let A be an arbitrary homaloidal
net of conics in P and let us consider a projectivity 6 between A and the
net of lines in P’. Let m be a point of P and let us assume that m is
not a base-point of A. The elements of A passing through m is a pencil
of conics with four base-points: the three base-points of A and m. To this
pencil corresponds a pencil of lines whose base-point m is determined by
m. To a point m’ € P’ corresponds a pencil of conics in P, the image of
the pencil of lines centered in m. Therefore the map which sends m to m
gives rise to a Cremona map from P into P’ which sends the conics of P
into the lines of P’.

So we have the following statement.

Proposition 4.5.1. To give a quadratic birational map between two planes
is, up to an automorphism, the same as giving a homaloidal net of conics
in one of them.

Remark 4.5.2. To a base-point of one of the two nets is associated a line

in the other plane which is an exceptional line.

4.5.2 Classification of the quadratic birational maps
between planes

We can deduce the classification of the quadratic birational maps between
planes from the description of the homaloidal nets A of conics in P.
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e If A has three distinct base-points we can assume that these points
arepo=(1:0:0),p1=(0:1:0), po=(0:0:1) and A is thus
given by

aoyz + a1z + agwy = 0, (ao : a; : ap) € P?(C).

The map f is defined by (x : y: z) --» (yz : 2z : zy) and can easily
be inverted (f is an involution).

If A has two distinct base-points, we can assume that the conics of
A are tangent at po = (0 : 0 : 1) to the line = 0 and also pass
through pg = (1: 0:0). Then A is given by

apxz + ayxy + asy® =0, (ap : a1 :a2) € P%(C).

The map f is defined by (z:y: 2) - (2 : 2y : y?) and its inverse
is (u:v:w)-—— (v?:vw: uw).

e If the conics of A are mutually osculating at p, = (0 : 0 : 1), we
can assume that A contains the two degenerated conics x? = 0 and
zy = 0. Let C be an irreducible conic in A; assume that C N (y =
0) = po and that p; = (0 : 1 : 0) is the pole of y = 0 with respect
to C. Assume finally that (1:1: 1) belongs to C then C is given by
7z +y? =0 and A is defined by

ao(zz +y?) + a12® + agzy = 0, (ao : a1 : az) € P*(C).

The map fis (z :y: 2) —» (vz —y? : 22 : xy) and its inverse is
(u:v:w) - (v :ow: uww +w?).

Remark 4.5.3. We can see that f and f~' have the same type. So the
homaloidal nets associated to f and f~' have the same type.

4.6 Cubic birational maps

The space of birational maps which are purely of degree 2 is smooth and
connected. Is it the case in any degree ? Let us see what happens in
degree 3. In the old texts we can find a description of cubic birational
maps which is based on enumerative geometry. In [52, Chapter 6] we give
a list of normal forms up to Lr. conjugation, the connectedness appearing
as a consequence of this classification. The methods are classical: topo-
logy of the complement of some plane curves, contraction of the jacobian
determinant... Unfortunately, as soon as the degree is greater than 3 we
have no criterion as in degree 2: if f is the map (z2y : x2% : y22), the
zeroes of det jac f are contracted but f is not invertible. Nevertheless if f
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is birational, the curve detjac f = 0 is contracted and it helps in a lot of
cases. We show that in degree 3 the possible configurations of contracted
curves are the following unions of lines and conics:

]

N 7

{1} {2} {3} {4} {5}

K o =

| | —
{6} {7} {8} {9} {10}
{11} {12} {13} {14} {15}

The following table gives the classification of cubic birational maps up
to conjugation:



(2(* + y* +v2y) : y(@® + ¥ +rwp)  zyz), 22 A4
(wz(y + o) yz(y+1) ry(I—y))
(@(a® +y* +yay + yp2z + (a® + 9% + «/+w+7~+z/h) ayz)
(y(e =y 4 =
(x(2? +yz) y
(y2

(T(l" +y? +ymy + rz) y(r + 7 + ey +
(2(@® +yz +@2) (@2 +yz + @2) s oy(a =
(x(a® +y* + yoy + 62z + yz) : y(@® + y* + yay + 6oz + y2) IyZJ VA S E e

1 parameter

1 parameter

1 parameter
1 parameter

2 parameters

sdew |euoijeliq 21qnd pue dijedpend) f Jadey)

1L
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where v denotes a complex number and where

TV -4 VP4

Y= 3

For any model we mention the configuration of contracted curves of the
map (second column), the configuration of the curves contracted by the
inverse (third column), the dimension of its orbit under the lr. action
(fourth column) and the parameters (fifth column).

Any cubic birational map can be written, up to dynamical conjuga-
tion, Af where A denotes an element of PGL3(C) and f an element of the
previous table. This classification allows us to prove that the “generic”
element has the last configuration and allows us to establish that the di-
mension of the space Birs of birational maps purely of degree 3 is 18. Up to
Lr. conjugation the elements having the generic configuration {15} form a
family of 2 parameters: in degree 2 there are 3 Lr. orbits, in degree 3 an
infinite number.

Let us note that the configurations obtained by degenerescence from
picture {15} do not all appear. In degree 2 there is a similar situation: the
configuration of three concurrent lines is not realised as the exceptional
set of a quadratic birational map.

Let us denote by X the set of birational maps purely of degree 3
having configuration {15}. We establish that the closure of X in Birg is
Blrd ‘We can show that Bud is irreducible, in fact rationally connected

([52, Chapter 6]); but if Biry is smooth and irreducible, Birs, viewed in
P?9(C) ~ Rats, doesnt have the same properties ([52, Theorem 6.38]).

Let us mention another result. Let dJg be the subset of dJ made of
birational maps of degree d and let V4 be the subset of Bir(P?) defined by

Va={AfB| A, B €PGLy(C), f € dJy}.

The dimension of Biry is equal to 4d + 6 and Vg its unique irreducible
component of maximal dimension ([141]).



Chapter 5

Finite subgroups of the
Cremona group

The study of the finite subgroups of Bir(P?) began in the 1870's with
Bertini, Kantor and Wiman ([25, 122, 172]). Since then, many mathe-
maticians has been interested in the subject, let us for example mention
[12, 15, 16, 29, 61, 79]. In 2006 Dolgachev and Iskovkikh improve the re-
sults of Kantor and Wiman and give the description of finite subgroups
of Bir(P?) up to conjugacy. Before stating one of the key result let us
introduce some notions.

Let S be a smooth projective surface. A conic bundle n: S — P'(C)
is a morphism whose generic fibers have genus 0 and singular fibers are the
union of two lines. A surface endowed with conic bundles is isomorphic
either to F,,, or to I, blown up in a finite number of points, all belonging to
different fibers (the number of blow-ups is exactly the number of singular
fibers).

A surface S is called a del Pezzo surface if —Kg is ample, which
means that —Kg - C > 0 for any irreducible curve C C S. Any del Pezzo
surface except P!(C) x P1(C) is obtained by blowing up r points p1, ...,
pr of P? (C) with r < 8 and no 3 of p; are collinear, no 6 are on the same
conic and no 8 lie on a cubic having a singular point at one of them. The
degree of Sis 9 — 7.

Theorem 5.0.1 ([131, 116]). Let G be a finite subgroup of the Cremona
group. There exists a smooth projective surface S and a birational map
¢: P2(C) --+ S such that pG¢~1 is a subgroup of Aut(S). Moreover one
can assume that

e cither S is a del Pezzo surface;

e or there exists a conic bundle S — P1(C) invariant by ¢G¢~1.

73
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Remark 5.0.2. The alternative is not exclusive: there are conic bundles
on del Pezzo surfaces.

Dolgachev and Iskovskikh give a characterization of pairs (G, S) satisfy-
ing one of the possibilities of Theorem 5.0.1. Then they use Mori theory to
determine when two pairs are birationally conjugate. Let us note that the
first point was partially solved by Wiman and Kantor but not the second.
There are still some open questions ([79] §9), for example the description
of the algebraic varieties that parametrize the conjugacy classes of the fi-
nite subgroups of Bir(P?). Blanc gives an answer to this question for finite
abelian subgroups of Bir(P?) with no elements with an invariant curve of
positive genus, also for elements of finite order (resp. cyclic subgroups of
finite order) of the Cremona group ([29, 30]).

5.1 Birational involutions

5.1.1 Geiser involutions

Let p1, ..., pr be seven points of P?(C) in general position. Let L be the
linear system of cubics through the p;’s. A cubic is given by a homogeneous
polynomial of degree 3 in 3 variables. The dimension of the space of homo-
geneous polynomials of degree 3 in 3 variables is 10 thus dim{C'| C' cubic}=
10 — 1 = 9; cubics have to pass through py, ..., p7 so dim L = 2. Let p be
a generic point of P?(C); let us consider the pencil L, containing elements
of L through p. A pencil of generic cubics

aoCy + a1C1, Cop, C7 two cubics (ap : a1) € PL(C)

has nine base-points (indeed by Bezout’s theorem the intersection of two
cubics is 3 X 3 = 9 points); so we define by Zg(p) the ninth base-point
of Ly.

The involution Zg = Zg(p1, - - -, p7) which sends p to Zg(p) is a Geiser
involution.

We can check that such an involution is birational, of degree 8; its
fixed points form an hyperelliptic curve of genus 3, degree 6 with 7 ordi-
nary double points which are the p;’s. The exceptional locus of a Geiser
involution is the union of seven cubics passing through the seven points of
indeterminacy of Zg and singular in one of these seven points (cubics with
double point).

The involution Zg can be realized as an automorphism of a del Pezzo
surface of degree 2.
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5.1.2 Bertini involutions

Let p1, ..., ps be eight points of P2(C) in general position. Let us consider
the set of sextics S = S(pi, ..., ps) with double points in py, ..., ps. Let
m be a point of P?(C). The pencil given by the elements of S having a
double point in m has a tenth base double point m'. The involution which
swaps m and m’ is a Bertini involution Ip = Zg(p1,...,ps).

Its fixed points form a non hyperelliptic curve of genus 4, degree 9 with
triple points in the p;’s and such that the normalisation is isomorphic to
a singular intersection of a cubic surface and a quadratic cone in P3(C).

The involution Zg can be realized as an automorphism of a del Pezzo
surface of degree 1.

5.1.3 de Jonquiéres involutions

Let C be an irreductible curve of degree v > 3. Assume that C has a
unique singular point p and that p is an ordinary multiple point with
multiplicity v — 2. To (C, p) we associate a birational involution Z; which
fixes pointwise C and which preserves lines through p. Let m be a generic
point of P?(C) \ C; let 7, ¢m and p be the intersections of the line (mp)
and C; the point Z;(m) is defined by the following property: the cross ratio
of m, Z;(m), ¢ and 7y, is equal to —1. The map Z; is a de Jonquiéres
involution of degree v centered in p and preserving C. More precisely its
fixed points are the curve C of genus v — 2 for v > 3.

For v = 2 the curve C is a smooth conic; we can do the same construc-
tion by choosing a point p not on C.

5.1.4 Classification of birational involutions

Definition 5.1.1. We say that an involution is of de Jonquiéres type it
is birationally conjugate to a de Jongquiéres involution. We can also speak
about involution of Geiser type, resp. Bertini type.

Theorem 5.1.2 ([25, 12]). A non-trivial birational involution of P?(C) is
either of de Jonquiéres type, or Bertini type, or Geiser type.
More precisely Bayle and Beauville obtained the following statement.

Theorem 5.1.3 ([12]). The map which associates to a birational involu-
tion of P? its normalized fized curve establishes a one-to-one correspon-
dence between:

e conjugacy classes of de Jonquiéres involutions of degree d and iso-
morphism classes of hyperelliptic curves of genus d —2 (d > 3);

e conjugacy classes of Geiser involutions and isomorphism classes of
non-hyperelliptic curves of genus 3;
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e conjugacy classes of Bertini involutions and isomorphism classes of
non-hyperelliptic curves of genus 4 whose canonical model lies on a
singular quadric.

The de Jonquieres involutions of degree 2 form one conjugacy class.

5.2 Birational involutions and foliations

5.2.1 Foliations: first definitions

A holomorphic foliation F of codimension 1 and degree v on P?(C) is
given by a 1-form

w = u(z,y, 2)dz + v(z, y, 2)dy + w(z,y, 2)d

where u, v and w are homogeneous polynomials of degree v + 1 without
common component and satisfying the Euler identity zu + vy + wz = 0.
The singular locus Sing F of F is the projectivization of the singular
locus of w

Singw = {(z,y,2) € C*|u(z,y,2) = v(z,y,2) = w(z,y,2) = 0}.

Let us give a geometric interpretation of the degree. Let F be a foliation of
degree v on P?(C), let D be a generic line, and let p a point of D\ Sing F.
We say that F is transversal to D if the leaf £, of F in p is transversal
to D in p, otherwise we say that p is a point of tangency between F
and D. The degree v of F is exactly the number of points of tangency
between F and D. Indeed, if w is a 1-form of degree v + 1 on C* defining
F, it is of the following type

w = Pydz + Pidy + P>dz, P; homogeneous polynomial of degree v + 1.
Let us denote by wy the restriction of w to the affine chart z =1
wo = Wia=1 = P1(1,y,2)dy + Pa(1,y, 2)dz.

Assume that the line D = {z = 0} is a generic line. In the affine chart
x = 1 the fact that the radial vector field vanishes on D implies that

Py(1,y,0) + yPi(1,y,0) = 0.

Generically (on the choice of D) the polynomial Py(1,y,0) is of degree v+1
so P1(1,y,0) is of degree v. Since woip = Pyi(1,y,0)dy, the restriction of wo
to D vanishes into v points: the number of tangencies between F and D
is v.

The classification of foliations of degree 0 and 1 on P?(C) is known
since the XIXth century. A foliation of degree 0 on P?(C) is a pencil
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of lines, i.e. is given by zdy — yda = 22d (£), the pencil of lines being
¥ = cte. Each foliation of degree 1 on the complex projective plane has
3 singularities (counting with multiplicity), has at least one invariant line
and is given by a rational closed 1-form (in other words there exists a
homogeneous polynomial P such that w/P is closed); the leaves are the
connected components of the “levels” of a primitive of this 1-form. The
possible 1-forms are

A0 AL A2 — z z Q@
a0yt N e C, E Ai =0, 7exp<7>, -
7 Y Y z

where @ is a quadratic form of maximal rank. More generally a foliation
of degree 0 on P™(C) is associated to a pencil of hyperplanes, i.e. is given
by the levels of ¢; /{5 where {1, {5 are two independent linear forms. Let
F be a foliation of degree 1 on P*(C). Then

e cither there exists a projection 7: P*(C) --» P2(C) and a foliation
of degree 1 on P?(C) such that F = 7*F,

e or the foliation is given by the levels of Q/L? where Q (resp. L) is
of degree 2 (resp. 1).

For v > 2 almost nothing is known except the generic nonexistence of
an invariant curve ([118, 53]). Let us mention that

e there exists a description of the space of foliations of degree 2 in

P3(C) (see [54]);

e any foliation of degree 2 is birationally conjugate to another (not
necessary of degree 2) given by a linear differential equation 9% =

P(x,y) where P is in C(z)[y] (see [55]). “

A regular point m of F is an inflection point for F if L,, has an
inflection point in m. Let us denote by Flex F the closure of these points.
A way to find this set has been given by Pereira in [153]: let

0 0 0
Z=FE—+F— —
6x+ 8y+GZ)z

be a homogeneous vector field on C? non colinear to the radial vector field
R= 1‘% + y% + z% describing F (i.e. w = igizdz Ady Adz). Let us
consider

¢ E Z(E)
H=|y F Z(F) |;
z G Z(G)

the zeroes of H is the union of Flex 7 and the lines invariant by F.
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5.2.2 Foliations of degree 2 and involutions

To any foliation F of degree 2 on P?(C) we can associate a birational
involution Zx : let us consider a generic point m of F, since F is of degree 2,
the tangent T,,L,, to the leaf through m is tangent to F at a second
point p, the involution Z is the map which swaps these two points. More
precisely let us assume that F is given by the vector field x. The image
by Zx of a generic point m is the point m + sx(m) where s is the unique
nonzero parameter for which x(m) and x(m + sx(m)) are colinear.

Let ¢ be a singular point of F and let P(q) be the pencil of lines
through g. The curve of points of tangency Tang(F,P(q)) between F and
P(gq) is blown down by Zr on ¢g. We can verify that all contracted curves
are of this type.

Jouanolou example
The foliation F is described in the affine chart z =1 by
(2%y = 1)dz — («* — y*)dy;

this example is due to Jouanolou and is the first known foliation without
invariant algebraic curve.
We can compute Zr, :

(xy” +32°y"z — 2® — 52y 2? 4+ 2y°2° + 2yt — 22"

3my522 +22°2°% — :z7y — 51:23/224 + w4y32 + yZ7 - y8 :
wy423 - 5w4y222 - y7z + 2:t3y5 + 3w2yz5 -2+ 1'72).
its degree is 8 and
IndZz, =Sing Fy = {(& : &% :1)|j=0,...,6, & =1}.
As there is no invariant algebraic curve for F; we have
Flex Fj = Fix Tz, = 2(32%y%2% — ay® — 252 — y2°);

this curve is irreducible.

The subgroup of Aut(P?) which preserves a foliation F of P2(C) is
called the isotropy group of F; it is an algebraic subgroup of Aut(P?)
denoted by

Iso F = {p € Aut(P?) | *F = F}.

The point (1 : 1 : 1) is a singular point of Flex F,, it is an ordinary
double point. If we let IsoF; act, we note that each singular point of
Fj is an ordinary double point of Flex F; and that Flex F; has no other

singular point. Therefore Flex F; has genus W —-7=3.
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The singular points of Sing F; are in general position so Zx, is a Geiser
involution.

The group (Zr,, Iso Fs) is a finite subgroup of Bir(P?); it cannot be
conjugate to a subgroup of Aut(P?) because FixZ; is of genus 3. This
group of order 42 appears in the classification of finite subgroups of Bir(IP?)
(see [80]).

The generic case

Let us recall that if F is of degree v, then #SingF = v? + v + 1 (let
us precise that points are counted with multiplicity). Thus a quadratic
foliation has seven singular points counted with multiplicity; moreover if
we choose seven points p1, ..., pr in general position, there exists one and
only one foliation F such that Sing F = {pl, p7} (see [101]).

Theorem 5.2.1 ([50]). Let p1, ..., pr be seven points of P2(C) in general
position. Let F be the quadratic foliation such that Sing F = {pl, RN p7}
and let T be the Geiser involution associated to the p;’s. Then Zg and
Ir coincide.

Corollary 5.2.2 ([50]). The involution associated to a generic quadratic
foliation of P2(C) is a Geiser involution.

This allows us to give explicit examples of Geiser involutions. Indeed
we can explicitely write a generic foliation of degree 2 of P?(C) : we can
assume that (0:0:1), (0:1:0), (1:0:0)and (1:1:1) are singular
for F and that the line at infinity is not preserved by F so the foliation F
is given in the affine chart z = 1 by the vector field

2 2 9 2 2 0

(x Y+ ax +bacy+cx+ey)a—x+ (a:y + Ay +Bzy+Cx+Ey)a—y

with 1+a+b+c+e = 1+ A+ B+C+E = 0. Then the construction detailed

in 5.1.1 allows us to give an explicit expression for the involution Zx.

Remark 5.2.3. Let us consider a foliation F of degree 3 on P?(C). Every
generic line of P?(C) is tangent to F in three points. The “application”
which switches these three points is in general multivalued; we give a crite-
rion which says when this application is birational. This allows us to give
explicit examples of trivolutions and finite subgroups of Bir(P?) (see [50]).

5.3 Number of conjugacy classes of birational
maps of finite order

The number of conjugacy classes of birational involutions in Bir(P?) is infi-
nite (Theorem 5.1.3). Let n be a positive integer; what is the number v(n)
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of conjugacy classes of birational maps of order n in Bir(P?) ? De Fernex
gives an answer for n prime ([61]); there is a complete answer in [27].

Theorem 5.3.1 ([27]). For n even, v(n) is infinite; this is also true for
n=3,5.

For any odd integer n # 3, 5 the number of conjugacy classes v(n) of
elements of order n in Bir(P?) is finite. Furthermore

e v(9)=3;
o v(15) =9;
e v(n) =1 otherwise.

Let us give an idea of the proof. Assume that n is even. Let us consider
an element P of C[z"] without multiple root. Blanc proves that there exists
a birational map f of order 2n such that f™ is the involution (x, P(z)/y)
that fixes the hyperelliptic curve y?> = P(z). So the case n = 2 allows to
conclude for any even n > 4.

To any elliptic curve C we can associate a birational map fe¢ of the com-
plex projective plane whose set of fixed points is C. Indeed let us consider
the smooth cubic plane curve C = {(z : y : z) € P*(C)| P(z,y,z) = 0}
where P is a non-singular form of degree 3 in three variables. The surface
S={(w:z:y:2) € PC)|uw® = P(z,y,2)} is a del Pezzo surface of
degree 3 (see for ezample [124]). The map fe: w — eXp(QiT“)w gives rise to
an automorphism of S whose set of fixed points is isomorphic to C. Since
the number of isomorphism classes of ellitpic curves is infinite the number
of conjugacy classes in Bir(P?) of elements of order 3 is thus also infinite.
A similar construction holds for birational maps of order 5.

To show the last part of the statement Blanc applies Theorem 5.0.1 to
the subgroup generated by a birational map of odd order n > 7.

5.4 Birational maps and invariant curves

Examining Theorem 5.1.3, it is not surprising that simultaneously, Castel-
nuovo was interested in birational maps that preserve curves of positive
genus. Let C be an irreducible curve of P?(C); the inertia group of C,
denoted by Ine(C), is the subgroup of Bir(P?) that fixes pointwise C.
Let C C P2?(C) be a curve of genus > 1, then an element of Ine(C) is
either a de Jonquiéres map, or a birational map of order 2, 3 or 4 (see
[48]). This result has been recently precised as follows.

Theorem 5.4.1 ([33]). Let C C P%(C) be an irreducible curve of genus
> 1. Any f of Ine(C) is either a de Jongquiéres map, or a birational map
of order 2 or 3. In the first case, if f is of finite order, it is an involution.
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To prove this statement Blanc, Pan and Vust follow Castelnuovo’s idea;
they construct the adjoint linear system of C: let 7: Y — P?(C) be an
embedded resolution of singularities of C and let c be the strict transform
of C. Let A be the fixed part of the linear system |C + Ky|. If |C + Ky|
is neither empty, nor reduced to a divisor, m,|C + Ky | \ A is the adjoint
linear system. By iteration they obtain that any element f of Ine(C)
preserves a fibration F that is rational or elliptic. If F is rational, f is a
de Jonquieres map. Let us assume that F is elliptic. Since C is of genus
> 1 the restriction of f to a generic fiber is an automorphism with at most
two fixed points: f is thus of order 2, 3 or 4. Applying some classic results
about automorphisms of elliptic curves Blanc, Pan and Vust show that f
is of genus 2 or 3. Finally they note that this result cannot be extended to
curves of genus < 1; this eventuality has been dealt with in [150, 28] with
different technics.

Let us also mention results due to Diller, Jackson and Sommese that
are obtained from a more dynamical point of view.

Theorem 5.4.2 ([74]). Let S be a projective complex surface and f be a
birational map on S. Assume that f is algebraically stable and hyperbolic.
Let C be a connected invariant curve of f. Then C is of genus 0 or 1.

If C is of genus 1, then, after contracting some curves in S, there exists
a meromorphic 1-form such that

e f*w=aw witha € C,
e and —C is the divisor of poles of w.
The constant « is determined solely by C and fc.

They are also interested in the number of irreducible components of
an invariant curve of a birational map f € Bir(S) where S denotes a
rational surface. They prove that except in a particular case, this number
is bounded by a quantity that only depends on S.

Theorem 5.4.3 ([74]). Let S be a rational surface and let f be a birational
map on S. Assume that f is algebraically stable and hyperbolic. Let C C S
be a curve invariant by f.

If one of the connected components of C is of genus 1 the number of
irreducible components of C is bounded by dim Pic(S) + 2.

If every connected component of C has genus 0 then

o cither C has at most dim Pic(S) + 1 irreducible components;

e or there erists an holomorphic map w: S — PY(C), unique up to
automorphisms of PY(C), such that C contains evactly k > 2 dis-
tinct fibers of m, and C has at most dim Pic(S) + k — 1 irreducible
components.



Chapter 6

Automorphism groups

6.1 Introduction

A lot of mathematicians have been interested in and are still interested in
the algebraic properties of the diffeomorphisms groups of manifolds. Let
us for example mention the following result. Let M and N be two smooth
manifolds without boundary and let Diff?(M) denote the group of CP-
diffeomorphisms of M. In 1982 Filipkiewicz proves that if Diff” (M) and
Diff/(N) are isomorphic as abstract groups then p = g and the isomorphism
is induced by a CP-diffeomorphism from M to N.

Theorem 6.1.1 ([87]). Let M and N be two smooth manifolds without
boundary. Let ¢ be an isomorphism between Diff* (M) and Diff?(N). Then
p is equal to q and there exists 1p: M — N of class CP such that

e(f) = fy, V[ € Diff?(M).

There are similar statements for diffeomorphisms which preserve a vo-
lume form, a symplectic form ({7, 8])... If M is a Riemann surface of
genus larger than 2, then the group of diffeomorphisms which preserve
the complex structure is finite. Thus there is no hope to obtain a similar
result as Theorem 6.1.1: we can find two distinct curves of genus 3 whose
automorphisms group is trivial. More generally if M is a complex compact
manifold of general type, then Aut(M) is finite and often trivial. On the
contrary let us mention two examples of homogeneous manifolds:

e any automorphism of Aut(P?) is the composition of an inner auto-
morphism, the action of an automorphism of the field C and the
involution u — *u~! (see for example [71]);

e the automorphisms group of the torus C/I' is the semi-direct product
C/T x Z/27 ~R?/7? x 7/27Z for all lattices T # Z[i], Z[j].

82
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In the first part of the Chapter we deal with the structure of the group
of automorphisms of the affine group Aff(C) of the complex line (Theo-
rem 6.2.1). Let us say a few words about it. Let ¢ be an automorphism
of Aff(C) and let G be a maximal (for the inclusion) abelian subgroup
of Aff(C); then ¢(G) is still a maximal abelian subgroup of Aff(C). We
get the nature of ¢ from the precise description of the maximal abelian
subgroups of Aff(C).

In the second part of the Chapter we are focused on the automor-
phisms group of polynomial automorphisms of C2. Let ¢ be an auto-
morphism of Aut(C?). Using the structure of amalgamated product of
Aut(C?) (Theorem 2.1.2) Lamy determines the centralisers of the elements
of Aut(C?) (see [127]); we thus obtain that the set of Hénon automor-
phisms is preserved by ¢ (Proposition 6.3.5). Since the elementary group
E is maximal among the solvable subgroups of length 3 of Aut(C?) (Propo-
sition 6.3.7) we establish a property of rigidity for E: up to conjugation by
a polynomial automorphism of the plane ¢(E) = E (see Proposition 6.3.8).
This rigidity allows us to characterize ¢.

We finish Chapter 6 with the description of Aut(Bir(P?)). Let ¢ be an
automorphism of Bir(P?). The study of the uncountable maximal abelian
subgroups G of Bir(P?) leads to the following alternative: either G owns an
element of finite order, or G preserves a rational fibration (that is G is, up
to conjugation, a subgroup of dJ = PGLy(C(y)) x PGLy(C)). This allows
us to prove that PGL3(C) is pointwise invariant by ¢ up to conjugacy and
up to the action of an automorphism of the field C. The last step is to
establish that ¢(o) = o; we then conclude with Theorem 2.1.4.

6.2 The affine group of the complex line
Let Aff(C) = {z = az + b|a € C*be (C} be the affine group of the
complex line.

Theorem 6.2.1. Let ¢ be an automorphism of Aff(C). Then there exist
7 an automorphism of the field C and ¢ an element of Aff(C) such that

o(f) =1 fe1), v f € AfE(C).
Proof. If G is a maximal abelian subgroup of Aff(C) then ¢(G) too. The
maximal abelian subgroups of Aff(C) are

T={z>—>z+a‘a6C} and DZOz{zHa(z—zo)+zo|ae(C*}.

Note that T has no element of finite order so ¢(T) = T and ¢(D,) = D_;.
Up to a conjugacy by an element of T one can suppose that ¢(Dg) = Dy.
In other words one has
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e an additive morphism 7;: C — C such that

o(z+a) =z+7(a), Vae C;

e a multiplicative one 75: C* — C* such that

o(az) = n(a)z, YaeC".

On the one hand we have
dlaz +a) = ¢(az)d(z + 1) = ma(@)z + 72(a) 7 (1)
and on the other hand
dlaz +a) = ¢(z + a)p(az) = ra(a)z + 11 (a).
Therefore 71 (o) = 72(a)k where k = 71(1). In particular 74 is multiplicative

and additive, i.e. 7y is an automorphism of the field C (and 72 too).
Then

Ta(@)z + 11(8) = ()2 + T2(B)k = T2(az + 7'2_1(.‘{)/3)
= Tz(rgl(n)z oaz+ Bom(k)z).

¢(az+ B)

O

Let us denote by Aut(C™) the group of polynomial automorphisms of
C™. Ahern and Rudin show that the group of holomorphic automorphisms
of C™ and the group of holomorphic automorphisms of C™ have different
finite subgroups when n # m (see [2]); in particular the group of holo-
morphic automorphisms of C™ is isomorphic to the group of holomorphic
automorphisms of C™ if and only if n = m. The same argument holds for
Aut(C™) and Aut(C™).

6.3 The group of polynomial automorphisms
of the plane
6.3.1 Description of the automorphisms group of Aut(C?)

Theorem 6.3.1 ([66]). Let ¢ be an automorphism of Aut(C?). There
exist 1 in Aut(C2) and an automorphism T of the field C such that

o(f) =7 fe), Vv f € Aut(C?).
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Remark 6.3.2. Let us mention the existence of a similar result for the
subgroup of tame automorphisms of Aut(C™): every automorphism of the
group of polynomial automorphisms of complex affine n-space inner up
to field automorphisms when restricted to the subgroup of tame automor-
phisms ([126]).

The section is devoted to the proof of Theorem 6.3.1 which uses the
well known amalgamated product structure of Aut(C?) (Theorem 2.1.2).
Let us recall that a Hénon automorphism is an automorphism of the

type pgi ... gpp "
@ € Aut(C?), g; = (y, Pi(y) — 6iw), P; € Cly], deg P; > 2, §; € C*,
and that
A= {(alx + b1y + c1, a0 + bay + ¢2) ‘ a;, bi, ¢; € C, a1by — agby # O},

E={(ox+P(y),By+7v)|a, B,y €C, aB #0, P € Clyl}.

Let us also recall the two following statements.

Proposition 6.3.3 ([92]). Let f be an element of Aut(C?).
FEither f is conjugate to an element of E, or f is a Hénon automor-
phism.

Proposition 6.3.4 ([127]). Let f be a Hénon automorphism; the central-
izer of f is countable.

Proposition 6.3.3 and Proposition 6.3.4 allow us to establish the fol-
lowing property:

Proposition 6.3.5 ([66]). Let ¢ be an automorphism of Aut(C?). Then
¢(H) = H where

H= {f € Aut(C?) | f is a Hénon automm‘phism}.

We also have the following: for any f in E, ¢(f) is up to conjugacy
in E. But Lamy proved that a non-abelian subgroup whose each element
is conjugate to an element of E is conjugate either to a subgroup of A, or
to a subgroup or E. So we will try to “distinguish” A and E.

We set BV = [£,E] = {(z,9) = (@ + P(y),y +a) [a € C, P e Cly]}
and

£® = [ED,£V] = {(z,9) > (= + Ply),y)| P e Clyl}.

2

The group E?) satisfies the following property.

Lemma 6.3.6 ([66]). The group E is a mazimal abelian subgroup of E.
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Proof. Let K D E® be an abelian group. Let g = (g1,92) be in K. For
any polynomial P and for any ¢ in C let us set fip = (z + tP(y),y). We
have

(x) firg=gfip.

If we consider the derivative of (x) with respect to ¢ at ¢ = 0 we obtain

g1 992
——=P(y)=P —=P(y) =0.
©) ZLP(y) = Ple), (00) “2p(y)
The equality (¢¢) implies that g depends only on y. Thus from (xx) we

get: % is a function of y, i.e. aa% = R(y) and ¢g1(z,y) = R(y)z + Q(y).
As g is an automorphism, R is a constant o which is non-zero. Then (%x)
can be rewritten aP(y) = P(g2). For P = 1 we obtain that a = 1 and
for P(y) = y we have g2(y) = y. In other words g = (z + Q(y),y) belongs

O

to E().
Let G be a group; set
GO = G, a = GGl ..., P — [(j,(pfl)’c,(p*l)]7

The group G is solvable if there exists an integer k such that G(*) = id; the
smallest integer k such that G*) = id is the length of G. The Lemma 6.3.6
allows us to establish the following statement.

Proposition 6.3.7 ([66]). The group E is maximal among the solvable
subgroups of Aut(C?) of length 3.

Proof. Let K be a solvable group of length 3. Assume that K D E. The
group K@ is abelian and contains E®?). As E® is maximal, K2 = E®),
The group K is a normal subgroup of K so for all f = (f1,/f2) € K and
g=(z+ P(y),y) € K® =E® we have

() i@+ Py),y) = fi(z,y) + O(P)(f2(2,9))

(%) fa(z + P(y),y) = fa(z,y)
where ©: C[y] — Cl[y] depends on f. The second equality implies that fo
f2(y). The derivative of (x) with respect to z implies %2 (z + P(y),y) =

ox
(2, y) thus %L = R(y) and

ox ox

Si(z,y) = R(y)z + Qy), Q, ReCly.
As f is an automorphism we have fi(z,y) = az + Q(y), a # 0. In other
words K =E. |

This algebraic characterization of E and the fact that a non-abelian
subgroup whose each element is conjugate to an element of E is conjugate
either to a subgroup of A or to a subgroup or E (see [127]) allow us to
establish a rigidity property concerning E.
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Proposition 6.3.8 ([66]). Let ¢ be an automorphism of Aut(C2). There
exists a polynomial automorphism v of C? such that ¢(E) = YE¢) .

Assume that ¢(E) = E; we can show that ¢(D) = D and ¢(T;) = T
where

D= {(m,y) — (ax,,@y)|0z, Be C*}7

T ={@y = @+aylaec) T={@y~@y+s|sec}.

With an argument similar to the one used in §6.2 we obtain the follow-
ing statement.

Proposition 6.3.9 ([66]). Let ¢ be an automorphism of Aut(C?). Then
up to inner conjugacies and up to the action of an automorphism of the
field C the group E is pointwise invariant by ¢.

It is thus not difficult to check that if E is pointwise invariant, then
¢(z, x+y) = (z,z+y). We conclude using the following fact: E and (z, 2+
y) generate Aut(C?).

6.3.2 Corollaries

Corollary 6.3.10 ([66]). An automorphism ¢ of Aut(C?) is inner if and
only if for any f in Aut(C?) we have

jac o(f) = jac f
where jac f is the determinant of the jacobian matriz of f.

Proof. There exists an automorphism 7 of the field C and a polynomial
automorphism 1 such that for any polynomial automorphism f we have

o(f) = 7(¥~" f¢). Hence
jaco(f) = jac7(f) = 7(jac f),
so jac ¢(f) = jac f for any f if and only if 7 is trivial. O

Corollary 6.3.11. An isomorphism of the semi-group End(C?) in itself
is inner up to the action of an automorphism of the field C.

Proof. Let ¢ be an isomorphism of the semi-group End(C?) in itself; ¢
induces an automorphism of C2. We can assume that, up to the action of
an inner automorphism and up to the action of an automorphism of the
field C, the restriction of ¢ to Aut(C?) is trivial (Theorem 6.3.1).
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For any a in C2, let us denote by f, the constant endomorphism of C2,
equal to . For any ¢ in End(C?) we have fog = fo. This equality implies
that ¢ sends constant endomorphisms onto constant endomorphisms; this
defines an invertible map  from C? into itself such that ¢(f,) = Fr(a)-
Since gfa = fg(a) for any g in End(C?) and any « in C? we get: ¢(g) =
kgk 1. The restriction ®|Aut(c2) 1s trivial so k is trivial. O

6.4 The Cremona group

6.4.1 Description of the automorphisms group of Bir(IP?)

Theorem 6.4.1 ([67]). Any automorphism of the Cremona group is the
composition of an inner automorphism and an automorphism of the field C.

Let us recall the definition of a foliation on a compact complex
surface. Let S be a compact complex surface; let (U;) be a collection
of open sets which cover S. A foliation F on S is given by a family (x;);
of holomorphic vector fields with isolated zeros defined on the U/s. The
vector fields y; satisfy some conditions

on U; ﬂZ/{j we have x; = 9i5 Xj> gij € O*(Z/{L ﬂlx{j).

Note that a non trivial vector field x on S defines such a foliation.
The keypoint of the proof of Theorem 6.4.1 is the following Lemma.

Lemma 6.4.2 ([67]). Let G be an uncountable mazimal abelian subgroup
of Bir(IP?). There ewists a rational vector field x such that

Jx=x VfeG.
In particular G preserves a foliation.
Proof. The group G is uncountable so there exists an integer n such that
Gy ={f€G|degf=n}
is uncountable. Then the Zariski’s closure G,, of G,, in
Bir,, = {f € Bir(P?) | deg f < n}

is an algebraic set and dim G,, > 1. Let us consider a curve in G,,, i.e. a
map

n:D— Gy, t—n(t).

Remark that the elements of G,, are commuting birational maps.
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For each p in P?(C) \ Ind n(0)~! set

@) =2 0.

This formula defines a rational vector field on P2(C) which is non iden-
tically zero. By derivating the equality fn(s)f~(p) = n(s)(p) we obtain
f«x = x. Then x is invariant by G,,; we note that in fact x is invariant
by G. |

So take an uncountable maximal abelian subgroup G of Bir(P?) with-
out periodic element and an automorphism ¢ of Bir(P?). Then ¢(G) is
an uncountable maximal abelian subgroup of Bir(P?) which preserves a
foliation F.

Let F be an holomorphic singular foliation on a compact complex pro-
jective surface S. Such foliations have been classified up to birational equi-
valence by Brunella, McQuillan and Mendes ([37, 136, 137]). Let Bir(S, F)
(resp. Aut(S,F)) be the group of birational (resp. biholomorphic) sym-
metries of F, i.e. mappings ¢ which send leaf to leaf. For a foliation F of
general type, Bir(S,F) = Aut(S, F) is a finite group. In [45] the authors
classify those triples (S, F, g) for which Bir(S, F) (or Aut(S, F)) is infinite.
The classification leads to five classes of foliations listed below:

e F is left invariant by a holomorphic vector field;
e F is an elliptic fibration;

e S = T/G is the quotient of a complex 2-torus 7 by a finite group
and F is the projection of the stable foliation of some Anosov diffeo-
morphism of T

F is a rational fibration;

e F is a monomial foliation on P*(C) x P*(C) (or on the desingular-
isation of the quotient P!(C) x P'(C) by the involution (z,w) +

(1/z,1/w)).

We prove that as ¢(G) is uncountable, maximal and abelian without
periodic element, F is a rational fibration!. In other words ¢(G) is up to
conjugacy a subgroup of

dJ = PGLy(C(y)) % PGLy(C).

The groups

Ao = {(‘W) = (z+aly),y)|ae (C(y)}

1Here a rational fibration is a rational application from P?(C) into P!(C) whose fibers
are rational curves.
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and
T={(@y)~ (@+ay+H|a seC]

are uncountable, maximal, abelian subgroups of the Cremona group; more-
over they have no periodic element. So ¢(dJ,) and ¢(T) are contained
in dJ. After some computations and algebraic considerations we obtain
that, up to conjugacy (by a birational map),

B(dl,) = dJ, and #(T) = T.

As D = {(az,ﬁy) | a, € (C*} acts by conjugacy on T we establish
that ¢(D) = D. After conjugating ¢ by an inner automorphism and an
automorphism of the field C the groups T and D are pointwise invariant
by ¢. Finally we show that ¢ preserves (y,z) and (%, %) ; in particular we

use the following identity due to Gizatullin ([100])

(ho)® = id, h:( a g”’?’).

z—1"z-1

Since Bir(P?) is generated by Aut(P?) = PGL3(C) and (%, i) (Theo-

rem 2.1.4) we have after conjugating ¢ by an inner automorphism and an
automorphism of the field C: ¢ i (p2) = id.

We will give another proof of Theorem 6.4.1 in Chapter 7.

6.4.2 Corollaries
We obtain a similar result as Corollary 6.3.11.

Corollary 6.4.3 ([67]). An isomorphism of the semi-group of the rational
maps from P2(C) into itself is inner up to the action of an automorphism
of the field C.

We also can prove the following statement.

Corollary 6.4.4 ([67]). Let S be a complex projective surface and let ¢
be an isomorphism between Bir(S) and Bir(P?). There exists a birational
map ¥: S --» P2(C) and an automorphism of the field C such that

o(f)=T@fy™) YV f € Bir(S).



Chapter 7

Cremona group and
Zimmer conjecture

7.1 Introduction

In the 80’s Zimmer suggests to generalise the works of Margulis on the
linear representations of the lattices of simple, real Lie groups of real rank
strictly greater than 1 (see [133, 170]) to the non-linear ones. He thus
establishes a program containing several conjectures ([176, 177, 178, 179]);
among them there is the following one.

Conjecture (Zimmer). Let G be a real, simple, connected Lie group
and let I' be a lattice of G. If there exists a morphism of infinite image
from T into the diffeomorphisms group of a compact manifold M, the real
rank of G is bounded by the dimension of M.

There are a lot of results about this conjecture (see for example [95,
173, 96, 38, 39, 140, 155, 90, 42]). In the case of the Cremona group we
have the following statement.

Theorem 7.1.1 ([65]). 1) The image of an embedding of a subgroup of
finite index of SL3(Z) into Bir(P?) is, up to conjugation, a subgroup of
PGL3(C).

More precisely let T' be a subgroup of finite index of SL3(Z) and let p
be an embedding of T into Bir(P?). Then p is, up to conjugation, either
the canonical embedding or the involution u — Yu=!).

2) Let ' be a subgroup of finite index of SL,,(Z) and let p be an embed-
ding of T into the Cremona group. If p has infinite image, then n is less
or equal to 3.

In the same context Cantat proves the following statement.

91
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Theorem 7.1.2 ([43]). Let ' be an infinite countable subgroup of Bir(P?).
Assume that T has Kazhdan’s property'; then up to birational conjugacy T’
is a subgroup of PGL3(C).

The proof uses the tools presented in Chapter 3 and in particular Theo-
rem 3.4.6. Let us give an idea of the proof: since I' has Kazhdan property
the image of ' by any p: I' — Bir(P?) is a subgroup of Bir(P?) whose
all elements are elliptic. According to Theorem 3.4.6 we have the follow-
ing alternative: either p(T") is conjugate to a subgroup of PGL3(C), or
p(I') preserves a rational fibration that implies that p has finite image
(Lemma 7.4.4).

Let 7 be an automorphism of the field C ; we can associate to a bi-
rational map f the birational map 7(f) obtained by the action of 7 on
the coefficients of f given in a fixed system of homogeneous coordinates.
Theorem 7.1.1 allows us to give another proof of the following result.

Theorem 7.1.3 ([67]). Let ¢ be an automorphism of the Cremona group.
There exist a birational map ¥ and an automorphism 7 of the field C such
that

o(f) =1 fet), v f € Bir(P?).

The Cremona group has a lot of common points with linear groups
nevertheless we have the following statement.

Proposition 7.1.4 ([52]). The Cremona group cannot be embedded into
GL, (k) where k is a field of characteristic zero.

First let us recall a result of linear algebra due to Birkhoff.

Lemma 7.1.5 ([26]). Letk be a field of characteristic zero and let A, B, C
be three elements of GL,(k) such that [A,B] = C, [A,C] = [B,C] = id
and CP = id with p prime. Then p < n.

Proof of Proposition 7.1.4. Assume that there exists an embedding ¢ of
the Cremona group into GL, (k). For all prime p let us consider in the
affine chart z = 1 the group

(f(2))- . com (2]

The images by ¢ of the three generators satisfy Lemma 7.1.5 so p < n ; as
it is possible for every prime p we obtain a contradiction. |

Let us recall that G has Kazhdan’s property if any continuous affine isometric action
of G on a real Hilbert space has a fixed point.
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This Chapter is devoted to the proof of Theorem 7.1.1. Let us de-
scribe the steps of the proof. First of all let us assume to simplify that
T' = SL3(Z). Let p denote an embedding of T' into Bir(P?). The group
SL3(Z) contains many Heisenberg groups, i.e. groups having the following
presentation

H={(f,9,h|[f:g9] = h [f,h] = [g,h] = id).

The key Lemma (Lemma 7.4.3) says if ¢ is an embedding of H into Bir(P?)
then A(s(h)) = 1. Then either ¢(h) is an elliptic birational map, or ¢(h) is
a de Jonquitres or Halphen twist (Theorem 3.2.1). Using the well-known
presentation of SL3(Z) (Proposition 7.2.4) we know that the image of any
generator e;; of SL3(Z) satisfies this alternative; moreover the relations
satisfied by the e;;’s imply the following alternative

o one of the p(e;;) is a de Jonquieres or Halphen twist;

e any p(e;;) is an elliptic birational map.
In the first situation p(SL3(Z)) thus preserves a rational or elliptic fibra-
tion that never happen because of the group properties of SL3(Z) (Propo-
sition 7.4.5). In the second situation the first step is to prove that the
Heisenberg group (p(e12), p(e1s), p(eas)) is, up to finite index and up to
conjugacy, a subgroup of Aut(S) where S is either P2(C), or a Hirzebuch

surface (§7.3). In both cases we will prove that p(I') is up to conjugacy a
subgroup of Aut(P?) = PGL3(C) (Lemmas 7.4.6, 7.4.7).

7.2 First Properties

7.2.1 Zimmer conjecture for the group Aut(C?)
Let us recall the following statement that we use in the proof of Theo-
rem 7.1.1.

Theorem 7.2.1 ([47]). Let G be a real Lie group and let T be a lattice of G.
If there exists embedding of I into the group of polynomial automorphisms
of the plane, then G is isomorphic either to PSO(1,n) or to PSU(1,n) for
some integer n.

Idea of the proof (for details see [47]). The proof of this result uses
the amalgamated product structure of Aut(C?) (Theorem 2.1.2). Let us
recall that the group of affine automorphisms is given by

A= {(z,y) — (a1z+b1y+c1, asr+boy+ca) { a;, bi, ¢; € C, arba—aghy # 0}
and the group of elementary automorphisms by

E— {(x,y) — (az+ P(y),By+7)|a, BEC*, v€C, Pe C[y}}
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Theorem 7.2.2 ([121, 128]). The group Aut(C?) is the amalgamated prod-
uct of A and E along AN E.

There exists a tree on which Aut(C?) acts by translation (Bass-Serre
theory, see §2.1) ; the stabilizers of the vertex of the tree are conjugate
either to A or to E. So if a group G can be embedded into Aut(C?), then :

e cither G acts on a tree without fixing a vertex;

e or G embeds into either A or E.

Using this fact, Cantat and Lamy study the embeddings of Kazhdan
groups (see [63], chapter I or [133], chapter III) having (FA) property and
thus the embeddings of lattices of Lie groups with real rank greater or
equal to 2.

7.2.2 The groups SL,(Z)

Let us recall some properties of the groups SL,(Z) (see [164] for more
details).

For any integer ¢ let us denote by ©,: SL,(Z) — SL,(Z/qZ) the
morphism which sends M onto M modulo ¢. Let T',(¢q) be the kernel of ©,
and let IN“,L(q) be the reciprocical image of the diagonal group of SL,,(Z/qZ)
by ©, ; the I',(¢) are normal subgroups of SL,(Z), called congruence
groups.

Theorem 7.2.3 ([10]). Let n > 3 be an integer and let T’ be a subgroup
of SL,,(Z).

If T is of finite index, there exists an integer q such that T' contains a
subgroup T (q) and is contained in Ty (q).

If T is of infinite index, then T is central and, in particular, finite.

Let 0;; be the Kronecker matrix 3 x 3 and let us set e;; = id + d;;.
Proposition 7.2.4. The group SL3(Z) admits the following presentation :
idifi 2L&j#k
(eij,ini | leigrend = e if i £L&j=k | (erpeqiern)? =id)

e fi=t&j#k

The egj generate I's(¢) and satisfy equalities similar to those verified by
the e;; except (61262_11612)4 = id ; we will call them standard generators
of I's(g). The system of roots of sl3(C) is of type Ay (see [93]) :
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T3 T2
T4 1
75 Te6

Each standard generator of a I'3(q) is an element of the group of one
parameter associated to a root r; of the system ; the system of roots thus
allows us to find most of the relations which appear in the presentation
of SL3(Z). For example r; + r3 = ro corresponds to [e12, ea3] = e13, the
relation ro + 74 = 73 to [€13,€21] = 6;31 and the fact that r; + ry is not a
root to [e12,e13] = id.

7.2.3 Heisenberg groups

Definition 7.2.5. Let k be an integer. We call k-Heisenberg group a
group with the presentation :

Hy = (f,g,h|[f,h] = [g,h] = id, [f,g] = h").
By convention H = H, ; it is a Heisenberg group.

Let us remark that the Heisenberg group generated by f, g and h* is a
subgroup of index k of Hj. We call f, g and h the standard generators
of H k-

2
Remark 7.2.6. Each e, can be written as the commutator of two e}, with
whom it commutes. The group SL3(Z) thus contains a lot of k-Heisenberg
groups ; for example (€5, €l5,€35) is one (for k = q).

7.3 Representations of Heisenberg groups

As we said the groups SL,,(Z) contain Heisenberg groups, we thus naturally
study the representations of those ones in the automorphisms groups of
Hirzebruch surfaces and of P2(C). Let us begin with some definitions and
properties.

Definition 7.3.1. Let S be a compact complex surface. The birational map
f 1S --+8S is an elliptic birational map if there exist a birational map
n: S --»S and an integer n > 0 such that nf"n~' is an automorphism
of S isotopic to the identity (i.e. nf"n~" € Aut’(S)).

Two birational maps f and g on S are simultaneously elliptic if the
pair (n,S) is common to f and g.
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Remark 7.3.2. Let Cy and Cy be two irreducible homologous curves of
negative auto-intersection then Cy and Co coincide. Thus an automor-
phism f of S isotopic to the identity fizes each curve of negative self-
intersection; for any sequence of blow-downs ¢ from S to a minimal model
S of S, the element | fip=1 is an automorphism of S isotopic to the identity.

Lemma 7.3.3 ([65]). Let f and g be two birational elliptic maps on a
surface S. Assume that f and g commute; then f and g are simultaneously
elliptic.

Proof. By hypothesis there exist a surface S, a birational map ¢: S --» S
and an integer n such that (7! f"( is an automorphism of S isotopic to
the identity. Let us work on S ; to simplify we will still denote by f (resp.
g) the automorphism ¢~ f"¢ (vesp. (~'g¢).

First let us prove that there exists a birational map n: Y --» S such
that 7~ f’n is an automorphism of Y isotopic to the identity for some
integer £ and that 7~ 1gn is algebraically stable. Let us denote by N(g)
the minimal number of blow-ups needed to make g algebraically stable.

If N(g) is zero, then we can take n = id.

Assume that the result is true for the maps f and g satisfying N(g) < j;
let us consider the pair (f g) and assume that it satisfies the assumption
of the statement and that N(g) = j + 1. As g is not algebraically stable,
there exists a curve V in Exc g and an integer ¢ such that g?(V') is a point
of indeterminacy p of g. As f and g commute, fk fixes the irreducible
components of Ind g for some integer k. Let us consider  the blow-up of p;
this point being fixed by f*, on the one hand x~! f*x is an automorphism
and on the other hand N(k~'gk) = j. Then, by induction, there exists
n:Y --» S and ¢ such that n’lfgn is an automorphism isotopic to the
identity and that n~1gn is algebraically stable.

Let us set f = n~'f' and g = n~'gn. Using [73], Lemma 4.1,
we see that the maps f and g are simultaneously elliptic. Indeed the
first step to get an automorphism from g is to consider the blow-down
€1 of a curve of Excg~! ; as the curves contracted by g—' are of nega-
tive self-intersection and as f is isotopic to the identity, these curves are
fixed by f so by slfsl_l. The i-th step is to repeat the first one with
i1 .- .51?51_1 .. .5;11 and g;_1... 51§51_1 .. .5;11, we then obtain the re-
sult. According to [73] the process ends and a power of e~!ge is isotopic
to the identity. O

We have a similar result for the standard generators of a k-Heisenberg
group.
Proposition 7.3.4 ([65]). Let ¢ be a representation of Hy, into the Cre-

mona group. Assume that each standard generator of <(Hy) is elliptic.
Then s(f), <(g) and <(h) are simultaneously elliptic.
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Proof. According to Lemma 7.3.3 the maps ¢(f) and ¢(h) are simultane-
ously elliptic. Since g and h commute, Exc¢(g) and Ind ¢(g) are invariant
by ¢(h). The relation [f,g] = h* implies that Excc(g) and Indc(g) are
invariant by ¢(f). Using the idea of the proof of Lemma 7.3.3 and ([73],
Lemma 4.1), we obtain the result. O

In the sequel we are interested in the representations of Hy in the au-
tomorphisms groups of minimal surfaces which are P1(C) x P!(C), P%(C)
and the Hirzebruch surfaces F,,. In an affine chart (x,y) of such a sur-
face S, if f is an element of Bir(S), we will denote f by its two components
(f1(z,y), f2(x,y)). Let us recall that in some good affine charts we have

Aut(PL(C) x P1(C)) = (PGLy(C) x PGLy(C)) x (y, z)

and
_f(Sx+Ply) ay+bd a
st = (G550 ra) || ¢
(eC*, PeCly],degP < m}.

b } € PGL,(C), o

Lemma 7.3.5 ([65]). Let ¢ be a morphism from Hj, into Aut(P!(C) x
PY(C)). The morphism < is not an embedding.

Proof. We can assume that f, g and h fixe the two standard fibrations
(if it is not the case we can consider Hop C Hy), i.e. img is contained
in PGLy(C) x PGLy(C). For j = 1,2 let us denote by m; the j-th pro-
jection. The image of ¢(Hax) by 7; is a solvable subgroup of PGLy(C);
as m;(s(h*)) is a commutator, this homography is conjugate to the transla-
tion z 4+ ;. Assume that §; is nonzero ; then 7;(¢(f)) and 7;(s(g))
are also some translations (they commute with 7;(s(h¥))). The relation
[7;(s(f), m;(s(g))] = 7;(s(h*)) thus implies that j3; is zero : contradiction.
So f3; is zero and the image of h?* by ¢ is trivial : ¢ is not an embedding. O

Concerning the morphisms from Hj to Aut(F,,), m > 1, we obtain a
different statement. Let us note that we can see Aut(C?) as a subgroup
of Bir(P?); indeed any automorphism (fi(z,y), f2(x,y)) of C? can be ex-
tended to a birational map:

(2" fi(x/z,y/z) : 2" fa(w/z,y/2) : ) where n = max(deg f1,deg f2).

Lemma 7.3.6 ([65]). Let ¢ be a morphism from Hy into Aut(F,,) with
m > 1. Then ¢(Hy) is birationally conjugate to a subgroup of E. Moreover,
¢(h2*) can be written (x + P(y),y) where P denotes a polynomial.
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Remark 7.3.7. The abelian subgroups of PGLy(C) are, up to conjugation,
some subgroups of C, C* or the group of order 4 generated by —y and %
Proof. Let us consider the projection m from Aut(F,,) into PGLy(C). We
can assume that 7(c(Hy)) is not conjugate to {y, —v, i, 7%} (if it is the
case let us consider Hay). Therefore m(¢(Hy)) is, up to conjugation, a
subgroup of the group of the affine maps of the line; so ¢(Hy) is, up to
conjugation, a subgroup of E (see (7.3.1)). The relations satisfied by the
generators imply that ¢(h?*) can be written (z + P(y),y). O

Lemma 7.3.8 ([65]). Let s be an embedding of Hy. into PGL3(C). Up to
linear conjugation, we have

() =@+Cyy+B8), s@=@C+yy+d) and <b")=(z+ky)
with (6 — By = k.

Proof. The Zariski closure ¢(Hy) of ¢(Hy) is an algebraic unipotent sub-
group of PGL3(C) ; as ¢ is an embedding, the Lie algebra of ¢(Hy) is
isomorphic to:

0. ¢ p
h=q410 0 7] ¢BveC
000

Let us denote by 7 the canonical projection from SL3(C) into PGL3(C).
The Lie algebra of 77 1(¢(Hx)) is, up to conjugation, equal to h. The
exponential map sends b in the group H of the upper triangular matrices
which is a connected algebraic group. Therefore the identity component
of 771(¢(Hy)) coincides with H. Any element g of 7= '(¢(Hy)) acts by
conjugation on H so belongs to the group generated by H and j.id where
j® = id. Since 7(j.id) is trivial, the restriction of 7 to H is surjective on
¢(Hy) ; but it is injective so it is an isomorphism. Therefore ¢ can be lifted
in a representation ¢ from Hj into H :

S(Hw)

As S(h*) can be written as a commutator, it is unipotent. The relations
satisfied by the generators imply that we have up to conjugation in SL3(C)

W) =(@+ky), ) =@+Clyy+p) and (g) = (x+yy,y+0)
with (0 — By = k. ]
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7.4 Quasi-rigidity of SL3(Z)
7.4.1 Dynamic of the image of an Heisenberg group

Definition 7.4.1. Let G be a finitely generated group, let {al, cee an}
be a part which generates G and let f be an element of G.

o The length of f, denoted by |f|, is the smallest integer k such that
there exists a sequence (s1,...,Sk), Si € {al, e psart, . ,a;l},
with f = s1... 8.

k
o The quantity kliT ‘fT is the stable length of f (see [62]).
—+00

o An element f of G is distorted if it is of infinite order and if its
stable length is zero. This notion is invariant by conjugation.

Lemma 7.4.2 ([65]). Let Hj = (f,g,h) be a k-Heisenberg group. The
element h* is distorted. In particular the standard generators of SL,(Z)
are distorded.

Proof. As [f,h] = [g,h] = id, we have h*"™ = [f", ¢™] for any pair (n,m)

of integers. For n = m we obtain h*"" = [f", g"] ; therefore |h*""| < 4n.
Each standard generator e;; of SLy,(Z) can be written as follows e;; =

[€ik, €k;], moreover we have [e;;, e;x] = [eij, €] = id (Remark 7.2.6). O

Lemma 7.4.3 ([65]). Let G be a finitely generated group and let
{al, RN an} be a set which generates G. Let f be an element of G and
let s be an embedding of G into Bir(P?). There exists a constant m > 0
such that

1) <o (wll1).
In particular, if f is distorted, the stable length of f is zero and the first
dynamical degree of <(f) is 1.

Proof. The inequalities A(s(f))" < degs(f)" < max;(degs(a;))/"! imply

0 <logA(s(f)) < L; log(max(deg <(a.)).
o M , .
If f is distorted, the quantity khm = s zero and the first dynamical
¢— 00

degree of ¢(f) is 1. O
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7.4.2 Notations

In the sequel, p will denote an embedding of SL3(Z) into Bir(P?). Lemmas
7.4.2 and 7.4.3 imply that A(p(e;;)) = 1. Thanks to Proposition 7.2.4 and
Theorem 3.2.1, we have :

o cither one of the p(e;;) preserves a unique fibration, rational or el-
liptic;

e or cach standard generator of I'3(¢) is an elliptic birational map.

We will study these two possibilities.

7.4.3 Invariant fibration

Lemma 7.4.4 ([65]). Let T be a finitely generated group with the Kazh-
dan’s property (T). Let p be a morphism from I' to PGL2(C(y)) (resp.
PGL2(C)). Then the image of p is finite.

ai(y) bi(y)
a(y) di(y) } be
their image by p. A finitely generated Q-group is isomorphic to a subfield
of C so Q(a;(y),bi(y), ci(y), di(y)) is isomorphic to a subfield of C and we
can assume that imp C PGLy(C) = Isom(Hs). As I' has property (T),
each continuous action of I' by isometries on a real or complex hyperbolic
space has a fixed point ; the image of p is thus, up to conjugacy, a sub-
group of SO3(R). A result of Zimmer implies that the image of p is finite
(see [63]). O

Proof. Let us denote by v; the generators of I' and let [

Proposition 7.4.5 ([65]). Let p be a morphism from a congruence sub-
group T'3(q) of SL3(Z) into Bir(P?). If one of the p(egj) preserves a unique
fibration, then the image of p is finite.

Proof. Let us denote by Efb-’j the image of egj by p ; Remark 7.2.6 implies
that the different generators play a similar role; we can thus assume, with-
out loss of generality, that €7, preserves a unique fibration F.

The relations imply that F is invariant by all the ?Z; ’s. Indeed as
€}, commutes with €{; and €%,, the elements €{, and €%, preserve F (it’s
the unicity) ; then the relation [¢1,,¢%,] = E"fz, which can also be written
€94€15653 = €13€12, implies that €35 preserves F. Thanks to [e},,¢%,] =
?3'3_2‘12 we obtain that F is invariant by é3,. Finally as [e,,€4,] = zgi the
element ng preserves F.

Then, for each éf; there exists h;; in PGL2(C) and

F: P?(C) — Aut(P'(C))
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defining F in such a way that F o E’Z; = h;j o F. Let us consider the
morphism ¢ given by

Fg(qQ) — PGLz((C), é?; — hl]
As T'3(¢?) has Kazhdan’s property (T) the group T' = ker is of finite index
(Lemma 7.4.4) so it also has Kazhdan’s property (T). If F is rational, we
can assume that F = (y = cte) where y is a coordinate in an affine chart
of P?(C) ; as the group of birational maps which preserve the fibration
y = cte can be identified with PGL2(C(y)) x PGL2(C), the image of T’
by p is contained in PGL3(C(y)). In this case p(T") is thus finite (Lemma
7.4.4) which implies that p(T'3(¢?)) and p(T'3(q)) are also finite. The fi-
bration F cannot be elliptic ; indeed the group of birational maps which
preserve pointwise an elliptic fibration is metabelian and a subgroup of
T'3(¢%) cannot be metabelian. O

7.4.4 Factorisation in an automorphism group

Assume that every standard generator of SL3(Z) is elliptic; in particular
every standard generator of SL3(Z) is isotopic to the identity. According
to Remark 7.3.2, Proposition 7.3.4, Lemmas 7.4.2 and 7.4.3, the images of
ey, €T3 and e5; by p are, for some n, automorphisms of a minimal surface
S. First of all let us consider the case S = P?(C).

Lemma 7.4.6 ([65]). Let p be an embedding of SL3(Z) into Bir(P?). If
plety), plets) and p(els) belongs, for some integer n, to PGL3(C), then
p(T'3(n?)) is a subgroup of PGL3(C).

Idea of the proof. According to Lemma 7.3.8 we have normal forms for
plely), plefs) and p(els) up to conjugation. A computation gives the
following alternative

e cither all p(e;”;) are polynomial automorphisms of C?;

e of all p(e?jz) are in PGL3(C).
The first case cannot occur (Theorem 7.2.1). O

The following statement deals with the case of Hirzebruch surfaces.

Lemma 7.4.7 ([65]). Let p be a morphism from SL3(Z) to Bir(P?). As-
sume that p(ely), p(ef's) and p(eds) are, for some integer n, simultaneously
conjugate to some elements of Aut(F,,) with m > 1 ; then the image of p
is either finite, or contained, up to conjugation, in PGL3(C).
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7.4.5 Proof of Theorem 7.1.1 1)

According to Proposition 7.4.5 any standard generator of SL3(Z) is vir-
tually isotopic to the identity. The maps p(els), p(efs) and p(ebs) are,
for some integer n, conjugate to automorphisms of a minimal surface S
(Proposition 7.3.4); we don’t have to consider the case S = P!(C) x P*(C)
(Lemma 7.3.5). We finally obtain that p(I's(n?)) is, up to conjugation, a
subgroup of PGL3(C) (Lemmas 7.4.6 and 7.4.7).

The restriction of p to I'3(n?) can be extended to an endomorphism of
Lie group of PGL3(C) (see [164]); as PGL3(C) is simple, this extension
is injective and thus surjective. According to [71], chapter IV, the auto-
morphisms of PGL3(C) are obtained from inner automorphisms, automor-
phisms of the field C and the involution u ~ {(u~!) ; since automorphisms
of the field C don’t act on I'3(n?), we can assume, up to linear conjugation,
that the restriction of p to I's(n?) coincides, up to conjugation, with the
identity or the involution u — (u=1).

Let f be an element of p(SL3(Z)) \ p(I'3(n?)) which contracts at least
one curve C = Exc f. The group I';(n?) is normal in I' ; therefore the
curve C is invariant by p(I's(n?)) and so by p(I'3(n?)) = PGL3(C) (where
the closure is the Zariski closure) which is impossible. So f belongs

to PGL3(C) and p(SL3(Z)) is contained in PGL3(C).

7.4.6 Proof of Theorem 7.1.1 2)

Theorem 7.4.8 ([65]). Each morphism from a subgroup of finite index
of SL4(Z) in the Cremona group is of finite image.

Proof. Let I be a subgroup of finite index of SLy(Z) and let p be a mor-

phism from I into Bir(P?). To simplify we will assume that I' = SL4(Z).

Let us denote by F;; the images of the standard generators of SL,(Z)

by p. The morphism p induces a faithful representation p from SLj(Z)

into Bir(P?) :

SLs(Z) 0
0 1

According to the first assertion of Theorem 7.1.1, the map p is, up to
conjugation, either the identity or the involution u — (u=1).

Let us begin with the first case. The element E34 commutes with FE3;
and Fsy so p(E14) commutes with (z,y,az + by + z) where a and b are
two complex numbers and Exc p(F34) is invariant by (z,y,az + by + z2).
Moreover E34 commutes with Fq5 and Fa, in other words with the follo-
wing SL2(Z):

SL4(Z) > [ ] — Bir(P?).

SLe(Z) 0 0
SL4(Z) D 0 1 0 | — Bir(P?).
0 01
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But the action of SLy(Z) on C? has no invariant curve; the curves con-
tracted by p(Fs4) are contained in the line at infinity. The image of this
one by (z,y, ax + by + 2) intersects C?; so Exc p(Fs4) is empty and p(E34)
belongs to PGL3(C). With a similar argument we show that p(E,3) be-
longs to PGL3(C). The relations thus imply that p(T4(q)) is in PGL3(C) ;
so the image of p is finite.

We can use a similar idea when p is the involution u + (u™!). O

Conclusion of the proof of Theorem 7.1.1. Let n be an integer greater or
equal to 4 and let I' be a subgroup of finite index of SL,,(Z). Let p be
a morphism from T' to Bir(P?) ; let us denote by I',(q) the congruence
subgroup contained in I' (Theorem 7.2.3). The morphism p induces a
representation from T'4(g) to Bir(IP?); according to Theorem 7.4.8 its kernel
is finite, so ker p is finite. O

7.5 Automorphisms and endomorphisms of
the Cremona group

We will prove Theorem 7.1.3. To do it we will use that (Theorem 2.1.4)

Bir(P) = (Aut(P?) = PCLa(0). (1.7))

)
Ty

Lemma 7.5.1 ([65]). Let ¢ be an automorphism of the Cremona group.
If G|sLy(z) Gs trivial, then, up to the action of an automorphism of the
field C, pjpary(c) is trivial.

Proof. Let us denote by H the group of upper triangular matrices :

1 a b
H= 01 ¢ ‘a,b,cec
0 0 1

The groups H and SL3(Z) generate PGL3(C) so PGL3(C) is invariant by ¢
if and only if ¢(H) = H. Let us set :

So(z,y) = ¢z +b,y), galz,y) = ¢(z + ay,y) and he(z,y) = ¢(z,y + ).
The birational map f, (resp. h.) commutes with (z+1,y) and (2,y+1) so
fo (resp. hc) can be written as (z+n(b), y+{(b)) (vesp. (z+~(c),y+5(c)))
where i and ¢ (resp. v and ) are two additive morphisms; as g, commute

with (z +y,y) and (x + 1,y) we have: g, = (2 + Aq(y),y). The equality

(@ +ay,y)(z,y +c)(z + ay,y) "z, y+ )~ = (¢ +ac,y)
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implies that, for any complex numbers a and ¢, we have: gohe = facheGa-
Therefore fy = (z+1(b),y), ga = (z+p(a)y+6(a),y) and p(a)B(c) = n(ac).
In particular ¢(H) is contained in H. Since p(a)B(c) = n(ac) we have
n=p =0 (because n(1) = u(1) = B(1) = 1); let us note that this equality
also implies that 7 is multiplicative.

Let T denote the group of translations in C? ; each element of T can
be written

(z+a,y)(z,y+b).

As fy, resp. h. is of the type (z +n(b),y), resp. (z 4+ n(c),y +n(c)), the
image of T by ¢ is a subgroup of T. The group of translations is a maximal
abelian subgroup of Bir(P?), so does ¢(T) and the inclusion ¢(T) C T is
an equality. The map 7 is thus surjective and ¢(H) = H. So ¢ induces
an automorphism of PGL3(C) trivial on SL3(Z). But the automorphisms
of PGL3(C) are generated by inner automorphisms, automorphisms of the
field C and the involution u ~ {(u™!) (see [71]). Then up to conjugation
and up to the action of an automorphism of the field C, ¢jpar,(c) is trivial
(the involution v + f(u~!) on SL3(Z) is not the restriction of an inner
automorphism). O

Corollary 7.5.2 ([65]). Let ¢ be an automorphism of the Cremona group.
If ¢isLy(z) s the involution u Y(u™1) then also AIPGLy(C)-

Proof. Let us denote by v the composition of ¢sp,,(z) With the restriction
C of the involution u — (u~1) to SL3(Z). The morphism v can be ex-
tended to a morphism ¢ from PGL3(C) into Bir(P?) by )= PpaLy(c) ©C.
The kernel of 1; contains SL3(Z) ; as the group PGL3(C) is simple, IZ is
trivial. ]

Lemma 7.5.3 ([65]). Let ¢ be an automorphism of the Cremona group
such that ¢ipqry(c) s trivial or is the involution u Y(u™'). There ewist

a b

a, b two nonzero complex numbers such that ¢(o) = (;, v

. . 11
inwvolution (;, @) .

) where o is the

Proof. Assume that @par,(c) is trivial. The map ¢(o) can be writ-

ten (F %) where F' and G are rational. The equality o(Sz, py) =

=
(87 'z, p ty)o implies (F,G)(Bz,py) = (F,G) ; as this equality is true
for any pair (3, ) of nonzero complex numbers, the functions F' and G
are constant.

The involution u — ‘(u~!) preserves the diagonal group; so OIPGL(C)
coincides with u — {(u~1).
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Proof of Theorem 7.1.3. Theorem 7.1.1, Corollary 7.5.2 and Lemma 7.5.1
allow us to assume that up to conjugation and up to the action of an
automorphism of the field C, ¢|pqr,(c) is trivial or is the involution u
f(u™!). Assume we are in the last case and let us set h = (z,2 —y,z—2) ;
the map (ho)? is trivial (see [99]). But ¢(h) = (z +y + 2, —y, —2) and
¢(o) = (9 4 l) (Lemma 7.5.3) so ¢(ho)® # id: contradiction. We

x’ Y’z
thus can assume that ¢;par,(c) is trivial ; the equality (ho)? = id implies

¢(0) = o and Theorem 2.1.4 allows us to conclude.

Using the same type of arguments we can describe the endomorphisms
of the Cremona group.

Theorem 7.5.4 ([68]). Let ¢ be a non-trivial endomorphism of Bir(P?).
There exists an embedding T of the field C into itself and a birational map 1
of P2(C) such that

o(f) = (@ fo ), v f € Bir(P?).
This allows us to state the following corollary.

Corollary 7.5.5 ([68]). The Cremona group is hopfian: any surjective
endomorphism of Bir(P?) is an automorphism.



Chapter 8

Centralizers in the
Cremona group

8.1 Introduction

The description of the centralizers of the discrete dynamical systems is an
important problem in real and complex dynamic. Julia ([120, 119]) and
then Ritt ([156]) show that the set

Cent(f,RatP') = {¢p: P = P! | fy = 9o f }

of rational functions commuting with a fixed rational function f is in gene-
ral fi' = {ff'|n € N} for some fo in Cent(f, RatP') except in some
special cases (up to conjugacy z ~ z¥, Tchebychev polynomials, Lattes
examples...) In the 60’s Smale asks if the centralizer of a generic diffeo-
morphism f: M — M of a compact manifold is trivial, i.e. if

Cent(f, Diff>*(M)) = {g € Diff (M) | fy» = ¢f}

coincides with f% = { fm |n € Z}. Several mathematicians have worked
on this problem, for example Bonatti, Crovisier, Fisher, Palis, Wilkinson,
Yoccoz ([125, 35, 88, 89, 147, 148, 149]).

Let us precise some of these works. In [125] Kopell proves the existence
of a dense open subset  of Diff**(S') having the following property: the
centralizer of any element of € is trivial.

Let f be a C"-diffeomorphism of a compact manifold M without boun-
dary. A point p of M is non-wandering if for any neighborhood U of
p and for any integer ny > 0 there exists an integer n > ng such that
f"UNU # 0. The set of such points is denoted by (f), it is a closed
invariant set; Q(f) is hyperbolic if

106
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e the tangent bundle of M restricted to Q(f) can be written as a con-
tinuous direct sum of two subbundles TonM = E° & E" which are
invariant by the differential Df of f;

o there exists a riemannian metric on M and a constant 0 < p < 1
such that for any p € Q(f), v € E;, w € Epy

[Dfpoll < pllvll, DS, wl| < plfwll.
In this case the sets
W?*(p) = {z eM | d(f"(p), f"(z)) > 0asn — oo}

and
Wi(p)={zeM | d(f(p), f™(2)) = 0 asn — oo}

are some immersed submanifolds of M called stable and unstable mani-
folds of p € Q(f). We say that f satisfies axiom A if Q(f) is hyperbolic
and if Q(f) coincides with the closure of periodic points of f (see [163]). Fi-
nally we impose a “strong” transversality condition: for any p € Q(f)
the stable W#(p) and unstable W*(p) manifolds are transverse. In [147]
Palis proves that the set of diffeomorphisms of M satisfying axiom A and
the strong transversality condition contains a dense open subset A such
that: the centralizer of any f in A is trivial. Anderson shows a similar
result for the Morse-Smale diffeomorphisms ([5]).

In the study of the elements of the group Diff(C, 0) of the germs of holo-
morphic diffeomorphism at the origin of C, the description of the centrali-
zers is very important. Ecalle proves that if f € Diff(C,0) is tangent to
the identity, then, except for some exceptional cases, its centralizer is a f&
(see [84, 85]); it allows for example to describe the solvable non abelian
subgroups of Diff(C,0) (see [56]). Conversely Perez-Marco gets the ex-
istence of uncountable, non linearizable abelian subgroups of Diff(C,0)
related to some difficult questions of small divisors ([154]).

In the context of polynomial automorphisms of the plane, Lamy ob-
tains that the centralizer of a Hénon automorphism is almost trivial. More
precisely we have the following statement: let f be a polynomial automor-
phism of C?; then

e cither f is conjugate to an element of the type
(az + P(y), By +7), PeClyl,a, B,7veC,af#0
and its centralizer is uncountable,
e or f is a Hénon automorphism vg; ... g,% "' where
¥ € Aut(C?), g; = (y, Pi(y) — diz), Pi € Cly], deg P; > 2, §; € C*

and its centralizer is isomorphic to Z x Z/pZ (see [127, Proposi-
tion 4.8]).
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We will not give the proof of Lamy but will give a “related“ result due to
Cantat (Corollary 8.2.4)
Let us also mention the recent work [75] of Dinh and Sibony.

8.2 Dynamics and centralizer of hyperbolic
diffeomorphisms

Let S be a complex surface and let f: S — S be a holomorphic map. Let ¢
be a periodic point of period k for f, i.e. f*(q) = q and f%(q) # ¢ for all
1 <0< k-1 Let \*(q) and X*(q) be the eigenvalues of Df(,). We say
that f is hyperbolic if

A (@) <1 <[A*(g)l-

Let us denote by Py (f) the set hyperbolic periodic points of period k
of f.

Let us consider g € Pi(f); locally around g the map f is well defined.
We can linearize f*. The local stable manifold Wi (q) and local un-
stable manifold W} (q) of f* in g are the image by the linearizing map
of the eigenvectors of D f;". To simplify we can assume that up to con-
a 0
0 8
holomorphic diffeomorphism : (U, q) — (C2,0) where U is a neighbor-

hood of ¢ such that kfFr=! = [ g 2 ] Then Wi .(¢) = k71 (y = 0)
and W (q) = k7 (z = 0):

jugation Df;v is given by { ] with o] < 1 < |B]; there exists a

Wiee(q)

Wite(q)

In the sequel, to simplify, we will denote f instead of f*.
Lemma 8.2.1. There exist entire curves g, &'+ C — S such that
o §(0)=¢5(0)=g;

e the global stable and global unstable manifolds of f in q are
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defined by

WS(‘] U fn loc U fn(wloc
n>0 n>0
o [(§5(2)) = & (a"(2)), f(§5(2)) = §5(a*(2)) for all z € C;

o ifng: C — S (resp. ng: C — S) satisfies the first three proper-
ties, then ny(2) = &' (nz) (resp. nj(2) = & (u'2)) for some p € C*
(resp. ' € C*).

Proof. As we just see there exists a holomorphic diffeomorphism
k: (U,q) — D where U is a neighborhood of ¢ and D a small disk cen-
tered at the origin such that xf*x~1 = [ g 2 ] Moreover Wi (q) =
K~z =0) and W .(q) = s~ (y = 0). Let us extend x. Let z be a point
which does not belong to D; there exist an integer m such that z/a™ be-
long% to D. We then set £g(2) = f™ (k71 (Z)). Let us note that if 2+
and % both belong to D we have

(et G =1 ()

and £;(2) is well-defined. By construction we get
o £(0)=&(0)=¢
o Wig) = J /" (Wie(@), W(@) = [ /" (Wike(0))-

n>0 n>0

o [(£3(2)) = &5 (@"(2)), f(£3(2)) = &5(a”(2)) for all z € C.

The map &; is the analytic extension of Ky 70 Let A be a subset

of {y = O} containing 0. Set ¢ = £3(1). Let n5: A — W} (¢) be a
non-constant map such that

e 1:(0) =g,
o n5(az) = f(n;(2)) for any z in A such that az belongs to A.

Working with 77 o (2 = uz) for some good choice of  instead of 77 we
can assume that 77(1) = ¢. Since

50 =60, 50-60. 7 (&)=6 (%) ez

we have ng = 7. O
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Let ¢ be an automorphism of S which commutes with f. The map
permutes the elements of Py (f). If Py (f) is finite, of cardinal Ny > 0, the
map N+ fixes any element of Pi(f). The stable and unstable manifolds
of the points ¢ of Pi(f) are also invariant under the action of ¢». When
the union of W¥(q) and W*(q) is Zariski dense in S, then the restrictions
of ¥ to Wit _(¢) and W} _(¢) completely determine the map t: S — S.

Let us denote by Ay the subgroup of Cent(f, Aut(S)) which contains
the automorphisms of S fixing any of the Ny points of Py(f). Then ¢
preserves W*(q) and W*(gq). We thus can define the morphism

a: Ay = C* x C*, U= () = (@), (1))
such that

VzeC, ge*(®)2) =v((2) and (e (®)2) = ¢(&(2)-

When the union of W#(¢q) and W¥(gq) is Zariski dense, this morphism is
injective. In particular Ay is abelian and Cent(f, Aut(S)) contains an
abelian subgroup of finite index with index < N!.

Lemma 8.2.2 ([43]). The subset A of C x C defined by

A= {(z,y) € Cx C|&(2) =)}

is a discrete subset of C x C.
The set A intersects {0} x C (resp. C x {0}) only at (0,0).

Proof. Let (z,y) be an element of A and let m be the point of S defined
by m = & (z) = &(y). In a sufficiently small neighborhood of m, the
connected components of W*(q) and W*(q) which contain m are two dis-
tinct complex submanifolds and so intersect in a finite number of points.
Therefore there exist a neighborhood U of x and a neighborhood V of y
such that & () N &2 (V) = {m}. The point (z,y) is thus the unique point
of Ain U x V so A is discrete.

Since g and &; are injective, we have the second assertion. O

Proposition 8.2.3 ([43]). Let f be a holomorphic diffeomorphism of a
connected complex surface S. Assume that there exists an integer k such
that

o the set Pr(f) is finite and non empty;
o for at least one point q in Py(f) we have #(W*(q) N W¥(q)) > 2.

Then the cyclic group generated by f is of finite index in the group of
holomorphic diffeomorphisms of S which commute with f.
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Proof. Let us take the notations introduced previously and let us set A :=
a(Ag). Since #(W*(q) N W¥(q)) > 2, the manifolds W*(q) and W*(q)
intersect in an infinite number of points and there exists a neighborhood U
of ¢ such that any holomorphic function on &/ which vanishes on /N W*(q)
vanishes everywhere. The morphism « is thus injective and A is a discrete
and infinite subset of C x C invariant under the diagonal action of A.

Let us show that A is discrete. Let A be the closure of A in C* x C*.
Since A is discrete, A is A-invariant. Let us assume that A is not dis-
crete; then A contains a l-parameter non-trivial subgroup of the type
t — (et et). Since A is discrete, one of the following property holds:

e A=1{(0,0)},
e u=0and A C C x {0},
e v=0and A C {0} xC.

But according to Lemma 8.2.2 none of this possibilities hold. So A doesn’t
contain a 1-parameter non-trivial subgroup and A is discrete. In particular
there is a finite index abelian free subgroup A’ of A such that the rank
of A’ is less or equal to 2. Since f is an element of infinite order of
Cent(f, Aut(S)), the group (f*) is a free subgroup of rank 1 of Ay, so the
lower bound of the rank of A’ is 1 and if this lower bound is reached
then (f) is of finite index in Cent(f, Aut(S)). Let us consider

exp: Cx C— C* x C*,

then exp~}(AN(C* x C*)) is a discrete subgroup of C2 ~ R*. Its rank is 3
or 4; indeed the kernel of exp contains 2inZ x 2irZ and also (a*(f), a*(f)).

If A’ is of rank 2, then A’ is a discrete and co-compact subgroup of C* x
C* and there exists an element ¢ in Cent(f, Aut(S)) such that

la"(¥)] <1, la(¥)] <1, (a"(¢), 0 (¥)) € A.
Let (2,y) be a point of A\ {(0,0)}; the sequence
P(x,y) = ((a*(¥))"z, (a(¥))"y)

is thus an infinite sequence of elements of A and ¥"(z,y) — (0,0) as
n — 4o0: contradiction. This implies that A’ is of rank 1. O

Corollary 8.2.4 ([43]). Let f be a Hénon automorphism. The cyclic
group generated by f is of finite index in the group of biholomorphisms of
C? which commute with f.

Proof. According to [23] if k is large enough, then the automorphism f has
n > 0 hyperbolic periodic points of period k& whose unstable and stable
manifolds intersect each other. Proposition 8.2.3 allows us to conclude. [
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8.3 Centralizer of hyperbolic birational maps

In this context we can also define global stable and unstable manifolds but
this time we take the union of strict transforms of Wi, (¢) and W{! _(¢) by
f". They are parametrized by holomorphic applications £y, & which are
not necessarily injective: if a curve C is contracted on a point p by f and
if W#(g) intersects E infinitely many times, then W#*(g) passes through p
infinitely many times.

Lemma 8.3.1 ([43]). Let A be the set of pairs (z,y) such that &(z) =
&5 (y). The set A is a discrete subset of CxC which intersects the coordinate
axis only at the origin.

Proof. Let (x,y) be a point of A and set m = {3 (x) = £3(y). The unstable
and stable manifolds can a priori pass through m infinitely many times.
But since each of these manifolds is the union of the fi"(W;La/CS (g)), there
exist two open subsets & 5  and V 3 y of C and an open subset W of S
containing m such that £ ()N W and £5(V)NW are two distinct analytic
curves of WW. We can assume that # (£ (U) N €5 (V) = 1 (if it is not the
case we can consider U’ C U and V' C V such that #( U )NES(V')) = 1);
therefore (z,y) is the only point of A contained in ¢ x V. The set A is
thus discrete. Since ¢ is periodic there is no curve contracted onto ¢ by
an iterate of f, the map & (resp. 5;;) doesn’t pass again through ¢. So A
intersects the axis-coordinates only at (0,0). O

Let us recall that if a map f is algebraically stable then the positive
orbits f"(p), n > 0, of the elements p of Ind f~! do not intersect Ind f.
We say that f satisfies the Bedford-Diller condition if the sum

) A%) log(dist(f" (p), Ind /))
n>0

is finite for any p in Ind f~!; in other words the positive orbit f(p), n > 0,
of the elements p of Ind f~! does not go too fast to Ind f. Note that
this condition is verified by automorphisms of P?(C) or also by birational
maps whose points of indeterminacy have finite orbit. Let us mention the
following statement.

Theorem 8.3.2 ([18, 83]). Let f be a hyperbolic birational map of complex
projective surface. Assume that f satisfies the Bedford-Diller condition.
Then there is a infinite number of hyperbolic periodic points whose stable
and unstable manifolds intersect.
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8.3.1 Birational maps satisfying Bedford-Diller condi-
tion

Proposition 8.3.3 ([43]). Let f be a hyperbolic birational map of a com-
plex projective surface S. If f satisfies the Bedford-Diller condition, then
the cyclic subgroup generated by f is of finite index in the group of bira-
tional maps of S which commute with f.

Proof. The set of hyperbolic periodic points of f of period k is a finite set.
According to Theorem 8.3.2 there exists an integer k such that

e ¢ is a hyperbolic periodic point of period k;
e W5(q) and W¥(q) are Zariski dense in S;
o #(W*(q) NWH(q)) is not finite.

Let 1 be a birational map of S which commutes with f. The map v
permutes the unstable and stable manifolds of hyperbolic periodic points
of f even if these manifolds pass through a point of indeterminacy of .
Indeed, if ¢ is a periodic point of f and W¥(q) is Zariski-dense, then 1) is
holomorphic in any generic point of W*(g) so we can extend ¢ analytically
along W*(q). Since f has v, hyperbolic periodic points of period k, there
exists a subgroup By, of Cent( f, Bir(S)) of index less than vy!; any element
of By, fixes W*(q) and W¥(q). More precisely there exists a morphism

a: By — C* x C*, = (a¥(1h), @ (1))

such that ( ;/S(z)) = ;/S(a“/”(w)z) for any 1 of By and for any z of C
such that 1 is holomorphic on a neighborhood of &; / *(2).

As W*(q) and W*(q) are Zariski dense, « is injective. Then we can
apply the arguments of Proposition 8.2.3. |

8.3.2 Birational maps that don’t satisfy Bedford-Diller
condition

Let f be a birational map of a complex surface S; assume that f is alge-
braically stable. Let p be a point of indeterminacy of f. If C is a curve
contracted on p by an iterate f~", n > 0, of f, then we say that C comes
from p. If ¢ is a point of S for which there exists an integer m such that

VO<t<m, f'q)¢Indf, fMa)=p

we say that ¢ is a point of indeterminacy of f passing through p at the
time m. Since f is algebraically stable, the iterates f~™ of f, m > 0,
are all holomorphic in a neighborhood of p so the unique point passing
through p at the time m is f~"(p). We say that p has an infinite negative
orbit if the set {f~™(p)|m > 0} is infinite.
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Lemma 8.3.4 ([43]). Let f be a birational map of S. Assume that f
is algebraically stable. Let p be a point of indeterminacy of f having an
infinite negative orbit. One of the following holds:

i. there exist an infinite number of irreducible curves contracted on p
by the iterates f~™ of f, n € N;

ii. there exists a birational morphism m: S — S' such that wfr=! is
an algebraically stable birational map of S whose all iterates are
holomorphic in a neighborhood of 7 (p).

We will say that a point of indeterminacy p is persistent if there exists
no birational morphism 7: S — S’ satisfying property 4.

Proof. Assume that the union of the curves contracted by f=™, n > 0,
onto p is a finite union C of curves.
Let us consider a curve C in C such that

e f™ is holomorphic on C;
e f™(C) is a point.

We can then contract the divisor C' by a birational map 7: S — S’ and
the map 7 fr~" is still algebraically stable. By induction we can suppose
that there is no such curve C in C.

If C is empty the second assertion of the statement is satisfied.

Assume that C is not empty. If C' belongs to C and f™(C) does not
belong to C then f™(C) is a point which does not belong to C' and f™
is holomorphic along C: contradiction. So for any curve C of C, f™(C),
m > 0, belongs to C. We can hence assume that C is invariant by any
f™ with m > 0. The set C is invariant by f™ for any n in Z so f~"(p),
n > 0, is a sequence of points of C. Let C be an irreducible component of
C passing through p. Since C contains curves coming from p there exists
an integer k such that f~* is holomorphic along C' and contracts C onto p.
Therefore the negative orbit of p passes periodically through p and cannot
be infinite: contradiction. |

Lemma 8.3.5 ([58, 74]). Let S be a compact complex surface and let f be
a birational map of S. If f preserves an infinite number of curves, then f
preserves a fibration.

Proposition 8.3.6 ([43]). Let [ be an algebraically stable birational map
of a compact complex surface S. Let p be a persistent point of indetermi-
nacy of f whose negative orbit is infinite. If ¢ is a birational map of S
which commutes with f then

e cither ¢ preserves a pencil of rational curves;
e or an iterate Y™ of 1, m # 0, coincides with an iterate f™ of f.
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Proof. Let us set v := #1Ind f, and consider "' instead of ¥. Since the
negative orbit of p is infinite, there exists an integer ko such that v is
holomorphic around the points f~%(p) for any k > kg. For any n > 0
let us denote by C,, the union of curves coming from p. The periodic
point p is persistent, so according to Lemma 8.3.4 there is an infinite
number of curves coming from p. Hence there exists an integer ng such
that for any n > ng the map ¢ does not contract C,. Since f and 1
commute, ¥(f~*(p)) is a point of indeterminacy of f™ for at least an
integer
0<m<ng+k+1(Nk> ko).

This point of indeterminacy passes through p. Let us consider 1 f¢ for some
good choice of £; we can thus assume that ¢(f~*(p)) is a point of indeter-
minacy of f passing through p at the time & and so %(f~*(p)) = f~*(p)
for any k > ko. Moreover for n sufficiently large we have ¥(C,) = C,. We
conclude with Lemma 8.3.5. |

Corollary 8.3.7 ([43]). Let f be a birational map of a compact complex
surface S which is algebraically stable. Assume that

e the map f is hyperbolic;
e [ has a persistent point of indeterminacy whose negative orbit is
infinite.

If 4 is a birational map of S which commutes with f, there exists n € Z
and m € Z\ {0} such that ™ = f".
Proof. Let v be in Cent(f, Bir(P?)). Assume that v preserves a pencil
of curves P. As f is hyperbolic, f doesn’t preserve a pencil of curves
so 1 preserves two distinct pencils P and f(P). According to [73] an
iterate of v is conjugate to an automorphism isotopic to the identity on
a minimal rational surface S'; let us still denote by f and by v the maps
of S’ obtained from f and 1 by conjugation. Assume that ¢ has infinite
order; let us denote by G the Zariski closure of the cyclic group generated
by ¢ in Aut(S’). It is an abelian Lie group which commutes with f. Any
subgroup of one parameter of G determines a flow which commutes with
f: foe = ¢uf. If the orbits of ¢; are algebraic curves, f preserves a pencil
of curves: contradiction with A(f) > 1. Otherwise ¢, fixes a finite number
of algebraic curves and among these we find all the curves contracted by f
or by some f™; hence there is a finite number of such curves: contradiction
with the second assumption. 0

Since then Blanc and Cantat got a more precise statement.
Theorem 8.3.8 ([31]). Let f be a hyperbolic birational map. Then
Cent(f,Bir(P?)) ~Z x F

where F' denotes a finite group.
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8.4 Centralizer of elliptic birational maps of
infinite order

Let us recall ([32, Proposition 1.3]) that an elliptic birational map f
of P2(C) of infinite order is conjugate to an automorphism of P?(C) which
restricts to one of the following automorphisms on some open subset iso-
morphic to C2:

e (azx,By), where a, 8 € C*, and where the kernel of the group homo-
morphism Z2 — C* given by (i,5) — o' is generated by (k,0) for
some k € Z.

o (az,y+1), where o € C*.
We can describe the centralizers of such maps.

Lemma 8.4.1 ([32]). Let us consider f = (ax,By) where a, § are in
C*, and where the kernel of the group homomorphism Z?> — C* given by
(i,7) — o’B7 is generated by (k,0) for some k € Z. Then the centralizer
of f in Bir(P?) is

Cent(f, Bir(P*))={(n(x), yR(«")) | REC(x), nEPGL2(C), n(az)=an()}.

Lemma 8.4.2 ([32]). Let us consider f = (ax,y + 8) where a, 8 € C*.
Then Cent(f, Bir(P?)) is equal to

{(n(@),y+R(x)) | € PGL2(C), n(aw) = an(x), R € C(x), R(ax) = R(x)}.

8.5 Centralizer of de Jonquiéres twists

Let us denote by 72 the morphism from dJ (see Chapter 2, §2.3) into
PGLy(C), i.e. ma(f) is the second component of f € dJ. The elements
of dJ which preserve the fibration with a trivial action on the basis of the
fibration form a normal subgroup dJy of dJ (kernel of the morphism ms);
of course dJy ~ PGL2(C(y)). Let f be an element of dJo; it is, up to
conjugacy, of one of the following form (see for example [67])

@ G@rapa) b G, o (LIELI)

with a in C(y), b in C(y)* and ¢, F' in C[y], F being not a square (if F is
a square, then f is conjugate to an element of type b).
The non finite maximal abelian subgroups of dJ, are

dJ, = {('E + a(y)vy) } a€ (C(y)}7 dJpm = {(b(y)lvy) ! be C(y)*}’
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dJp = {(Ly), (My> ‘66 C(y)}

z + c(y)

where F' denotes an element of C[y] which is not a square ([67]). We
can assume that F' is a polynomial with roots of multiplicity one (up
to conjugation by a map (a(y)z,y)). Therefore if f belongs to dJy and
if Ab(f) is the non finite maximal abelian subgroup of dJy that contains f
then, up to conjugacy, Ab(f) is either dJ,, or dJ,,, or dJp. More precisely
if f is of type a (resp. b, resp. c), then Ab(f) = dJ, (resp. Ab(f) = dJ,,
resp. Ab(f) = dJp).

In [51] we first establish the following property.
Proposition 8.5.1 ([51]). Let f be an element of dJg. Then

o cither Cent(f, Bir(P?)) is contained in dJ;

e or f is periodic.

Proof. Let f = (¢(x,y),y) be an element of dJo, i.e. 1) € PGL2(C(y)).
Let ¢ = (P(z,y),Q(x,y)) be a rational map that commutes with f.
If  does not belong to dJ, then @ = cte is a fibration invariant by f which
is not y = cte. Hence f preserves two distinct fibrations and the action on
the basis is trivial in both cases so f is periodic. O

This allows us to prove the following statement.

Theorem 8.5.2 ([51]). Let f be a birational map which preserves a ratio-
nal fibration, the action on the basis being trivial. If f is a de Jonquiéres
twist, then Cent(f, Bir(P?)) is a finite extension of Ab(f).

This result allows us to describe, up to finite index, the centralisers of
the elements of dJ\ dJo, question related to classical problems of difference
equations. A generic element of dJ \ dJo has a trivial centralizer.

In this section we will give an idea of the proof of Theorem 8.5.2.

8.5.1 Maps of dJ,
Proposition 8.5.3 ([51]). The centralizer of f = (x +1,y) is
{(z+b(y),v(y) |be Cly), v € PGLy(C)} ~ dJ, x PGLy(C).

Proof. The map f is not periodic and so, according to Proposition 8.5.1,
any map 1) which commutes with f can be written as (11 (z,y), v(y)) with v
in PGLy(C). The equality fi = ¢ f implies ¢1(x + 1,y) = ¢1(z,y) + 1.
Thus %(m +1,y) = %(m,y) and % depends only on y, i.e.

1(2,y) = A(y)z + B(y).
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Writing again ¢4 (z 4+ 1,y) = ¢¥1(z,y) + 1 we get A = 1. Hence
¥ =(z+ B(y),v(y)), B € C(y)v € PGLy(C).
O

Corollary 8.5.4. The centralizer of a non trivial element (x + b(y),y) is
thus conjugate to dJ, x PGLy(C).

Proof. Let f = (z+a(y),y) be a non trivial element of dJ,, i.e. a # 0; up
to conjugation by (a(y)z,y) we can assume that f = (z + 1,y). O

8.5.2 Maps of dJ,,

If a € C(y) is non constant, we denote by stab(a) the finite subgroup of
PGLy(C) defined by

stab(a) = {v € PGLy(C) | a(v(y)) = a(y) }.
Let us also introduce the subgroup
Stab(a) = {v € PGL»(C) | a(v(y)) = a(y)*'}.
We remark that stab(a) is a normal subgroup of Stab(a).

Example 8.5.5. If k is an integer and if a(y) = y*, then

stab(a) = {w*y|w* =1} & Stab(a) = <$ why Wk =1).

Let us denote by stab(a) the linear group
stab(a) = {(z,v(y)) | v € stab(a)}.

By definition the group Stab(a) is generated by stab(a) and the elements
(%, v(y)), with v in Stab(a) \ stab(a).
Proposition 8.5.6 ([51]). Let f = (a(y)z,y) be a non periodic element
of dJp,-
If f is an elliptic birational map, i.e. a is a constant, the centralizer
of f is
{(b)z,v(y)) [b € Cy)", v € PGLy(C)}.

If f is a de Jonquiéres twist, then Cent(f,Bir(P?)) = dJ,, x Stab(a).
Remarks 8.5.7. e For generic a the group Stab(a) is trivial; so for
generic f € dJ,,, the group Cent(f, Bir(P?)) coincides with dJ,, =
Ab(f).

o If f = (a(y)z,y) with a non constant, then Cent(f,Bir(P?)) is a
finite extension of dJ,, = Ab(f).

o If f = (aw,y), a € C*, we have Cent(f,Bir(P?)) = dJ,, x Stab(a)
(here we can define Stab(a) = PGLy(C)).
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8.5.3 Maps of dJp

Let us now consider the elements of dJr; as we said we can assume that F'
only has roots with multiplicity one. We can thus write f as follows:

_ (2 +Fly) . ):
f= (79”6@) 7./> c € C(y);

the curve of fixed points C of f is given by 22 = F(y). Since the eigenvalues

of [ c(ly) f((g?j)) ] are c¢(y) = /F(y) we note that f is periodic if and only
if ¢ is zero; in that case f is periodic of period 2. Assume now that f is
not periodic. As F' has simple roots the genus of C is > 2 for deg F' > 5,
is equal to 1 for deg F' € {3, 4}; finally C is rational when deg F' € {1, 2}.

Assume that the genus of C is positive

Since f is a de Jonquieres twist, f is not periodic. The map f has two fixed
points on a generic fiber which correspond to the two points on the cur-
ve z2 = F(y). The curves 22 = F(y) and the fibers y = cte are invariant
by f and there is no other invariant curve. Indeed an invariant curve which
is not a fiber y = cte intersects a generic fiber in a finite number of points
necessary invariant by f; since f is of infinite order it is impossible (a
Moebius transformation which preserves a set of more than three elements
is periodic).

Proposition 8.5.8 ([51]). Let f = (%w,y) be a non periodic map
(i.e. ¢ #0), where F is a polynomial of degree > 3 with simple roots (i.e.
the genus of C is > 1). Then if F is generic, Cent(f, Bir(P?)) coincides
with dJ g ; if it is not, Cent(f, Bir(P?)) is a finite extension of dJp = Ab(f).

Suppose that C is rational

Let f be an element of dJp; assume that f is a de Jonquieres twist.

The curve of fixed points C of f is given by 22 = F(y). Let v be
an element of Cent(f,Bir(IP?)); either ¢ contracts C, or 1 preserves C.
According to Proposition 8.5.1 the map 1) preserves the fibration y =
constant; the curve C is transverse to the fibration so ¢ cannot contract
C. Therefore 9 belongs to dJ and preserves C. As soon as deg F' > 3 the
assumptions of Proposition 8.5.8 are satisfied; so assume that deg F' < 2.
The case deg F' = 2 can be deduced from the case deg F' = 1. Indeed let us

consider f = (%,y) Let us set ¢ = (Cyﬁ_(“ f;’fj) We can check

that ¢! fo can be written

<E(y)x + (ay +b)(cy +d) )
x +c(y) )
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and this allows to obtain all polynomials of degree 2 with simple roots. If
y—b
a

deg F =1, i.e. F(y) = ay+ b, we have, up to conjugation by (z,

Fly) =y
Lemma 8.5.9 ([51]). Let f be a map of the form (péi)cqr(;;/,y) with ¢
in C(y)*. If ¢ is an element of Cent(f, Bir(P?)), then w2 (1) is either o

a € C*, or &y, & root of unity; moreover, w2 (1)) belongs to stab (C‘(‘;ggfy)

For o in C* we denote by Do () the infinite dihedral group
a .
Deol(a) = <7, wy } w root of un1ty>;
Y

let us remark that any Do () is conjugate to Do (1).
If ¢ is a non constant element of C(y)*, then S(c; ) is the finite sub-
group of PGLy(C) given by

S(c; ar) = stab (%

The description of Cent(f, Bir(P?)) with f in dJr and C = Fix f ratio-
nal is given by:

) N Doo(c).

Proposition 8.5.10 ([51]). Let us consider f = ("J(ff;;r;’y) with ¢ in

C(y)*, ¢ non constant. There exists a in C* such that
Cent(f, Bir(P?)) = dJ, x S(c; a).

Propositions 8.5.3, 8.5.6, 8.5.8 and 8.5.10 imply Theorem 8.5.2.

8.6 Centralizer of Halphen twists

For the definition of Halphen twists, see Chapter 3, §3.2.

Proposition 8.6.1 ([43, 99]). Let f be an Halphen twist. The centralizer
of f in Bir(P?) contains a subgroup of finite index which is abelian, free
and of rank < 8.

Proof. Up to a birational change of coordinates, we can assume that f
is an element of a rational surface with an elliptic fibration 7: S — P!
and that this fibration is f-invariant. Moreover we can assume that this
fibration is minimal (there is no smooth curve of self intersection —1 in the
fibers) and so f is an automorphism. The elliptic fibration is the unique
fibration invariant by f (see [73]) so it is invariant by Cent(f, Bir(P?));
thus Cent(f, Bir(P?)) is contained in Aut(S).
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As the fibration is minimal, the surface S is obtained by blowing up
P%(C) in the nine base-points of an Halphen pencil’ and the rank of its
Neron-Severi group is equal to 10 (Proposition 1.1.8). The automorphism
group of S can be embedded in the endomorphisms of H?(S,Z) for the
intersection form and preserves the class [Kg| of the canonical divisor,
i.e. the class of the elliptic fibration. The dimension of the orthogonal
hyperplane to [Kg] is 9 and the restriction of the intersection form on its
hyperplane is semi-negative: its kernel coincides with Z[Kg]. Hence Aut(S)
contains an abelian group of finite index whose rank is < 8. O

LAn Halphen pencil is a pencil of plane algebraic curves of degree 3n with nine
n-tuple base-points.



Chapter 9

Automorphisms with
positive entropy, first
definitions and properties

Let V be a complex projective manifold. Let ¢ be a rational or holomorphic
map on V. When we iterate this map we obtain a “dynamical system”: a
point p of V moves to p1 = ¢(p), then to p2 = ¢(p1), to ps = ¢(p2) ... So
¢ “induces a movement on V”. The set {p, P1, P2, P3, ... ; is the orbit
of p.

Let A be a projective manifold; A is an Abelian variety of dimen-
sion k if A(C) is isomorphic to a compact quotient of C* by an additive
subgroup.

Multiplication by an integer m > 1 on an Abelian variety, endomor-
phisms of degree d > 1 on projective spaces are studied since XIXth cen-
tury in particular by Julia and Fatou ([4]). These two families of maps
“have an interesting dynamic”. Consider the first case; let f,, denote
the multiplication by m. Periodic points of f,,, are repulsive and dense in
A(C) : a point is periodic if and only if it is a torsion point of A; the
differential of f;, at a periodic point of period n is an homothety of ratio
m" > 1.

Around 1964 Adler, Konheim and McAndrew introduce a new way
to measure the complexity of a dynamical system: the topological en-
tropy ([1]). Let X be a compact metric space. Let ¢ be a continuous map
from X into itself. Let € be a strictly positif real number. For all integer
n let N(n,e) be the minimal cardinal of a part X,, of X such that for all
y in X there exists x in X satisfying

dist(f7(z), ' (y)) <e, VOo<j<n.

122
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We introduce heop(f, €) defined by

1
heop(f, €) = limsup —log N(n,e).

n—+oo N

The topological entropy of f is given by
htop(f) = Ehir(l) hmp(f» 5)'

For an isometry of X the topological entropy is zero. For the multi-
plication by m on a complex Abelian variety of dimension k we have:
hiop(f) = 2klog m. For an endomorphism of P*(C) defined by homoge-
neous polynomials of degree d we have: hyop(f) = klog d (see [104]).

Let V be a complex projective manifold. On which conditions do ra-
tional maps with chaotic behavior exist ? The existence of such rational
maps implies a lot of constraints on V :

Theorem 9.0.2 ([14]). A smooth complex projective hypersurface of di-
mension greater than 1 and degree greater than 2 admits no endomorphism
of degree greater than 1.

Let us consider the case of compact homogeneous manifolds V : the
group of holomorphic diffeomorphisms acts faithfully on V and there are
a lot of holomorphic maps on it. Meanwhile in this context all endomor-
phisms with topological degree strictly greater than 1 come from endomor-
phisms on projective manifolds and nilvarieties.

So the “idea” is that complex projective manifolds with rich polynomial
dynamic are rare; moreover it is not easy to describe the set of rational or
holomorphic maps on such manifolds.

9.1 Some dynamics

9.1.1 Smale horseshoe

The Smale horsehoe is the hallmark of chaos. Let us now describe it (see
for exzample [160]). Consider the embedding f of the disc A into itself.
Assume that

e f contracts the semi-discs f(A) and f(F) in A;

e f sends the rectangles B and D linearly to the rectangles f(B)
and f(D) stretching them vertically and shrinking them horizontally,
in the case of D it also rotates by 180 degrees.

We dont care what the image f(C) of C'is, as long as f(C)N(BUCU
D) = 0. In other words we have the following situation
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= B Qo=

There are three fixed points: p € f(B), ¢ € A, s € f(D). The points ¢ is
a sink in the sense that for all z € AUCUE we have nli’r_'r_loo f"(2) = q. The
points p and s are saddle points: if m lies on the horizontal through p
then f™ squeezes it to p as n — +oo, while if m lies on the vertical
through p then f~" squeezes it to p as n — +o00. In some coordinates
centered in p we have

V(z,y) € B, fla,y) = (kz,my)

for some 0 < k < 1 < m; similarly f(z,y) = (—kz,—my) on D for some
coordinates centered at s. Let us recall that the sets

We(p) = {z | f"(z) = pasn— +oo},

Wh(p) ={z | f"(z) 2> pasn— —o0}
are called stable and unstable manifolds of p. They intersect at r, which is
what Poincaré called a homoclinic point. Homoclinic points are dense

in {meA | fr(m) €A, neZl.
The keypart of the dynamic of f happens on the horseshoe

A= {z‘f”(z) €BUD VneZ}.

Let us introduce the shift map on the space of two symbols. Take two
symbols 0 and 1, and look at the set 3 = {O, 1}Z of all bi-infinite sequences
a = (ap)nez where, for each n, a, is 0 or 1. The map o: ¥ — ¥ that sends
a = (an) to o(a) = (an+1) is a homeomorphism called the shift map. Let
us consider the itinerary map i: A — ¥ defined as follows: i(p) = (Sn)nez
where s, = 1if f*(p) is in B and s, = 0 if f"(p) belongs to D. The
diagram

[eg
E——

<0

I
—_—
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commutes so every dynamical property of the shift map is possessed equally
by fia- Due to conjugacy the chaos of o is reproduced exactly in the
horseshoe: the map o has positive entropy: log2; it has 2™ periodic orbits
of period n, and so must be the set of periodic orbits of fj4.

To summarize: every dynamical system having a transverse homoclinic
point also has a horseshoe and thus has a shift chaos, even in higher di-
mensions. The mere existence of a transverse intersection between the
stable and unstable manifolds of a periodic orbit implies a horseshoe;
since transversality persists under perturbation, it follows that so does
the horseshoe and so does the chaos.

The concepts of horseshoe and hyperbolicity are related. In the descrip-
tion of the horseshoe the derivative of f stretches tangent vectors that are
parallel to the vertical and contracts vectors parallel to the horizontal, not
only at the saddle points, but uniformly throughout A. In general, hy-
perbolicity of a compact invariant set such as A is expressed in terms of
expansion and contraction of the derivative on subbundles of the tangent
bundle.

9.1.2 Two examples

Let us consider P.(z) = 22 4 ¢. A periodic point p of P, with period n is
repelling if |(P?(p))’| > 1 and the Julia set of P, is the closure of the set
of repelling periodic points. P, is a complex horseshoe if it is hyperbolic
(i.e. uniformly expanding on the Julia set) and conjugate to the shift on
two symbols. The Mandelbrot set M is defined as the set of all points ¢
such that the sequence (P2*(0)),, does not escape to infinity

M={ceC|3IseR,VneN, |PH0)| <s}.
The complex horseshoe locus is the complement of the Mandelbrot set.

Let us consider the Hénon family of quadratic maps
Pap: R? = R?, bap(7,y) = (z° +a —by,z).

For fixed parameters a and b, ¢4 defines a dynamical system, and we
are interested in the way that the dynamic varies with the parameters.
The parameter b is equal to det jac ¢, ; when b = 0, the map has a one-
dimensional image and is equivalent to P,. As soon as b is non zero, these
maps are diffeomorphisms, and maps similar to Smale’s horseshoe example
occur when a << 0 (see [70]).

In the 60’s it was hoped that uniformly hyperbolic dynamical systems
might be in some sense typical. While they form a large open sets on all
manifolds, they are not dense. The search for typical dynamical systems
continues to be a great problem, in order to find new phenomena we try
the framework of compact complex surfaces.
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9.2 Some algebraic geometry

9.2.1 Compact complex surfaces

Let us recall some notions introduced in Chapters 1 and 3 and some others.
To any surface S we associate its Dolbeault cohomology groups H?:9(S)
and the cohomological groups H*(S, Z), H*(S,R) and H*(S, C). Set

Hy'(S) = HYY(S) N H2(S,R).

Let f: X --» S be a dominating meromorphic map between compact
complex surfaces, let ' be a desingularization of its graph and let 7, 7o
be the natural projections. A smooth form o in C;5(S) can be pulled back
as a smooth form m5a € Cp%,(T') and then pushed forward as a current.
We define f* by

ffa=muma

which gives a L form on X that is smooth outside Ind f. The action of f*

satisfies: f*(da) = d(f*«) so descends to a linear action on Dolbeault
cohomology.
Let {a} € H”9(S) be the Dolbeault class of some smooth form o. We
set
e} ={m.ma}t € H(X).

This defines a linear map f* from HP(S) into H”7(X). Similarly we can
define the push-forward f, = mo,7i from HP4(X) into HP9(S). When f
is bimeromorphic, we have f. = (f~!)*. The operation (a, 8) = [a A B
on smooth 2-forms induced a quadratic intersection form, called product
intersection, denoted by (-, -) on H2(S, C). Its structure is given by the
following fundamental statement.

Theorem 9.2.1 ([9]). Let S be a compact Kdihler surface and let h*! de-
note the dimension of HY1(S,R) C H2(S,R). Then the signature of the
restriction of the intersection product to HV(S,R) is (1,hbt —1). In par-
ticular, there is no 2-dimensional linear subspace L in HY1(S,R) with the
property that (v, v) =0 forall v in L.

The Picard group Pic(P?) is isomorphic to Z (see Chapter 1, Ex-
ample 1.1.2); similarly H2(P?(C), Z) is isomorphic to Z. We may identi-
fy Pic(P?) and H%(P?(C),Z).

9.2.2 Exceptional configurations and characteristic
matrices

Let f € Bir(P?) be a birational map of degree v. By Theorem 1.3.1 there
exist a smooth projective surface S’ and 7, 1 two sequences of blow-ups
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such that

We can rewrite 7 as follows
TS =8, S 1 5. B85 B sy =P(C)
where 7; is the blow-up of the point p; 1 in S;_;. Let us set
E; =7 (pi), & = (mig10...0m) B,

The divisors &; are called the exceptional configurations of m and
the p; base-points of f.

For any effective divisor D # 0 on P?(C) let mult,,D be defined induc-
tively in the following way. We set mult,, D to be the usual multiplicity
of D at p; : it is defined as the largest integer m such that the local equa-
tion of D at p; belongs to the m-th power of the maximal ideal mp> p, .
Suppose that mult, D is defined. We take the proper inverse transform
71';1D of D in S; and define mult, ., D = mult,,, 7w 'D. It follows from

Pi+1 Pi+1"1
the definition that

k
77D = 7*(D) — Zmi&:
i=1

where m; = mult,,D.
There are two relationships between v and the m;’s (Chapter 1, §1.2):

k k
1=V2—Zm?, 3=3V—Zmi‘
i=1 i=1

An ordered resolution of f is a decomposition f = nm~! where 7
and 7 are ordered sequences of blow-ups. An ordered resolution of f
induces two basis of Pic(S)

o B={eg=n"H,e1 =[E1], ..., er = [E]},
« B = {eh=yH el =[], ... & =[]},
where H is a generic line. We can write e} as follows

k k

ey = veyg — E mieq, ¢ = vjeo — E mgje;, j > 1.
i=1 i=1
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The matrix of change of basis

v |21 o Vi
—my —miy ... —Mig
M=
—mp  —Mg1 ... —Mgk

is called characteristic matriz of f. The first column of M, which is the
characteristic vector of f, is the vector (v, —my, ..., —my). The other
columns (v;, —myj, ..., —my;) describe the “behavior of &”: if v; > 0,
then 7(€7) is a curve of degree v; in P?(C) through the points pg of f with
multiplicity m;.

Example 9.2.2. Consider the birational map
o: P?(C) --» P*(C), (x:y:2) - (yz:22:2y).

The points of indeterminacy of o are P =(1:0:0), @ =(0:1:0)
and R = (0 : 0 : 1); the exceptional set is the union of the three lines
A={x=0} A"={y=0} and A" = {z = 0}.

First we blow up P; let us denote by E the exceptional divisor and by
Dy the strict transform of D. Set

y=u E={u =0} Yy =ris1 E={s =0}
Z = uiv AV ={v; =0} z2=81 Al ={r =0}
On the one hand

(u1,v1) = (u1,u101)(y,2) = (v g 2 1)

B ( 11 ) . < 1 1) )
u v/ w01 ()

(r1,81) = (1151, 81)(y,2) = (T151: 1:71)

_<1 1) _)<1 1)
181 81/ 2 "5 s

Hence E is sent on Ay; as o is an involution Ay is sent on E.

on the other hand

Now blow up Qq; this time let us denote by F the exceptional divisor
and by Dy the strict transform of Dy :

{z:ug F = {uy =0} {x:rm E={sy =0}

Z = UgVs AL = {vy =0} z =89 Ay = {ry =0}
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We have

(u2,v2) = (uz,U2v2)(p,z) — (v : ugva : 1)

(1 1> (1 1>
= D — Ty T
U2 U202/ @z \Y2 2/ ()

(r2,82) = (ras2, 82)(a,2) — (1 : 7282 1 72)

<1 1) (1 1)
=(—,— (=, — .
7252 52/ @z T2 52/ (r.00)

Therefore F — Al and A, — F.

and

Finally we blow up Ryg; let us denote by G the exceptional divisor and

set

T = u3 G = {ug =0} T =T383 E = {s3 =0}
Y = uzvs Ag’ = {’Ug = O} Z = 83 Az = {7’3 = 0}
Note that

(u3,v3) = (u3,u3V3) (z,y) — (V3 :1: uzv3)

B ( 1 1 ) — ( L )
w3’ u3vs (z,y) U s (va-vs)

(r3,83) = (7353,53)(a,y) = (1: 73 :7353)

(1 1> (1 1)
=(—)— - | —,— .
353 53/ (2,) "8 53/ (r3,s3)

Thus G — A} and Ay — G. There are no more points of indeterminacy,
no more exceptional curves; in other words o is conjugate to an automor-

phism of Blp g, r,P?.

and

Let H be a generic line. Note that &, = E, &, = F, &3 = H. Consider
the basis {H, E, F, G}. After the first blow-up A and E are swapped; the
point blown up is the intersection of A’ and A" so A — A+F + G. Then
o*E =H —F — G. Similarly we have:

cF=H-E-G and c*G=H-E-F.
It remains to determine o*H. The image of a generic line by o is a conic
hence 0*H = 2H — m1E — moF — m3G. Let L be a generic line described
by apx + a1y + azz. A computation shows that

(u1,v1) = (u1,u1v1)(y,2) — (u?vl fugvr tug) = ug(aguz + ajugvs + as)
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vanishes to order 1 on E = {u; = 0} thus my = 1. Note also that
(u2,v2) = (U2, Uu202) (5,2 = (U2 : udvy 1 ug) — up(aguy + arugvs + ag),
respectively
(u3,v3) = (U3, u303)(z,y) = (Uzv3 : U3 : M%’Ug) — ug(agvs + a1 + asuzvs)
vanishes to order 1 on F = {us = 0}, resp. G = {uz = 0} so mg = 1,
resp. mg = 1. Therefore c*H = 2H — E — F — G and the characteristic
matriz of o in the basis {H7 E, F, G} 18

2 1 1 1

-1 0 -1 -1

-1 -1 0 -1
-1 -1 -1 0

M, =

Example 9.2.3. Let us consider the involution given by
p: P2(C) --» P?(C), (z:y:z)--» (zy: 2% yz).

We can show that M, = M,.

Example 9.2.4. Consider the birational map
7: P?(C) --» P%(C), (x:y:2) - (22 xy:y? - x2).

We can verify that M, = M,.

9.3 Where can we find automorphisms with
positive entropy ?

9.3.1 Some properties about the entropy

Let f be a map of class C> on a compact manifold V; the topological
entropy is greater than the logarithm of the spectral radius of the linear
map induced by f on H*(V,R), direct sum of the cohomological groups
of V:

heop(f) > log 7(f*).

Remark that the inequality hiop(f) > log r(f*) is still true in the mero-
morphic case ([76]). Before stating a more precise result when V is Kéhler
we introduce some notation: for all integer p such that 0 < p < dim¢ V we
denote by Ap(f) the spectral radius of the map f* acting on the Dolbeault
cohomological group HPP(V,R).
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Theorem 9.3.1 ([104, 102, 174]). Let f be a holomorphic map on a com-
pact complex Kdhler manifold V; we have

hiop(f) = oc, ax | log Ap(f)-
Remark 9.3.2. The spectral radius of f* is strictly greater than 1 if and
only if one of the A, (f)’s is and, in fact, if and only if \(f) = M (f) > 1.
In other words in order to know if the entropy of f is positive we just have
to study the growth of (f™)*{a} where {a} is a Kdhler form.

Examples 9.3.3. e LetV be a compact Kdhler manifold and AutO(V)
be the connected component of Aut(V) which contains the identity
element. The topological entropy of each element ofAutO(V) 15 zero.

e The topological entropy of an holomorphic endomorphism f of the
projective sapce is equal to the logarithm of the topological degree

of f.

o Whereas the topological entropy of an elementary automorphism is
zero, the topological entropy of an Hénon automorphism is positive.

9.3.2 A theorem of Cantat

Before describing the pairs (S, f) of compact complex surfaces S carry-
ing an automorphism f with positive entropy, let us recall that a surface
S is rational if it is birational to P2(C). A rational surface is always
projective ([9]). A K3 surface is a complex, compact, simply connected
surface S with a trivial canonical bundle. Equivalently there exists a holo-
morphic 2-form w on S which is never zero; w is unique modulo multipli-
cation by a scalar. Let S be a K3 surface with a holomorphic involution
¢. If © has no fixed point the quotient is an Enriques surface, otherwise
it is a rational surface. As Enriques surfaces are quotients of K3 surfaces
by a group of order 2 acting without fixed points, their theory is similar
to that of algebraic K3 surfaces.

Theorem 9.3.4 ([40]). Let S be a compact complex surface. Assume that
S has an automorphism f with positive entropy. Then

e cither f is conjugate to an automorphism on the unique minimal
model of S which is either a torus, or a K3 surface, or an Enriques
surface;

e or S is rational, obtained from P2(C) by blowing up P?*(C) in at

least 10 points and f is birationally conjugate to a birational map of
P2(C).

In particular S is kdhlerian.
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Examples 9.3.5. o Set A = Z[i] and E = C/A. The group SLa(A)
acts linearly on C? and preserves the lattice A x A; then each element
A of SLa(A) induces an automorphism fa on E x E which commutes
with «(z,y) = (iz,iy). Fach automorphism fa can be lifted to an
automorphism fNA on the desingularization of (E x E)/v which is a
K3 surface. The entropy of}; is positive as soon as the modulus of
one eigenvalue of A is strictly greater than 1.

o We have the following statement due to Torelli.

Theorem 9.3.6. Let S be a K3 surface. The morphism

Aut(S) — GL(H%(S, 7)), fefr

is injective.

Conversely assume that 1 is an element of GL(H?(S,Z)) which pre-
serves the intersection form on H%(S,Z), the Hodge decomposition
of H%(S,Z) and the Kihler cone of H2(S,Z). Then there exists an
automorphism f on S such that f* = 1.

The case of K3 surfaces has been studied by Cantat, McMullen, Sil-
verman, Wang and others (see for example [41, 134, 162, 171]). The con-
text of rational surfaces produces much more examples (see for example
[135, 19, 20, 21, 69]).

9.3.3 Case of rational surfaces
Let us recall the following statement due to Nagata.

Proposition 9.3.7 ([138], Theorem 5). Let S be a rational surface and
let f be an automorphism on S such that f. is of infinite order; then
there exists a sequence of holomorphic maps mj1: Sj41 — S; such that
S1 =P%(C), Sn41 =S and w41 is the blow-up of pj € S;.

Remark that a surface obtained from P?(C) via generic blow-ups has
no nontrivial automorphism ({114, 123]). Moreover we have the following
statement which can be found for example in [72, Proposition 2.2.].

Proposition 9.3.8. Let S be a surface obtained from P%(C) by blowing
up n <9 points. Let f be an automorphism on S. The topological entropy
of f is zero.

Moreover, if n < 8 then there exists an integer k such that f* is bira-
tionally conjugate to an automorphism of the complexr projective plane.
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Proof. Assume that f has positive entropy log A(f) > 0. According to
[40] there exists a non-trivial cohomology class 6 in H2(S,R) such that
£*0 = X(f)0 and 62 = 0. Moreover f.Kg = f*Kg = Kg. Since

(0,Ks) = (f*0, f"Ks) = (M(f)0,Ks)

we have (6,Ks) = 0. The intersection form on S has signature (1,n — 1)
and K2 > 0 for n < 9 so § = cKg for some ¢ < 0. But then f*0 = 0 #
A(f)0: contradiction. The map f thus has zero entropy.

If n < 8, then K2 > 0. The intersection form is thus strictly negative
on the orthogonal complement H C H2(S,R) of Kg. But dim H is finite,
H is invariant under f* and f* preserves H2(S,Z) so f* has finite order on
H. Therefore f** is trivial for some integer k. In particular f* preserves
each of the exceptional divisors in X that correspond to the n < 8 points
blown up in P?(C). So f* descends to a well-defined automorphism of
P%(C). O

Let f be an automorphism with positive entropy on a Kéhler surface.
The following statement gives properties on the eigenvalues of f*.

Theorem 9.3.9 ([17], Theorem 2.8, Corollary 2.9). Let f be an auto-
morphism with positive entropy log \(f) on a Kdahler surface. The first
dynamical degree A(f) is an eigenvalue of f* with multiplicity 1 and this
is the unique eigenvalue with modulus strictly greater than 1.

If n is an eigenvalue of f*, then either n belongs to {\(f),A\(f)~1},
or |n| is equal to 1.

Proof. Let vy, ..., vy denote the eigenvectors of f* for which the associated

eigenvalue y; has modulus > 1. We have
(Ujvvk):(f*ijf*vk)zujm(vjvvk)7 V1§]§k

so (vj,vr) = 0. Let L be the linear span of vy, ..., vx. Each element v =

> av; in L satisfies (v,v) = 0. According to Theorem 9.2.1 dim L < 1.
But since A(f) > 1, L is spanned by a unique nontrivial eigenvector. If v
has eigenvalue p, then 7 has eigenvalue 7 so we must have g =t = A(f).

Let us see that A(f) has multiplicity one. Assume that it has not; then
there exists 6 such that f*6 = A(f)6 + cv. In this case

(6,0) = (£70, f*v) = (A(H)0 + cv, M) = A(0,0)

S0 (A,v) = 0. Similarly we have (6,6) = 0 so by Theorem 9.2.1 again, the
space spanned by 6 and v must have dimension 1; in other words A(f) is
a simple eigenvalue.

We know that A(f) is the only eigenvalue of modulus > 1. Since
(f5)~t = (f71)*, if n is an eigenvalue of f*, then % is an eigenvalue of
(f~1)*. Applying the first statement to f~! we obtain that X is the only
eigenvalue of (f~!)* with modulus strictly larger than 1. O
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Let xs denote the characteristic polynomial of f*. This is a monic
polynomial whose constant term is +1 (constant term is equal to the de-
terminant of f*). Let ¥y be the minimal polynomial of A(f). Except for
A(f) and A(f)~! all zeroes of x; (and thus of W) lie on the unit circle.
Such polynomial is a Salem polynomial and such a A\(f) is a Salem
number. So Theorem 9.3.9 says that if f is conjugate to an automor-
phism then A(f) is a Salem number; in fact the converse is true ([31]).
There exists another birational invariant which allows us to characterize
birational maps that are conjugate to automorphisms (see [32, 31]).

9.4 Linearization and Fatou sets

9.4.1 Linearization

Let us recall some facts about linearization of germs of holomorphic dif-
feomorphism in dimension 1 when the modulus of the multipliers is 1. Let
us consider

f)=az4a2® +azz®+..., a=ei" 9ecR\Q (9.4.1)

We are looking for 1(2) = z + baz? + ... such that fi(z) = ¥(az).
Since we can formally compute the coefficients b;

an + Qn

a” —«

az
bZ =

a2—a by, =

with @, € Z[a;, i <n—1, b;, i <n| we say that f is formally lineari-
zable. If ¢ converges, we say that the germ f is analytically lineariz-
able.

Theorem 9.4.1 (Cremer). If liminf |a? — a|'/9 = 0, there exists an ana-
lytic germ [ of the type (9.4.1) which is not analytically linearizable.
More precisely if liminf |a? — a\ﬁ =0, then no polynomial germ

f(2) =az+ag2® +... +2"
of degree v is linearizable.

Theorem 9.4.2 (Siegel). If there exist two constants ¢ and M strictly
positive such that [a? — a| > 5 then any germ f(z) = oz + a2+ ... is
analytically linearizable.

Let us now deal with the case of two variables. Let us consider

f(z,y) = (ax, By) + h.o.t.

with «, 8 of modulus 1 but not root of unity. The pair («, 8) is resonant
if there exists a relation of the form a = a®8% or 3 = a®B® where a, b
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are some positive integers such that a+b > 2. A resonant monomial is
a monomial of the form z%y®. We say that a and 8 are multiplicatively
independent if the unique solution of a*4® = 1 with a, b in Z is (0,0).
The numbers a and f are simultaneously diophantine if there exist
two positive constants ¢ and M such that

min (\a“ﬁbfa\, \a“ﬂl’fﬁo zm Va,be N, a+b>2.
Theorem 9.4.3. If a and B are simultaneously diophantine then f is
linearizable.

If a and B are algebraic and multiplicatively independent then they are
simultaneously diophantine.

For more details see [6, 34, 111, 161].

9.4.2 Fatou sets
Definitions and properties

Let f be an automorphism on a compact complex manifold M. Let us recall
that the Fatou set F(f) of f is the set of points which own a neighborhood
V such that { [y n = 0} is a normal family. Let us consider

G=0@) = {v:U—~Uly= lm f}.

We say that U is a rotation domain if G is a subgroup of Aut(/), that is,
if any element of G defines an automorphism of U. An equivalent definition
is the following: if & is a component of F(f) which is invariant by f, we
say that U is a rotation domain if fi; is conjugate to a linear rotation; in
dimension 1 this is equivalent to have a Siegel disk. We have the following
properties ([22]).

e If f preserves a smooth volume form, then any Fatou component is
a rotation domain.

e If U is a rotation domain, G is a subgroup of Aut(M).

e A Fatou component I is a rotation domain if and only there exists
a subsequence such that (n;) — +oo and such that (") converges
uniformly to the identity on compact subsets of U.

e If U is a rotation domain, G is a compact Lie group and the action
of G on U is analytic real.

Let Gy be the connected component of the identity of G. Since G is a
compact, infinite, abelian Lie group, Gy is a torus of dimension d > 0; let
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us note that d < dimc M. We say that d is the rank of the rotation
domain. The rank is equal to the dimension of the closure of a generic
orbit of a point in U.

‘We have some geometric information on the rotation domains: if ¢/ is
a rotation domain then it is pseudo-convex ([22]).

Let us give some details when M is a kéhlerian surface carrying an
automorphism with positive entropy.

Theorem 9.4.4 ([22]). Let S be a compact, kahlerian surface and let f be
an automorphism of S with positive entropy. Let U be a rotation domain
of rank d. Then d < 2.

If d = 2 the Gy-orbit of a generic point of U is a real 2-torus.

If d = 1, there exists a holomorphic vector field which induces a foliation
by Riemann surfaces on S whose any leaf is invariant by Go.

We can use an argument of local linearization to show that some fixed
points belong to the Fatou set. Conversely we can always linearize a fixed
point of the Fatou set.

Fatou sets of Hénon automorphisms

Let f be a Hénon automorphism. Let us denote by K* the subset of C?
whose positive/negative orbit is bounded:

K* = {(z,y) € C* | {f*"(z,y) |n > 0} is bounded}.
Set
K=Ktnk-, Jt=o0K* J=J'nJg-, ur==c?\K+.
Let us state some properties.

e The family of the iterates f™, n > 0, is a normal family in the interior

of KT.

o If (z,y) belongs to JT there exists no neighborhood U of (x,y) on
which the family { fl’;] ‘ n > 0} is normal.

‘We have the following statement.
Proposition 9.4.5. The Fatou set of a Hénon map is C2\ JT.

Definitions 9.4.6. Let Q be a Fatou component; Q is recurrent if there
exist a compact subset C' of Q and a point m in C such that f™ (m) belongs
to C for an infinite number of nj — + oco. A recurrent Fatou component
is periodic.
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A fized point m of f is a sink if m belongs to the interior of the stable
manifold
W?(m) = {p‘ HBTOO dist(f™(m), f"(p)) = 0}.

We say that W*(m) is the basin of m. If m is a sink, the eigenvalues
of D f, have all modulus less than 1.

A Siegel disk (resp. Herman ring) is the image of a disk (resp. of
an annulus) A by an injective holomorphic map ¢ having the following
property: for any z in A we have

fo(z) = plaz), a=e"" geR\Q.
‘We can describe the recurrent Fatou components of a Hénon map.

Theorem 9.4.7 ([24]). Let f be a Hénon map with jacobian < 1 and let
Q be a recurrent Fatou component. Then  is

e cither the basin of a sink;
e or the basin of a Siegel disk;
e or a Herman ring.

Under some assumptions the Fatou component of a Hénon automor-
phisms are recurrent.

Proposition 9.4.8. The Fatou component of a Hénon map which pre-
serves the volume are periodic and recurrent.

9.4.3 Fatou sets of automorphisms with positive en-
tropy on torus, (quotients of) K3, rational sur-
faces

If S is a complex torus, an automorphism of positive entropy is essentially
an element of GL3(Z); since the entropy is positive, the eigenvalues satisfy:
A1l < 1 < |A2| and the Fatou set is empty.

Assume that S is a K3 surface or a quotient of a K3 surface. Since there
exists a volume form, the only possible Fatou components are rotation
domains. McMullen proved there exist non algebraic K3 surfaces with
rotation domains of rank 2 (see [134]); we can also look at [146].

The other compact surfaces carrying automorphisms with positive en-
tropy are rational ones; in this case there are rotation domains of rank 1,
2 (see [20, 135]). Other phenomena like attractive, repulsive basins can
happen ([20, 135]).
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Weyl groups and
automorphisms of
positive entropy

In [135] McMullen, thanks to Nagata’s works and Harbourne’s works, es-
tablishes a result similar to Torelli’s theorem for K3 surfaces: he con-
structs automorphisms on some rational surfaces prescribing the action of
the automorphisms on cohomological groups of the surface. These rational
surfaces own, up to multiplication by a constant, a unique meromorphic
nowhere vanishing 2-form €. If f is an automorphism on S obtained via
this construction, f*(2 is proportional to 2 and f preserves the poles of €.
When we project S on the complex projective plane, f induces a birational
map preserving a cubic.

The relationship of the Weyl group to the birational geometry of the
plane, used by McMullen, is discussed since 1895 in [122] and has been
much developed since then ([82, 138, 139, 57, 99, 130, 105, 132, 106, 142,
107, 77, 114, 175, 81]).

10.1 Weyl groups

Let S be a surface obtained by blowing up the complex projective plane
in a finite number of points. Let {eq, ..., e, } be a basis of H*(S, Z); if
e-e=1 ei-e=-1,V1I<j<k e-e=0V0<i#j<n

then {eg, e, en} is a geometric basis. Consider a in H2(S,Z) such
that o« v = =2, then Rq(2) = z + (2 - a)a sends @ on —« and R, fixes
each element of a"; in other words R, is a reflection in the direction a.

138
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Consider the vectors given by
ap=ey—e; —ey —e3, aj=e€j1—€;, 1 <j<n-—1

For all j in {0,...,n — 1} we have o - o = —2. When j is nonzero the
reflection R, induces a permutation on {e;, €;1}. The subgroup genera-
ted by the R,,’s, with 1 < j < n — 1, is the set of permutations on the
elements {ey, ..., e,}. Let W,, C O(Z"") denote the group

(Ro; [0S j<n—1)

which is called Weyl group.
The Weyl groups are, for 3 < n < 8, isomorphic to the following finite
groups

Ay X Ay, Ay, Ds, Eg, E7, Eg

and are associated to del Pezzo surfaces. For n > 9 Weyl groups are infinite
and for n > 10 Weyl groups contain elements with a spectral radius strictly
greater than 1.

If Y and S are two projective surfaces, let us recall that Y dominates S
if there exists a surjective algebraic birational morphism from Y to S.

Theorem 10.1.1 ([78]). Let S be a rational surface which dominates
P2(C).

o The Weyl group Wy, C GL(Pic(S)) does not depend on the chosen
exceptional configuration.

e If & and &' are two distinct exceptional configurations, there exists
w in Wy, such that w(€) = &'

e IfS is obtained by blowing up k generic points and if £ is an excep-
tional configuration, then for any w in the Weyl group w(€) is an
exceptional configuration.

If f is an automorphism of S, by a theorem of Nagata there exists a
unique element w in W, such that

7in v o 71n

H2(S,Z) —~ H(S,2)
commutes; we said that the automorphism f realizes w.
A product of generators R,;is a Cozeter element of W,,. Note that

all Coxeter elements are conjugate so the spectral radius of a Coxeter
element is well defined.
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The map o is represented by the reflection x;;r = Ra,., where a;x =
J ijk J
ey —e; —e; —e, and i, j, k > 1 are distinct elements; it acts as follows

euﬁQGQ*ei*e]'*ek, €, — €y —e; — e, €; — €y — € —e

e, — ey —e; —ej, e, — e if £ &£{0, 14, 7, k}.

When n = 3, we say that k193 is the standard element of W3. Con-
sider the cyclic permutation

(123. . 77) = nggRal .. ARanil eX, C Wy

let us denote it by m,. For n > 4 we define the standard element w of
W,, by w = m,k193. It satisfies

w(eg) =2ep —ex —e3 —ey, w(e)) =ey—e3—eqw(ey) =ey— ey — ey,

w(ez) =eg—ex —e3, wle;) =ej1, 4<j<n—2, wle,1)=e;.

10.2 Statements

In [135] McMullen constructs examples of automorphisms with positive
entropy “thanks to” elements of Weyl groups.

Theorem 10.2.1 ([135]). For n > 10, the standard element of W,, can
be realizable by an automorphism f, with positive entropy log(A\,) of a
rational surface S,,.

More precisely the automorphism f,,: S,, — S,, can be chosen to have
the following additional properties:

e S, is the complex projective plane blown up in n distinct points p;,
.., pn lying on a cuspidal cubic curve C,

e there exists a nowhere vanishing meromorphic 2-form 7 on S,, with
a simple pole along the proper transform of C,

hd ;(7]) =X,

e ({fa),S,) is minimal in the sense of Manin'.

et e a surface an e a subgroup of Aut(S). irational map f: S --» S is G-
1Let Z by f: dGb bgroup of Aut(S). A birational map f: S Sis G
equivariant if G = fGf~' C Aut(S). The pair (G,S) is minimal if every G-equivariant
birational morphism is an isomorphism.
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The first three properties determine f,, uniquely. The points p; admit
a simple description which leads to concrete formulas for f,,.

The smallest known Salem number is a 100t Arehmer ~ 1.17628081 of
Lehmer’s polynom

L) =t 4+ " — 16 > ' — 3 1t + 1.

Theorem 10.2.2 ([135]). If f is an automorphism of a compact complex
surface with positive entropy, then hyop(f) > 10g Arehmer-

Corollary 10.2.3 ([135]). The map fio: Si0 — Si0 is an automorphism
of S10 with the smallest possible positive entropy.

Theorem 10.2.4 ([135]). There is an infinite number of n for which the
standard element of W,, can be realized as an automorphism of P2(C) blown
up in a finite number of points having a Siegel disk.

Let us also mention a more recent work in this direction ([169]). Diller
also find examples using plane cubics ([72]).

10.3 Tools

10.3.1 Marked cubic curves

A cubic curve C C P%(C) is a reduced curve of degree 3. It can be
singular or reducible; let us denote by C* its smooth part. Let us recall
some properties of the Picard group of such a curve (see [108] for more
details). We have the following exact sequence

0 — Pico(C) — Pic(C) — H3(C,Z) — 0
where Picy(C) is isomorphic to
e cither a torus C/A (when C is smooth);

e or to the multiplicative group C* (it corresponds to the following
case: C is either a nodal cubic or the union of a cubic curve and a
transverse line, or the union of three line in general position);

e or to the additive group C (when C is either a cuspidal cubic, or
the union of a conic and a tangent line, or the union of three lines
through a single point).

A marked cubic curve is a pair (C,7n) of an abstract curve C equipped
with a homomorphism 7: Z1'™ — Pic(C) such that

o the sections of the line bundle 7(eg) provide an embedding of C

into P?(C);
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e there exist distinct base-points p; on C* for which n(e;) = [p;] for
any i =2, ..., n.

The base-points p; are uniquely determined by 7 since C* can be em-
bedded into Pic(C). Conversely a cubic curve C which embeds into P?(C)
and a collection of distinct points on C* determine a marking of C.

Remark 10.3.1. Different markings of C can yield different projective
embeddings C — P?(C) but all these embeddings are equivalent under the
action of Aut(C).

Let (C,n) and (C',n’) be two marked cubic curves; an isomorphism
between (C,7n) and (C',n’) is a biholomorphic application f: C — C’ such
that ' = f.on.

Let (C,n) be a marked cubic curve; let us set

W(C,n) = {w eWw, | (C,nw) is a marked cubic curve},
Aut(C,n) = {w e W(C,n)|(C,n) & (C',n') are isomorphic}.
‘We can decompose the marking n of C in two pieces
1o : ker(degon) — Picy(C), degon: ZV" — H2(C,Z).
We have the following property.

Theorem 10.3.2 ([135]). Let (C,n) be a marked cubic curve. The appli-
cations 1o and degon determine (C,n) up to isomorphism.

A consequence of this statement is the following.

Corollary 10.3.3 ([135]). An irreducible marked cubic curve (C,n) is
determined, up to isomorphism, by ny: L, — Picy(C).

10.3.2 Marked blow-ups

A marked blow-up (S, ®) is the data of a smooth projective surface S
and an isomorphism ®: ZY" — H2(S,Z) such that

o @ sends the Minkowski inner product (z-z) = 22 = 23 —23—...— 22

on the intersection pairing on H2(S, Z);

e there exists a birational morphism 7: S — P2(C) presenting S as the
blow-up of P?(C) in n distinct base-points py, ..., pn;

e O(eg) = [H] and ®(e;) = [E;] for any ¢ = 1, ..., n where H is the
pre-image of a generic line in P?(C) and E; the divisor obtained by
blowing up p;.
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The marking determines the morphism 7: S — P2(C) up to the action
of an automorphism of P?(C).

Let (S, ®) and (S', ®) be two marked blow-ups; an isomorphism be-
tween (S, ®) and (S',®’) is a biholomorphic application F': S — S’ such
that the following diagram

Zl n

P

H2(8,2) ————— H%($',2)

commutes. If (S, ®) and (S, ®’) are isomorphic, there exists an automor-
phism ¢ of P?(C) such that p; = ¢(p;).

Assume that there exist two birational morphisms 7, 7’': S — P2(C)
such that S is the surface obtained by blowing up P?(C) in py, ..., p, (resp.
Py, ..., ph) via m (resp. m').There exists a birational map f: P?(C) --»
P2(C) such that the diagram

commutes; moreover there exists a unique element w in Z'™ such that
P’ = Pw.

The Weyl group satisfies the following property due to Nagata: let
(S, ®) be a marked blow-up and let w be an element of Z1™. If (S, dw) is
still a marked blow-up, then w belongs to the Weyl group W,,. Let (S, @)
be a marked blow-up; let us denote by W (S, ®) the set of elements w of
W,, such that (S, Pw) is a marked blow-up:

W(S, @) = {w € W, | (S, dw) is a marked blow-up}.

The right action of the symmetric group reorders the base-points of a blow-
up so the group of permutations is contained in W (S, ®). The following
statement gives other examples of elements of W (S, ®).

Theorem 10.3.4 ([135]). Let (S, ®) be a marked blow-up and let o be the
involution (z :y: z) --» (yz : vz : xy). Let us denote by p1, ..., p, the
base-points of (S, ®). If, for any 4 < k < n, the point py does not belong
to the line through p; and p;, where 1 < 4,5 < 3,1 # j, then (S, Pk123) is
a marked blow-up.
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Proof. Let m: S — P?(C) be the birational morphism associated to the
marked blow-up (S, ®). Let us denote by ¢, g2 and g3 the points of inde-
terminacy of o. Let us choose some coordinates for which p; = ¢; for i = 1,
2, 3; then ' = o7: S — P2(C) is a birational morphism which allows us to
see (S, Pria3) as a marked blow-up with base-points pi, p2, ps and o(p;)
for i > 4. These points are distinct since, by hypothesis, p4, ..., p, do not
belong to the lines contracted by o. O

A root a of ©,, is a nodal root for (S,®) if ®(a) is represented by
an effective divisor D. In this case D projects to a curve of degree d > 0
on P?(C); thus a = dey — Y_,~, me; is a positive root. A nodal root is
geometric if we can write D as a sum of smooth rational curves.

Theorem 10.3.5 ([135]). Let (S, ®) be a marked blow-up. If three of the
base-points are colinear, (S, ®) has a geometric nodal root.

Proof. After reordering the base-points pi, ..., p,, we can assume that
p1, p2 and ps are colinear; let us denote by L the line through these three
points. We can suppose that_the base-points which belong to L are pi,
.., pk. The strict transform L of L induces a smooth rational curve on S

with [L] = [H— Y% | Ej] so

(ova3) = [L+ ZE]
O

Theorem 10.3.6 ([135]). Let (S, ®) be a marked blow-up. If (S,®) has
no geometric nodal root, then

W(S,®) = W,.

Proof. 1If (S, ®) has no geometric nodal root and if w belongs to W (S, ®),
then (S, ®w) has no geometric nodal root. It is so sufficient to prove that
the generators of W,, belong to W (S, ®). Since the group of permutations
is contained in W (S, ®), it is clear for the transpositions; for ria3 it is a
consequence of Theorems 10.3.4 and 10.3.5.

Corollary 10.3.7 ([135]). A marked surface has a nodal oot if and only
if it has a geometric nodal root.
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10.3.3 Marked pairs
First definitions

Let (S,®) be a marked blow-up. Let us recall that an anticanonical
curve is a reduced curve Y C S such that its class in H?(S, Z) satisfies

Y] =[BH-) Ei=—Ks. (10.3.1)

A marked pair (S, ®,Y) is the data of a marked blow-up (S, ®) and an
anticanonical curve Y. An isomorphism between marked pairs (S, ®,Y)
and (S',®',Y’) is a biholomorphism f from S into S, compatible with
markings and which sends Y to Y. If n > 10, then S contains at most
one irreducible anticanonical curve; indeed if such a curve Y exists, then
Y2=9-n<0.

From surfaces to cubic curves

Let us consider a marked pair (S,®,Y). Let m be the projection of S to
P2(C) compatible with ®. The equality (10.3.1) implies that C = 7(Y)
is a cubic curve through any base-point p; with multiplicity 1. Moreover,
E; .Y =1 implies that 7: Y — C is an isomorphism. The identification
of H2(S,Z) and Pic(S) allows us to obtain the natural marking

n: Z'" 25 H2(S, Z) = Pic(S) - Pic(Y) =2 Pic(C)

where 7 is the restriction r: Pic(S) — Pic(Y'). Therefore a marked pair
(S,Y, @) determines canonically a marked cubic curve (C, 7).

From cubic curves to surfaces

Conversely let us consider a marked cubic curve (C,7). Then we have base-
points p; € C determined by (n(e;))1<i<n and an embedding C C P?(C)
determined by 7(ep). Let (S, ®) be the marked blow-up with base-points p;
and Y C S the strict transform of C. Hence we obtain a marked pair
(S,®.,Y) called blow-up of (C,n) and denoted by BI(C,n).

This construction inverts the previous one, in other words we have the

following statement.

Proposition 10.3.8 ([135]). A marked pair determines canonically a
marked cubic curve and conversely.
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10.4 Idea of the proof

The automorphisms constructed to prove the previous results are obtained
from a birational map by blowing up base-points on a cubic curve C; the
cubic curves play a very special role because its transforms Y are anti-
canonical curves.

Assume that w € W, is realized by an automorphism F' of a rational
surface S which preserve an anticanonical curve Y. A marked cubic curve
(C,n) is canonically associated to a marked pair (S, ®,Y") (Theorem 10.3.8).
Then there exists a birational map f: P2(C) --» P2(C) such that:

e the lift of f to S coincides with F,
e f preserves C ,

e and f induces an automorphism f. of Picy(C) which satisfies now =
f«mo- In other words [n] is a fixed point for the natural action of w
on the moduli space of markings.

Conversely to realize a given element w of the group W, we search a
fixed point 79 in the moduli space of markings. We can associate to 79 a
marked cubic (C,7) up to isomorphism (Corollary 10.3.3). Let us denote
by (S,®,Y) the marked pair canonically determined by (C,7). Assume
that, for any « in ©,, no(«a) is non zero (which is a generic condition); the
base-points p; do not satisfy some nodal relation (they all are distinct, no
three are on a line, no six are on a conic, etc). According to a theorem of
Nagata there exists a second projection 7’: S — P?(C) which corresponds
to the marking ®w. Let us denote by C’ the cubic «’(Y). Since [no] is a
fixed point of w, the marked cubics (C’, nw) and (C,n) are isomorphic. But
such an isomorphism is an automorphism F of S satisfying F,® = dw.

Let us remark that in [114, 105, 152, 72] there are also constructions
with automorphisms of surfaces and cubic curves.

10.5 Examples

Let us consider the family of birational maps f: P?(C) --» P(C) given in
the affine chart z = 1 by

_ y
f(x,y)7<a,+y,b+x>, a,beC.

Let us remark that the case b = —a has been studied in [152] and [11].
The points of indeterminacy of f are p; = (0: 0:1), po = (0:1:0)
and ps = (1 :0:0). Let us set py = (a : b: 1) and let us denote by
A (resp. A’) the triangle whose vertex are pi, pa, p3 (resp. p2, p3, pa).
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The map f sends A onto A’ : the point p; (resp. pe, resp. p3) is blown
up on the line (pi1ps) (resp. (p2ps), resp. (psps)) and the lines (pip2)
(resp. (p1ps), resp. (pa2ps)) are contracted on py (resp. pa, resp. ps).

If a and b are chosen such that p; = p4, then A is invariant by f and
if we blow up P?(C) at p1, p2, ps We obtain a realization of the standard
Coxeter element of W3. Indeed, f sends a generic line onto a conic through
the p;; so w(eg) = 2eg — e; — e2 — e3. The point p; (resp. pa, resp. p3) is
blown up on the line through ps and p3 (resp. p; and ps, resp. p; and po).
Therefore

w(e;) =ey—ex —ez, w(ex) =ey—e; —e3, w(ez)=ey—e; —es.
More generally we have the following statement.

Theorem 10.5.1 ([135]). Let us denote by pi+q the i-th iterate f'(p4)
of pa.

The realization of the standard Coxzeter element of W, corresponds to
the pairs (a,b) of C? such that

pi € (p1p2) U (p2p3) U (p3p1), Pnt1 = P1-

Proof. Assume that there exists an integer i such that f'(ps) = pita.
Let (S,7) be the marked blow-up with base-points p;. The map f lifts to
a morphism Fy: S — P2(C). Since any p; is now the image Fy(¢;) of a
line in S, the morphism Fj lifts to an automorphism F of S such that f
lifts to F. Let us find the element w realized by F. Let us remark that
f sends a generic line onto a conic through ps, p3 and py thus w(eg) =
2ey — €3 — e3 — e4. The point p; is blown up to the line through p3 and py
so w(ey) = ey — e3 — ey4; similarly we obtain

w(ez) = ey — ez — ey, w(es) =eg — ez —es,
w

(ei) =ey1 ford<i<n, w(en) = e1.

Conversely if an automorphism F': S — S realizes the standard Coxeter
element w = m, K123, We can normalize the base-points such that

{p1,p2, p3} ={(0:0:1),(0:1:0), (1:0:0)};

the birational map f: P?(C) --+ P?(C) covered by F is a composition of
the standard Cremona involution and an automorphism sending (p1, p2)
onto (p2, p3). Such a map f has the form in the affine chart z =1

f(x,y) = (a,#b/) + (Avay/x)

so up to conjugacy by (Bz, By/A), we have f(z,y) = (a,b) + (y,y/x). O
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Automorphisms of
positive entropy: some
examples

A possibility to produce an automorphism f on a rational surface S is the
following: starting with a birational map f of P?(C), we find a sequence
of blow-ups 7: S — P?(C) such that the induced map fs = vfr~1 is an
automorphism of S. The difficulty is to find such a sequence 7... If f is
not an automorphism of the complex projective plane, then f contracts a
curve C; onto a point p;; the first thing to do to obtain an automorphism
from f is to blow up the point p; via m1: S; — P2(C). In the best case
fs = 71'1f7T1_1 sends the strict transform of C; onto the exceptional di-
visor E;. But if p; is not a point of indeterminacy, fs, contracts E; onto
p2 = f(p1). This process thus finishes only if f is not algebraically stable.

In [21] Bedford and Kim exhibit a continuous family of birational maps
(fa)acck-2. We will see that this family is conjugate to automorphisms
with positive entropy on some rational surface S, (Theorem 11.6.1). Let
us hold the parameter ¢ fixed; the family f, induces a family of dynamical
systems of dimension k/2—1: there exists a neighborhood U of 0 in C*/2-1
such that if @ = (ag,az,...,ak—2), b = (b, ba,...,bx_3) are in U then f,
and f, are not smoothly conjugate (Theorem 11.6.3). Moreover they show,
for k > 4, the existence of a neighborhood ¢ of 0 in C*/2-1 such that if a, b
are two distinct points of U, then S, is not biholomorphically equivalent
to Sp (Theorem 11.6.4).

The results evoked in the last section are also due to Bedford and Kim
([22]); they concern the Fatou sets of automorphisms with positive en-
tropy on rational non-minimal surfaces obtained from birational maps of
the complex projective plane. Bedford and Kim prove that such automor-
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phisms can have large rotation domains (Theorem 11.7.1).

11.1 Description of the sequence of blow-ups
([19])

Let fu be the birational map of the complex projective plane given by

fasl@,y2) = (wlbz +1) : 2(ba+y) : alaz + 2)),
or in the affine chart z =1

a+z
fa,b(ll:z) = <27 m) .
We note that Ind fo5 = {p1, p2, p+} and Exc fo = o U Xg U X, with
p1=(0:1:0),

p2e=(0:0:1),
ZU:{$:0}>

pe=(l:=b:—a)
Y = {bx +y =0},

2, ={ax+2z=0}.

o
pavel
4
/
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Set Y = Bl,, ,P?, m: Y — P2(C) and f,p,v = 7! fapm. Let us prove

To begin let us blow up ps. Let us set ¢ = ry and y

ro89; then
(ra,s2) is a system of local coordinates in which Y3 = {s2 + b = 0} and
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Eo = {ro = 0}. We remark that

(r2,82) = (ro,m282) (2,y) — (12(D+52) : b+ 852 : arg +1)

_ 7‘2(1)+52) b+52
are +1 Tary+1 @)

b 1
. <r2( +82)77> )
arg +1 "1y (ra,52)
Thus X3 is sent onto Ey and E; sur 3.

Let us now blow up p;. Set x = wugve and y = wvo; the exceptional
divisor E; is given by v, = 0 and Xy by us = 0. We have

(u2,v2) = (UgV2,V2) (zy) = (ugv2(bug + 1) : bua + 1 : uz(augvs + 1))
_ <vz(bua +1) bus + 1 )
(=,y)

augvy + 1 7 uz(augvs + 1)

5 ( bus + 1 )
Upvp, ————— ;
202 us(augvg + 1) (uz02)

therefore E5 is sent onto Y.
Let us set & = ry, 2 = r151; in the coordinates (r1,s1) we have E; =
{r1 = 0}. Moreover
(r1,51) = (11,7181) (2,2) — (br1 +1: 04 51(br1 + 1) : 71(a + 51)).

Hence E; is sent onto Xpg.
Set = uyvy and z = vy; in these coordinates ¥y = {u; = 0}, E; =
{v1 =0} and

(u1,v1) = (U1v1,01)(2,2) = (w1 (bugvy 4+ 1) : bugvy + 1 : ugvy(aug + 1))

—(u urv(aug + 1) N vi(aug +1)
Tobugvy + 1 (2.2) T obugvy + 1 (r1,51) '

So ¥g — E; and ¥g = Ey = X9 = E; — Xp. In particular
Ind fayb’y = {p*} & EXC fa,b'y = {27}

We remark that {H, Eq, Ez} is a basis of Pic(Y). The exceptional
divisor E; is sent on ¥p; since p; belongs to ¥p we have E; — Y¥p —
3+ E;. On the other hand Es is sent onto ¥y; as p; and ps belong to 3¢
we have

Eo — 3 = Yo+ E; + Eo.
Let H be a generic line of P2(C); it is given by £ = 0 with £ = agr+a1y+azz.
Its image by fap,v is a conic thus

2
fopyH=2H= mE;
i=1
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Let us find the m;’s. As
(r2,82) = (r2,7252) (2,y) = (12(D+ 52) : b+ 52 : arg + 1)
— 7o ((l(ﬂ’g(b + s2) + a1(b+ s2) + az(ary + 1))
and Eo = {ry = 0} the integer my is equal to 1. Since
(r1,51) = (11,7181)(@,2) = (br1 +1: 0+ 51(br1 +1) 1 r1(a + s1))
— 8171 (ao(bslrl + 1)+ arsi(bsir + 1) + siri(a+ 91))

and E; = {57 = 0} we get m; = 1. That’s why

2 1 1

My, = -1 -1 -1

-1 0 -1
The characteristic polynomial of My, , | is 1+t —t3. Let us explain all the
information contained in My, , .. Let L be a line and L its class in Pic(Y").
If L does not intersect neither Ei, nor E,, then L = H. As f;‘,b'yH =
2H — E; — Ey the image of L by fq4 v is a conic which intersects E;
and E, with multiplicity 1. If L contains ps, then fqp v (L) is the union

of ¥¢ and a second line. Assume that p, does not belong to LU f, 5, v (L),

then
1

Syl =M7 | 0| =2H—Fy;
0

in other words fg,b,Y(L) is a conic which intersects Eo but not E;. If p,
does not belong to L U f,5 v (L) U f,f’b?Y(L)7 then

1
Spy(L)=M} | 0 | =3H—E; - Ey,
0

i.e. 2-,h,Y(L) is a cubic which intersects E; and E, with multiplicity 1.
If p. does not belong to

LU fapy@)U... U251,
the iterates of f, 5 y are holomorphic on the neighborhood of L and

(f:,b, Y)H(H) = :b YL'

o0
The parameters a, b are said generic if p, does not belong to U I by (L)
j=0
Theorem 11.1.1. Assume that a and b are generic; fq b,y is algebraically
stable and N(fap) ~ 1.324 is the largest eigenvalue of the characteristic
polynomial t3 —t — 1.
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11.2 Construction of surfaces and automor-
phisms ([19])

Let us consider the subset V,, of C? given by
Vn = {(a’7b) ec? | fzf,b,Y(q) #p V0<j<n—1, f;,b,Y(‘I) :p*}~

Theorem 11.2.1. The map fqp,v is conjugate to an automorphism on a
rational surface if and only if (a,b) belongs to V,, for some n.

Proof. If (a,b) does not belong to V,,, Theorem 11.1.1 implies that A(fa5)
is the largest root of t3 — ¢ — 1; we note that A(f,) is not a Salem number
80 fa,p is nOt conjugate to an automorphism (Theorem 9.3.9).

Conversely assume that there exists an integer n such that (a, b) belongs
to V,. Let S be the surface obtained from Y by blowing up the points g,
Jab,v(@)s -+ fayv(@) = p« of the orbit of g. We can check that the
induced map f, 5, s is an automorphism of S. |

Let us now consider f; , ¢ which will be denoted by f; ;.

Theorem 11.2.2. Assume that (a,b) belongs to V,, for some integer n.
If n < 5, the map f,p is periodic of period < 30. If n is equal to 6,
the degree growth of fap is quadratic. Finally if n > 7, then {deg f(’f.b}k
grows exponentially and A(fap) is the largest eigenvalue of the character-
istic polynomial

Xn(t) =t —t — 1)+ 83+ 12— 1.

Moreover, when n tends to infinity, A(fap) tends to the largest eigenvalue
of t3 —t — 1.

The action f, 5, s+« on the cohomology is given by
EQ%EOZH—El —E2—>E1 —}EB:H—El—Q

where @ denotes the divisor obtained by blowing up the point ¢ which is
on Y. As p, is blown-up by f,; on X¢, we have

Q= fop(Q) = ... = f4(Q) = X =H—-E» — Q.

Finally a generic line L intersects X, X3 and X, with multiplicity 1; the
image of L is thus a conic through ¢, p; and ps so H — 2H — E; — E; — Q.
In the basis

{H,E1, Es, Q, fap(Q), ---, fi(Q)}
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we have

[ 2 1 1 0 0 0 1 7

-1 -1 -1 0 0 0 0

-1 0 -1 0 0 0 -1

-1 -1 0 0 0 0 -1

0 0 0 10 0 0

My, , =
' 0 0 0 01 0 0
0

: 0 0

L 0 0 0 00 0 1 0 |

11.3 Invariant curves ([20])

In the spirit of [74] (see Chapter 5, §5.4) Bedford and Kim study the
curves invariant by f, . There exists rational maps ¢;: C — C? such that
if (a,b) = ¢;(t) for some complex number ¢, then f,; has an invariant
curve C with j irreducible components. Let us set

t—t3 — ¢t 1—t5>
,

o) = <1+2t+t2’t2+t3

t+t2+t3 t3_1
w®:< ,

1+ 2t + 27t +¢2

w3(t) = <1+t7t7%>.

Theorem 11.3.1. Let t be in C\ {1, 1, 0, j, j2}. There exists a cubic C
invariant by fap if and only if (a,b) = ¢;(t) for a certain 1 < j < 3; in
that case C is described by an homogeneous polynomial P, 5 of degree 3.
Moreover, if P, o exists, it is given, up to multiplication by a constant,
by
Prap(z,y,2) = az®(t — )t* + yz(t — 1)t(z + ty)
+ x(2byzt3 +Pt— 1)+ 22— 1)1+ bt))
+22(t — 1) (a(y Ttz) ity + (- 2b)z)).

More precisely we have the following description.

o If (a,b) = ¢1(t), then 'y = (Piqp = 0) is a irreducible cuspidal
cubic. The map f,; has two fixed points, one of them is the singular
point of C.
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o If (a,b) = @a(t), then I'y = (P45 = 0) is the union of a conic and a
tangent line to it. The map f,; has two fixed points.

o If (a,b) = p3(t), then I's = (P; 45 = 0) is the union of three concur-
rent lines; f,; has two fixed points, one of them is the intersection
of the three components of C.

There is a relationship between the parameters (a,b) for which there
exists a complex number ¢ such that ¢;(t) = (a,b) and the roots of the
characteristic polynomial x;,.

Theorem 11.3.2. Let n be an integer, let 1 < j < 3 be an integer and
let t be a complex number. Assume that (a,b) := @;(t) does not belong to
any Vi for k < n. Then (a,b) belongs to V,, if and only if j divides n and
t is a root of xn.

We can write x,, as Cy, 1), where C), is the product of cyclotomic factors
and 1), is the minimal polynomial of A(fa).

Theorem 11.3.3. Assume that n > 7. Let t be a root of x, not equal
to 1. Then either t is a root of vy, ort is a root of x; for some 0 < j < 5.

Bedford and Kim prove that #(I'; N'V,) is, for n > 7, determined by
the number of Galois conjugates of the unique root of v, strictly greater
than 1:ifn > 7 and 1 < j < 3 divides n, then

ryny,= {gpj(t)‘troot of wn};

in particular I'; NV, is not empty.

Let X be a rational surface and let g be an automorphism of X. The
pair (X, g) is said minémal if any birational morphism 7: X — X’ which
sends (X, g) on (X', ¢'), where ¢’ is an automorphism of X', is an isomor-
phism. Let us recall a question of [135]. Let X be a rational surface and
let g be an automorphism of X. Assume that (X,g) is minimal. Does
there exist a negative power of the class of the canonical divisor Kx which
admits an holomorphic section ? We know since [109] that the answer is
no if we remove the assumption “(X,¢g) minimal”.

Theorem 11.3.4. There exists a surface S and an automorphism with
positive entropy fap on S such that (S, fap) is minimal and such that fa
has no invariant curve.

If ¢ is an automorphism of a rational surface X such that a negative
power of Kx admits a holomorphic section, g preserves a curve; so Theo-
rem 11.3.4 gives an answer to McMullen’s question.
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11.4 Rotation domains ([20])

Assume that n > 7 (so f is not periodic); if there is a rotation domain,
then its rank is 1 or 2 (Theorem 9.4.4). We will see that both happen; let
us begin with rotation domains of rank 1.

Theorem 11.4.1. Assume that n > 7. Assume that j divides n and that
(a,b) belongs to T;N V,,. There exists a complex number t such that (a,b) =
@ (). If t is a Galois conjugate of M(fap), not equal to N(fap)E', then fap
has a rotation domain of rank 1 centered in

3 3 £2 £2

(m, m) ifj=1, (—m, —m> ifj=2, (=t,—t)ifj=3.
Let us now deal with those of rank 2.

Theorem 11.4.2. Let us consider an integer n > 8, an integer 2 < j <3

which divides n. Assume that (a,b) = ¢;(t) and that |t| = 1; moreover

suppose that t is a root of 1,. Let us denote by n1, n2 the eigenvalues
of D fap at the point

L+t+12 1+t +¢2 1 1\ |
(2 CTETE ) =2 m= (1414 =3
" ( v tre ) fi=Bom oty )i

If |m| = |n2| = 1 then fop has a rotation domain on rank 2 centered
at m.

There are examples where rotation domains of rank 1 and 2 coexist.

Theorem 11.4.3. Assume that n > 8, that j = 2 and that j divides n.
There exists (a,b) in T;NV, such that fop has a rotation domain of rank 2
centered at

14+t+12 14+t+12 1 1
— ) ifj=2 1+-,14=) ifj=
(tHQ,HtQ)zf] ; (+t,+t>zfj 3

and a rotation domain of rank 1 centered at

t? 2
S L N R —t.—t) ifj=3.
( T+t 1+t> i=2 (=t =t) ifj =3

11.5 Weyl groups ([20])

Let us recall that E; and Eg are the divisors obtained by blowing up p;
and ps. To simplify let us introduce some notations: Eg = H, E3 = Q,
Es = f(Q), ..., E, = f73(Q) and let 7; be the blow-up associated to E;.
Let us set

eo = Eo, e; = (Tig1...m)"Eq, 1<i<n
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the basis {eo,...,e,} of Pic(S =) is geometric.
Bedford and Kim prove that they can apply Theorem 10.5.1 and deduce
from it the following statement.

Theorem 11.5.1. Let X be a rational surface obtained by blowing up
P2(C) in a finite number of points w: X — P2(C) and let F be an automor-
phism on X which represents the standard element of the Weyl group W,
n > 5. There exists an automorphism A of P2(C) and some complex num-
bers a and b such that

fapAm = AnF.

Moreover they get that a representation of the standard element of the
Weyl group can be obtained from f, 4 v

Theorem 11.5.2. Let X be a rational surface and let F be an automor-
phism on X which represents the standard element of the Weyl group W,,.
There exist

e a surface )Z' obtained by blowing up Y in a finite number of distinct
pointsm: Y =Y,

e an automorphism g on Y,
e (a,b) inVy_3

such that (F,X) is conjugate to (g,?) and 79 = fap, v 7.

11.6 Continuous families of automorphisms
with positive entropy ([21])

In [21] Bedford and Kim introduce the following family:

a;
faly.2) = <z —y+ezt Z -2 +, )
]]pallr
=(a,...,a—2) eCF 2, ceR, k>2.

(11.6.1)

Theorem 11.6.1. Let us consider the family (f,) of birational maps given
by (11.6.1).

Let j, n be two integers relatively prime and such that 1 < j < mn. There
exists a non-empty subset Cy, of R such that, for any even k > 2 and for
any (c,a;) in Cy, x C, the map fq is conjugate to an automorphism of a
rational surface S, with entropy log A, 1 where log A, 1. is the largest root

of the polynomial
n—1

Xn,kzlszlrj+z".

Jj=1
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Let us explain briefly the construction of C,,. The line A = {z = 0} is
invariant by f,. An element of A\ {(0:0: 1)} can be written as (0: 1 : w)
and f(0: 1:w) = (0:1:c—1). The restriction of f, to A coincides
with g(w) = c— % The set of values of ¢ for which g is periodic of period
n is

{2cos(jm/n) |0 <j<mn, (jn) =1}

Let us set wg = gs_l(c) for 1 < s <n —1, in other words the w;’s encode
the orbit of (0 :1:0) under the action of f. The w; satisty the following
properties:

o wiwp—1—j =1;
e if n is even, then wy ... w2 = 1;

e if n is odd, let us set w.(c) = W(n_1y/2 then wy ... wy_o = w,.

Let us give details about the case n = 3, k = 2, then C3 = {—1, 1}.
Assume that ¢ = 1; in other words

fa=f=(zzzz,23:x3+z3—yz2).

The map f contracts only one line A” = {z = 0} onto the point R = (0 :
0:1) and blows up exactly one point, @ = (0: 1:0). Let us describe the
sequence of blow-ups that allows us to “solve indeterminacy”:

o first blow-up. First of all let us blow up @ in the domain and R in the
range. Let us denote by E (resp. F) the exceptional divisor obtained
by blowing up @Q (resp. R). One can check that E is sent onto F, A/
is contracted onto S = (0,0)(4,,b,) and Q1 = (0,0)(y, ) is a point
of indeterminacy;

e second blow-up. Let us then blow up @ in the domain and S in the
range; let G, resp. H be the exceptional divisors. One can verify
that the exceptional divisor G is contracted onto T' = (0,0)(c,.4,),
Ay onto T and U = (0,0) is a point of indeterminacy;

7‘2,52)

e third blow-up. Let us continue by blowing up U in the domain and
T in the range, where K and L denote the associated exceptional
divisors. One can check that W = (1,0)(r,,s,) is a point of indeter-
minacy, K is sent onto L and Gy is contracted on V' = (1,0)(c,,dy)
and A on V;

e fourth blow-up. Let us blow up W in the domain and V in the
range, let M and N be the associated exceptional divisors. Then
Al is contracted on X = (0,0)(c,,d,), ¥ = (0,0)(y,,s,) is a point of
indeterminacy, G; is sent onto N and M onto H;
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e fifth blow-up. Finally let us blow up Y in the domain and X in the
range, where A, Q are the associated exceptional divisors. So AY is
sent onto  and A onto AZ.

Theorem 11.6.2. The map f = (z22 128 a8 428 — yzz) s conjugate to
an automorphism of P2(C) blown up in 15 points.

, ; ‘o 345
The first dynamical degree of f is +T

Proof. Let us denote by ﬁl (resp. ﬁg) the point infinitely near obtained by
blowing up @, Q1, U, W and Y (resp. R, S, T,V and X). By following the
sequence of blow-ups we get that f induces an isomorphism between Bl B, P?
and Bl ;,QIP’Q, the components being switched as follows

E—-F, A"—=Q K-=L M-H A—=A" G-N

A conjugate of f has positive entropy on P?(C) blown up in £ points
if £ > 10; we thus search an automorphism A of P?(C) such that (Af)%A
sends P, onto P;. We remark that f(R)=(0:1:1) and f2(R) = Q then
that fz(ﬁz) — P, so A =id is such that (Af)%A sends P, onto P.

The components are switched as follows

A" — fQ, E— fF, G — fN, K — fL, M — fH,
A— fA", fF— f?F, fN— f?N, fL— f’L, fH— f?H,
Q= r, fFF-E NG, ffLoK, ffH-M,
20— A

Therefore the matrix of f* is given in the basis

{A"E, G, K, M, A, fF, /N, fL, fH, fQ, f*F, f°N, f°L, f*H, f*Q}
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by
[0 00 00D 1 00O0UO0O0O0O0O0O0 0]
000001 0000010000
00000 2 0000001000
00000 3 00000D0O0T1O00
00000 3 00000D0O0GO0T10
00000 3 0000O0O0GO0GO0UO0 1
01000 -10000000T0TO0 0
00001 30000000000/
00010 -30000000°0TO0O0]|’
00100 -20000000T000
10000 -3000U00O0O0GO0UO0O0
00000 0 1000O0O0DOO OGO OO O
00000 0 O010000O0GO0O0O
00000 0 O0O0OT1U000O0GO 0O 0O
00000 0 O0O0OO0T1O00O0GO0GO0O0
L00OO0OO0DO 0 000010000 O]

the largest root of the characteristic polynomial
(X2 -3X +1)(X2 - X+ )X +1)*(X?+ X +1)*(X —1)?

is % i.e. the first dynamical degree of f is % Let us remark that
the polynomial x3 2 introduced in Theorem 11.6.1is 1 — 2X — 2X?2 + X3
whose the largest root is % |

The considered family of birational maps is not trivial, i.e. parameters
are effective.

Theorem 11.6.3. Let us hold the parameter ¢ € C,, fized. The family
of maps (fa) defined by (11.6.1) induces a family of dynamical systems of
dimension k/2—1. In other words there is a neighborhood U of 0 in C*/2=1
such that if a = (ag,az,...,ax—2), b = (bo,ba,...,bx_2) are in U then f,
and fy, are not smoothly conjugate.

Idea of the proof. Such a map f, has k + 1 fixed points p1, ..., pr+1. Let
us set @ = (aq,...,ar—2). Bedford and Kim show that the eigenvalues of
Df, at p;j(a) depend on a; it follows that the family varies non trivially
with a. More precisely they prove that the trace of Df, varies in a non-
trivial way. Let 7;(a) denote the trace of D f, at p;j(a) and let us consider
the map T defined by

a—T(a) = (r1(a),...,Tk+1(a)).
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The rank of the map T is equal to % — 1 at a = 0. In fact the fixed

points of f, can be written (s, &) where & is a root of

k—2
;1
E=(c-1E+ > %+g. (11.6.2)
J pair

When a is zero, we have for any fixed point £¥7! = L. By differentiating
(11.6.2) with respect to ay we get for a = 0 the equality
k 0. 1
(2 —c+ ) o _ 1.

41 ) dag ?’

this implies that
oy 1
dagla=0 (2 —c)(k+ 1)et"
The trace of Dfy, ., is given by

k-2

_ Jjaj k
T=eo Lo yitt T e
jjrjair
For y = &, we have
oT1(&a) _ ¢ k(k+1)%77 l k 1
day la=0 - y14+1 yk+2 day - y14+1 9 _ c§k+1£1{+1

¢k k-t
SRyl

If we let & range over % — 1 distinct choices of roots W, the

matrix essentially is a (% —1) % (% — 1) Vandermondian and so of rank
k

z-1.

2

There exists a neighborhood U of 0 in C5-! such that, for any a,
b in U with a # b, the map f, is not diffeomorphic to f,. In fact the
map C2=1 — C*1, q — T(a) is locally injective in a neighborhood of
0. Moreover, for a = 0, the fixed points p1, ..., pr+1, and so the values
(0, ..., Te41(0), are distinct. Thus C5~! 3 a — {r(a), ..., rs1(a)}
is locally injective in 0. So if U is a sufficiently small neighborhood of 0
and if @ and b are two distinct elements of U, the sets of multipliers at the
fixed points are not the same; it follows that f, and f;, are not smoothly
conjugate. O

Let f, be a map which satisfies Theorem 11.6.1. Bedford and Kim
show that for all the cases under their consideration the representation

Aut(S,) — GL(Pic(S,)), O Oy
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is at most ((k? — 1) : 1); moreover if ax_p is non zero, it is faithful.
When n = 2, the image of Aut(S,) — GL(Pic(S,)), ¢ — ¢« coincides with
elements of GL(Pic(S,)) that are isometries with respect to the intersec-
tion product, and which preserve the canonical class of S, as well as the
semigroup of effective divisors; this subgroup is the infinite dihedral group
with generators f,, and ¢, where ¢ denotes the reflection (z,y) — (y,z).
They deduce from it that, always for n = 2, the surfaces S, are, in general,
not biholomorphically equivalent.

Theorem 11.6.4. Assume that n = 2 and that k > 4 is even. Let a be
in C*/2=1 and ¢ be in Cy. There exists a neighborhood U of 0 in Ck/2—1
such that if a, b are two distinct points of U and if ar.—1 is nonzero, then S,
is not biholomorphically equivalent to Sp.

11.7 Dynamics of automorphisms with posi-
tive entropy: rotation domains ([22])

If S is a compact complex surface carrying an automorphism with positive
entropy f, a theorem of Cantat (Theorem 9.3.4) says that

e cither f is conjugate to an automorphism of the unique minimal
model of S which has to be a torus, a K3 surface or an Enriques
surface;

e or f is birationally conjugate to a birational map of the complex
projective plane ([40]).

We also see that if S is a complex torus, the Fatou set of f is empty.
If S is a K3 surface or a quotient of a K3 surface, the existence of a volume
form implies that the only possible Fatou components are the rotation
domains. McMullen proved the existence of non-algebraic K3 surfaces with
rotation domains of rank 2 (see [134]). What happen if S is a rational non-
minimal surface ? The automorphisms with positive entropy on rational
non-minimal surfaces can have large rotation domains.

Theorem 11.7.1. There exists a rational surface S carrying an automor-
phism with positive entropy h and a rotation domain U. Moreover, U is a
union of invariant Siegel disks, h acting as an irrational rotation on any
of these disks.

The linearization is a very good tool to prove the existence of rotation
domains but it is a local technique. In order to understand the global
nature of the Fatou component U, Bedford and Kim introduce a global
model and get the following statement.
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Theorem 11.7.2. There exist a surface £ obtained by blowing up P?(C)

in a finite number of points, an automorphism L on L, a domain Q of L

and a biholomorphic conjugacy ®: U — Q which sends (h,U) onto (L, L).
In particular, h has no periodic point on U \ {z = 0}.

Let us consider for n, m > 1 the polynomial

et = -2+ 1)

Pn,m(t) - (t" _ 1)(t _ 1) +1

Ifn >4, m>1orif n =3, m > 2 this polynomial is a Salem polynomial.

Theorem 11.7.3. Let us consider the birational map f given in the affine
chart z = 1 by

f(xyy) = (,1/7 —§z+cy+ i)

where § is a Toot of Py, m which is not a root of unity and c = 2v/3 cos(jm/n)
with1 <j<n-1, (jn)=1.

There exists a rational surface S obtained by blowing up P*(C) in a
finite number of points w: S — P?(C) such that 7~ fr is an automorphism
on S.

Moreover, the entropy of f is the largest root of the polynomial Py, .

Bedford and Kim use the pair (f*,S) to prove the statements 11.7.1
and 11.7.2.



Chapter 12

A “systematic” way to
construct automorphisms
of positive entropy

This section is devoted to a “systematic” construction of examples of ra-
tional surfaces with biholomorphisms of positive entropy. The strategy is
the following: start with a birational map f of P?(C). By the standard
factorization theorem for birational maps on surfaces as a composition of
blow-ups and blow-downs, there exist two sets of (possibly infinitely near)
points P, and P, in P2(C) such that f can be lifted to an automorphism
between Blp, P? and BlﬁQ]P’Q. The data of P, and P, allows to get auto-
morphisms of rational surfaces in the left PGL3(C)-orbit of f : assume
that & € N is fixed and let ¢ be an element of PGL3(C) such that P,

P, (gof)gon, .., (¢f)*"1oP; have all distinct supports in P?(C) and
(of)* gpPQ Pl Then g,f can be lifted to an automorphism of P?(C) blown
up at Pl, gon, (gpf)(pPZ ooy (f)e ILPPQ Furthermore, if the conditions

above are satisfied for a holomorphlc family of ¢, we get a holomorphic
family of rational surfaces (whose dimension is at most eight). Therefore,
we see that the problem of lifting an element in the PGL3(C)-orbit of f to
an automorphism is strongly related to the equation u(]%) Py, where u
is a germ of biholomorphism of P?(C) mapplng the support of P, to the
support of Pl In concrete examples, when Pl and P2 are known, this equa-
tion can actually be solved and involves polynomial equations in the Taylor
expansions of u at the various points of the support of P. It is worth point-
ing out that in the generic case, P; and P consist of the same number d of
distinct points in the projective plane, and the equation u(Py) = P; gives
2d independent conditions on w (which is the maximum possible number

163
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if P, and P, have length d). Conversely, infinitely near points can consid-
erably decrease the number of conditions on u as shown in our examples.
This explains why holomorphic families of automorphisms of rational sur-
faces occur when blow-ups on infinitely near point are made. We illustrate
the method on two examples.

‘We end the chapter with a summary about the current knowledge on
automorphisms of rational surfaces with positive entropy.

12.1 Birational maps whose exceptional
locus is a line

Let us consider the birational map defined by

®, = (zz’“l 4yt iyl z"), n>3.

The sequence (deg ®*)yen is bounded (it’s easy to see in the affine chart
z = 1), so ®, is conjugate to an automorphism on some rational surface S
and an iterate of ®, is conjugate to an automorphism isotopic to the
identity ([73]). The map ®,, blows up one point P = (1:0:0) and blows
down one curve A = {z = 0}.

Here we will assume that n = 3 but the construction is similar for
n >4 (see [69]). We first construct two infinitely near points Py and P,
such that ®3 induces an isomorphism between Blp P? and Bl ﬁzl[ﬂ. Then
we give “theoretical” conditions to produce automorphisms ¢ of P2(C)
such that ¢®; is conjugate to an automorphism on a surface obtained
from P2(C) by successive blow-ups.

12.1.1 First step: description of the sequence of
blow-ups

First blow up the point P in the domain and in the range. Set y = wuy
and z = uyvy; remark that (up,v1) are coordinates near Py = (0,0)(u, v,)>
coordinates in which the exceptional divisor is given by E = {u; = 0}
and the strict transform of A is given by Ay = {v; = 0}. Set y = r151
and z = si1; note that (r1,s1) are coordinates near Q@ = (0,0)(r, s,),
coordinates in which E = {s; = 0}. We have

(u1,01) = (U1, u1v1)(y,2) — (v 4+ w1 viug s viuy)

viug viug viuy
T\ ruw vt AT
1 14 1/ (y,2) 1 1 (u1,v1)




Chapter 12. A “systematic” way to construct of positive 165

and

(r1,51) = (151, 51)(y,2) — (1 + sy T8y 51)
o 151 S1
C\L+rs Lrds ),

)
71, B 3
1+ T‘f81 (r1,51)

therefore P is a point of indeterminacy, A; is blown down to P; and E is
fixed.

Let us blow up P; in the domain and in the range. Set u; = uy and
v1 = ugva. Note that (ug,v2) are coordinates around Py = (0,0)(y,,v,) in
which As = {vy = 0} and F = {uy = 0}. If we set ug = 752 and v1 = s2
then (rg,s2) are coordinates near A = (0,0)(y,,s,); in these coordinates
F = {s5 = 0}. Moreover

(u2,v2) = (U2, u202) (uy,0,) = (1 + ung :u%v% : u%vg)

and
(r2,82) = (1252, 52) (ry,51) = (7‘2 + 59 : TQS% : rzs‘;’).

Remark that A is a point of indeterminacy. We also have

(u2,v2) = (U2, U202) (uy,0,) = (1 + ung :u%v% : ugvg)
( u3v? u3vs

1+ usv3’ 1+ ugv3 ) :2)

2.2
u3v3
— | ————=,u2v2
14 ugv?’
272 (u1,01)

_)( U2V2 >
—5, U3

27
1+ ugv (r2,52)

so F and A, are blown down to A.

Now let us blow up A in the domain and in the range. Set 7o = us
and sy = ugvs; (us,v3) are coordinates near A; = (0,0)(y,,04), coordi-
nates in which F; = {v3 = 0} and G = {uz = 0}. If r5 = r3s3 and
s9 = s3, then (r3, s3) is a system of coordinates in which Ey = {rs = 0}

and G = {s3 = 0}. We have

(us,v3) = (Us, U3V3)(ry,s5) — (L4 03 : udv : ugvg)

(r3,53) = (r383,83)(rp,50) = (1473 7353 1 T355).
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The point T = (—1,0)(r,,s,) is @ point of indeterminacy. Moreover

(3, v5) — ( udv  udvd ) . ( ulv2 U3U3>
) Vs ; )
Thog L4/ N+ (o)

»(5em) L ()
> U3V3 ———,U3V3 5
Ltws (r2,52) 1+ )

so G is fixed and F; is blown down to S = (1,0)(ry ;)

Let us blow up 7" in the domain and S in the range. Set r3 = us—1 and
s3 = u4qvy; in the system of coordinates (u4,v4) we have G; = {vs = 0}
and H = {uy = 0}. Note that (r4,ss), where r3 = 1484 — 1 and s3 = s4, is
a system of coordinates in which H = {s, = 0}. On the one hand

(ua,v1) = (Us — 1,0404) (g 55) — ((wg — Dugvd, (ug — I)UZ?)Z)(%Z)

= ((ug — l)uwf,mm)(uwl) = ((ug — 1)1)4’”4”4)(”,52)

<(u4—1)v47 ] >
s =1/ s )

so H is sent on Fy. On the other hand
(14,54) = (454 — 1,54) (ra,55) = (r4 2 (rasq — 1)sa: (rass — 1)52);
hence B = (0,0)(y,,s,) is a point of indeterminacy.

Set r3 = as+1, s3 = asba; (as, by) are coordinates in which Gy = {by =
0} and K = {aq = 0}. We can also set r3 = cqdy + 1 and s3 = dy; in the
system of coordinates (c4,dys) the exceptional divisor K is given by dy = 0.
Note that

1 1,3
(u3,v3) — (7#3”3) - ( —Us(l + 1}3)> ;
T+us (r3,s3) 1+w (as,ba)

thus Fs is sent on K.
‘We remark that

PR PR}
2 2 3 u1vy u1vy
(ul,vl) — (v] + Uy tuvy uvy) = s
1 1 1 2 2
up + v ug 07 (0.2

. ( upv? ) [ )
ur+ vl / (u1, Ul) ur + vl (r2,52)

~ (), Cate) L
w + vl ' (r3,53) b + 1}1 (ca,da) 7

so Ay is blown down to C' = (0,0) (¢, 4,)-
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Now let us blown up B in the domain and C' in the range. Set r4 = us,
s4 = usvs and 14 = 7585, S4 = S5. Then (us,vs) (resp. (r5,s5)) is a
system of coordinates in which L = {us = 0} (resp. H; = {vs = 0} and
L = {s5 = 0}). We note that

(us,v5) = (Us, UsV5) (ry,50) — (1 s ws(udvs — 1) : usv? (udvs — 1))
and
(7‘5, 85) — (T5$5,$5)(r4,54) — (7’5 : 7’5S§ —1: 55(7‘58% — 1))

Therefore L is sent on A5 and there is no point of indeterminacy.

Set ¢y = as, dy = asbs and ¢4 = c5ds, dy = ds. In the first (resp.
second) system of coordinates the exceptional divisor M is given by {a5 =
0} (resp. {ds = 0}). We have

o= () )
Uy, V1 E— TR —— 30 5
up + v? (eada) uy + v? (e5.d5)

in particular Az is sent on M.
Proposition 12.1.1 ([69]). Let Py (resp. Py) be the point infinitely near
P obtained by blowing up P*(C) at P, P1, A, T and U (resp. P, P1, A, S
and U').

The map ®3 induces an isomorphism between Blﬁle and Blf,Z]PQ.

The different components are swapped as follows

A—-M, E—-E F—-K G—-G, H-F, L— A

12.1.2 Second step: gluing conditions

The gluing conditions reduce to the following problem: if u is a germ of
biholomorphism in a neighborhood of P, find the conditions on u in order
that U(Pg) = Pl.

Proposition 12.1.2 ([69]). Let u(y, z)=( Z mijy'zd, Z nijy'z)
(6,5)EN? (4,5)eN?
be a germ of biholomorphism at P.
Then w can be lifted to a germ of biholomorphism between BIPQIE‘>2

and BIIA,IIP’Q if and only if

3mg 11,1

3 2
mo,0 = n0,0 =Mni0 =My + Ng1 = O, Tl270 =
' ' 2mq
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12.1.3 Examples

In this section, we will use the two above steps to produce explicit examples
of automorphisms of rational surfaces obtained from birational maps in the
PGL;3(C)-orbit of ®3. As we have to blow up P?(C) at least ten times to
have non zero-entropy, we want to find an automorphism ¢ of P?(C) such
that

(9®3)*(Py) = Py with (k+1)(2n — 1)

. (12.1.1)
> 10(e®P3)'@(P)#P for 0<i<k-—1

First of all let us introduce the following definition.

Definition 12.1.3. Let U be an open subset of C" and let p: U —
PGL3(C) be a holomorphic map. If f is a birational map of the projective
plane, we say that the family of birational maps (@a,, ...,anf)(ar, ... an)et
is holomorphically trivial if for every o® = (oY, ..., %) in U there ex-
ists a holomorphic map from a neighborhood Uy of a® to PGL3(C) such
that

d J\/jalf,...,aa =1d,

o V(a, ..., ay)€Uq0, bar, s anf=May, . o (‘Pa?, ...,a?bf)]w(;,l, o

Theorem 12.1.4. Let ¢, be the automorphism of the complex projective
plane given by
a 21-a) (2+a-a?)
Yo =] -1 0 (a+1) , aeC\{0, 1}.
1 -2 (1-a)

The map po®3 is conjugate to an automorphism of P2(C) blown up
in 15 points.

The first dynamical degree of ©oP3 is 3+2‘/5 > 1.

The family @, P35 is holomorphically trivial.

Proof. The first assertion is given by Proposition 12.1.2.
The different components are swapped as follows (§12.1.1)

A — oM, E — p.E, F — oK,

G — ¢aG, H— ¢.F, L = paA,

0B = 0a®3paE,  puF = paPspaF, ©aG = 0aP30aG,
oK = 00 P3paK, YaM = o P3paM, PaP3poE — E,
PaP3psF — F, 0aP30.G = G, PaP3p K — H,

PaP3paM — L.
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So, in the basis

{A, Ev Fv Gv H7 L7 ‘fQ(YEv @uF; WQG; WQK7 Wal\/l QQ(Y@SQOQE-,
Pa®3palF, PaP3paG, PaPspaK, Waq)SWal\/[}v

the matrix of (pa®3). is

ro o ooo 1 00O0O0OO0O0OO0OO0OO0 O0]
o00O0OOT1 0O0O0OO0OOT1TO0OTUO0OTG OO
o00O0OO 2 0O0O0OO0OO0OO0OT1TO0TO0TO0
0o00O0OO 3 0O0OO0OO0OO0OOOTI1TO0OTFO
o00O0OO 3 0O0OO0OO0OO0OO0OOOT1SO
o00O0OO 3 0O0OO0OO0OOTO0OOOUO0OO0O1
01000 -10000WO0UO0UO0O0O0TO
o00O0O1 -201000O0O0O0O0TO0TUO
o0010 -3 000O0O0O0OO0OO0OTGO0OTO
0o010O0O-30000WO0UO0O0OO0OTUO0OTDO
10000 -3 000O0O0O0O0OGO0OTO0OTO
o00O0OO O T1TO0O0OOOUOUOOOU OO
o00O0OO O O0OT1TO0O0OOUOO0OO0OO0OTO
o00O0OO O O0OO0OT1TTO0OO0OOO0OO0OO0TO0
0o00O0OO O O0OWO0OTU OT1TO0OUOOUO0OTU 0O

L0O OO OO O OOOOT1TTO0OTO0OTO0OO0 O0/

and its characteristic polynomial is
(X2 -3X+D)(X> - X+ D)X +1)*(X*+ X +1)3(X - D)L

Thus

3+5

1.
2 >

/\(Qaaq)3) =

Fix a point o in C\ {0, 1}. We can find locally around o a matrix M,
depending holomorphically on « such that for all a near oy we have

0a®s = M7 0o, @3 M, :

if p is a local holomorphic solution of the equation o« = p"ag such that
o = 1 we can take
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12.2 A birational cubic map blowing down
one conic and one line

Let ¢ denote the following birational map
P = (y2z cx(ez 4+ y?) s ylez + yQ));
it blows up two points and blows down two curves, more precisely

Indp={R=(1:0:0), P=(0:0:1)},
Excyy = (C={az+y>=0}) U (A ={y=0}).

We can verify that =1 = (y(22 — zy) : 2(2%2 — 2y) : 22?) and

Indy ' ={Q=(0:1:0), R},
Excyy™' = (C'={z*—ay=0}) U (A" ={z=0}).

The sequence of blow-ups is a little bit different; let us describe it. Denote
by A the line z = 0.

e First we blow up R in the domain and in the range and denote by
E the exceptional divisor. We can show that C; = {u; +v1 = 0} is
sent on E, E is blown down to @ = (0:1:0) and S =ENAY is a
point of indeterminacy.

e Next we blow up P in the domain and @ in the range and denote
by F (resp. G) the exceptional divisor associated with P (resp. Q).
We can verify that F is sent on C}, E; is blown down to T'= G N Ay
and A} is blown down to 7.

e Then we blow up S in the domain and 7" in the range and denote
by H (resp. K) the exceptional divisor obtained by blowing up S
(resp. T'). We can show that H is sent on K; Eg, A} are blown down
to a point V' on K and there is a point of indeterminacy U on H.

e We will now blow up U in the domain and V in the range; let
L (resp. M) be the exceptional divisor obtained by blowing up U
(resp. V). There is a point of indeterminacy Y on L, L is sent on
Gg, E3 on M and A} is blown down to a point Z of M.

e Finally we blow up Y in the domain and Z in the range. We have: Af
is sent on 2 and N on AY, where (2 (resp. N) is the exceptional divisor
obtained by blowing up Z (resp. Y).
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Proposition 12.2.1. Let 131 (resp. ﬁz) denote the point infinitely near R
(resp. Q) obtained by blowing up R, S, U and Y (resp. Q, T, V and Z).
The map v induces an isomorphism between Blp P P? and Blﬁ;,R P2. The
different components are swapped as follows:

C—»E F—=(C, H=-K, L=G, E—-M A —=Q N-=A"
The following statement gives the gluing conditions.

Proposition 12.2.2. Let u(z,z) = Z mi jated, Z njatzd
(i,5)EN? (4,5)EN?
be a germ of biholomorphism at Q.
Then w can be lifted to a germ of biholomorphism between Blg P? and
2
Blﬁlﬂﬂ if and only if
® Mg =ngo = 0;
e ng 1 =0;
e nga+nio+mgy =0;

® ng3+ni 1+ 2mo1(mo2 +mig) =0.

Let ¢ be an automorphism of P2. We will adjust ¢ such that (pi)*¢
sends P, onto P; and R onto P. As we have to blow up P? at least ten
times to have nonzero entropy, k must be larger than two,

Py, Py, gYpPy, (00)20Ps, ..., (p)* 1 oP;

must all have distinct supports and (Lp'l/])k(pﬁg = ]31. We provide such
matrices for £ = 3; then by Proposition 12.2.2 we have the following state-
ment.

Theorem 12.2.3. Assume that ¢ = <y2z cx(rz +y?) y(zz + y2)> and
that

200(37iv3+3) o —22(5iv3+ 11)
Pa=| Z(-15+11iV3) 1 —ZGiV3+11) [, aeC
-2(2iv343) 0 0

The map pa1) is conjugate to an automorphism of P> blown up in 15 points.
The first dynamical degree of o is Mpath) = %

The family o is locally holomorphically trivial.
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Proof. In the basis

{A",E,F, H,L, N, 9.E, 0aG, 9uK, paM, 0,0
o 0aB, Path0aG, Path@aK, PathpaM, Pathpal}

the matrix M of (pa1))« is

0600 2 00 1 0O0OO0OO0OO0OO0OO0OO0OTO0TO0
00 2 00 1 0O0O0OO0OO0O0OT1IO0O0OO0
00 2 00 1 0O0O0OO0OO0OT1O0O0O0OO0
00 2 00 1 0O0O0OO0OO0OO0OO0OT1TTO0O0
00 2 00 1 0O0O0OO0OO0OO0OO0OO0OT1IO0
00 2 00 1 0O0O0OO0OO0O0OO0OO0OTO0ODTI1
00 -100-10000O0O0O0O0O0TO0O0
00 -101-1000W0O0©O0OO0°O0TU0O0
00 -210-1000WO0O0©O0O0°O0TU00O0
01 -3 00 -1000O0O0O0OO0O0TO0O0
10 400 -1000O0O0O0O0OO0CO0OT®O
00 0 00 O 10O0O0OOTOOOTU OO
00 0 00 O O1O0O0OO0OO0OUO0OO0OTU 0O
00 0 00 O OOT1O0OO0OO0OUOO0OTUO0OO
00 0 00 O OOOT1UOTOUOOU OO
00 0 00 O OOOOT1O0UO0OTUO0OUO0OO

Its characteristic polynomial is
(X -D'(X+DXHX? - X+ D)X+ X +1)3(X2-3X +1).

Hence M(pat) = %

Fix a point ap in C*. We can find locally around g a matrix M,
depending holomorphically on « such that for all o near «g, we have
Yoty = AMl;lgoaowAMa : take

1 0 0
M,=|0 & 02
0 0 gﬁo

12.3 Scholium

There are now two different points of view to construct automorphisms
with positive entropy on rational non-minimal surfaces obtained from bi-
rational maps of the complex projective plane.
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The first one is to start with birational maps of P?(C) and to adjust
their coefficients such that after a finite number of blow-ups the maps
become automorphisms on some rational surfaces S. Then we compute
the action of these maps on the Picard group of S and in particular obtain
the entropy. There is a systematic way to do explained in [69] and applied
to produce examples. Using examples coming from physicists Bedford and
Kim

e exhibit continuous families of birational maps conjugate to automor-
phisms with positive entropy on some rational surfaces;

e show that automorphisms with positive entropy on rational non-
minimal surfaces obtained from birational maps of P?(C) can have
large rotation domains and that rotation domains of rank 1 and 2
coexist.

Let us also mention the idea of [72]: the author begins with a quadratic
birational map that fixes some cubic curve and then use the “group law” on
the cubic to understand when the indeterminacy and exceptional behavior
of the transformation can be eliminated by repeated blowing up.

The second point of view is to construct automorphisms on some ratio-
nal surfaces prescribing the action of the automorphisms on cohomological
groups; this is exactly what does McMullen in [135]: for n > 10, the stan-
dard element of the Weyl group W,, can be realized by an automorphism f,,
with positive entropy log(\,,) of a rational surface S,,. This result has been
improved in [169]:

{A(f)| f is an automorphism on some rational surface}

= {spectral radius of w > 1|w € W, n > 3}4

In [44] the authors classify rational surfaces for which the image of the
automorphisms group in the group of linear transformations of the Picard
group is the largest possible; it can be rephrased in terms of periodic orbits
of birational actions of infinite Coxeter groups.






Bibliography

(1]
2]

3

(4]

(5]

6

(7

8

9

[10]

(1]

R. L. Adler, A. G. Konheim, and M. H. McAndrew. Topological
entropy. Trans. Amer. Math. Soc., 114:309-319, 1965.

P. Ahern and W. Rudin. Periodic automorphisms of C". Indiana
Univ. Math. J., 44(1):287-303, 1995.

M. Alberich-Carramifiana. Geometry of the plane Cremona maps,
volume 1769 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 2002.

D. S. Alexander. A history of complex dynamics. Aspects of Math-
ematics, E24. Friedr. Vieweg & Sohn, Braunschweig, 1994. From
Schréder to Fatou and Julia.

B. Anderson. Diffeomorphisms with discrete centralizer. Topology,
15(2):143-147, 1976.

V. Arnol'd. Chapitres supplémentaires de la théorie des équations
différentielles ordinaires. “Mir”, Moscow, 1984. Translated from the
Russian by Djilali Embarek, Reprint of the 1980 edition.

A. Banyaga. On isomorphic classical diffeomorphism groups. I. Proc.
Amer. Math. Soc., 98(1):113-118, 1986.

A. Banyaga. The structure of classical diffeomorphism groups, vol-

ume 400 of Mathematics and its Applications. Kluwer Academic
Publishers Group, Dordrecht, 1997.

W. P. Barth, K. Hulek, C. A. M. Peters, and A. Van de Ven. Compact
complex surfaces, volume 4 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics.
Springer-Verlag, Berlin, second edition, 2004.

H. Bass, J. Milnor, and J.-P. Serre. Solution of the congruence sub-
group problem for SL,, (n > 3) and Spy,, (n > 2). Inst. Hautes Etudes
Sci. Publ. Math., (33):59-137, 1967.

G. Bastien and M. Rogalski. Global behavior of the solutions of
Lyness’ difference equation wu,ou, = un4+1 + a. J. Difference Equ.
Appl., 10(11):977-1003, 2004.

175



176
(12]

(13]

[14]
[15]
(16]

(17]

(18]

(19]

20]

[21]

[22]

(23]

[24]

[25]
[26]

[27]

Julie Déserti

L. Bayle and A. Beauville. Birational involutions of P2. Asian J.
Math., 4(1):11-17, 2000. Kodaira’s issue.

A. Beauville. Surfaces algébriques complezes. Société Mathématique
de France, Paris, 1978. Avec un sommaire en anglais, Astérisque,
No. 54.

A. Beauville. Endomorphisms of hypersurfaces and other manifolds.
Internat. Math. Res. Notices, (1):53-58, 2001.

A. Beauville. p-elementary subgroups of the Cremona group. J.
Algebra, 314(2):553-564, 2007.

A. Beauville and J. Blanc. On Cremona transformations of prime
order. C. R. Math. Acad. Sci. Paris, 339(4):257-259, 2004.

E. Bedford. Dynamics of rational surface automorphisms. In Holo-
morphic dynamical systems, volume 1998 of Lecture Notes in Math.,
pages 57-104. Springer, Berlin, 2010.

E. Bedford and J. Diller. Energy and invariant measures for bira-
tional surface maps. Duke Math. J., 128(2):331-368, 2005.

E. Bedford and K. Kim. Periodicities in linear fractional recur-
rences: degree growth of birational surface maps. Michigan Math.
J., 54(3):647-670, 2006.

E. Bedford and K. Kim. Dynamics of rational surface automor-
phisms: linear fractional recurrences. J. Geom. Anal., 19(3):553-583,
2009.

E. Bedford and K. Kim. Continuous families of rational surface
automorphisms with positive entropy. Math. Ann., 348(3):667-688,
2010.

E. Bedford and K. Kim. Dynamics of rational surface automor-
phisms: rotations domains, arxiv: 0907.3339. Amer. J. Math.,
to appear.

E. Bedford, M. Lyubich, and J. Smillie. Distribution of peri-
odic points of polynomial diffeomorphisms of C2. Invent. Math.,
114(2):277-288, 1993.

E. Bedford and J. Smillie. Polynomial diffeomorphisms of C2. II.
Stable manifolds and recurrence. J. Amer. Math. Soc., 4(4):657—
679, 1991.

E. Bertini. Ricerche sulle trasformazioni univoche involutorie nel
piano. Annali di Mat., 8:244-286, 1877.

G. Birkhoff. Lie groups simply isomorphic with no linear group. Bull.
Amer. Math. Soc., 42(12):883-888, 1936.

J. Blanc. The number of conjugacy classes of elements of the Cre-

mona group of some given finite order. Bull. Soc. Math. France,
135(3):419-434, 2007.



Bibliography 177

(28]
[29]
(30]

(31]
(32]

(33]
(34]

(35]

(36]

37]

[38]

39]

[40]

[41]
[42]
(43]

[44]

(4]

J. Blanc. On the inertia group of elliptic curves in the Cremona
group of the plane. Michigan Math. J., 56(2):315-330, 2008.

J. Blanc. Linearisation of finite abelian subgroups of the Cremona
group of the plane. Groups Geom. Dyn., 3(2):215-266, 2009.

J. Blanc. Elements and cyclic subgroups of finite order of the Cre-
mona group. Comment. Math. Helv., 86(2):469-497, 2011.

J. Blanc and S. Cantat. preprint. 2012.

J. Blanc and J. Déserti. Degree growth of birational maps of the
plane, arxiv:1109.6810, 2011.

J. Blanc, I. Pan, and T. Vust. Sur un théoreme de Castelnuovo. Bull.
Braz. Math. Soc. (N.S.), 39(1):61-80, 2008.

P. Blanchard. Complex analytic dynamics on the Riemann sphere.
Bull. Amer. Math. Soc. (N.S.), 11(1):85-141, 1984.

C. Bonatti, S. Crovisier, and A. Wilkinson. The C* generic Qiﬂfeo—
morphism has trivial centralizer. Publ. Math. Inst. Hautes Etudes
Sei., (109):185-244, 2009.

M. Brunella. Minimal models of foliated algebraic surfaces. Bull.
Soc. Math. France, 127(2):289-305, 1999.

M. Brunella.  Birational geometry of foliations.  PublicagGes
Mateméticas do IMPA. Instituto de Matemdtica Pura e Aplicada
(IMPA), Rio de Janeiro, 2004.

M. Burger and N. Monod. Bounded cohomology of lattices in higher
rank Lie groups. J. Eur. Math. Soc. (JEMS), 1(2):199-235, 1999.

M. Burger and N. Monod. Erratum: “Bounded cohomology of
lattices in higher rank Lie groups”. J. Eur. Math. Soc. (JEMS),
1(3):338, 1999.

S. Cantat. Dynamique des automorphismes des surfaces projectives
complexes. C. R. Acad. Sci. Paris Sér. I Math., 328(10):901-906,
1999.

S. Cantat. Dynamique des automorphismes des surfaces K3. Acta
Math., 187(1):1-57, 2001.

S. Cantat. Version kihlérienne d’une conjecture de Robert J. Zim-
mer. Ann. Sci. Ecole Norm. Sup. (4), 37(5):759-768, 2004.

S. Cantat. Sur les groupes de transformations birationnelles des
surfaces. Ann. of Math. (2), 174(1):299-340, 2011.

S. Cantat and I. Dolgachev. Rational surfaces with a large group
of automorphisms, arxiv: 1106.0930. J. Amer. Math. Soc., to
appear.

S. Cantat and C. Favre. Symétries birationnelles des surfaces feuil-
letées. J. Reine Angew. Math., 561:199-235, 2003.



178
J46)
[47)
48]

(49]

[50]
[51]

[52]

[53]

Julie Déserti

S. Cantat and S. Lamy. Normal subgroups in the cremona group,
arxiv: arxiv:1007.0895.

S. Cantat and S. Lamy. Groupes d’automorphismes polynomiaux du
plan. Geom. Dedicata, 123:201-221, 2006.

G. Castelnuovo. Sulle transformazioni cremoniane del piano, che
ammettono una curva fiera. Rend. Accad. Lincei, 1892.

G. Castelnuovo. Le trasformationi generatrici del gruppo cremoniano
nel piano. Atti della R. Accad. delle Scienze di Torino, pages 36:861—
874, 1901.

D. Cerveau and J. Déserti. Feuilletages et transformations
périodiques. Ezperiment. Math., 19(3):447-464, 2010.

D. Cerveau and J. Déserti. Centralisateurs dans le groupe de Jon-
quieres, arxiv:1105.6211. Michigan Math. J., to appear.

D. Cerveau and J. Déserti. Transformations birationnelles de petit
degré, arXiv:0811.2325. Cours Spécialisés. Société Mathématique
de France, Paris, to appear.

D. Cerveau and A. Lins Neto. Holomorphic foliations in C P(2)
having an invariant algebraic curve. Ann. Inst. Fourier (Grenoble),
41(4):883-903, 1991.

D. Cerveau and A. Lins Neto. Irreducible components of the space
of holomorphic foliations of degree two in C P(n), n > 3. Ann. of
Math. (2), 143(3):577-612, 1996.

D. Cerveau, A. Lins-Neto, F. Loray, J. V. Pereira, and F. Touzet.
Complex codimension one singular foliations and Godbillon-Vey se-
quences. Mosc. Math. J., 7(1):21-54, 166, 2007.

D. Cerveau and R. Moussu. Groupes d’automorphismes de (C,0)
et équations différentielles ydy + --- = 0. Bull. Soc. Math. France,
116(4):459-488 (1989), 1988.

A. B. Coble. Algebraic geometry and theta functions. Revised print-
ing. American Mathematical Society Colloquium Publication, vol.
X. American Mathematical Society, Providence, R.I., 1961.

J. L. Coolidge. A treatise on algebraic plane curves. Dover Publica-
tions Inc., New York, 1959.

Y. Cornulier. The Cremona group is not an amalgam, in preparation,
2011.

V. L. Danilov. Non-simplicity of the group of unimodular automor-
phisms of an affine plane. Mat. Zametki, 15:289-293, 1974.

T. de Fernex. On planar Cremona maps of prime order. Nagoya
Math. J., 174:1-28, 2004.



Bibliography 179

[62]
[63]

[64]

[65]

[66]
[67]
(68]

[69]

[70]

[71]

[72]

(73]

[74]

[76]

[77]

P. de la Harpe. Topics in geometric group theory. Chicago Lectures
in Mathematics. University of Chicago Press, Chicago, IL, 2000.

P. de la Harpe and A. Valette. La propriété (7') de Kazhdan pour les
groupes localement compacts (avec un appendice de Marc Burger).
Astérisque, (175):158, 1989. With an appendix by M. Burger.

T. Delzant and P. Py. Kéhler groups, real hyperbolic spaces and the
cremona group, arxiv: 1012.1585. Compos. Math., to appear.

J. Déserti. Groupe de Cremona et dynamique complexe: une ap-
proche de la conjecture de Zimmer. Int. Math. Res. Not., pages Art.
ID 71701, 27, 2006.

J. Déserti. Sur le groupe des automorphismes polynomiaux du plan
affine. J. Algebra, 297(2):584-599, 2006.

J. Déserti. Sur les automorphismes du groupe de Cremona. Compos.
Math., 142(6):1459-1478, 2006.

J. Déserti. Le groupe de Cremona est hopfien. C. R. Math. Acad.
Sci. Paris, 344(3):153-156, 2007.

J. Déserti and J. Grivaux. Special automorphisms of rational surfaces
with positive topological entropy, arxiv:1004.0656. Indiana Univ.
Math. J., to appear.

R. Devaney and Z. Nitecki. Shift automorphisms in the Hénon map-
ping. Comm. Math. Phys., 67(2):137-146, 1979.

J. A. Dieudonné. La géométrie des groupes classiques. Springer-
Verlag, Berlin, 1971. Troisieme édition, Ergebnisse der Mathematik
und ihrer Grenzgebiete, Band 5.

J. Diller. Cremona transformations, surface automorphisms, and
plane cubics. Michigan Math. J., 60(2):409-440, 2011. With an
appendix by Igor Dolgachev.

J. Diller and C. Favre. Dynamics of bimeromorphic maps of surfaces.
Amer. J. Math., 123(6):1135-1169, 2001.

J. Diller, D. Jackson, and A. Sommese. Invariant curves for bira-
tional surface maps. Trans. Amer. Math. Soc., 359(6):2793-2991
(electronic), 2007.

T.-C. Dinh and N. Sibony. Groupes commutatifs d’automorphismes
d’une variété kdhlérienne compacte. Duke Math. J., 123(2):311-328,
2004.

T.-C. Dinh and N. Sibony. Regularization of currents and entropy.
Ann. Sci. Ecole Norm. Sup. (4), 37(6):959-971, 2004.

I. Dolgachev and D. Ortland. Point sets in projective spaces and
theta functions. Astérisque, (165):210 pp. (1989), 1988.



180
(78]

[79]

[80]

(81]
(82]
(83]

(84]

(85]

(86]

(87]
(88]
(89]
[90]

[91]

[92]

Julie Déserti

I. V. Dolgachev. Reflection groups in algebraic geometry. Bull. Amer.
Math. Soc. (N.S.), 45(1):1-60 (electronic), 2008.

I. V. Dolgachev and V. A. Iskovskikh. Finite subgroups of the plane
Cremona group. In Algebra, arithmetic, and geometry: in honor of
Yu. I. Manin. Vol. I, volume 269 of Progr. Math., pages 443-548.
Birkh&user Boston Inc., Boston, MA, 2009.

I. V. Dolgachev and V. A. Iskovskikh. Finite subgroups of the plane
Cremona group. In Algebra, arithmetic, and geometry: in honor of
Yu. I. Manin. Vol. I, volume 269 of Progr. Math., pages 443-548.
Birkhauser Boston Inc., Boston, MA, 2009.

I. V. Dolgachev and D.-Q. Zhang. Coble rational surfaces. Amer. J.
Math., 123(1):79-114, 2001.

P. Du Val. On the Kantor group of a set of points in a plane. Proc.
London Math. Soc., 42:18-51, 1936.

R. Dujardin. Laminar currents and birational dynamics. Duke Math.
J., 131(2):219-247, 2006.

J. Ecalle.  Les fonctions résurgentes. Tome II, volume 6 of
Publications Mathématiques d’Orsay 81.  Université de Paris-
Sud Département de Mathématique, Orsay, 1981. Les fonctions
résurgentes appliquées a l'itération.

J. Ecalle. Les fonctions résurgentes. Tome III, volume 85 of Publica-
tions Mathématiques d’Orsay. Université de Paris-Sud, Département
de Mathématiques, Orsay, 1985. L’équation du pont et la classifica-
tion analytique des objects locaux.

C. Favre. Le groupe de Cremona et ses sous-groupes de type fini.
Astérisque, (332):Exp. No. 998, vii, 11-43, 2010. Séminaire Bour-
baki. Volume 2008/2009. Exposés 997-1011.

R. P. Filipkiewicz. Isomorphisms between diffeomorphism groups.
Ergodic Theory Dynamical Systems, 2(2):159-171, 1982.

T. Fisher. Trivial centralizers for axiom A diffeomorphisms. Nonlin-
earity, 21(11):2505-2517, 2008.

T. Fisher. Trivial centralizers for codimension-one attractors. Bull.
Lond. Math. Soc., 41(1):51-56, 2009.

J. Franks and M. Handel. Area preserving group actions on surfaces.
Geom. Topol., 7:757-771 (electronic), 2003.

S. Friedland. Entropy of algebraic maps. In Proceedings of the Con-
ference in Honor of Jean-Pierre Kahane (Orsay, 1993), number Spe-
cial Issue, pages 215-228, 1995.

S. Friedland and J. Milnor. Dynamical properties of plane polyno-

mial automorphisms. Ergodic Theory Dynam. Systems, 9(1):67-99,
1989.



Bibliography 181

(93]

[94]
[95]
[96]
[97]

98]

[99]
[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

W. Fulton and J. Harris. Representation theory, volume 129 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, 1991. A first
course, Readings in Mathematics.

J.-P. Furter and S. Lamy. Normal subgroup generated by a plane
polynomial automorphism. Transform. Groups, 15(3):577-610, 2010.

E. Ghys. Sur les groupes engendrés par des difféomorphismes proches
de l'identité. Bol. Soc. Brasil. Mat. (N.S.), 24(2):137-178, 1993.

E. Ghys. Actions de réscaux sur le cercle. Invent. Math., 137(1):199-
231, 1999.

E. Ghys. Groups acting on the circle. Enseign. Math. (2), 47(3-
4):329-407, 2001.

E. Ghys and P. de la Harpe, editors. Sur les groupes hyperboliques
d’aprés Mikhael Gromov, volume 83 of Progress in Mathematics.
Birkhauser Boston Inc., Boston, MA, 1990. Papers from the Swiss
Seminar on Hyperbolic Groups held in Bern, 1988.

M. H. Gizatullin. Rational G-surfaces. Izv. Akad. Nauk SSSR Ser.
Mat., 44(1):110-144, 239, 1980.

M. Kh. Gizatullin. Defining relations for the Cremona group of the
plane. Izv. Akad. Nauk SSSR Ser. Mat., 46(5):909-970, 1134, 1982.
X. Gémez-Mont and G. Kempf. Stability of meromorphic vector
fields in projective spaces. Comment. Math. Helv., 64(3):462-473,
1989.

M. Gromov. Entropy, homology and semialgebraic geometry.
Astérisque, (145-146):5, 225-240, 1987. Séminaire Bourbaki, Vol.
1985/86.

M. Gromov. Asymptotic invariants of infinite groups. In Geometric
group theory, Vol. 2 (Sussex, 1991), volume 182 of London Math.
Soc. Lecture Note Ser., pages 1-295. Cambridge Univ. Press, Cam-
bridge, 1993.

M. Gromov. On the entropy of holomorphic maps. Enseign. Math.
(2), 49(3-4):217-235, 2003.

B. Harbourne. Blowings-up of P? and their blowings-down. Duke
Math. J., 52(1):129-148, 1985.

B. Harbourne. Rational surfaces with infinite automorphism group
and no antipluricanonical curve. Proc. Amer. Math. Soc., 99(3):409—
414, 1987.

B. Harbourne. Iterated blow-ups and moduli for rational surfaces. In
Algebraic geometry (Sundance, UT, 1986), volume 1311 of Lecture
Notes in Math., pages 101-117. Springer, Berlin, 1988.

J. Harris and I. Morrison. Moduli of curves, volume 187 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 1998.



182
[109]
[110]

[111]

[112]

[113]

[114]
[115]
[116]

[117]

[118]
[119]
[120]
[121]
[122]
[123]

[124]

Julie Déserti

R. Hartshorne. Algebraic geometry. Springer-Verlag, New York,
1977. Graduate Texts in Mathematics, No. 52.

B. Hasselblatt and J. Propp. Degree-growth of monomial maps.
Ergodic Theory Dynam. Systems, 27(5):1375-1397, 2007.

M.-R. Herman. Recent results and some open questions on Siegel’s
linearization theorem of germs of complex analytic diffeomorphisms
of C™ near a fixed point. In VIIIth international congress on math-
ematical physics (Marseille, 1986), pages 138-184. World Sci. Pub-
lishing, Singapore, 1987.

J. Hietarinta and C. Viallet. Discrete Painlevé I and singularity
confinement in projective space. Chaos Solitons Fractals, 11(1-3):29—
32, 2000. Integrability and chaos in discrete systems (Brussels, 1997).

J. Hietarinta and C. Viallet. Singularity confinement and degree
growth. In SIDE III—symmetries and integrability of difference
equations (Sabaudia, 1998), volume 25 of CRM Proc. Lecture Notes,
pages 209-216. Amer. Math. Soc., Providence, RI, 2000.

A. Hirschowitz. Symétries des surfaces rationnelles génériques. Math.
Ann., 281(2):255-261, 1988.

H. P. Hudson. Cremona Transformations in Plane and Space. Cam-
bridge University Press. 1927.

V. A. Iskovskikh. Minimal models of rational surfaces over arbitrary
fields. Izv. Akad. Nauk SSSR Ser. Mat., 43(1):19-43, 237, 1979.

V. A. Iskovskikh. Proof of a theorem on relations in the two-
dimensional Cremona group. Uspekhi Mat. Nauk, 40(5(245)):255—
256, 1985.

J. P. Jouanolou. Equations de Pfaff algébriques, volume 708 of Lec-
ture Notes in Mathematics. Springer, Berlin, 1979.

G. Julia. Mémoire sur la permutabilité des fractions rationnelles.
Ann. Sci. Ecole Norm. Sup. (3), 39:131-215, 1922.

G. Julia. Buvres de Gaston Julia. Vol. I. Gauthier-Villars, Paris,
1968. Edited by Michel Hervé.

H. W. E. Jung. Uber ganze birationale Transformationen der Ebene.
J. Reine Angew. Math., 184:161-174, 1942.

S. Kantor. Theorie der endlichen Gruppen von eindeutigen Trans-
formationen in der Ebene. 1895.

M. Koitabashi. Automorphism groups of generic rational surfaces.
J. Algebra, 116(1):130-142, 1988.

J. Kollar. Rational curves on algebraic varieties, volume 32 of Ergeb-
nisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of
Modern Surveys in Mathematics. Springer-Verlag, Berlin, 1996.



Bibliography 183

[125]

[126]
[127]
[128]

[129]

[130]
[131]

[132]

[133]

[134)
[135)
[136]
[137]

[138]

[139]
[140]

[141]

N. Kopell. Commuting diffeomorphisms. In Global Analysis (Proc.
Sympos. Pure Math., Vol. XIV, Berkeley, Calif., 1968), pages 165—
184. Amer. Math. Soc., Providence, R.I., 1970.

H. Kraft and I. Stampfli. Automorphisms of the affine Cremona
group, arxiv: 1105.3739, 2011.

S. Lamy. L’alternative de Tits pour Aut[C?]. J. Algebra, 239(2):413~
437, 2001.

S. Lamy. Une preuve géométrique du théoreme de Jung. Enseign.
Math. (2), 48(3-4):291-315, 2002.

J.-L. Lin. Algebraic stability and degree growth of monomial maps
and polynomial maps, arxiv:1007.0253. Bull. Soc. Math. France,
to appear.

E. Looijenga. Rational surfaces with an anticanonical cycle. Ann. of
Math. (2), 114(2):267-322, 1981.

Ju. I. Manin. Rational surfaces over perfect fields. II. Mat. Sb.
(N.S.), 72 (114):161-192, 1967.

Y. I. Manin. Cubic forms, volume 4 of North-Holland Mathematical
Library. North-Holland Publishing Co., Amsterdam, second edition,
1986. Algebra, geometry, arithmetic, Translated from the Russian
by M. Hazewinkel.

G. Margulis. Discrete subgroups of semisimple Lie groups, volume 17
of Ergebnisse der Mathematik und ihrer Grenzgebiete (8). Springer-
Verlag, Berlin, 1991.

C. T. McMullen. Dynamics on K3 surfaces: Salem numbers and
Siegel disks. J. Reine Angew. Math., 545:201-233, 2002.

C. T. McMullen. Dynamics on blowups of the projective plane. Publ.
Math. Inst. Hautes Etudes Sci., (105):49-89, 2007.

M. McQuillan. Diophantine approximations and foliations. Inst.
Hautes Ftudes Sci. Publ. Math., (87):121-174, 1998.

L. G. Mendes. Kodaira dimension of holomorphic singular foliations.
Bol. Soc. Brasil. Mat. (N.S.), 31(2):127-143, 2000.

M. Nagata. On rational surfaces. I. Irreducible curves of arithmetic
genus 0 or 1. Mem. Coll. Sci. Univ. Kyoto Ser. A Math., 32:351-370,
1960.

M. Nagata. On rational surfaces. II. Mem. Coll. Sci. Univ. Kyoto
Ser. A Math., 33:271-293, 1960,/1961.

A. Navas. Actions de groupes de Kazhdan sur le cercle. Ann. Sci.
Ecole Norm. Sup. (4), 35(5):749-758, 2002.

Dat Dang Nguyen. Composantes irréductibles des transformations
de Cremona de degré d, 2009.



184

[142]

[143]
[144]
[145]

[146]

[147)

[148]
[149]

[150]

[151]

[152]
[153]

[154]

[155]

[156]

Julie Déserti

V. V. Nikulin. Discrete reflection groups in Lobachevsky spaces and
algebraic surfaces. In Proceedings of the International Congress of
Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986), pages 654-671,
Providence, RI, 1987. Amer. Math. Soc.

M. Noether. Ueber die auf Ebenen eindeutig abbildbaren algebrais-
chen Fliachen. Gottigen Nachr., pages 1-6, 1869.

M. Noether. Ueber Fliachen, welche Schaaren rationaler Curven be-
sitzen. Math. Ann., 3(2):161-227, 1870.

M. Noether. Zur Theorie der eindentigen Ebenentrasformationen.
Math. Ann., 5(4):635-639, 1872.

K. Oguiso. The third smallest Salem number in automorphisms
of K3 surfaces. In Algebraic geometry in East Asia—=Seoul 2008,
volume 60 of Adv. Stud. Pure Math., pages 331-360. Math. Soc.
Japan, Tokyo, 2010.

J. Palis. Rigidity of the centralizers of diffeomorphisms and struc-
tural stability of suspended foliations. In Differential topology, folia-
tions and Gelfand-Fuks cohomology (Proc. Sympos., Pontificia Univ.
Catdlica, Rio de Janeiro, 1976), volume 652 of Lecture Notes in
Math., pages 114-121. Springer, Berlin, 1978.

J. Palis and J.-C. Yoccoz. Centralizers of Anosov diffeomorphisms
on tori. Ann. Sci. Ecole Norm. Sup. (4), 22(1):99-108, 1989.

J. Palis and J.-C. Yoccoz. Rigidity of centralizers of diffeomorphisms.
Ann. Sci. Ecole Norm. Sup. (4), 22(1):81-98, 1989.

I. Pan. Sur le sous-groupe de décomposition d’une courbe irra-
tionnelle dans le groupe de Cremona du plan. Michigan Math. J.,
55(2):285-298, 2007.

I. Pan, F. Ronga, and T. Vust. Transformations birationnelles
quadratiques de I'espace projectif complexe a trois dimensions. Ann.
Inst. Fourier (Grenoble), 51(5):1153-1187, 2001.

R. Penrose and C. A. B. Smith. A quadratic mapping with invariant
cubic curve. Math. Proc. Cambridge Philos. Soc., 89(1):89-105, 1981.

J. V. Pereira. Vector fields, invariant varieties and linear systems.
Ann. Inst. Fourier (Grenoble), 51(5):1385-1405, 2001.

R. Pérez Marco. Nonlinearizable holomorphic dynamics having an
uncountable number of symmetries. Invent. Math., 119(1):67-127,
1995.

L. Polterovich. Growth of maps, distortion in groups and symplectic
geometry. Invent. Math., 150(3):655—686, 2002.

J. F. Ritt. Permutable rational functions. Trans. Amer. Math. Soc.,
25(3):399-448, 1923.



Bibliography 185

[157]

[158]

[159]

[160]
[161]
[162]
[163]

[164]

[165]

[166]
[167]
[168]
[169]

[170]

[171]

[172]

A. Russakovskii and B. Shiffman. Value distribution for sequences
of rational mappings and complex dynamics. Indiana Univ. Math.
J., 46(3):897-932, 1997.

P. E. Schupp. Small cancellation theory over free products with
amalgamation. Math. Ann., 193:255-264, 1971.

J.-P. Serre. Arbres, amalgames, SLo. Société Mathématique de
France, Paris, 1977. Avec un sommaire anglais, Rédigé avec la col-
laboration de Hyman Bass, Astérisque, No. 46.

M. Shub. What is ...a horseshoe?  Notices Amer. Math. Soc.,
52(5):516-517, 2005.

C. L. Siegel. Iteration of analytic functions. Ann. of Math. (2),
43:607-612, 1942.

J. H. Silverman. Rational points on K3 surfaces: a new canonical
height. Invent. Math., 105(2):347-373, 1991.

S. Smale. Differentiable dynamical systems. Bull. Amer. Math. Soc.,
73:747-817, 1967.

R. Steinberg. Some consequences of the elementary relations in SL,,.
In Finite groups—coming of age (Montreal, Que., 1982), volume 45
of Contemp. Math., pages 335-350. Amer. Math. Soc., Providence,
RI, 1985.

T. Takenawa. Algebraic entropy and the space of initial values for
discrete dynamical systems. J. Phys. A, 34(48):10533-10545, 2001.
Symmetries and integrability of difference equations (Tokyo, 2000).
T. Takenawa. Discrete dynamical systems associated with root sys-
tems of indefinite type. Comm. Math. Phys., 224(3):657-681, 2001.

T. Takenawa. A geometric approach to singularity confinement and
algebraic entropy. J. Phys. A, 34(10):L95-L102, 2001.

J. Tits. Free subgroups in linear groups. J. Algebra, 20:250-270,
1972.

T. Uehara. Rational surface automorphisms with positive entropy,
arxiv:1009.2143.

E. B. Vinberg, V. V. Gorbatsevich, and O. V. Shvartsman. Discrete
subgroups of Lie groups. In Lie groups and Lie algebras, II, vol-
ume 21 of Encyclopaedia Math. Sci., pages 1-123, 217-223. Springer,
Berlin, 2000.

L. Wang. Rational points and canonical heights on K3-surfaces in
P! x P! xPL. In Recent developments in the inverse Galois problem
(Seattle, WA, 1993), volume 186 of Contemp. Math., pages 273-289.
Amer. Math. Soc., Providence, RI, 1995.

A. Wiman. Zur theorie der endlichen gruppen von birazionalen trans-
formationen in der ebene. Math. Ann., 48:195-240, 1896.



186
[173]
[174)
[175]
[176]
[177]

[178]

[179]

Julie Déserti

D. Witte. Arithmetic groups of higher Q-rank cannot act on 1-
manifolds. Proc. Amer. Math. Soc., 122(2):333-340, 1994.

Y. Yomdin. Volume growth and entropy. Israel J. Math., 57(3):285—
300, 1987.

D.-Q. Zhang. Automorphisms of finite order on rational surfaces. J.
Algebra, 238(2):560-589, 2001. With an appendix by I. Dolgachev.

R. J. Zimmer. Kazhdan groups acting on compact manifolds. Invent.
Math., 75(3):425-436, 1984.

R. J. Zimmer. On connection-preserving actions of discrete linear
groups. Ergodic Theory Dynam. Systems, 6(4):639-644, 1986.

R. J. Zimmer. Actions of semisimple groups and discrete subgroups.
In Proceedings of the International Congress of Mathematicians, Vol.
1, 2 (Berkeley, Calif., 1986), pages 1247-1258, Providence, RI, 1987.
Amer. Math. Soc.

R. J. Zimmer. Lattices in semisimple groups and invariant geometric
structures on compact manifolds. In Discrete groups in geometry
and analysis (New Haven, Conn., 1984 ), volume 67 of Progr. Math.,
pages 152-210. Birkh&duser Boston, Boston, MA, 1987.

Julie Déserti

Universitét Basel, Mathematisches Institut, Rheinsprung 21, CH-4051 Basel,
Switzerland

On leave from Institut de Mathématiques de Jussieu, Université Paris 7,
Projet Géométrie et Dynamique, Site Chevaleret, Case 7012, 75205 Paris
Cedex 13, France

deserti@math.jussieu.fr



Index

Abelian variety, 122

adjoint linear system, 81
affine group, 25
algebraically stable, 42
analytically linearizable, 134
anticanonical curve, 145

base-points of Ay, 19
base-points of f, 19

basic surfaces, 11

basin, 137

Bedford-Diller condition, 112
Bertini involution, 75
Bertini type, 75

birational map, 18

blow-up, 15

characteristic matrix, 128
characteristic vector, 128
conic bundle, 73

Coxeter element, 139
Cremona group, 18
Cremona transformations, 18
cubic curve, 141

de Jonquieres group, 37

de Jonquieres involution, 75
de Jonquieres maps, 37

de Jonquieres type, 75
degree, 18, 25, 76

del Pezzo surface, 73
distorted, 99

dominates, 139

elementary group, 26
elliptic, 46

Enriques surface, 131
exceptional configurations, 127
exceptional divisor, 15

Fatou set, 135
first dynamical degree, 25, 39, 44
formally linearizable, 134

Geiser involution, 74

Geiser type, 75

geometric, 144

geometric basis, 138

global stable manifold, 108
global unstable manifold, 108

Hénon automorphism, 27
Halphen twist, 46

Herman ring, 137
holomorphic foliation, 76
holomorphically trivial, 168
homoclinic point, 124
hyperbolic, 46, 106, 108
hyperbolicity, 125

inertia group, 80

inflection point, 77
isomorphism, 142, 143, 145
isotropy group, 78

Julia set, 125
K3 surface, 131
length, 99

linear system, 19
linearly equivalent, 14

187



188

local stable manifold, 108
local unstable manifold, 108

Mandelbrot set, 125

marked blow-up, 142

marked cubic curve, 141

marked pair, 145

multiplicatively independent, 135
multiplicity, 13

multiplicity of a curve at a point, 16

nef cone, 17
nodal root, 144
non-wandering, 106

orbit, 122
ordered resolution, 127

persistent, 114

Picard group, 14

Picard number, 46
Picard-Manin space, 47

Pisot number, 45

point of tangency, 76
polynomial automorphism, 25
prime divisor, 13

principal divisors, 14

product intersection, 126

rank of the rotation domain, 136
rational, 131

rational map, 17, 19

realized, 139

recurrent, 136

repelling, 125

resonant, 134

resonant monomial, 135
rotation domain, 135

saddle points, 124
Salem number, 45, 134
Salem polynomial, 134
satisfies axiom A, 107
shift map, 124

Siegel disk, 137

Index

simultaneously diophantine, 135
singular locus, 76

sink, 124, 137

stable, 107

stable length, 99

standard element, 140

standard generators, 94, 95

strict transform, 16

strong transversality condition, 107

tight, 54
topological entropy, 123
transversal, 76

unstable manifold, 107

Weil divisor, 13
Weyl group, 139



