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Global singularity theory
for the

Gauss curvature equation

Graham Andrew Craig Smith

Abstract. We study the structure of the singularity sets of weak solutions
to the Plateau problem for gaussian curvature. We show that these sets
consist of convex hulls of subsets of the boundary. This allows us to take
a geometric approach to the construction of smooth solutions.
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Chapter 1

Introduction

1.1 Singularities and the Plateau problem

The theory of singularities of solutions of totally non-linear partial
differential equations presents a vast and fascinating field of mathematics
about which much remains to be learnt. In this text, we study the
singularities of otherwise smooth solutions of operators of Hessian type.
Although little is known in the general case, when the operator is also
of convex type and the ambient space is flat, a complete and satisfying
description of the singularity set of any solution becomes possible. Indeed,
this set decomposes as a union of convex hulls, thereby presenting a nice
analogy with the linear case, where Hérmander showed (c.f. [10]) that the
wave-front set of any solution of a linear partial differential equation is a
union of complete bicharacteristic orbits of the Hamiltonian vector field of
its principal symbol.

The case of gaussian curvature presents a nice geometric framework
within which to present this theory, though it should be borne in mind that
the techniques developed in the sequel apply equally well in a far wider
context. We first recall some basic definitions of riemannian geometry
(c.f. [7]). Let S be a smooth, oriented, embedded hypersurface in R"*1.
Let N be the unit normal vector field over .S which is compatible with the
orientation. Let A be its shape operator (also known as the Weingarten
operator), which is defined to be the derivative of N. That is, for all x € S,
and for every tangent vector V to S at x,

A(x)V := DN(x)V.

We recall that, for all z, the linear map A(z) sends the tangent space of S
at = to itself. In particular, it always has a well-defined determinant, and
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8 Graham A. C. Smith

so we define the function x: S — R by
k(z) := Det(A(x)).

We call this function the gaussian curvature (or extrinsic curvature)
of S. It is one of an immense family of possible scalar curvature functions
which includes the mean curvature, the so-called “scalar curvature”, and
so on. Within this family, the gaussian curvature itself is of particular
interest since, after the mean curvature, it is often the most analytically
tractable.

We will study the Plateau problem for gaussian curvature, which asks for
constant curvature hypersurfaces with prescribed boundary. Before stating
the result, we consider it worth reviewing certain geometric features of the
gaussian curvature. The first concerns its relationship with convexity. Let
Symm denote the space of real, symmetric n X n matrices and consider the
determinant function Det : Symm — R. The set Z := Det™'({0}) divides
Symm into n+ 1 connected components. Indeed, for 0 < k < n, denote by
Symm,, the subset of Symm consisting of all invertible, symmetric matrices
with exactly k positive eigenvalues. The complement of Z coincides with
the union of all the Symm,, each of which is connected. Significantly,
Symm,, coincides with the set of positive-definite matrices. In particular,
if Det(A) is positive and if A lies in the correct connected component of
the complement of Z, then A is positive definite.

Now consider the embedded hypersurface S. We recall that S is said
to be strictly convex whenever the matrix A(x) is positive definite at
every point. However, if the gaussian curvature of S is everywhere strictly
positive, then it follows by connectedness that S is strictly convex whenever
A(xz) is an element of Symm,, for one single . In other words, when the
gaussian curvature is strictly positive, the condition of strict convexity of
S reduces to a single topological datum which may take one of only n + 1
possible values.

Now suppose that (S,,)men is a sequence of embedded hypersurfaces
converging smoothly (in some reasonable sense) to S. If S, is strictly
convex for all m, then S will also be convex, though not necessarily strictly
so. However, if the gaussian curvature of S is everywhere strictly positive,
then S will also be strictly convex. That is, strict convexity, which is a-
priori an open condition, becomes also a closed condition, provided again
that the gaussian curvature is assumed to be strictly positive.

This describes the relationship between gaussian curvature and strict
convexity. It is of particular significance to us as strict convexity plays
an important role in the development of the singularity theory presented
in the sequel. These properties are particular to the gaussian curvature
and are not possessed, for example, by the mean curvature, nor by the
so-called “scalar curvature”. Nonetheless, there is an important class of
scalar curvatures which do possess this property, which we refer to as the
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class of curvatures of convex type. We will not discuss this further here,
but we refer the interested reader to [25] for a complete treatment.

The second feature of the Plateau problem for gaussian curvature is the
importance of outer barriers. This more subtle feature arises from the
totally non-linear nature of the problem. The situation is best illustrated
by the case of a circle, C, of unit radius in the plane. We furnish C with
the canonical orientation, and for k& > 0, we look for compact, oriented,
embedded surfaces, S, in R? of constant gaussian curvature k2, with
boundary C, and which lie locally to the right of this boundary curve.
For k €]0, 1], it is easy to construct two distinct solutions to this problem.
Indeed, there are exactly two spheres of radius 1/k containing C, the first,
which we denote by .S} + lying mostly above the plane, and second, which
we denote by S, lylng mostly below it. If H now denotes the closed lower
half-space {(x,y,2) | z < 0}, then the intersections Si N H are the desired
solutions.

Observe that, as k tends to 1, the pair Ski degenerates to the single
sphere S7, which is the unique sphere with equator C. For k < 1, the
two solutions are then distinguished geometrically by their position with
respect to S1 N H. Indeed, the “small solution”, S,j' N H, lies on the inside,
that is to say, the concave side, of Sy N H, whilst the “big solution”,
S, N H, lies on the outside, that is to say, the convex side, of this surface.
In technical terms, we say that S; N H serves as an outer barrier for
Sy NH, but not for S;F N H.

This qualitative difference influences in a fundamental manner the
behaviour of nearby solutions which follow perturbations of the boundary
curve. Indeed, if (Cy)|¢<c is a smooth family of curves such that Co = C,
and if (S +)|t|<e are smooth families of surfaces such that Slfo =SEnH,

and that, for all ¢, S; % is a solution to the Plateau problem with gaussian
curvature equal to k and boundary curve C¢, then, although the existence
of an outer barrier makes it relatively easy to ensure that the family
(S,;t)‘t|<6 of small solutions remains within some fixed compact set, the
same cannot be said for the family (Sk_ ¢)jt|<e of big solutions. Indeed,
depending on (Cy)jj<e, they may diverge in arbitrarily short time. It is
for this reason that the assumption of existence of an outer barrier is often
indispensable in the statement of our results.

We are now in a position to state the main result of this text. Here the
role of the outer barrier is played by the boundary, 0K, of the convex set,
K.

Theorem 1.1 (Existence and Singularities). Choose k > 0. Let K
be a compact, convex subset of R™1 with non-trivial interior. Let X be
a closed subset of 0K whose convex hull also has non-trivial interior. If
OK is smooth with gaussian curvature greater than k at every point of
(OK) \ X, then there exists a compact, convezr subset Ko C K with non-
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trivial interior such that
(1) KoNnoK = X; and

(2) OKoNKP° has constant gaussian curvature equal to k in the viscosity
sense.

Furthermore, if we denote by Sing(Ky) the set of all points in 0Ky near
which 0Ky is not smooth, then there exists a family (X )aca of subsets of
X such that

Sing(Kp) = aLeJA Conv(X,),

where Conv(Y') here denotes the convex hull of Y for any set Y.

When the set X has more structure, straightforward geometric
arguments may often be applied to ensure that the singularity set is empty.
For example, we obtain the following more classical version of the Plateau
problem (c.f. [12] and [26]).

Theorem 1.2. Choose k > 0. Let K be a compact, convex subset of R™+!
with smooth boundary. Let X be a closed subset of OK with C? boundary
C :=0X. If OK has gaussian curvature bounded below by k at every point
of (OK) \ X, then there exists a compact, strictly conver, C%! embedded
hypersurface S C R™+! such that

(1) SCK;
(2) 0S =C; and
(3) S\ C is smooth and has constant gaussian curvature equal to k.

Remark: In fact, if 0X is smooth, then the techniques of Chapter 2 may
readily be adapted to show that S is smooth up to the boundary (and
not just over its interior). We shall not study this here, although we refer
the interested reader to [24] for a proof of this result following a slightly
different approach.

1.2 Overview and acknowledgements

The proof of Theorem 1.1 leads us on a grand tour of various geometric and
analytic aspects of the theory of non-linear partial differential equations
of Hessian type. First, in Chapters 2 and 3, we prove the existence of
solutions to the Plateau problem for the classical case of graphs over
compact, convex subsets of R” with smooth boundary. We carry this
out in two stages. First, in Chapter 2, we obtain compactness results for
families of smooth solutions to the gaussian curvature equation, which we
achieve using the technique of Caffarelli, Nirenberg and Spruck (c.f. [2],
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[3] and [4]). This general technique applies to solutions of any non-linear
partial differential equation of Hessian type, and presents a fascinating
object of study in its own right. With this compactness result in hand,
we then use a differential-topological argument to prove existence. The
formal development of this argument, which requires a considerable detour
through basic functional analysis, forms the content of Chapter 3.

The local theory of singularities is introduced in Chapter 4. We describe
the possible singularities that appear in C© limits of families of those
solutions to the classical Plateau problem which we constructed in Chapter
3. To this end, we first present an in-depth study of the elementary
geometry of convex subsets of R"*1. With a firm understanding of this
theory in hand, we then apply a straightforward barrier argument dating
back to the work [17] of Pogorelov to show that singularities always lie
along open straight-line segments contained within the limiting surface.
This property, which we call the local geodesic property, directly implies
the global structure of singularities described in Theorem 1.1.

In order to apply this singularity theory, we introduce in Chapter 6 a
concept of weak supersolutions to the gaussian curvature equation, which
we refer to as weak barriers. This concept, which is a more sophisticated
variant of that of viscosity supersolutions, requires considerable technical
work in order to establish its basic properties. This forms the content
of Sections 6.1 to 6.5 inclusive, which also makes use of additional
properties of convex sets studied in the parenthetical Chapter 5. Once
fully developed, however, this theory allows us to easily construct weak
solutions to the Plateau problem via the Perron method, that is, by
constructing a unique minimiser of a certain functional - in this case, the
volume functional - amongst the set of weak barriers. Finally, in Section
6.8, we show that weak solutions are viscosity solutions, and, using the
existence result of Chapter 3, which here serves as a local regularising
operation, together with the local singularity theory developed in Chapter
4, we obtain the complete description of the structure of the singular parts
of these solutions, thereby completing the proof of Theorem 1.1.

A brief overview of the notations and terminology used throughout the
text is presented in the appendix. This text is an expanded and revised
version of a mini-course presented to students in the XVII Escola de
Geometria Diferencial, held in July 2012, in Manaus, Brazil. The text was
written whilst the author was benefitting from a Marie Curie postdoctoral
fellowship at the Centre de Recerca Matematica, Barcelona, Spain. The
author is grateful to Lucio Rodriguez and Olivier Druet for many helpful
suggestions and comments.



Chapter 2

The CNS Method

The Caffarelli-Nirenberg-Spruck (CNS) method yields a-priori second
order bounds for smooth solutions of non-linear, Hessian-type PDEs given
the existence of an upper barrier. It constitutes the main step towards
proving the main result of this chapter, namely Theorem 2.26, which yields
compactness in the C'°° sense for families of smooth solutions to such
PDEs, and, in particular, for families of smooth functions whose graphs
have constant gaussian curvature.

The CNS method reduces to a barrier argument (c.f. Chapter 3 of
[11]). That is, bounds are obtained by applying the maximum principal to
certain, carefully chosen superharmonic functions, which are constructed
so as to have suitable properties along the boundary. There is always a
certain art to the construction of barrier functions, and the CNS technique
is no exception. Consequently, in order to attain a deeper understanding
of their approach, we consider it worthwhile to focus on three specific
points which we believe stand out. The first is convexity, which is used
repeatedly throughout the chapter as a source of positivity. The second
is the correct choice of generalised Laplacian with respect to which the
superharmonicity of functions will be determined, and which turns out to
be the linearisation of the non-linear PDE in question around the function
being studied. Finally, the third concerns superharmonicity itself, more
precisely, which relations constitute useful upper bounds for intermediate
functions and which do not. This is a rather subtle point which will
hopefully become clear in Section 2.4, below.

In all situations where the CNS method may be applied, once a-priori
second-order bounds have been obtained, higher order bounds follow from
general results. The Krylov technique (c.f. Theorem 2.25) yields a-priori
C?*“ bounds for solutions, then the Schauder technique (c.f. Theorem
2.24) then yields a-priori C* bounds for all k, and compactness follows
by the classical Arzela-Ascoli theorem. Since detailed proofs of Theorems

12
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2.24 and 2.25 would take us too far afield, we refer the interested reader
to [3] and [11] for a complete treatment.

2.1 The framework

Let © be a compact, convex subset of R” with smooth boundary. Let
f € C>(Q) be a smooth, strictly convex function which vanishes along
0. Let k : Q —]0, 0o[ be such that, for all z, k() is equal to the gaussian
curvature of the graph of f at the point (z, f(z)). It is a straightforward
exercise to show that

Det(D?f(2) = w(@)(1+ | Df (@)]) . ()
We prefer to consider a more general setting which we believe better
illustrates the main concepts of the CNS method without introducing
excessive complexity. Thus, let Symm := Symm(2,R™) be the space of
real-valued, symmetric matrices of order n and let I' C Symm be the
open cone of positive-definite, symmetric matrices. We define the function
F :T —]0, 0] by

F(A) :=Det(A)7.

Let G : R® — [0,00[ be a smooth, convex function bounded below by
1. For any smooth function ¢ € C°°(£2,]0, 0o[), we now consider smooth,
strictly convex functions f € C°°(£2) which satisfy the following non-linear
PDE with boundary condition.

F(D*f) = ¢G(Df),  floa =0. (B)

We leave the reader to verify that (A) presents a special case of this
problem.

We are interested in studying the problem given the existence of a
lower barrier, which is defined to be a smooth, strictly convex function
f € (O>(Q) which satisfies the following non-linear partial differential
inequation with boundary condition.

F(D*f) > ¢G(Df),  floa=0. (©)
In particular, we define
6(f) i= Inf (F(D2f(2)) - o(x)G(Df(x))) (D)
xeQ)

This quantity will be of use in the sequel.

Given the lower barrier, we are interested in solutions f of (B) such
that f > f These will be obtained using degree theory, which is a
generalisation of the continuity method and which will be discussed in
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Section 3.4. This techniques requires in particular compactness results for
families of solutions of (B) which are bounded below by corresponding
families of lower barriers. Furthermore, by the classical Arzela-Ascoli
theorem, such compactness results are equivalent to a-priori bounds for
the norms of the k’th derivatives of solutions for all k. Obtaining such
bounds is therefore our main aim in this chapter. A-priori C° and C*
bounds follow without further ado.

Lemma 2.1. If f > f, then

1£llo < 1l£lo,
IDfllo < 1D fllo-

Proof. Let A be the standard Laplacian on R™. Since f is smooth and
strictly convex Af > 0, and so, by the maximum principal,

Sup f(x) = Sup f(z) =

€0 €00
Since f > f, it follows that ||f|lo < ||f]lo, as desired. We now claim that
IDfllo = Sup [[Df ()]
€N

Indeed, let x be any point of Q. Denote V' = Df(z)/||Df(z)|| and define
v :R — R" by 4(t) := o + tV. Since Q is compact and convex, v~ 1(Q)
is a closed interval, [a,b] say, containing 0. Define g : [a,b] — R by
g(t) := (foy)(t) = f(z+tV). Since f is convex, so too is g. In particular, g’
is monotone, and, without loss of generality we may therefore assume that
g'(b) > ¢'(0) = || Df(x)||. However, using the Cauchy/Schwarz inequality,
we obtain

IDf (@)l < g'(b)
= (Df((0)),V)
< [IDFHE)VI
IDf(v ()l
(

< Sup [Df(y)l,
a0

and since z € (1 is arbitrary, the assertion follows. However, since
f < f <0, and since f = f =0 along 01, it follows that, for all y € 01,

IDSW)I < IDF W),

so that || Df|lo < ||Df|lo, as desired. This completes the proof. O



Chapter 2. The CNS Method 15

Remark. The approach described here and in the sequel extends to a far
more general framework (c.f. [4]). Indeed, first let O(n) be the group
of orthogonal matrices of order n. Recall that O(n) acts on Symm by
conjugation. That is, for M € O(n) and for A € Symm,

M(A) := M 'AM € Symm.

Now denote by 'y the open cone of positive-definite matrices in Symm,
and observe that every element of O(n) maps Lo bijectively to itself. We
then consider any other cone I' C Symm centered on the origen which
is convezx, invariant under the action of O(n) on Symm, and which, in
addition, has the property that for all x € T, x + Ty C I'. Given such a
T', the theory of Caffarelli, Nirenberg and Spruck applies to a large family
of functions F € C>(I') N C°(T) which are concave, homogeneous of order
1, invariant under the action of O(n) on Symm, which vanish along the
boundary of T', and which satisfy the property that for all A € T and for
all B €Ty \ {0}, DF(A)(B) > 0.

This may appear very abstract. However, consider the symmetric
polynomials (o)o<k<n : Symm — R defined uniquely by the relation

Det(Id +tA) =: Y t'o;(A),

i=0
for all A € Symm and for allt € R. For 0 < k <n, define 'y C Symm by
Ty :={A| o9(4),...,0x(4) > 0},
and define Fy, : Ty, — [0, 00][ by
Fi(A) := (an(A) "

The pair (Ty, Fy,) possesses the properties described above. In particular,
when k =n, F = Det'/™ and when k = 1, Fy, = Tr, so that the Monge-
Ampére operator (studied here) and the Laplacian are in fact both covered
by this framework.

2.2 Basic properties of F'

Higher order a-priori bounds require a deeper understanding of the
differential properties of the function F. Let End(n) be the space of linear
endomorphisms of R™. Recall that the canonical inner product of End(n)
can be written in the form

(A, B) = Te(A'B),
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and observe that for A, B € Symm, this becomes
(A, B) = Tr(AB).

We identify every linear map « : End(n) — R with a matrix A € End(n)
via this inner product. We readily obtain

Lemma 2.2. Forall AeT,

DF(A) = lF(A)A—l.

n
In particular, this yields
Corollary 2.3. Forall A€T,

Remark. This relation in fact follows directly from the homogeneity of
F.

Lemma 2.4. Suppose that A € T is diagonal and let 0 < Ay < ... < A, be
its eigenvalues. Then, for all B € Symm,

D?F(A)(B, B) <—7F ZAA py:

Remark. An analogous relation may be deduced for more general F using
the properties of concavity and ellipticity (c.f. [21] for details).

Proof. Differentiating Lemma 2.2 yields
D2F(A)(B,B):3F(A) (1 r(A7'B)? — Tr(A"'BA~ 1B)>
n

Since A is diagonal, this yields
2
D2F(A)(B, B) = Z“ i Bjj ZM
However, by the Cauchy/Schwarz inequality,

n n n n 2
B () () (1)
i=1"" i=1 i=1"" i=1""

The result follows by combining this with the preceeding relation. (|
In particular, this yields
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Corollary 2.5. F is concave over T.

We invite the reader to observe the frequency with which the concavity
of F' and the convexity of G will be used throughout the sequel to remove
awkward terms. We recall that this is the first key point of the CNS
technique. Furthermore, of these two properties, the concavity of F' is
perhaps more fundamental, as it is used to eliminate third order terms,
wheras the convexity of G only eliminates second-order terms.

Remark. In fact, in the more general framework described at the end of
the previous section, an explicit formula for DF is not necessary. The
results obtained in the sequel can be deduced from more general relations
derived from the properties of concavity, homogeneity, ellipticity and O(n)-
invariance. See [4] for details.

Finally, the concavity of F' yields the following lower estimate.

Lemma 2.6. For all A inT,
%Tr(A) > F(A).
Proof. By concavity,
DF(Id)(A —1d) > F(A) — F(1d).
Thus, using Lemma 2.2 and the fact that F(Id) = 1, we obtain

LTp(A —1d) > F(A) -1
= " Im(4) > F(4),

as desired. O

2.3 Linearisation

Since estimates are obtained using the maximum principal, we will
be interested in proving the superharmonicity of various functions.
Importantly, however, the concept of “superharmonicity” depends
implicitely on the choice of generalised Laplacian used, and thus
constitutes the second key point of the CNS technique. We thus define

Ly:C™®(Q) = C>(Q) by
Lyg:= DF(D*f)(D*g) — ¢DG(Df)(Dg).

The informed reader will notice that this is precisely the linearisation
around f of the partial differential operator ® given by ®(Dg, D%g) =
F(D?%g) — ¢G(Dg) (c.f. Section 3.4).
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Lemma 2.7. L; is a second-order, linear, elliptic, partial differential
operator.

Proof. By definition, L£; is a second-order, linear, partial differential
operator. It thus remains to show ellipticity. Let o2(Ly) be its principle
symbol (c.f. [10]). We have to show that o2(L;) is everywhere positive
definite. However, using Lemma 2.2, we obtain

02(Ly)(§) = DF(D*f)(§ @ ¢)

= Lm0zt 2 6))

n

- %F(Dz’f)@, (D*f)716).

Since f is strictly convex, D?f is positive definite at every point, and
therefore so too is its inverse. The principle symbol of L; is therefore
everywhere positive definite, and this completes the proof. (|

The following result provides an important source of superharmonic
functions to be used in the sequel.

Theorem 2.8. If§ > 0 is a non-negative real number and if g,h € C>=(Q)
are smooth, strictly convex functions such that

F(D%g) = 6G(Dg),  F(D*h) > 6G(Dh) + 3,

then
Ly(g—h) < —0.

Proof. By definition,
F(D%g) — $G(Dg) = 0 < F(D?h) — $G(Dh) — .

By concavity of F,

DF(D?%g)(D*g — D*h) < F(D?g) — F(D?h).
By positivity of ¢ and convexity of G,

¢DG(Dg)(Dh — Dg) < ¢G(Dh) — $G(Dg).
Combining the above relations and recalling the definition of £, yields

Ly(g—h) < =4,

as desired. 0
This yields in particular the strong maximum principal in the non-linear
setting.
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Lemma 2.9. Let g,h € C(Q) be strictly convex functions such that
F(D*h)/G(Dh) > F(D?g)/G(Dg) and let p be a point in Q where g — h
attains its minimum value. If D(g—h) = 0 at p, then (g — h) is constant.

Remark. The reader unfamiliar with this formulation of the maximum
principal may observe that if (g — h) attains its minimum value at an
interior point, p, say, then D(g — h) = 0 at this point, and so g — h is
constant (c.f. [11]).

Proof. Suppose the contrary, so that g — h is non-constant. Define
Y = F(D?%g)/G(Dg) > 0. In particular,

F(D?*h) —¢G(Dh) > 0 = F(D?*g) — ¢G(Dg).
Thus, by Theorem 2.8 applied with ¢ = 1,
Ly(g—h) <0.

It follows from Hopf’s maximum principle (c.f. Lemma 3.4 of [11]) that
D(g — h) # 0 at p. This is absurd by hypothesis, and we conclude that
g — h is constant, as desired. O

2.4 The CNS technique

Let X be a smooth vector field in R™ tangent to 0€2. In particular, and
importantly, the function X f = D f(X) vanishes along the boundary. This
is the function that we aim to control using the maximum principal. To
this end, we first obtain a-priori bounds for £;(X f). Absolute bounds,
however, do not exist. Instead, £;(X f) is controlled by a certain function
which depends on the data. This is the third key point of the CNS
technique: understanding that the terms that are really useful are precisely
those that are bounded by this function. We thus define

B = LR(D2 (D21, ()
n
so that B is the matrix of DF(D?f), and we define
A(f) :== DF(D*f)(1d) = BY4;;. (F)

Fixed multiples of A(f) also bound terms that are already known to be
bounded by constants. Indeed, we have

Lemma 2.10. For all f,
A(f) = 1.

Remark. Observe that the proof is valid for any concave F homogeneous
of order 1 such that F(Id) =1 (c.f. the remark following Corollary 2.3).
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Proof. Indeed, by Corollary 2.3, for all A € T,

However, since F' is concave,
DF(A)(Id— A) > F(Id) — F(A) =1— F(A).

Thus, by linearity,

as desired. 0
We now control L¢(X f).

Lemma 2.11. There exists C > 0 which only depends on ||¢||1, || X||2 and
If|l1 such that,
LX) < CA(f).

Remark. Observe that the proof only uses the homogeneity of F'. Indeed,
the idea is that since f is a solution of (B), any derivative of f should
satisfy the linearisation of (B) (c.f. Section 3.4) modulo lower order terms.
There is a problem, however, since L;(X f) actually involves terms which
are of second order in f and for which we have not yet obtained a-priori
bounds. These are nonetheless readily removed using Corollary 2.3, which,
as remarked previously, only really uses homogeneity.

Proof. For all i, differentiate (B) in the direction of e;. Since D3f is
symmetric, by definition of L, this yields, for all ¢,

Lsfi = ¢:G(D).
Thus, using the summation convention,
X'Lyfi = X'$:G(Df).

There therefore exists C; > 0 which only depends on ||¢||1, || X |lo and || f]l1
such that
| XLy fi| < Ch.

We aim to move X to the other side of Ly. To this end, we define the
operator E} by

L}g = —¢DG(Df)(Dyg).
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That is, E} is the first order component of £;. By the chain rule,
LHX'f;) = X'LY(f:) = [iLF(X7).

There therefore exists Co > 0 which only depends on ||¢||o, || f|l1 and || X |1
such that,
|LH(Xfi) = X' Ly(fi)| < Ca.
Furthermore, by Lemma 2.2,
X'DF(D*f)(D*f;) — DF(D*f)(D*(X f))
:Xinqfipq - qu(Xifi)pq
=— BriX', f;, — BMX', fi, — B X", fi.

However, since that f is a solution of (B),
1 1
BPif;, = EF(D2f)6qi = E¢G(Df)5qi.
This eliminates the terms on the right hand side which are of second-order

in f. We conclude that there exists C5 > 0, which only depends on ||¢||o,
X2 and || f||1 such that

| X'DF(D*f)(D*f;) — DF(D*f)(D*(X f))| < C3A(f).

Combining the above relations, and using Lemma 2.10 along with the
triangle inequality, we obtain

IL4(Xf)| < [DF(D*f)(D*(Xf)) = X'DF(D*f)(D*f;)]
+ ‘5}(X'Lfi) - Xlﬁ}"(fi” + ‘X'L(Effi)‘
<Ci+0Cy+ CgA(f)
< (C1+ G2+ C3)A(f),
as required. O
We now introduce the first component of the barrier function which
the CNS technique uses to provide a-priori bounds for X f. Consider
the function f — f. This function is non-negative, and by Theorem
2.8, is superharmonic with respect to L. We aim to perturb it so as

to be strictly negative away from a given boundary point without losing
superharmonicity. Thus, for all p € 912, and for all € > 0, we define

Foe(@) = f(z) = ellz —p]* (G)

Lemma 2.12. There exists eg > 0, which only depends on ||¢|lo, 6(f) and
I fll2 such that, for all p € O, and for all € < €,

‘Cf(f - fp,e) <0.
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Proof. Indeed, by compactness, there exists €9 > 0 which only depends on
llollo, 6(f) and || f||2 such that for all p € 9 and for all € < €,

F(sz;me) 2 ¢G(Dfp75)

The result now follows by Theorem 2.8. |
For all p € 052, we define the function d, : 2 — R by

dp(z) := ||z —pl|. (H)
This is the second component of the CNS barrier function.

Lemma 2.13. There exists r > 0, which only depends on ||¢llo and || f|1
such that, for all p € 09,
Lydy > A(f),

over QN B(p).
Proof. By definition, for all g,
Ltg = DF(D*f)(D*g) — ¢DG(Df)(Dg).
However, when g = d2, for all z,
[1Dg ()] = 2dp ().

Thus, bearing in mind Lemma 2.10, there exists r > 0 which only depends
on ||¢llo and || f||1 such that, for d,(z) <7,

|9(z)DG(Df(2))(Dg(z))] <1 < A(f)().
However, for all x,
DF(D?f(x))(D*d3(x)) = DF(D?f(x))(21d) = 2A(f)(x).

The result now follows by subtracting these two relations. (|
The following result lies at the heart of the CNS technique.

Lemma 2.14. There exists C' > 0, which only depends on |¢[l1, || X]|2,
5(f), Ifll2 and || fl|1 such that if f > f, then for all p € 09,

ID(Xf)(P)] < C.

Proof. Let C be as in Lemma 2.11 and let 7 be as in Lemma 2.13. For all
p € 0%, throughout 2N B,.(p),

—Ly(Cdy) < Ly(Xf) < Ly(Cdy).
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Now let € < ¢y be as in Lemma 2.12. For all A > 0, and for all p € 99,
throughout QN B,(p),

Li(A(f = foe) = Cd2) < Lp(Xf) < Li(—A(f — fp.e) + Cd2).

For p € 99, 9(2N B,(p)) consists of two components, namely 9Q N B,.(p)
and QN IB,.(p). Furthermore, for all p € 99,

f=1fpe> edz.

Setting A > Ce! + || X||o||f||1e~ 72, we obtain, for all p € 99, and for
all z € 000N B,.(p),

(A(f = fp.o) = Cdp)(x) > 0 = |(X f) ()] -
Likewise, for all p € 99, and for all x € QN IB,.(p),

(A(f = fp.0) = Cd3)(x) > |(X f)()] .
That is, for all p € 99, and for all z € (2N B,-(p)),

(A(f = fp) = Cdy) () = (X f)(@) = —(A(f = fp.e) = Cdy) ().
It follows by the maximum principal that for all p € 09,
A(f = foe) = Cdy 2 X f 2 —A(f = fy.o) + Cd;

throughout QN B,.(p). However, by definition, these three functions are
all equal to 0 at p, so that

IDX AP < AID(f = freo) D)
= AID(f = /)@)ll
< A(lfllor + 1 fllen),

as desired. g

Now fix p € 9€2. Upon applying an isometry of R"™, we may suppose
that p = 0 and that the tangent space to 02 at p is spanned by the vectors
€1,...,en_1. For all r, let B.(0) be the ball of radius r about 0 in R"~1.
For sufficiently small r, there exists a smooth function w : BL(0) =] —r, 7]
whose graph coincides with 9Q N(B..(0)x] —r,r[). Using this construction,
Lemma 2.14 is now expressed as follows.

Corollary 2.15. There exists C' > 0 which only depends on ||¢||1, 6(f),
£ ll2; £l and ||w||3 such that if f > f then, for all (i,j) # (n,n),

|fi;(0)] < C.
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Proof. Since D?f is symmetric, we may suppose that j < n. Let
X € C§°(B..(0)x] — r,7[) be a smooth function of compact support equal
to 1 near 0, and define the vector field X; by

Xj (@', 1) == x(@', t)(ej, wj ().

Observe that X; is tangent to 9Q and that || X2 is controlled by ||w]|s.
Moreover, (Dw)(0) = 0 and so X;(0,0) = e;. Thus, for all 1 < i < n,

[£i3 (O)] < [[DX; £)(O)]] + 1£(0)(9:X;5)(0)],

and the result now follows by Lemma 2.14. ]

2.5 The double normal derivative

By Corollary 2.15, it only remains to control the second derivative in
the double normal direction. In more general applications of the CNS
technique, this can present a serious difficulty, often requiring a further,
lengthy barrier argument (c.f. [3]). In the current case, however, this term
is controlled by a straightforward ad-hoc argument which we now describe.
We continue to use the notation introduced at the end of Section 2.4, and
we thus aim to control |f,,(0)].

Lemma 2.16. For all B > 0, there exists C > O with the property that if
M is a symmetric n X n matriz such that

(1) |Mi;| < B for all (i,j) # (n,n);
(2) |Det(M)| < B™; and
(3) [Det(M")| > B~

where M’ is the (n—1) x (n—1) matriz given by the upper-left hand corner
of M, then,
| M| < C.

Proof. Indeed, by hypothesis,
B"™ > |Det(M)| > | M| |Det(M")| — (n — 1)(n — 1)!B™,

and the result follows with C := (1 + (n — 1)(n — 1)!)B" T, O
It thus suffices to obtain lower bounds for the absolute value of the
determinant of (fi;(0))1<i j<(n—1)-

Lemma 2.17. For all € > 0, there exists § > 0, which only depends on €
and the geometry of Q such that if f,(0) < —e, then

‘Det((fij(o))lgi,jg(n_l))| > 4.
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Proof. By definition, Dw(0) = 0 and since  is strictly convex, so too is
w. Now observe that the function 2’ — f(z',w(2’)) vanishes identically.
Thus, by the chain rule, for all 1 <4,j < (n—1),

fij + fawij = 0.
In particular, by definition of ¢,
|Det((fi;(0))1<i j<(n—1))| > €~ [Det(w;;(0))],

and the result follows. O

Lemma 2.18. There exists § > 0 which only depends on Inf g ¢(x) such
that fn(p) < —4.

Proof. We continue to consider R™ as the product R*~! x R. Since 99
is smooth, there exists r > 0, which only depends on the geometry of
Q, such that B,((0,r)) is contained within . For all 6 > 0, define

hs € C>(B,((0,7))) by
hs(x) = 8]z — (0,7)|* ~
Observe that F(D?hs) = 26 and so, for 20 < Inf,_g é(x),
F(D?hs) — $G(Dhs) < 0 = F(D*f) — ¢G(Df).
However, for all € dB,((0,r)),
(hs = f)(x) = —f(x) = 0.

It thus follows by the maximum principal (Lemma 2.9) that hs — f > 0
throughout B,.((0,r)). Since hs and f coincide at 0, this yields

fn(0) < (9nhs)(0) = —26r,

as desired. g
This yields the desired a-priori second order bounds for f at every
boundary point of 2.

Theorem 2.19. There exists C' > 0 which only depends on Il
Inf & é(z), 6(f P, I1fll2 and |||y such that if f > f then, for all z € O,

ID? f ()l < C.

Proof. By Corollary 2.15, there exists C; > 0 which only depends on ||¢||1,
5(H), If|l2 and || f||1 such that if f > f then, for all (i, 7) # (n,n),

|£i3(0)] < Cr.
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By Lemma 2.18, there exists §; > 0 such that
fn(O) S _51-

By Lemma 2.17 there exists d; > 0, which only depends on §; and C; such
that

IDet((£i;(0)1<i j<(n-1))| > 2.

Thus, by Lemma 2.16, there exists Cy > C7, which only depends on 6
and C17, such that

|frm(0)| < 027
and we conclude that ||Df(0)|| < Cs, as desired. O

2.6 Boundary to global

We have obtained a-priori second-order bounds for f at every boundary
point of €, and we now use the maximum principal to extend these to
global second-order bounds over the whole of ). Since the problem is non-
linear, this is not wholly trivial, and we are required to use an auxiliary
superharmonic function to obtain these results. In the present case, the
function f — f serves our purposes perfectly satisfactorily, and is also
trivially well-defined over the whole of €. However, in more general
settings, suitable auxiliary functions do not always exist, so that this
can yield another condition for determining whether or not the Plateau
problem can be solved over a given domain.

Let A1, ..., An 0 © — R be such that, for all z, 0 < Aj(z) < ... < A\y(2)
are the eigenvalues of D?f(x), and, for all 1 < i < n, define y; : Q@ — R
by w; := Log(\;). Observe that, although these functions are continuous,
they are not necessarily smooth. It is therefore useful to introduce the
following definition.

Definition 2.20. Let U C R™ be an open set, let L be a second-order,
linear, partial differential operator defined over U, let f : U — R be a
continuous function and let g : U x R® — R be any other function. We
say that (Lf)(z) > g(x, Df(z)) in the weak sense whenever, for all z € U,
there exists a smooth function « such that

(1) a(2) = f(a);
(2) a < f; and

3) (La)(z) > g(z, Da(z)).

Remark. The informed reader will notice similarities with the concept
of wiscosity supersolutions (c.f. [8]). Definition 2.20 however yields a
stronger property, since the definition of viscosity solutions does not require
the existence of smooth test functions at every point.
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We now recall the matrix B% defined in Section 2.4.

Lemma 2.21. If g : Q — R is a smooth, positive function, then
1 i
LyLog(g) = JLi9 - B ?0;Log(g)9;Log(g).-
Proof. Indeed, by the chain rule,
1
DLog(g) = EDg,
1
(D*Log(9))ij = §(D2g)ij — (DLog(9)):(DLog(9));-

Since DF(D?f) and DG(Df) are linear, this yields
LsLog(g) =DF(D?f)(D*Log(g)) — $DG(D f)(DLog(g))
~ DF(D*)(D%) = 6DG(DS)(Dg)
— DF(D?f)"(DLog(g)):(DLog(9));

%cfg — DF(D?f)"(DLog(g))i(DLog(9)),

as desired. O

Lemma 2.22. There exists C > 0, which only depends on ||@||2, || f|l» and
Inf 5 o(x) such that if x € Q and if e, coincides with the eigenvector of

D2 f(x) corresponding to the greatest eigenvalue \,, then, at x,

C |
‘Cf.un + T(an,un)z > —-C+ BY (ai,un)(aj,ufn)

in the weak sense.

Remark. Observe that the coefficient of the second term on the left-hand
side tends to zero as A\, tends to infinity. Furthermore, although the
coefficient of the second term on the right-hand side in Lemma 2.21 is
negative, the coefficient of the corresponding term in the above formula is
positive. This phenomenon, which plays an important role in the sequel
is a consequence of Lemma 2.4, and thus continues to hold even for more
general functions F which are both conver and elliptic.

Proof. Choose x € (). By applying an isometry, we may assume that
e1, ..., e, are the eigenvectors of D?f(x) corresponding to the eigenvalues
A (f)(@), ..., A\ (f)(x) respectively. Define a(z) := Log(fnn(x)). Observe
that « is smooth, o < p,(f) and a(x) = p,(f)(x). It thus suffices to
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prove the desired relation for a at z. Differentiating (B) twice in the e,
direction at = yields

DF(D? f(2))(0,0nD” f(x)) + D*F(D* f (2))(0nD* f (x), 0. D* f (x))
=nn(2)G(Df(x)) + 2¢n(x) DG(D f(x))(0n D f (z))
+ ¢(2)DG(D f(2))(0n0n D f (x)) + ¢(x) D> g(D f (2))(8n D f (x), 0n D f ().

Since the derivatives of f are symmetric, since G is convex, since ¢ is
positive and recalling the definition of L, this simplifies to

(L fan) (@) Z Gun(2)G(Df () + 200 (2) DG(D f (2)) (D fn(x))
— D*F(D*f(2))(D? fu(2), D? fa(2)).

Since | D? f(z)|| < A (2) = fan(), there exists C; > 0 which only depends
on ||@||2 and || f]|1 such that

(‘Cffnn)(-r) > —-C) — Cl)\n(x) - DQF(D2f(3}))(D2fn($),Dan(.TJ))
However, by Lemma 2.4 and the positivity of D% f(x),

~(D*F)(D* [())(D* (@), D fu(a)) > F(D* f(a Z o L@’

>2F(D Z e Fe @

20 (0B OLLogl ) )0, Lo o))
2 ()G (D (2)) (OnL0g fan) (@))*
=2\ () BY (9i0) (x)(9;0) (x)

— 26(@)G(DI () (0n0) (@)°,

Thus, upon increasing C if necessary,
(Lsfan)(@) = =Cr = C1An(z) = CL(8n)(2)” + 2Xn () BY (2)(8i0) (2) (9 ) (),
and so, by Lemma 2.21,

(CLro)(x) >~ @

-G (Ona)(x)? + BY (2)(Dia(2)) (9;0(x)).
Finally, by (B) and Lemma 2.6,

An(T) - T(l’)

1 .
An(z) > ETF(DQJ”(%)) > F(D*f(x)) = ¢(x)G(D[(x)) > mgqﬁ(y) >0
ye
and the result follows. g
The final term in Lemma 2.22 makes this relation insufficient in itself for
a direct application of the maximum principal. It is for this reason that
the auxiliary function is required in the proof of the following theorem.
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Theorem 2.23. There exists C' > 0 which only depends on l#]l2,
Inf 5 ¢(x), o(f ) ||f||2 and || f||1 such that if f > f then,

I fll2 < C.

Proof. For A > 0, consider the function g4 : Q — R given by:
9a =i — A(f = [).

It suffices to prove that g4 < C' for some constants A and C' which both
depend only on [|@|l2, Inf__g¢(x), 6(f), [[fll2 and | f][1. However, by
compactness of Q, g4 assumes its maximum at some point = € €, say.
First suppose that z is a boundary point of . Let C; be as in Theorem
2.19, so that Cy only depends on ||¢||1, Inf 5 ¢(x), 5(F), I1f1l2 and || £
and

ga(x) = pn(x) = Log(||D* f(2)]]) < Log(C1),

as desired.
Now suppose that x is an interior point of 2. Let Cs be as in Lemma
2.22 and fix A := (Cy + 1)§(f)~!. By Theorem 2.8,

(Lrga)(x) =1 - (Onlga + A(f = ))))(@)?,

2
An ()

in the weak sense. Now let a : € — R be such that a < ga and
a(z) = ga(x). In particular, « attains its maximum at z, so that
(On)(x) = 0. Using the fact that f — f > 0, this yields

Cy A?
oy Ol =

> 1= CoA2(||f |11 + 1 fll1)e .

(Lr)(@) > 1-

However, by the maximum principal,
(Lra)(x) <0,

so that .
9a(x) = a(a) < Log (C2A%(Iflly + 1 £111)) .

as desired. This completes the proof. O

2.7 Higher order bounds

We have so far obtained a-priori C? bounds for solutions of (B) satisfying
f > f. We now review in this section the general principals required to
obtain a-priori bounds of arbitrary order.
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We first describe how a-priori C* bounds are obtained for all k provided
we have already obtained a-priori C?T bounds for some a > 0 (Holder
spaces and Holder norms will be introduced and discussed in more detail
in Section 3.4). Let M be a compact manifold with boundary, let U be an
open subset of &?_;Symm(i, R™) and let ® : M x Q x U — R be a smooth
function. We consider the manifold M as the parameter space for a smooth
family of functions from Q x U into R. For all £ € ®}_,Symm(i, R"), we
define Ug C Symm(2,R") by

Us := {A € Symm(2,R") | (¢, A) € U},

and for all (p,z,&) € M x Qx &L Symm(i, R"), we define @, , ¢ : Us — R
by ®,.¢(A) = ®(p,x,,A). As in Section 2.2, for all (p,z,{, A) €
M x Q x U, we identify D®, . ¢(A) with an element of Symm(2, R").
We say that @ is elliptic whenever D®, , ¢(A) is positive-definite for all
(p,z,€6,A) € MxQxU. The following result encapsulates much of classical
Schauder theory (c.f. Chapter 6 of [11]).

Theorem 2.24. If ® is elliptic, then for every compact subset K C U,
for all a €]0,1][, for all k € N and for all B > 0, there exists C > 0 such
that if p is a point in M and if g : @ — R is a smooth function with the
properties that

(1) JQ(Q)(I) € K forallx € ﬁ;
(2) ®(p,x,J%g(x)) =0 for all x € Q;
(3) llgll2+a < B; and

(4) glaa =0,

then
lglle < C.

A-priori C?*® bounds are obtained from a-priori C? bounds using the
following result. Let M be a compact manifold with boundary, let U be
an open subset of ®)_,Symm(i,R"), let I' C Symm be the open cone of
positive-definite, symmetric matrices, and let ® : M x Q x U xI' = R
be a smooth function. As before, for all (p,z,&) € M x Q x U, we define
Q.6 = Rby &,,¢(A) = &(p,z,§,A). The following result is a
special case of Theorem 1 of [3].

Theorem 2.25. Suppose that © is elliptic and that for all (p,x,§) €
MxQxU, @, 2¢ s concave. Then, for every compact K C U and for
all B > 0, there exists o €]0,1[ and C > 0 such that if p is a point in M
and if g : Q — R is a smooth function with the properties that
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(1) J%g(x) € K x T for all z € Q;
(2) ®(p,z,J?g(z)) =0 for all x € Q;
(3) llgll2 < B; and

(4) glaa =0,

then
lgll2+a < C.

We now return to the case where

O(p,x, (t,€,A)) = F(A) = ¢(p, z)G(p, §),
where ¢ > 0, G > 1 and & — G(p,§) is concave for all p.

Theorem 2.26. Let (pm)men be a sequence of points in M and let
(fm)mens (fm)men € C§°(Q) be strictly convex functions such that for all
m, fm > fm and, for all x € €,

(Do, T, T2 frn) = 0 = B(prm, 2, T2 frn).

If there exists 1o € M towards which (&, )men converges and foo € C3°(Q)
towards which (fm)men converges in the C™ sense, then there exists

foo € C3° () towards which (fm)men subconverges in the C* sense.

Proof. By Lemma 2.1, there exists C7 > 0 such that for all m, || f. |1 < Ci.
By Theorem 2.19, there exists Cy > 0 such that, for all m, ||f|2 < Cs.
By Corollary 2.5, @, (+,¢)) is concave for all (p,z,(t,€)). Thus, by
Theorem 2.25, there exists a > 0 and Cs1, > 0 such that, for all m,
I fmll24a < Caotqa. By Theorem 2.24, for all k € N, there exists Cy, > 0 such
that, for all m, || fm ||z < Ck. It now follows by the Arzela-Ascoli theorem

(c.f. Theorem 11.28 of [19]) that there exists foo € C5°(£2) towards which
(fm)men subconverges, and this completes the proof. O
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Degree Theory

We develop a differential-topological degree for smooth mappings between
open subsets of Banach spaces. Together with Theorem 2.26, this yields
the main result of this chapter, namely Theorem 3.16, which proves the
existence of unique solutions to the classical Plateau problem for gaussian
curvature in the case of graphs. This existence result constitutes an
important component of the proof of Theorem 1.2, and we will see in
Chapter 6, below, how it is used construct a local regularisation operation
for weak barriers.

The topological degree theory we use dates back to Smale’s infinite-
dimensional adaptation (c.f. [23]) of the classical finite-dimensional theory
(c.f. [13] and [15]) and requires a fairly in-depth detour into functional
analysis. A complete exposition of the required background material would
take us too far afield, and we therefore quote a number of results without
proof. We hope that this will not obscure too much the main ideas, and
we refer the interested reader to the numerous excellent introductions
to functional analysis (c.f. for example [1], [16], [19] and [20]) for more
information.

The key result is Theorem 3.4, which constructs a Zs-valued diff-
erential-topological degree for the zero set of a given smooth function
between Banach spaces. The main step in our argument, encapsulated
in Lemma 3.15, uses the classical Sard Theorem together with finite-
dimensional reduction. In particular, even though we essentially follow
Smale’s reasoning (c.f. [23]), we do not directly use the Sard-Smale
Theorem. We hope that this approach will be of use to the novice reader,
partly as we believe it clarifies the main ideas of Smale’s result, but also
because Smale’s result is sometimes too specific as stated to be applied in
many settings of interest in present-day mathematics.

The content of this chapter is independent of the rest of the text, and
the reader only interested in understanding the theory of singularities of
the Gauss curvature equation may skip it if he so wishes.

32
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3.1 Smooth mappings and differential oper-
ators
Let E and F be normed vector spaces. Denote by Lin(E, F') the space

of bounded linear maps from E into F. Observe that Lin(E, F) is also a
normed vector space with norm given by

Ax
jal = sup 1Al
see\{o} Nzl

Let U be an open subset of E and let ® be a mapping from U into F.
For z € U, we say that ® is differentiable at x whenever there exists a
bounded linear map A : E — F such that

1
Lim —

where y varies over all vectors in F'\ {0} having the property that 24y € U.
We refer to A as the derivative of ® at x. Whenever it exists, the
derivative is unique, and we denote it by D®(x).

Remark. This definition only differs from the finite-dimensional version
by the requirement - unnecessary in the finite-dimensional case - that
the derivative be a bounded operator. Importantly, since Lin(E,F) is
itself a normed vector space, the concept of differentiability iterates, and
derivatives of arbitrary order may therefore be defined.

We say that a function ® : U — F is C'' whenever D® exists at every
point of U and defines a continuous function from U into Lin(E, F). We
define inductively the notion of higher order differentiability, and we say
that ® is C* whenever D® exists at every point of U and defines a C*~1
function from U into Lin(E, F'). We say that ® is smooth whenever it is
CF for all k € N.

In order to make use of this concept, we require elementary rules for

the construction of smooth functions over normed spaces. Theorem 3.8,
below, will provide an important tool for the construction of a large family
of smooth functions, which, in particular, includes almost every function
that arises in geometry. At this stage, however, we recall the following
three elementary rules, which are derived in exactly the same manner as
in the finite-dimensional case.
Chain Rule: Let F;, F> and E3 be normed vector spaces. Let U; and
U; be open subsets of Fy and FEs respectively, and let ® : U; — Us and
U : U; — E3 be smooth mappings. The composition ¥ o ® is smooth, and
its first derivative is given by

D(V o ®)(z) = DY (P(z))DP(z).
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Direct sums: Let E, F,...,F},;, be normed vector spaces. Let U be an open
subset of F, and for 1 < ¢ < n, let ®; : U — F; be a smooth mapping.
The function ® := (®q,...,P,,) defines a smooth mapping from E into
F) & ... & F,, and its first derivative is given by

D®(z) = (D®y(2), .., DB, (z)).

Multilinear forms: Let F,..., E, and F be normed vector spaces. Let
d:FEd..0FE, = F be a bounded, multilinear map. ® is smooth, and
its first derivative is given by

DO(zy,...,xn) V1, .., Vi) = ®(V1, 20y ooy ) + oo + ®(21, ooy Tp—1, Vi)

Remark. In particular, the product rule constitutes a special case of the
above results.

3.2 Banach spaces

Let E be a normed vector space. We say that FE is a Banach space
whenever it is complete. With this extra hypothesis, we have the inverse
function theorem (c.f. [19]).

Theorem 3.1. Let E and F' be Banach spaces. Let U be an open subset
of E and let @ be a smooth mapping from U to F. If D®(x) is invertible
at some point x € U, then there exist neighbourhoods V of x in U, W of
®(x) in F and a smooth mapping ¥ : W — V such that W = ®(V') and

VUod=1Id, oWV =1Id.

Let F be a Banach space. Let X be a subset of E. For n € N, we say that
X is an n-dimensional submanifold of E' whenever there exists a Banach
space F with the property that for all x € X, there exist neighbourhoods
Uofzin E and V of (0,0) in R” x F and a smooth mapping ® : U — V
with smooth inverse such that (X NU) = (R™ x {0})NV. We refer to
the triplet (®,U, V) as a trivialising chart of X about . Recall that an
abstract manifold is a separable metrisable space furnished with an atlas
of charts all of whose transition maps are smooth.

Lemma 3.2. Let E be a Banach space. Let X be a finite-dimensional
submanifold of £ and let e : X — E be the canonical embedding. If X is
separable, then X is a smooth, finite-dimensional manifold, ande : X — E
s a smooth mapping.

Proof. By hypothesis, X is separable, and as it is a subset of a normed
space, it is also metrisable. It thus suffices to construct a smooth atlas of
charts for X. Choose x € X and let (®,U,V) be a trivialising chart of X
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about 2. Denote ¢ := ®|y 17, U= XNU and V := (R" x {0})NV. We
see that (¢, U, V') defines a homeomorphism from an open subset of X to an
open subset of R™. We claim that the family of all such charts constitutes
a smooth atlas for X. Indeed, fix 2’ € X. Let (®,U’,V’) be another
trivialising chart of X about 2’ and denote ¢’ := <I>'|XQU,, U :=XnU'
and V' := (R” x {0})NV’. Observe that UNU’' = UNU'NX and

¢ o (6 Dlpwnuvy =2 o (@ la@wnirnx)

In particular, the transition map is smooth. Since z,z’ € X are arbitrary,
it follows that the set of all such charts constitutes a smooth atlas, as
desired. Finally, in the chart (¢, U, V'), the canonical immersion coincides
with ¢!, and since
ot =07,

it follows that this map is smooth. This completes the proof. O

Let F and F be two Banach spaces. Recall that a bounded linear
mapping A € Lin(E, F) is said to be Fredholm whenever it has closed
image and both its kernel and cokernel are finite-dimensional. We define
the index of a Fredholm mapping by

Ind(A) := Dim(Ker(A4)) — Dim(Coker(A)).

Let U be an open subset of E, and let ® be a smooth mapping from
U into F. We say that ® is Fredholm whenever D®(z) is a Fredholm
mapping for all z € U. Recall that the space of linear Fredholm mappings
constitutes an open subset of Lin(E, F') and that two linear Fredholm
mappings in the same connected component have the same index. It
follows that if U is connected, then Ind(D®(x)) is independent of x € U,
and we therefore refer to it as the index of the mapping ®. In addition,
recall that the set of surjective, linear Fredholm mappings also constitutes
an open subset of Lin(F, F'). This is relevant to situations where we apply
the following submersion theorem.

Theorem 3.3. Let E and F be two Banach spaces. Let U be an open
subset of E and let ® : U — F be a smooth, Fredholm map. If D®
is surjective for all x € ®~1({0}), then ®~1({0}) is a smooth Ind(®)-
dimensional submanifold of E.

Proof. Indeed, choose 7o € ®~1({0}). Let Ker(D®(x¢)) be the kernel of
D®(z). Since DP(xg) is Fredholm and surjective, Dim(Ker(D®(xzg))) is
equal to Ind(®). By the Hahn-Banach theorem (Theorem 5.16 of [19]),
the identity map Id : Ker(D®(zg)) — Ker(D®(z()) extends to a bounded,
linear projection m from E onto Ker(D®(z¢)). Define the mapping
$ : U — Ker(D®)(x¢) x F by &(z) := (7(x — 20), ®(z)). This function
is smooth and, for all vectors y € E, D®(x0)(y) = (7(y), D®(20)(y)). In
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particular, D@(mo) is bijective. It follows by the closed graph theorem (c.f.
Theorems 5.9 and 5.10 of [19]), that D®(x) is invertible with bounded,
linear inverse, and so, by Theorem 3.1 that there exist neighbourhoods U
of g in F and V of (0,0) in Ker(D®(zp)) x F, and a smooth mapping
W :V — U such that ®(U) =V, do ¥ =1Id and ¥ o & = Id. We readily
verify that ®(X NU) coincides with (Ker(D®(x0)) x {0}) NV, we conclude
that ®~1({0}) is smooth Ind(®)-dimensional submanifold of E, as desired.
U

3.3 Degree theory

Let M be a finite-dimensional manifold and let £ and F' be Banach spaces.
Since the results of this section are local, we may suppose that M is an
open subset of some finite-dimensional vector space. Let U be an open
subset of £ and let ® : M x U — F be a smooth Fredholm mapping of
index equal to the dimension of M. We define the solution space of ®
by

Z:={(px) e M x E | ®(p,z) =0}.

Observe that if D®(p, x) is surjective for all (p,z) € Z then, by Theorem
3.3, Z is a smooth, finite-dimensional submanifold of M x E of dimension
equal to Ind(®) = Dim(M). Let II: M x E — M be the projection onto
onto the first factor, and let Iz be its restriction to Z. If we consider ¢
as a smooth family of non-linear operators from U into F parametrised
by M, then, for each p, H;({p}) is the set of solutions of the operator
®(p,-). In particular, the topological degree of the projection Iz yields
information about the size of the solution set of each ®(p,-).

Theorem 3.4. If D®(p,x) is surjective for all (p,z) € Z, and if Iz is
proper, then there exists an open, dense subset M’ C M with the property
that, for all p € M, H}l({p}) is finite and for all p,q € M',

0z ({p})| = 05" ({a})| Mod 2.

Proof. Denote n = Dim(M) = Ind(®). Since ® is smooth and Fredholm,
and since D® is surjective at every point of Z = ®~1({0}), by Theorem
3.3, Z = ®71({0}) is a smooth, n-dimensional submanifold of M x E.
Since M is a finite-dimensional manifold, in particular, it is separable, and
so, since I1z : Z — M is proper, Z is also separable. It follows by Lemma
3.2, that Z is a smooth, n-dimensional manifold and that the canonical
embedding e : Z — M x E is a smooth mapping. In particular, IIz = [Toe
is also smooth.

We now apply standard differential topological techniques to Il z, using
the terminology of [13]. Define M’ to be the set of regular values of IIz.
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If p € M, then I1;'({p}) is discrete, and since Iz is proper, this set
is compact and therefore finite. Moreover, since I1z is a smooth, proper
mapping, by Sard’s Theorem (c.f. [13]), M’ is open and dense, and the
first assertion follows.

Now choose p,q € M’ and let 7 : [0,1] = M be any smooth, embedded
curve such that v(0) = x and (1) = y. By genericity (c.f. [13]), there
exists another smooth, embedded curve 4 : [0,1] — M which we may
choose as close to 7 as we wish in the C* sense with the property that
4(0) = v(0) = p, #(1) = (1) = q and 7 is transverse to IIz. If we denote
by I' C M the image of 7, then, by transversality, Hgl(f‘) is a smooth,
1-dimensional, embedded, submanifold of Z with boundary given by

oMz (I') = Iz ({ph) UTIZ' ({g})-

Since H;l is proper, H}l (f) is compact, and therefore has an even number
of boundary points, so that

05 ({p})] + |15 ({g})| = [a1151(I)| = 0 Mod 2,

as desired. O

3.4 Holder spaces and Holder norms

Let E be a finite-dimensional normed vector space. For a €]0,1], we
denote by []o the Hélder semi-norm over C°(Q, E) of order . That is,
for all f € CO(Q, ),

) —
om sup WE =1
o el
We readily obtain
Lemma 3.5. If Q is convex, then, for all continuously differentiable
feC’(Q,E),
[f1x = 1D fllo-
Remark. In general, for a compact set  with rectifiable boundary,
[f]1 < CV|IDfllo, where C > 1 depends on the geometry of Q. In

fact, convex sets are characterised amongst all compact sets with rectifiable
boundary by the property that C(Q2) = 1.

For all A =k + a €]0, o[, where k € N and « €]0, 1], we denote by || - ||
the Holder norm over C*(Q) of order A. That is, for all f € C*(Q),

k
I£1x =D ID" fllo + [D fla-

=0
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For all such A, we denote by C*(2) the space of all functions f € C*(Q)
such that [|f|[x < co. We refer to C*(Q) as the space of A-times Hélder
differentiable functions over Q.

We restate the classical Arzela-Ascoli theorem in the following form (c.f.
[19)).

Theorem 3.6. Choose A €]0,00[ and let (fm)men be a sequence of
functions in C*(Q). If there exists B > 0 such that ||fm|x < B for
all m, then there exists fo € CN(Q) such that || fso|lx < B and (fim)nen
subconverges to f in the C* norm for all p < A.

In particular, this yields
Lemma 3.7. For all A €]0,00[, (C*(Q),|| - |ln) 4s a Banach space.

Proof. Choose A > 0 and let (f,,)men be a Cauchy sequence of functions
in C*(Q). We need to show that (fym)nen converges in C*(€). For all
i € N, define the subset F; of C*(2) by

FZ:{fm|m22},

and define d; to be its diameter. Since (f,,)men is a Cauchy sequence, the
sequence (d;);en converges to 0.

By Theorem 3.6, there exists a subsequence (m;);eny and a function fo,
in C*(Q) such that (f,,)ien converges to fs in the C* norm for all 1 < \.
Moreover, we may assume that m; > i for all i. Consequently, for all ¢ and
for all j > i, fy,; € F; and so

[ fm, = fill < ds.

Choose i € N. By Theorem 3.6 again, there exists g € C*(Q) such that
lgllx < di and (fin, — fi)jen subconverges to g in the C* norm for all
p < X. However, since (fm, — fi)jen also converges to (foo — fi), it follows
that g = foo — fi- In particular, || foo — fillx = llglla < d; and we conclude
that (f;)ien converges to foo as desired. O

For all A > 1, denote by Cg () the linear subspace of C*(Q) consisting
of those functions which vanish along the boundary. Observe that, for all
A, C3(9) is a closed subspace of C*(2) and in particular, is a Banach
space in its own right.

We leave the reader to verify that for all A < u, C*(Q) (resp. Cf(Q))
canonically embeds as a subspace of C*(Q) (resp. C3(Q2)). Moreover, this
embedding is continuous and if A < p, it is also a compact mapping. In
addition,

C¥@ = n C*Q), CF@) = n Gy,

A>0 A>0

and, moreover, a sequence (fy,)men in C(Q) (resp. C$°(Q)) converges

to a limit fo in C°(Q) (resp. C§C(Q)) if and only if it converges to foo
in the C*-norm for all A > 0.
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3.5 Smooth mappings of Holder spaces

Let E be a finite-dimensional vector space and let U be an open subset
of E. For all A > 1, we define C*(Q,U) to be the open subset of
C*Q, E) consisting of all functions g such that g(z) € U for all x. Let
F be another finite dimensional vector space and let ¢ : Q x U — F
be a smooth mapping. We define the mapping ® : C°(Q,U) — C°(Q)
by ®(f)(x) := ¢(x, f(z)). Together with the three construction rules
already presented in Section 3.1, the following result allows us to apply
the techniques of the preceeding sections to almost every function that we
will encounter.

Theorem 3.8. For all A\ > 0 and for all g € C*(Q,U), ®(g9) € CHQ).
Moreover, ® defines a smooth mapping from CHMQ,U) into C*(Y), and
for all h € CMNQ, E),

(D2(g)h)(x) = D2¢p(g(x))h(x),

where Do¢ is the partial derivative of ¢ with respect to the second
component.

Let M be a finite dimensional manifold. Let U be an open subset of
®7_,Symm(i,R?). Let F: M x Q x U — R be a smooth function. For all
A > 2, we define U3 (2) to be the set of all functions g in C7 () such that
J%g(x) € U for all x. We define the mapping F : M x U2(Q) — C°(Q) by
F(p.9)(x) = F(p,x, J*g(z)).

Lemma 3.9. For all A €]0, 0o[ and for all (p,g) € M xUy*(Q), F(p,g) €
C*Q). Moreover, F defines a smooth mapping from M x Uy T2(Q) into
CMNQ) and its partial derivative with respect to the second component is
given by

(D2F(p,g)h)(w) = DsF(p,x, J*g(x))J*h(x),

where D3F is the partial derivative of F with respect to the third
component.

Proof. Choose (p,g) € M x U3T*(Q).  Then (p,J?g) € M x
CHMQ, @2 ,Symm(i, R")) and, by Theorem 3.8, F(p,g) = F(p,x, J%g) is
an element of C*(Q). Furthermore, since the mapping g +— J2g defines a
bounded linear map from C**2(Q) into C*(€2), in particular it is smooth,
and so, by Theorem 3.8 and the chain rule, F defines a smooth mapping
from M x U} T2(Q) into C*(Q) and, for all h € C;T2(0Q),

(D2F(p, g)h)(x) = D3 F(p,x, J2g(x))J*h(z),

as desired. O
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As before, for all A > 1, we think of F as a smooth family of mappings
parametrised by M which send U)"%(Q) into C*(©). In particular, we
think of F as a smooth family of operators of the type studied in Section
3.2. Observe that for all (p, g) € M xUy 2 (Q), D2F (p, g) is a second-order,
linear, partial differential operator from C3%2(Q) into C*(Q). Now, as in
Section 2.7, for all £ € ®}_,Symm(i,R"), we define Us C Symm(2, R") by

Ue :=={A € Symm(2,R") | (£, A) e U},
and for all (p,z,£) € M x Q x ®}_,Symm(i, R"), we define F), , ¢ : Us — R
by

Fp,r,f(A) = F(p,x,{,A).

We say that F is an elliptic function whenever the derivative DF}, , ¢(A)
is a positive-definite matrix for all (p,z,&, A) € M x Q x U.

Lemma 3.10. If F' is an elliptic function, then D2 F (p,g) is an elliptic
operator for all (p,g) € M x UZ ().

Proof. Denote by D3 F the partial derivative of F' with respect to the third
factor. By Lemma 3.9, for (p,g) € M x U} T%(Q), for h € C;+%(92) and for
x € Q,

(DoF(p, g)h)(x) = D3F(p,a, J*g(x))J*h(x).

If 03(D2F(p, g))(x) denotes the principal symbol of this operator at the
point = (c.f. [10]), then, for all £ € R™,

02(DaF(p, 9))(2)(&,€) = DF, 4 jig(x)(D*g(x))7 &:&;.

Since F is elliptic, this is positive for all £, and since x € € is arbitrary,
we conclude that Do F(p, g) is an elliptic operator, as desired. O

Observe that the compactness result of the previous chapter only applies
to smooth functions. In particular, it does not necessarily apply to
functions which are only known to be Holder differentiable of some finite
order. However, the following regularity result, derived by inductively
applying the classical Schauder estimates to difference quotients (c.f.
Section 6.4 of [11]) makes this distinction irrelevant.

Theorem 3.11. Choose A > 1 and (p,g) € M x U** Q). If F is an
elliptic function and if F(p,g) =0, then g is a smooth function.

In order to apply the degree theory described in Sections 3.1, 3.2 and 3.3,
we require that F be a Fredholm mapping. However, this readily follows
from classical elliptic theory (c.f. [11]).

Lemma 3.12. If I is an elliptic function, then for all A\ ¢ N, F
defines a Fredholm mapping from M x U3 T2(Q) into CNQ). Moreover,
Ind(F) = Dim(M).
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Remark. First, observe that F is only Fredholm for non-integer values
of A\, which is a significant limitation of elliptic theory in Hdélder spaces.
Second, we draw the reader’s attention to the fact that the calculation of the
index follows from general considerations. Indeed, if an elliptic operator
sends sections of a bundle Eq into sections of a bundle Es, then the index
of the operator only depends on the topology of the bundle Lin(E1, Es). In
particular, in the case at hand, we may show that any elliptic operator

sending C°(2) into C*°(Q2) has index 0. We refer the interested reader to
[1], [11] and [20] for more details.

Proof. Let D1 F and DsF be the partial derivatives of F with respect
to the first and second components respectively. By Lemma 3.10, for all
(p,g) € M x Uy™*(Q), D2F(p,g) is an elliptic operator. By classical
elliptic theory, for all such (p,g), D2F(p, g) is a Fredholm operator from
Cy2(Q) into CMQ). Since DoF(p,g) acts on real valued functions,
Ind(D2F(p,g)) = 0. Let m and my be the canonical projections of
M xU3T2(Q) onto the first and second factors respectively. Trivially, Dy
is Fredholm of index Dim(M). Since the composition of two Fredholm
operators is Fredholm of index equal to the sum of the indices of each
component, Dy F(p, g) o Dms is also Fredholm of index equal to Dim(M).
Since M has finite dimension, D7, has finite rank, and therefore so too
does D1F(p,g) o Dmy. Since the sum of a Fredholm operator and a finite
rank operator is also a Fredholm operator of the same index, it follows
that DF(p,g9) = D1F(p,g) o Dmy + D2 F(p, g) o Dms is also Fredholm of
index equal to Dim(M), as desired. O

3.6 Existence

We now recall the construction of Section 2. Let I' C Symm(2,R™)
be the open cone of positive-definite, symmetric matrices, and denote
U = (®}_,Symm(i,R")) x I'. Let G : R — R be a smooth, convex
function bounded below by 1. Let ¢ € C*°([0, 1] x 2,]0, 0c[) be a smooth
family of smooth, positive functions over 2. Let X be a finite dimensional
subspace of C*°(Q) and let r > 0 be a positive number, both of which we
will chose presently (c.f. Lemma 3.15). We denote by B, the ball of radius
r about 0 in X and we define F': [0,1] x B, x Q x U — R by

F(s,g,z,(t,§, A)) := Det(A) — (¢s(2) + g(2))(sG(§) + (1 — 5)).

Observe that there exists r > 0 such that for all (s,g) € [0,1] x By,
¢s + g > 0. Furthermore, by Lemma 2.2, F' is an elliptic function. For all
A, we now define the mapping F : [0,1] x B, x Uy ™2(Q) — CA(Q) by

F(s,g,h)(x) = F(s,g,x, J2h(9:)).
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Lemma 3.13. If A ¢ N, then F defines a smooth Fredholm mapping from
[0,1] x B, x U3 T2(Q) into C*(Q). Moreover, Ind(F) = Dim(X) + 1.

Proof. By Lemma 3.9, F defines a smooth mapping from [0, 1] x B, X
UT2(Q) into CA(Q), and, by Lemma 3.12, this mapping is Fredholm of
Fredholm index equal to Dim(X) + 1. This completes the proof. ]

We now apply the degree theory of Section 3.3 to F. Define the solution
space Z C [0,1] x B, x Uy ?(Q) by

Z:Z {(5,g7f) ‘ -F(Sagmf):()}

Let IT: [0,1] x B, x Uy T2(Q) — [0, 1] x B, be the projection into the first
two factors, and let IIz be the restriction of Il to Z. Let f € C*°([0,1] x Q)

be a smooth family of strictly convex functions such that, for all s and for
all z € 99,

and for all s and for all z € Q,
F(s,0, fo)(x) > 0.

By compactness, upon reducing r if necessary, we may suppose that for
all (s,g) €10,1] x B, and for all z € Q,

F(s,9, fo)(x) > 0.

Lemma 3.14. Suppose that for all (s,g) € [0,1] x B, and for all x € Q,
¢ds(x) — g(x) > 0 and F(s,g, fs)(x) > 0. If A ¢ N, then IIz is a proper
mapping.

Proof. Let (Sm, gm)men be sequence in [0, 1] x B, converging to the limit,
(800, Goo)s say in [0,1] X By. Let (fm)men be a sequence in Ug2(Q) such
that for all m, (Sm,Gm, fm) € Z. That is F(sm,gm, fm) = 0. Since F
is an elliptic function, by Theorem 3.11, for all m, f,, is smooth. By
Lemma 2.9, for all m, f, > fm. Thus, by Theorem 2.26, there exists
foo € C®(Q) C C32(Q) towards which (fm)men subconverges in the
C™ sense, and, in particular, F(Soo,goos foo) = 0. It remains to show
that fo € Mé”(ﬁ), that is, that f., is strictly convex. Indeed, suppose
the contrary. Since fo, is a limit of a sequence of convex functions, it
is convex. Since it is not strictly convex, there exists a point z € Q at
which D?f., is degenerate. However, at this point, Det(D?fx(z)) = 0,
and 80 F(So0, Joo, T, J2 foo)(x) < 0. This is absurd, and we conclude
that fo € UpT2(Q) as asserted. In particular, (5o, goo, foo) € Z and
compactness follows. O
Both X and r are now chosen to ensure surjectivity.



Chapter 3. Degree Theory 43

Theorem 3.15. If A ¢ N, then there exists a finite dimensional subspace
X C C>®(Q) and v > 0 such that for all (s,g,f) € Z, DF(s,g,f) is
surjective.

Proof. Choose A ¢ N. Define Fy : [0,1] x Uy T2(Q) — CQ) by
Fo(s, )(x) = F(s,0,2,Jh(z)) = Det(D* f(z)) — ¢s(a)(sG(Df (x)) + (1 = s)).

Choose (s1,f1) € [0,1] x UyT?(Q) such that Fy(s1, f1) = 0. By
Lemma 3.13, DFy(s1, f1) is a Fredholm operator. In particular, its
cokernel is finite-dimensional. Let X; be the orthogonal complement to
Im(DFy(s1, f1)) in C*(Q) with respect to the L? inner product. X is
finite-dimensional and

C(Q) = Im(DFy(s1, 1)) ® X1.

Since C*°(Q) is dense as a subset of C*(€2) with respect to the L? norm,
we may perturb X; to a subspace X| of C°(Q) such that C*(Q) =
Im(DFy(s1, f1)) ®X7. Since surjectivity of Fredholm mappings is an open
property, there exists a neighbourhood Uy of (s1, f1) in [0,1] x Uy T2(Q)
such that, for all (s, f) € Uy,

CMQ) = Im(DFo(s1, f1)) ® X].

By Lemma 3.14, there exist finitely many points (s;, fi)1<i<n in [0,1] X
Uy T2(Q) such that Fy*({0}) is contained in the union of the collection
(Ui)1<i<n. We therefore choose X = X| + ... + X}, and for all (s, f) €
F5 1({0}), we obtain,

CMQ) = Im(DFo(s1, f1)) + X € Im(DF(s1,0, f1)).

Since surjectivity of Fredholm mappings is an open property, by Lemma
3.14 again, there exists r > 0 such that if g € B, and if (s, g, f) € Z,., then
DF(s,g, f) is surjective, and this completes the proof. O

Theorem 3.16. Let Q be a compact, convex subset of R™ with smooth
boundary and non-trivial interior. Let ¢ € C*°(Q)) be a smooth, positive

function. If there exists a strictly convex function f € C§°(2) such that
F(D*f) > ¢G(Df),  floa =0,

then there exists a unique strictly convex function f € C§°(Q) such that
F(D*f) = ¢G(Df),  floa=0.

Proof. First, if f, ' € C§°(Q) are both solutions, then, by Lemma 2.9,
both f — f’ and f’ — f attain their minimum values along the boundary,
so that f = f’, and uniqueness follows.
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For all t € [0,1], define Gy := tG + (1 — t). Now fix « 6]0 1[. Since
f is strictly convex, so too is af. Denote ¢y := F(DQ(af)) Observe
that D2f > D2(af), and so F(D2f) > F(D2(af)) = ¢o. For § > 0 and
t € [0, 1], define ¢; by

¢y == Max((1 — /)¢, (1 — (1 — ) /6)¢,8) > 0

For sufficiently small 8, F(¢,0,f) > 0 for all ¢t € [0,1]. In addition,
upon perturbing ¢, slightly, we may suppose that this function is smooth.
By Lemma 3.15, there exists a finite-dimensional subspace X C C(f)
and r > 0 such that DF is surjective at every point of Z. Finally,
upon reducing r further if necessary, we may suppose in addition that
F(t, g, f) > 0 for all (t,g) € [0,1] x B,.(0).

We define fy = « f By construction, folao = 0, fo is strictly convex,
and F(0,0, fo) = 0. By uniqueness, it is the only function with these
properties, so that TIZ'({(0,0)}) = {(0,0, fo)}. We now claim that (0,0) is
a regular value of ITz. Since (0,0, fo) is the only element of TI;'({(0,0)}),
it suffices to show that DIIz is surjective at this point. However, let
L := D3F(0,0, fo) be the partial derivative of F with respect to the third
component at (0,0, fo). We first claim that L is invertible. Indeed, by
Lemmas 2.2 and 3.9,

Ly = - F(D*fo) (D¢ ) gy

By classical elliptic theory, L is Fredholm of index 0. Furthermore, if
g € Ker(L) then, by the maximum principal, g attains its maximum and
minimum values along 9S2. However, since g is also an element of C32(Q),
it vanishes along the boundary and therefore vanishes uniquely. The kernel
of Do F (0,0, fo) is therefore trivial, and we conclude that L is invertible,
as asserted.

Now let (t,g) be any vector in R x X. By invertibility, there exists
h € Cg‘”(ﬁ) such that Do F (0,0, fo)h = Lh = —DF(0,0, fo)(t,g,0). In
particular, DF(0,0, fo)(t,g,h) = 0, so that (¢, g, h) is a tangent vector to
Z at (0,0, fo). However,

DHZ<O’O7fO)(tvgvh) = (t,g),

and since (t,9) € R x E is arbitrary, we conclude that DIIz is surjective
at this point, as desired. It follows that (0, 0) is a regular value of IIz and,
in particular, the degree of I1z is equal to 1 modulo 2. By Theorem 3.4,
there exists a sequence (t,,, gm)men of regular values of Iz in [0, 1] x B,
which converges to (1,0). Since the degree of IIz is nonzero modulo 2, for
all m, there exists a function f,,, € U3 2(Q) such that F(tm, gm, frm) = 0.
By Lemma 3.14, (fn)men converges to a limit, f, say, in L{>‘+2( ) such
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that F(1,0, foo) = 0. In other words, folon = 0, feo is strictly convex,
and

F(DQfOO) = ¢G(Df00)~
Finally, by Theorem 3.11, f., is smooth, and this completes the proof. O



Chapter 4
Singularities

We study the singularities that arise in Hausdorff limits of smooth
hypersurfaces of constant gaussian curvature. We show that the singular
set of any such limit comprises precisely those points which posses the
local geodesic property (defined in Section 4.5). This result, which
forms the content of Theorem 4.28, immediately yields a global geometric
characterisation of the singular set. Indeed, by Theorem 4.18 it is
contained in the convex hull of some subset of the boundary.

The analytic content of Theorem 4.28 follows from interior a-priori
estimates obtained using a technique dating back to Pogorelov (c.f. [17],
but see also [5] and [21]), and which bears some similarities to that already
used in Section 2.6 to derive global second-order bounds from second-order
bounds along the boundary. However, in order to derive the full geometric
consequences of these estimates, we require a thorough understanding
of the elementary geometry of convex subsets of euclidean space, and
this forms the content of Sections 4.1 to 4.5 inclusive. Although some
readers may find these sections elementary, we have attempted to include
detailed, and hopefully clear, proofs of certain fundamental results which,
to our knowledge, are not readily available elsewhere in the literature.
Indeed, in Theorems 4.18 and 4.19, for example, we prove that the local
geodesic property characterises convex hulls in euclidean space. Likewise,
in Theorem 4.12, we provide a straightforward proof of the well known
fact that every convex set with non-trivial interior is locally the graph of
a convex, Lipschitz continuous function.

4.1 The Hausdorff topology

Let X and Y be two non-empty compact subsets of R™*!, we recall that
dp(X,Y), the Hausdorff distance between X and Y, is defined by

46
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dg(X,Y) := Sup Inf ||z — y|| + Sup Inf ||z — y||.
W) 1= Sup Inf 2 =yl + Sup Inf o — |

We readily verify that dg defines a metric on the set of non-empty compact
subsets of R?*1,

Lemma 4.1. Let K1 2 Ky D ... be a nested sequence of non-empty,
compact subsets of R"! and denote

Then Ko is non-empty and (K, )men converges to K, in the Hausdor(f
sense.

Proof. Since K, is the intersection of a countable, nested family of non-
empty, compact sets, it is also non-empty and compact. Now suppose
that (K,,)men does not converge to Ko, in the Hausdorff sense. Upon
extracting a subsequence, we may suppose that there exists € > 0 and a
sequence (&, )men such that for all m, x,,, € K,, and ||z, — y|| > € for all
y € K. Observe that for all m and for all n > m, z, € K,,. Thus, by
compactness, we may suppose that there exists o, towards which (2, )men
converges and that o, € K, for all m. In particular, x., € K, and so
[|[€m — Zoo]| = € for all m. This is absurd, and the result follows. O

Theorem 4.2. For all R > 0, the set of non-empty, compact subsets of
R+ contained in Br(0) is compact in the Hausdorff topology.

Remark. We leave the reader to verify that the result generalises to the
set of mon-empty, compact subsets of any given compact metric space.

Proof. Choose R > 0 and let (X,,)men € Br(0) be a sequence of non-
empty, compact sets. For all k € N, denote by Qi € R"*! the closed cube
of side length 1/2* based on the origin. That is,

Qr = [0,27FFL,
For every vector a € Z"1, define
Qi = Qi +2 .

For all m and for all k, define

Qk,or

m,k *

= U
Qo N Xm#0D

For all k, the sequence (X, 1)men contains a subsequence converging in
the Hausdorff sense to a compact limit, X x, say, in R"T!. By a diagonal
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argument, we may suppose that, for all k, the whole sequence (X, k)men
converges to this limit. Define

Xoo:i= N Xoo,k~
keN

For all £ and for all m, X, x41 € X k. Thus, upon taking limits, we
obtain Xoo p+1 € Xoo,k, and it follows by Lemma 4.1 that X, is non-
empty and compact and that (X 1 )ken converges to X in the Hausdorff
sense.

It remains to show that (X,,)men converges to X in the Hausdorff
sense. However, for all k and for all m,

A (X, Xmp) <275V + 1.
Likewise, for all k <[ and for all m,

dir (X gy Xmg) < 27V + 1.
Taking limits yields, for all £ <1,

dir(Xoo g, Xooy) < 27Vn + 1.
Letting [ tend to infinity yields, for all &,

dir(Xoo oy Xoo) < 275V + 1.

Now choose § > 0 and k > 0 such that 27%v/n +1 < §/3 and let M > 0
be such that for m > M, dg(Xpm k, Xook) < /3. Then, for m > M,

dH(Xma Xoo) S dH(Xma Xm,k) + dH(Xm,Iw Xoo,k:) + dH<XOO,kH Xoo) < 0.

Since § may be chosen arbitrarily small, we conclude that (X,,)men
converges to X, in the Hausdorff sense, as desired. O

Lemma 4.3. For all R > 0, the set of non-empty, compact, conver subsets
of Br(0) is a closed subset of the set of compact subsets of Br(0) with
respect to the Hausdorff topology. In particular, this set is also compact in
the Hausdorff topology.

Proof. Let (K,,)men be a sequence of non-empty, compact, convex subsets
of Br(0) converging to a compact limit K., C Bg(0) in the Hausdorff
sense. Choose two points Zeo, Yoo € Koo. There exist sequences (X, )men
and (Ym )meN converging to ., and Yo, respectively such that for all m, the
points xz,, and y,, are elements of K,,. Choose ¢ € [0, 1]. By convexity, for
all m, (1—t)xmy,+tym € Ky, and taking limits yields (1—1)Zoo +1¥o00 € Koo-
Since Too, Yoo € Koo and t € [0, 1] are arbitary, we conclude that K. is
convex, as desired. O
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4.2 Supporting normals

Let X" C R™*! be the unit sphere. We recall that if K is a convex subset
of R™*! if z is a point of K, and if N is a vector in 7, then N is said to
be a supporting normal to K at x whenever every other y € K satisfies

(y —x,N) <0.

Observe that supporting normals only exist at boundary points of K.
However, when they do exist, they need not be unique. Hence, for any
boundary point x of K, we denote its set of supporting normals by
N (z; K), and when there is no ambiguity concerning K, we denote this
set merely by N (z). We now show that A/(z) is non-empty and compact
for any boundary point x of K, and, moreover, that this set varies semi-
continuously with x in a sense that will be made clear presently. We first
prove a straightforward closure result.

Lemma 4.4. Let (K,;)men and Ko, be compact, conver subsets of R"T1
such that (Kp,)men converges to Ko, in the Hausdorff sense. For all finite
m, let x,, be a boundary point of K., and let N,,, be a supporting normal to
Ky, at Ty If () men and (N men converge to zo, and No respectively,
then x 1s a boundary point of K and N is a supporting normal to Ko
at Too-

Proof. Indeed, choose y € K. There exists a sequence (Y, )men in R™H1
converging to y such that y,, is an element of K,, for all m. For all m,
since N, is a supporting normal to K, at x,,,

(Ym — Tm, Nip) < 0.
Taking limits therefore yields

(Y — Too, Noo) < 0.
Since y € K, is arbitrary, we conclude that x,, € 0K, and that N, is a
supporting normal to K, at x4, as desired. O

Corollary 4.5. Let K be a compact, conver subset of R"*L. If x is a
boundary point of K then N (z) is compact.

The supporting normals characterise the closest point to any exterior
point of a given convex set in the following sense.

Lemma 4.6. Let K be a closed, convex subset of R*T1. Let x be a point
in the complement of K. Then y € K minimises distance to x if and only
if y is a boundary point of K and (x —y)/||z — y|| is a supporting normal
to K aty.
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Proof. Suppose that y is a boundary point and that (z — y)/||lx — y|| is a
supporting normal to K at y. Then, for all other z € K,

Iz =2|* =z —y) = (z = »)II?
=z —yll* —2(z —y,x —y) +|ly — |?
> ly — x|

Since z € K is arbitrary, we conclude that y minimises distance to = in K,
as desired.

Conversely, suppose that y € K minimises distance to z. We claim that
(z —y,xz —y) <0 for all other z € K. Indeed, suppose the contrary, so
that there exists z € K such that (z —y,z —y) > 0. For all ¢ € [0,1],
denote z; = (1 — t)y + tz. By convexity, z; € K for all t. However

Ozt — xlPle=0 = 2(z —y,y — z) < 0.

Thus, for sufficiently small ¢, ||z, — z||* < ||y — x||?, which is absurd, and
the assertion follows. We conclude that y is a boundary point of K and
that (z — y)/||z — y|| is a supporting normal to K at y, as desired. O

Theorem 4.7. Let K be a compact, convex subset of R, For every
boundary point x of K there exists a supporting normal N to K at x. That
is, for all x € 0K, N(x) # 0.

Proof. Indeed, choose x € K. Let (z,,)men be a sequence of points in
the complement of K converging to z. By compactness, for all m, there
exists a point y,, in K minimising distance to z,,. In particular, for all
m, d(Tm, Ym) < d(m, ) and so

d(x,ym) < d(@, 2m) + d(Tmy Ym) < 2d(Tm, ),

so that (ym)men therefore also converges to x. For all m, we define
N,, € X" by
N,, := . .
Zm — Yml

By Lemma 4.6, for all m, y,, is a boundary point of K and N,, is a
supporting normal to K at y,,. After extracting a subsequence we may
suppose that (N,,)men converges to a unit vector N, say. By Lemma 4.4,
N is a supporting normal to K at x, as desired. |

We conclude by studying various properties of A/ (z). We first examine
the semi-continuous dependence of these sets on x. Thus, for two non-
empty subsets X and Y of X", we define

0(X,Y) := Sup Inf ds(z,y) = Supds(X,y).
yey rxeX yey
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Observe, that ¢ is not symmetric. However, by definition,

In particular, § is continuous with respect to Hausdorff distance in the
sphere.

Lemma 4.8. Let (K,,)men and Ko, be compact, conver subsets of R 1
such that (Kp)men converges to Koo in the Hausdorff sense. For all m,
let ., be a boundary point of K,,,, and suppose that the sequence (., )men
converges t0 Too, Say, in K. For all € > 0 there exists M € N such that
form > M, §(N(2s0), N (z1,)) < €.

Proof. Suppose the contrary. Upon extracting a subsequence, we may
suppose that there exists ¢ > 0 such that d(N(2ze), N(zy,)) > € for
all m. For all m, there therefore exists N,, € MN(z,) such that
d(N(Zx),N;n) > €. By compactness of the sphere, we may suppose that
there exists N, towards which (N, )men converges, and taking limits yields
d(N(200),Noo) > €. However, by Lemma 4.4, Noo € N(2s). This is
absurd, and the result follows. O

We now show that A (x) is in fact defined locally. Indeed, recall that if
K and L are compact, convex sets, then so too is their intersection.

Lemma 4.9. Let K and L be compact, convex subsets of R"t1. Let x
be a boundary point of KNL and let N € X" be a supporting normal to
KNL at this point. If x € L°, then x is also a boundary point of K
and N is also a supporting normal to K at x. That is, for all such x,

N(z; K) = N(x; KN L).
Proof. Tt suffices to show that for all y € K,
(y —x,N) <0.

However, suppose the contrary. There exists y € K such that (y —xz,N) >
0. For all ¢ € [0, 1], denote y; := (1 — t)x + ty. Then, for all ¢,

(ye —a,N) = t(y —2,N) > 0.

However, by convexity, y; is an element of K for all £. Furthermore, since
x is an interior point of L, for sufficiently small ¢, y; is also an element
of L. That is, for sufficiently small ¢, y; is an element of K N L, so that
(ys — x,N) < 0. This is absurd, and the result follows. O

Finally, we include non-compact convex subsets of R"*! into this
framework.

Lemma 4.10. Let K be a closed, convex subset of R*"1. For every
boundary point x of K, there exists a supporting normal N to K at x.
That is, for all x € 0K, N(z) # 0.
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Proof. Indeed, let = be a boundary point of K. For all r > 0, denote
K, := KNB,.(x), and observe that K, is compact and convex. Now fix
r > 0. Trivially, N (z; K) € N(x;K,). Conversely, by Lemma 4.9, for
all s > r, N(z;K,) = N(x; K,). In particular, if N € N(z, K,) and if
y € K, then since y € K for some s > r, (y —x,N) < 0. We conclude that
N(z; K,) C N(z; K), and the two sets therefore coincide. In particular,
by Theorem 4.7, N (z; K) = N (z; K,.) is non-empty, and the result follows.
O

4.3 Convex sets as graphs

Let K be a compact, convex subset of R"*!. Let 2 be a boundary point
of K and let N be a supporting normal to K at z. Upon applying an
affine isometry, we may suppose that £ = 0 and that N is any given unit
vector in the sphere so that the results which follow are completely general.
We decompose R**! ag R™ x R and we use the notation outlined in the
appendix. For C,r > 0, we say that 0K is a C-Lipschitz graph over a
radius r near 0 whenever there exists a C-Lipschitz function f : B.(0) —
| — 2Cr,2Cr[ such that the intersection of 0K with B..(0)x] — 2Cr, 2Cr|
coincides with the graph of f over By (0).

Lemma 4.11. Let K be a compact, convex subset of R"T1 and suppose
that 0 is a boundary point of K. Choose 6 € [0,7/2[ and r > 0 and suppose
that for all x € 0K N B,(0), and for every supporting normal N to K at x,

(N, —ep41) > cos(h).
Then, for all (z',s),(y',t) € 0K N B.(0),
|s — t| < tan(0)||z" — /|

Proof. Indeed, let N be a supporting normal to K at x and let N’ be its
orthogonal projection onto R™. In particular,

IN[2 =1 (N, e,41)2 <1 —cos?(d) = sin(0).

Now denote z := (2/,s) and y := (y',t). Using the Cauchy-Schwarz
inequality, we obtain

<y -z, N> = <y -, <N7 en+1>en+1> + <y -, N/>
= (N, —ens1)(s —t)+ (v —2',N')
> (N, —ept1)(s — 1) — [|l2" — ¢/||sin(6).

However, by definition of the supporting normal, (y — 2, N) < 0, and so
sin(0)
<N7 _6n+1>

(s—t) <[l =y < tan(6) 2" — y/'||.
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By symmetry, we conclude that
|s —t| < tan(0)[l2" — ¢/l
as desired. g

Theorem 4.12. Let K be a compact, convex subset of R" and suppose
that 0 is a boundary point of K. Choose 6 € [0,7/2[ and r > 0 and suppose
that for all x € 0K N B,.(0), and for every supporting normal N to K at x,

<Na 76n+1> Z COS(G).

Then, denoting C := tan(f) and p = ﬁ, there exists a unique
function f : B,(0) =] — Cp, Cp| such that

(1) f(0) =0;
(2) f is conver and C-Lipschitz; and
(3) (0K)N(B,(0)x] —2Cp,2Cp) coincides with the graph of f.

Remark. In other words, OK is a C-Lipschitz graph over a radius p near
0.

Proof. Observe that B},(0)x] — 2Cp,2Cp[C B.(0). For all 2’ € B}(0),
denote L, := {2’} x] — 2Cp, 2Cp[ and consider the set L,» NOK. First,
if s,t €] — 2Cp,2Cp[ are such that (2/,s), (¢/,t) € OK, then, by Lemma
4.11, |s —t| = 0, and so s = t. It follows that L, NJK contains at most
one point.

We now prove existence. For all ¢t €] — 2Cp,2Cp]|, denote B; :=
B (0) x {t}. We first claim that B/, does not intersect K. Indeed,
otherwise, there exists 2/ € B},(0) such that (2',+Cp) € 9K. However,
since (0,0) € 0K, by Lemma 4.11,

Cp < C|2'|| < Cp.

This is absurd, and the assertion follows. In particular, by connectedness,
B;[Cp is entirely contained either in the interior of K, or in R\ K.
However, for any supporting normal N to K at (0,0),

((0,=Cp) = (0,0),N) = 2Cp(—ent1,N) = 2Cpcos(f) > 0,

so that the point (0, —C'p) does not lie in K. In particular, B’ , intersects
R\ K non-trivially, and is therefore entirely contained in R"*!\ K.
We now show that By, o 18 entirely contained in the interior of K. By
hypothesis, (0,0) lies in Ly N 9K, and, by uniqueness, Lo N K contains no
other point. However, by compactness and convexity, Lo N K is a relatively
closed, connected subset of Ly. Since, furthermore, the relative boundary
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of LoN K in Ly is contained in Ly NOK, it follows that LoN K coincides
with one of {(0,0)}, {0} x [0,2Cp], {0} x [-=2Cp, 0] or {0} x] —2Cp,2Cp|.
The last two are excluded since (0,—Cp) ¢ K and it thus remains
to show that LoNK # {(0,0)}. However, suppose the contrary. For
0 < § < Min(1,C)p, the point z := (0, ) does not lie in K. Let y := (v, ¢)
be the closest point in K to z. By Lemma 4.6, N := (z — y)/||xz — y||
is a supporting normal to K at x. However, t < 4, since otherwise, by
convexity, the point (dy’/t,0) also lies in K, but is closer to x than y. In
particular, (N, —e,+1) =t —§ < 0. This is absurd, and we conclude that
Lo N K coincides with {0} x [0,2Cp]. In particular, the set B, intersects
K non-trivially, and is therefore entirely contained in the interior of K, as
desired.

Since B’ , is contained in R"*"\ K and since By, is contained in the
interior of K, it follows that for all 2’ € B},(0), there exists a unique point
f(z') €] — Cp,Cp] such that (z’, f(2’)) € OK. In particular, by Lemma
4.11, for all o', y" € BJ(0),

[f(@") = FW)I < Clla’ =o',

so that the function f is C-Lipschitz.

Finally, denote Cyl := B, (0)x] — 2Cp,2Cp[ and K := KNCyl, and
denote the graph of f by Gr(f). Observe that Cyl \ Gr(f) consists of
two connected components. Furthermore, since 0K NCyl = Gr(f), the
set K N(Cyl\ Gr(f)) is both open and closed in Cyl \ Gr(f). Thus, since
Bc, C K and B_¢c, C Cyl\f(, it follows that K coincides with the closure
of the connected component of Cyl\ Gr(f) lying above Gr(f). That is,

K ={(t)|t= f()}.

Now choose z’,y" € B.(0) and, for all s € [0, 1], denote 2/, := (1—s)z'+ sy’

and ts := (1—s)f(z')+sf(y'). By convexity, since (', f(2")) and (v', f(y))
are both elements of K, for all s € [0,1], so too is (27, ts), so that

f(A=s)" +sy) < (1= 9)f(@') +sf ()

Since 2’,y’ € B.(0) are arbitrary, we conclude that f is convex, and this
completes the proof. O

4.4 Convex hulls

Let X be a subset of R"!. We define the convex hull of X to be the
intersection of all open, convex subsets of R"*! containing X. We denote
this set by Conv(X). Observe, in particular, that Conv(X) is also convex.

Lemma 4.13. If K is a convex set, then K and K° are also conver.
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Proof. Choose z,y € K. Let (¥,)men, (Ym)men be sequences of points
in K converging to x and y respectively. Choose t € [0,1]. By convexity,
(1—t) 2y, +tyy, € K for all m. Taking limits, it follows that (1—t)z+ty € K.
Since z,y € K and t € [0, 1] are arbitrary, we conclude that K is convex,
as desired.

Now choose z,y € K°, choose § > 0 such that Bs(z), Bs(y) € K and
choose t € [0, 1]. By convexity, for all z € Bs(0),

l-thr+ty+z=1—-t)(x+2)+tly+2z) € K.

It follows that Bs((1 — t)x +ty) C K and so (1 —t)z + ty € K°. Since
x,y € K° and t € [0, 1] are arbitrary, we conclude that K° is convex, as
desired. O

Lemma 4.14. If X is compact, then Conv(X) is compact.

Proof. We first show that 0Conv(X) C Conv(X). Indeed, suppose the
contrary, and choose z € dConv(X)\ Conv(X). By definition, there exists
an open, convex set K such that X C K but x ¢ K. However, since
Conv(X) C K, in particular, 9Conv(X) C K, so that z € K. By Lemma
4.13, K is convex, and so, by Lemma 4.10, there exists a supporting normal
N to K at x. By definition of supporting normals, forally € X C K C K,
(y —x,N) < 0. Thus, by compactness, there exists 6 > 0 such that for all
ye X, (y—x,N) < —0. Now define

K :={ye K| {y—xz,N)< —d}.

Since K’ is open and convex, and since X C K, it follows that Conv(X) C
K’. However, x ¢ K 2 0Conv(X). This is absurd, and it follows that
dConv(X) C Conv(X), as desired. In particular, Conv(X) is closed.
Finally, since X is bounded, there exists R > 0 such that X C Bg(0).
Since Br(0) is open and convex, it follows that Conv(X) C Bgr(0), and
is therefore also bounded. It follows by the Heine-Borel Theorem that
Conv(X) is compact, as desired. O

Lemma 4.15. If X is open, then Conv(X) is open.

Proof. Choose x € Conv(X). By Lemma 4.13, Conv(X) is convex. By
Lemma 4.10, there exists a supporting normal N to Conv(X) at x. Since
X is open, for all y € X C Conv(X) C Conv(X), (y —z,N) < 0. Thus, if
we define

K:={yeR" | (y—z,N) <0},

then X C K and since K is open and convex, Conv(X) C K. In particular,
r € R"\ K C R"!\ Conv(X), and since x € dConv(X) is arbitrary,
we conclude that dConv(X )N Conv(X) = 0, so that Conv(X) is open, as
desired. 0
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Lemma 4.16. If K is compact and convez, then Conv(K) = K.

Remark. Observe that the analogous result for open convex sets follows
immediately from our definition of the convexr hull.

Proof. Choose z € R"1\ K. Let y € K be a point minimising distance
to z, and define N = (z — y)/||z — y||. By Lemma 4.6, N is a supporting
normal to K at y. By definition of supporting normals, for all z € K,
(z—y,N) <0, and so

(z=a,N) =((z =y) + (y — 2),N) <~z —y[| <0.

Define
K :={zeR"™ | (z—2z,N) <0}.

Since K is open and convex and since K C K, it follows that Conv(K) C
K'. In particular, x ¢ Conv(K). Since x € R"™!\ K is arbitrary, we
conclude that R"*1\ K C R"*!\ Conv(K), so that Conv(K) C K, and
since K is trivially contained in Conv(K), we conclude that the two sets
coincide, as desired. O

4.5 The local geodesic property

We define an open straight-line segment in R™! to be any set I' of the
form
I'={z+ty|a<t<b},

where z is a point in R®*!, y is a non-zero vector and a < b are real
numbers. Let K be a compact, convex subset of R™*! and let z be
any point of K. We say that K satisfies the local geodesic property
at « whenever there exists an open straight-line segment I' such that
z € I' C K. Every interior point of K trivially satisfies the local geodesic
property.

Lemma 4.17. Let K be a compact, convex subset of R**1. Let x be a
boundary point of K and let T be an open straight-line segment such that
z el C K. If N is a supporting normal to K at x then I" is contained in
the hyperplane passing through x normal to N. In particular, ' is contained
in the boundary of K.

Proof. By definition, there exists y € R"*!\ {0} and real numbers
a < 0 < b such that
F'={z+ty|a<t<b}.

By definition of supporting normals, for all ¢ €]a, b,

t(y,N) = ((z +ty) —2,N) <0.
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It follows that (y,N) = 0, and so {(z + ty) — z,N) = 0 for all ¢ €]a,b[ as
desired. O

The local geodesic property characterises convex hulls in the following
sense.

Theorem 4.18. Let K be a compact, convex set, let X be a subset of
0K, and let Y be the set of all points of OK satisfying the local geodesic
property. If X UY is closed, then' Y C Conv(X).

Proof. We prove this by induction on the dimension of the ambient space.
First suppose that n = 1. In particular, K =: [a,b] is a compact interval.
We claim that {a,b} C X. Indeed, observe that |a,b[C Y. Thus, since
X UY is closed, it follows that [a,b] € X UY. Since neither a nor b is
an element of Y, it follows that {a,b} C X, as asserted. In particular,
K = [a,b] = Conv(X), as desired.

Now consider an ambient space of arbitrary dimension greater than 1.
Choose y € Y and let H be a supporting hyperplane to K at y. Denote
K :=KnNnH,Y :=YNOK' and X' := XNIK'. Observe that K’ is a
compact, convex subset of H and that X’ UY" is closed. We claim that
Y’ coincides with the set of all boundary points of K’ satisfying the local
geodesic property. Indeed, if z € Y, then there exists an open straight-line
segment I' such that z € I' C K. Since H is a supporting hyperplane to
K, by Lemma 4.17, ' C H. In particular, I' C K’ and so K’ also satisfies
the local geodesic property at z. Conversely, if z is a boundary point of
K’ and if K’ satisfies the local geodesic property at z, then z is also a
boundary point of K and K also satisfies the local geodesic property at
z. The assertion follows and we conclude by the inductive hypothesis that
Y’ C Conv(X’) C Conv(X).

Ify €Y', then y € Conv(X), and we are done. Otherwise, suppose that
y € Y\ Y'. That is, y lies in the interior of K’. Let V be any vector in
H. Define v : R — H by v(t) = y + tV. Denote I = v~}(K’). Since K’
is compact and convex, I is a compact interval. Trivially, for all ¢ € I°,
K satisfies the local geodesic property at v(t). That is, I° C v~ 1(Y) C
7y~ LY UX), so that taking closures yields, I C v~ }(YUX). Since, in
addition, I C vy~ 1(0K"), we have I C v 1(Y'UX') C v~ 1(Conv(X")).
It follows that y € Conv(X’) and since y € Y is arbitrary, we conclude
that Y/ C Conv(X’), and the result now follows by induction. O

Conversely, we have

Theorem 4.19. If X is a compact subset of R"1 then Conv(X) satisfies
the local geodesic property at every point of Conv(X) \ X.

Proof. We prove this by induction on the dimension. The result trivially
holds when the ambient space is 1-dimensional. Now choose € Conv(X)\
X. If z is an interior point of Conv(X), then we are done. We therefore
assume that x is a boundary point of Conv(X). By Lemma 4.7, there
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exists a supporting normal N to Conv(X) at x. Let H be the hyperplane
normal to N passing through z, and denote X’ := HN X. We claim that
Conv(X') = Conv(X)N H. Indeed, since X’ is compact, by Lemma 4.14,
so too is Conv(X'). Choose ' € H \ Conv(X') and let ¥’ € H be a point
in Conv(X’) minimising distance to z’. Denote N’ := (' —¢/)/||2" — ¢/||.
By Lemma 4.6, N’ is a supporting normal to Conv(X’) at ¢'. In particular,
for all 2/ € X' C Conv(X’),

<Zl - y/7 Nl) S 07
so that
(z' =2/ ,N') =((z' =¢) + (¢ —=2"),N) < 2" = ¢/|| <0.

However, by definition of N and H, for all z €¢ X \ X' = X\ H C
Conv(X)\ H,

(z—2',N) = (z —z,N) + (x — 2',N) < 0.
Combining these relations yields, for sufficiently large A and for all z € X,
(z—12',(AN+N')) <0.
Define K C R"*! by
K:={z|{(z—2,(AN+N)) <0}.

Since K is open and convex and since X C K, it follows that Conv(X) C
K. In particular, since z’ is not an element of K, it is not an element
of Conv(X) either. Since 2’ € H \ Conv(X') is arbitrary, we conclude
that Conv(X)NH C Conv(X’). Conversely, let K be an open, convex
set containing X. Then K N H is also convex and relatively open. Since
K N H contains X', by definition, it also contains Conv(X’). Upon taking
the intersection over all such open sets, we conclude that Conv(X’) C
Conv(X)N H, and the two sets therefore coincide as asserted. It follows
by the inductive hypothesis that Conv(X)NH = Conv(X’) satisfies the
local geodesic property at x and therefore so too does Conv(X). This
completes the proof. O

We introduce an alternative characterisation of the local geodesic
property which will be of use in the sequel. Let X C ¥™ be any closed
subset. We say that X is strictly contained in a hemisphere whenever
there exists a unit vector N € X" such that for all N’ € X

(N,N) < 0.

Lemma 4.20. Let K be a compact, convex subset of R*1. Let = be a
point in K and suppose that K satisfies the local geodesic property at x.
Then, for all sufficiently small r > 0, K NOB,(x) is not strictly contained
in a hemisphere.
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Proof. Let I be the open straight-line segment passing through x contained
in K. By definition, there exists a non-zero vector y € R"*! and real
numbers a < 0 < b such that

F={x+tyla<t<b}.

Choose r < Min(—a,b). Then x +ry € K NOB,(z). In particular, if there
exists N € X" such that ((z +ry) —x,N) < 0, then, +(y,N) < 0. This is
absurd, and the assertion follows. O

Lemma 4.21. If X C ¥" is a closed subset not strictly contained in a
hemisphere, then 0 is an element of Conv(X).

Proof. Suppose the contrary. By Lemma 4.14, Conv(X) is compact. Let
x € Conv(X) be the point minimising distance in Conv(X) to 0 and denote
N := —z/|z|. By Lemma 4.6, N is a supporting normal to Conv(X) at x.
Thus, for all y € X C Conv(X), (y —,N) <0, and so

(y,N) = ((y — 2) + 2,N) < —||z]| < 0.

Since y € X is arbitrary, we conclude that X is strictly contained in a
hemisphere. This is absurd, and so 0 is an element of Conv(X) as desired.
O

We obtain the following converse to Lemma 4.20.

Lemma 4.22. Let K be a compact, convex subset of R"t1. Let z be a
boundary point of K and let N be a supporting normal to K at x. Suppose
that K does not satisfy the local geodesic property at x. Then, for allr > 0
there exists N', which we may choose as close to N as we wish, with the
property that for all y € K N(B,(z))¢,

(y —z,N') <O0.

Remark. In particular, using the terminology of links which we introduce
in Section 5.4, below, for all v > 0, the closure of L,(x; K) is strictly
contained in a hemisphere.

Proof. Upon applying an affine isometry, we may suppose that z = 0.
Choose 7 > 0. Since K does not satisfy the local geodesic property at
0, by Lemma 4.19, 0 does not lie in the convex hull of K N9B,.(0). By
Lemma 4.21, KNOB,(0) is strictly contained in a hemisphere. There
therefore exists a unit vector N’ € " such that for all y € K N9B,(0),

(y,N) < 0.

For all € > 0, denote N, := (N + eN’)/|IN 4 eN’||. We claim that N, has
the desired properties for all ¢ > 0. Indeed, for all ¢ > 0, and for all
y € KNJB,(0), we obtain

[N+ eN’l|(y, Ne) = (y,N) + e(y,N) < e(y,N) <0.
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However, if z € KN(B,(x))¢ then, by convexity, z = sy for some
y € KN9JB,(0) and some s > 1, so that

<Z7 Ne> = 8<y7 NE> < 07

as desired. O

4.6 Interior a-priori bounds

We now return to the framework of Section 2, and consider smooth, convex
functions f : Q —] — oo, 0] which are solutions of (B). We develop a-priori
estimates that will allow us in the following section to describe the local
geometric structure of singularities of uniform limits of sequences of such
functions. We achieve this by once again using the maximum principal via
an argument that dates back to Pogorelov (c.f. [17], but see also [5] and
[21]). We will use the notation of Section 2.6, and we first complement
Lemma 2.22 with the following two estimates.

Lemma 4.23. There exists C > 0 which only depends on ||¢|lo such that

LsLog(—f) > —=C(=f)~" = BY(d;Log(~ [))(9;Log(~1))-
Proof. By Corollary 2.3,

DF(D*f)(D*f) = F(D*f).
Furthermore, since ¢ is positive and since G is convex,
¢DG(Df)(Df) = ¢G(Df) — ¢G(0).
Thus, by definition of L,
Lif < F(D*f) — ¢G(Df) + ¢G(0) = ¢G(0).
There therefore exists C' > 0 which only depends on ||¢]|p such that,
Li(=f)z-C.

Thus, by Lemma 2.21,

LyLog(~f) = =C(=f)~" = BY(9;Log(~ f))(9;Log(~f)),
as desired. 0

Lemma 4.24. There exists C > 0 which only depends on ||¢]l1 and || f|1
such that 5

¢ A,

n

LyIDfI? = =C + =Ml f).
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Proof. By the product rule, for all 4, using the summation convention,

OlIDSN? = 2fin fr
05IDFII? = 2fijifr + 2fir Sk

Thus, by definition of B¥, and using the symmetry of the derivatives of
I

Li|DfII? = 2fx DF(D?f)(D?fx) + 2BY fir fir — 20 DG(Df)(D f)
=2fuLlyfr + %F(D2f>fkk-

Since f satisfies (B), since ¢ is positive, since G > 1 and since D?f is
positive definite,

2P0 ) fu = 22 GD D) 2 200(f),

n

On the other hand, differentiating (B) once in the ej, direction yields

Lsfr = ¢rG(Df).
Combining these relations, we obtain

LoD 2 264G (D) + 2.

There therefore exists C' > 0 which only depends on ||¢||; and || f]|1 such
that
2¢

£iIDs1 = 0+ 20,0p),
as desired. O
Theorem 4.25. There exists C > 0 which only depends on |||z, | fl1
and Inf & ¢(z) such that
Sup |f ()] [|D*f(x)| < C.
zeQ

Proof. For e €]0, 1], define the function ¢, : 2 — R by

P 1= ﬂn(f) + 2Log(—f) + 6||‘Df||2

It suffices to obtain a-priori bounds for . for some ¢ > 0. Fix ¢ and
observe that 1. is continuous and tends to —oo near the boundary of ).
It therefore attains its maximum at some interior point = € Q. Upon
applying an affine isometry, we may suppose that x = 0 and that eq, ..., e,
are the eigenvectors of D?f(0) corresponding to the eigenvalues A1, ..., A,
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respectively. By Lemmas 2.22, 4.23 and 4.24, there exists C; > 0, which
only depends on ||¢|2, || f||1 and Inf__g ¢(z) such that

01 2€¢

C
Lrve 2~y + () = 5 (0a(¥e = 2Log(=f) — €| D)

+ BY9;(pe — 2Log(—f) — el Df[*)9; (e — 2Log(~f) — el Df|?)
— 2B"9;Log(~f)0;Log(~f)
in the weak sense. Let o : 2 — R be such that a < ¢, and a(0) = 1.(0).

In particular, « attains its maximum at 0, and so (9,a)(0) = 0, so that,
at the origin,

C € C
S 200 () - S 0uLon(—1) + DI
+BY9,(2Log(~f) + el D)0 (2Log( 1) + el DI )

— 2B"9;Log(~f)9;Log(~f).

[,fOtZ—

Let A; and Ay denote respectively the third term and the sum of the last
two terms on the right-hand side of the above equation. By definition of
An,

C ([ 2 2
A= W ((f)(_fn) +2€)\nfn) .

However, by Lemma 2.6, by definition of G, and since f solves (B),
1
M= ~Ta(D*f) = F(D*f) = ¢G(Df) = ¢.

There therefore exists C > 0, which only depends on || f[|; and inf__g ¢()
such that

Al Z - 02 3 0262)\n.

)
Since B¥ is symmetric and positive definite,

Az > 4eBY(9;Log(— 1)) (9] Df|1*).
Thus, by definition of B¥, and since f solves (B),

—8e¢ —8ep —8ep
n(—=f) n(—f) n(—f)

In particular, there exists Cs > 0, which only depends on ||¢|lo and || f|1
such that

Ap 2 F(D*f)|Df|I* =

G(DHIDS|* = IDfI.

Cs
(=)

Ay > —
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Combining these relations, we conclude that there exists C4 > 0, which
only depends on ||¢|[2, || f|l1 and Inf__& ¢(z) such that, at the origin,

C 2¢
Lia > —(_;)2 +e€ (n — C4€> A -

In particular, for ¢ > 0 sufficiently small, there exists C5 > 0 which only
depends on [|¢||2, || f|l1, Inf_ 5 ¢(x) and € such that, at the origin,

1 1,
Efa > 7(7]6)2 (—05 + 656 ) .

However, since a attains its maximum at the origin, Lro < 0, so that

¥e(0) = a(0) < 2Log(C5),

as desired. 0

4.7 The structure of singularities

We now describe the local structure of singularities that arise upon taking
limits. We first require some preliminary results.

Lemma 4.26. Let K be a compact, convex subset of R*T1. If K has non-
trivial interior, then N (x) is strictly contained in a hemisphere for every
boundary point x of K.

Proof. Let y be an interior point of K. Let x be a boundary point of K.
Denote N = (y — z)/|ly — x||. Choose M € N (z). Since y is an interior
point of K, (N, M) < 0, and since M € N/ (z) is arbitrary, we conclude that
N (z) is strictly contained in a hemisphere as desired. O

Lemma 4.27. Let K be a compact, convex subset of R**1. Let z be a
boundary point of K. If N'(x) is strictly contained in a hemisphere, then

there exists a supporting normal N to K at x such that (N,M) > 0 for all
M e N(x).

Proof. Upon applying a linear isometry, we may suppose that (N, e,4+1) <
0 for all N € N(z). Observe that N (z) is closed. If —e,+1 € N(z), then
we are done. Otherwise, suppose that —e, 1 ¢ N (z). Define

Cone(N (z)) := {tN | t € [0,00[, N € N'(x)}.

Observe that Cone(N(z)) is closed and convex. Moreover, —e,i1 ¢
Cone(N(z)). Let y € Cone(N(z)) minimise distance in Cone(N(z)) to
—en+1. We claim that N := y/||y|| has the desired property. Indeed, denote
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N := —(ens1 +y)/|lent1 + y|l. By Lemma 4.6, N is a supporting normal
to Cone(N(z)) at y. Thus, for all ¢ € [0, oo], since ty € Cone(N (z)),

(ty —y,N) <0,

A~

and differentiating this relation at ¢ = 1 yields (y,N) = 0. Now choose
N € N(z) C Cone(N(z)). Using the fact that (M, —e,, 1) > 0, we have

A

0> (M-y,N)
= (M,N)
= [len +yll7H (M, —ent1 —v)
> [len + yll = HIylM, —y/llyll),

so that (M,N) > 0, and since M € N (z) is arbitrary, the result follows. O

Theorem 4.28. Let (K;;)men and Koo be compact, convex subsets of
R, Suppose that K. has non-trivial interior and that (K, )men
converges to Ky, in the Hausdorff sense. Let k > 0 be a real number,
let U be an open subset of R"*1 and suppose that for all m, (0K,,) NU
is smooth with constant gaussian curvature equal to k. If y € (0K)NU
then either

(1) there exists v > 0 such that (0K«) N B (y) is smooth with constant
gaussian curvature equal to k; or

(2) K satisfies the local geodesic property at y.

Proof. Choose y € (0K)NU and suppose that K., does not satisfy
the local geodesic property at y. Let (ym)men be a sequence converging
to y such that y,, € 0K, for all m. Upon applying a convergent
sequence of affine isometries, we may suppose that y,, = 0 for all m.
Since K4 has non-trivial interior, by Lemma 4.26, A (0; K,) is strictly
contained in a hemisphere. In particular, by Lemma 4.27, we may suppose
that —ep+1 € N(0; Koo) and that (N, —ent1) > 3cos(f) for all other
N € N (0; K ) and for some 6 € [0,7/2[. Denote C := tan(6).

By Lemma 4.4, upon extracting a subsequence, we may suppose that
there exists » > 0 such that B,(0) C U and for all m, for all x €
(0K,,) N B,(0), and for all N € N (z; K,,), (N, —epnt1) > 2cos(d). Denote
p :=r/v/14+4C? By Lemma 4.22, upon applying a small rotation, we
may suppose that for all x € K \ B,/2(0), (z, —en41) < 0. Choosing this
rotation sufficiently small, we may continue to assume that for all m, for
all z € (0K,,) N B,(0) and for all N € N (z; Ky,), (N, —ep41) > cos(d).

By Theorem 4.12, for all m, there exists a convex, C-Lipschitz function,
fm = B,(0) =] = Cp,Cp[ such that f,,(0) = 0 and (0K,)N(B,(0)x] —
2Cp,2Cpl) coincides with the graph of f,, over B/ (0). By the Arzela-Ascoli



Chapter 4. Singularities 65

theorem, every subsequence of (f,)men has a subsubsequence converging
in the local uniform sense over B/,(0) to some limit f, say. Since (K )men
converges to K, in the Hausdorff sense, it follows that f/ = f., and we
conclude that (f)men converges in the local uniform sense over By (0) to
foo

Observe that f,, is smooth for all m < oo. Furthermore, there exists
§ > 0 such that, fo(2') > 46 for all 2’ € 9B ,(0). Since (fm)men
converges locally uniformly to f., over B;)(O)7 we may suppose that, for
all m and for all 2/ € B;)/2(0), fm(z") > 26. For all m < oo, since f,, is
C-Lipschitz,

||fm|§;/2(0)”1 < C(]- + ,0/2)

Thus, by Theorem 4.25, there exists Cs > 0 such that for all m < oo, and
for all z € B}, ,(0),

126 = fin (2)” | D? fun ()| < C.

Since f(0) = 0, by continuity, there exists s €]0, p/2[ such that fo(z') <
§/2 for all 2’ € E;(O). Since (fm)men converges locally uniformly to foo,
we may suppose that for all m < oo and for all z € Pls (0), fm(z') <4, so
that

ID? f ()| < C2/82.

By the Krylov estimates (c.f Theorem 2.25) and the Schauder estimates
(c.f. Theorem 2.24), for all k¥ € N, there exists Cj > 0 such that for all
m < 0o,

||fm|§’s/2(o)||k < C.

By the Arzela-Ascoli theorem, every subsequence of (f,)men has a
subsubsequence which converges in the C* sense over P; /4(0) to some
limit f/  say. Since (fm)men converges uniformly to foo, it follows
that f/, = foo. We conclude that (f;)men converges to foo in the
C* sense over E;M(O). In particular, fo is smooth over B;/4(0) and
its graph has constant gaussian curvature equal to k. In other words,
(0Koo) N(B;,,(0)x] = 2Cp,2Cp]) is smooth and has constant gaussian
curvature equal to k, as desired. O



Chapter 5

Duality of Convex Sets

Before analysing the general Plateau problem, it will be useful to continue
our study of the elementary geometry of convex sets. In particular, we
review the concept of duality for subsets of the sphere, showing how it
is closely related to the concept of the convex hull, which we introduced
in the preceeding chapter. We introduce the infinitesimal link of a given
boundary point of a given compact, convex subset of R"*! with non-trivial
interior. This is defined to be an open subset of the sphere, and we show
that it coincides with the dual of the set of supporting normal vectors to the
convex set at that point. This allows us to prove the most important result
of this chapter, namely Theorem 5.20, which determines the supporting
normal set of the intersection of two given convex sets at any point on the
boundary of this intersection.

Although the results of this chapter are of use in the sequel, they are
only tangential to the main flow of this text. In particular, Theorem
5.20, although interesting, may be substituted by ad-hoc arguments in the
relatively straightforward cases where it will be applied.

5.1 Open half spaces and convex hulls

Let N be a unit vector and let ¢ > 0 be a positive real number (possibly
+00). We define the subset H(N,t) of R"*! by

H(N,t) :={z | (x,N) < t},

and we refer to this set as the open half-space normal to N of height
t. Observe that this definition incorporates the degenerate case R™+! =
H(N, c0).

Lemma 5.1. If K is an open, conver subset of R"T!, then K = (K)°.

66
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Proof. Since K is open, K C (K)°. We now show that (K)° C K. By
Lemma 4.13, K is convex. Choose x € (K)°. Without loss of generality,
we may suppose that # = 0. Choose § > 0 such that Bs(0) C K. Then
K N Bs(0) is a dense subset of Bs(0). Upon applying a homothety, we may
suppose that 6 = 2. Choose z1, ..., zx € B1(0) such that

0B1(0) € 0 Bi(w).

Since K N Bs(0) is dense, upon perturbing 1, ...,z if necessary, we may
suppose that x; € K for all i. Let L be the convex hull of {z1,...,xx}.
In particular, L is a compact, convex subset of K. We claim that 0 is
an element of L. Indeed, suppose the contrary. Let y € L be the point
minimising distance to 0 and denote N := —y/||y||. By Lemma 4.6, N is
a supporting normal to L at y. Thus, for all z € L, (z —y,N) < 0. In
particular, for all 1 <1 < k,

(i, N) = (zi —y,N) + (y,N) < —|[y[| <0,
so that, for all 7,
[z = NJI? = [Jazs[|* = 2(i, N) + [IN]|* > 2.

However, by definition of x1,...,z, there exists 1 < ¢ < k such that
|z — N||*> < 1. This is absurd, and we conclude that 0 € L C K as
asserted. Since z € (K)° is arbitrary, it follows that (K)° C K, and the
two sets therefore coincide, as desired. O

Theorem 5.2. For any subset X of R, the convex hull of X coincides
with the intersection of all open half-spaces containing X .

Proof. Denote by X the intersection of all open half-spaces containing X.
Since every open half-space is also convex, by definition of the convex
hull, Conv(X) C X. We now show that X C Conv(X). Indeed, choose
x € R"™1\ Conv(X). Let K be an open, convex set such that X C K
and z ¢ K. By Lemma 4.13, K is also convex. We now have two cases
to consider. Suppose first that z € R"*1 \ K. Let y be a point in K
minimising distance to x and denote N := (z — y)/||Jz — y||. By Lemma
4.10, N is a supporting normal to K at y, and so, for all z € K C K,

(z—=2,N)=((z—y)+ (y—2),N) <~z —y| <O.

Now suppose that * € K \ K. By Lemma 5.1, K = (K)°, and so
r € K\ (K)° = 0K. Let N be a supporting normal to K at x. For all
z € K, (z—z,N) <0, and, since K is open, (z—z,N) < 0. In both cases, we
conclude that K C H(N, (N, z)) so that, by definition, X € H(N, (N, z)).
In particular, z ¢ X, and since z ¢ Conv(X) is arbitrary, we conclude that
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R+ \ Conv(X) C R\ X. Taking complements yields X C Conv(X),
and the two sets therefore coincide, as desired. O
We also have the following complement of Lemma 5.1.

Lemma 5.3. If K is a compact, convex subset of R"! with non-trivial
interior, then K = K°.

Proof. Since K° C K and since K is closed, K° C K. Conversely, choose
xz € K. Since K has non-trivial interior, there exists y € K°. Choose
0 > 0 such that Bs(y) C K. Bearing in mind that K is convex, for all
t €]0,1] and for all z € B,5(0),

A—tx+ty+z=1—-t)x+tly+t'2) e K.

In other words, for all ¢t €]0,1], By((1 — t)z + ty) C K, so that
(1 —=t)z+ty € K°. It follows that x € K°, and since z € K is arbitrary,

we conclude that K C F, and the two sets therefore coincide, as desired.
O

5.2 Convex subsets of the sphere

Let No,N; € ¥™ be points in the sphere. We say that Ny and N; are
non-antipodal whenever Ng + Ny # 0. In this case, we define the curve
N:[0,1] — X" by
1—5s)N N
N(s) := ( 5)No + 5N .
10— 5)No + 5Ny

We refer to N as the great-circular arc joining Ng to N;. This
terminology is justified by the following result.

Lemma 5.4. If Ng,N; € X" are distinct, non-antipodal points of the
sphere, then there exists a unique great circle C passing through Ng and
N1i. Moreover, if N is the great-circular arc joining Ng to Ny then, for all
s €10,1], N(s) is an element of C.

Proof. Observe that every great circle in X" coincides with the intersection
of ¥" with a plane in R"*! containing the origin. Conversely, the
intersection of any such plane with X" is a great circle. Now let Ng
and N; be distinct, non-antipodal points. In particular, they are linearly
independent. There therefore exists a unique plane, £ C R"*! which
passes through Ng, N; and the origin, and the intersection C' := ENX" is
therefore the unique great circle passing through these two points. Finally,
for all s, N(s) € E and N(s) € ¥, so that N(s) € ENY™ = C, as desired.
O

Let X be a subset of ¥ which is strictly contained in a hemisphere. In
particular, no two points of X are antipodal and so there is a well defined
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great-circular arc joining any two of them. We say that X is convex
whenever it has in addition the property that for all No,N; € X, the
great-circular arc joining Ng and N; is also contained in K.

For all N € ¥, we define the subset " (N) of X" by

S2(N):={z | (z,N) < 0}.

We refer to £™ (N) is the open hemisphere defined by N. In particular,
when N = e,41, we define the southern hemisphere of ¥" by ¥" :=
Y_(ent1). We now identify R" ™! with the product R™ x R. Observe that
3™ then coincides with the intersection of ¥ with R™x] — oo, 0. We define
the mapping P : 3™ — R" by

P t) = —a'/t,

and we refer to P as the affine projection of X" onto R™.

Lemma 5.5. P defines a smooth diffeomorphism from X" onto R™.

Proof. Define P : R"x] — o0,0[— R" by P(z/,t) := —a//t. Since P is
smooth, and since P coincides with its restriction to ¥™, P is also smooth.
Now define @ : R" — X" by Q(a') := (2/,—1)/y/1+ ||2’||?>. Observe
that @ is smooth. Moreover, for all (z/,t) € ¥", bearing in mind that
/[ +¢* = 1,

Qo P)(a,t) = Q(=a'/t) = (=2’ /t, =1) [/ 1 + 2 /t* = (2, 1).

Conversely, for all 2’ € R™,

(PoQ)(@) =P((',=1)/V1+]2'|[*) = 2.

We conclude that P is a smooth diffeomorphism with inverse @) as desired.
O

Lemma 5.6. P maps the set of great-circular arcs in X™ bijectively onto
the set of straight-line segments in R™.

Proof. Since straight-line segments and great-circular arcs are uniquely
defined by their end points, it suffices to show that for any two distinct
points Ng,N; € ™, if N : [0,1] — X" is the great-circular arc joining
these two points, then P o N is, up to reparametrisation, the straight-line
segment joining P(Ng) to P(N1). However, for all ¢,

(PoN)(t) = (1 —7(s))P(No) + 7(s) P(N1),

where
5(N1,ent1)

N1, ent+1) + (1 — s)(No, ent1)

T(8) := ;i
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Furthermore, 7(0) =0, 7(1) = 1, and

> 0.

7'(s) = {No, en 1) (N1, enia)
$(Ny,en41) + (1 —8){No, €ps1)

The function 7 is therefore a reparametrisation of the unit interval, and
so the image of N under P is a reparametrised straight-line segment from
P(Ng) to P(Ny), as desired. O

In technical terms, Lemma 5.6 means that 3" is affine equivalent to R"™.
In particular, this immediately yields

Theorem 5.7. If X is a subset of X, then X is convex if and only if
P(X) is convex.

Convex subsets of X" therefore possess all the properties of convex subsets
of R™*! studied in Chapter 4. In particular, if X is a subset of " which is
strictly contained in a hemisphere, then we define the convex hull of X to
be the intersection of all open convex sets in %" containing X. We denote
this set by Conv(X).

Lemma 5.8. Let X and K be subsets of X™ which are strictly contained
in hemispheres. Then,

(1) if X is compact, then Conv(X) is compact;

(2) if X is open, then Conv(X) is open;

(3) if K is compact and convex, then Conv(K) = K; and
(4) if K is open and convez, then Conv(K) = K.

Proof. Upon applying rotations, we may suppose that X, K C ™.
Observe that if K’ is an open convex subset of X" containing X, then
so too is K'NY™. It follows that Conv(X) coincides with the intersection
of all open, convex subsets of 3" containing X. Thus, since P is a
diffeomorphism mapping convex sets to convex sets,

P(Conv(X)) = Conv(P(X)).

1) and (2) now follow by Lemmas 4.14 and 4.15. (3) follows by Lemma
4.16. (4) is trivial, and this completes the proof. a

Lemma 5.9. P maps the set of open hemispheres in X" bijectively onto
the set of open half-spaces in R™.

Remark. We include here the empty set as the trivial open half-space.
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Proof. The operation of intersection defines a bijection between the set of
open linear half-spaces in R™*! and the set of open hemispheres in X".
Now identify R™ with the affine hyperplane R := R" x {—1} in R"*1. The
operation of intersection defines a bijection between the set of open linear
half-spaces in R"*! and the set of open half-spaces in R. However, for
every open linear half-space H in R*t!,

P(HNY")= HNR,

and the result follows. O
This yields an alternative characterisation of the convex hull of a subset
of the sphere.

Theorem 5.10. Let X be a subset of X™. If X is strictly contained in
a hemisphere, then Conv(X) coincides with the intersection of all open
hemispheres containing X .

Proof. This follows from Theorem 5.2 and Lemma 5.9. g

5.3 Duality
Let X be a subset of ¥X™. We define the dual subset X* to X by

X" ={MeX" | (NNM)<O0VN eX}:NQXE_(N).

Lemma 5.11. X* is non-empty if and only if X is strictly contained in
a hemisphere.

Proof. Suppose X* is non-empty. Choose N € X*. For all M € X,
(M,N) < 0 and so X is strictly contained in a hemisphere, as desired.
Conversely, suppose that X is strictly contained in a hemisphere. Let
M € " be such that (N,M) < 0 for all N € X. By definition, M € X*
and so X* is non-empty, as desired. O

Lemma 5.12. If X is non-empty, then X* is convewz.

Proof. By definition, X* is the intersection of a family of convex sets, and
the result follows. O

Lemma 5.13. If X is closed, then X* is open. If X is open, then X™* is
closed.

Proof. Suppose that X is closed. Choose M € X*. By compactness
of X, there exists ¢ > 0 such that (N,M) < —e for all N in X. If
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M’ € B.(M)NX"™, then, using the Cauchy-Schwarz inequality, we obtain,
for all N € X,

(N,M") = (N,M" — M) + (N, M)
< [IN[[[[M" = M| + (N, M)
< €E—E€
=0.

Since M’ € B.(M)NX™ is arbitrary, we conclude that B(M)NX"™ C X*,
and since M € X* is arbitrary, we conclude that X™ is open, as desired.

Now suppose that X is open. Choose M € ™\ X*. There exists N € X
such that (N,M) > 0. For all s > 0, denote N, := (N + sM)/||N + sM||.
For all s > 0, we have

1
NyM)=——(N+sM,M
S
>
~ |IN+ sN]|
> 0.

Since X is open, for sufficiently small s, Ny € X. Thus, upon replacing N
with Ng, we may suppose that (N,M) =: e > 0. If M’ € B,(M)N X", then,
using the Cauchy-Schwarz inequality, we obtain
(N,M") = (N, M’ — M) + (N, M)

> —[IN[[[[M" = M| + (N, M)

> —€e+e€

=0.
Since M’ € B.(N)NX™ is arbitrary, we conclude that B.(M)NX" C

Y™\ X*, and since M € ¥™ \ X* is arbtrary, we conclude that ™\ X* is
open, so that X™* is closed, as desired.

&

Lemma 5.14. If X is strictly contained in a hemisphere, then X** =
Conv(X).

Proof. By Lemma 5.10, Conv(X) is the intersection of all open
hemispheres containing X. However, by definition, M is an element of
X* if and only if X is contained in ¥_(M). That is, X* parametrises the
set of open hemispheres containing X. Thus,

X = MeﬁX* ¥_(M) = Conv(X),

as desired. 0
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Lemma 5.15. If X; and Xs are both strictly contained in the same
hemisphere, then (X1 U X2)* = X7 N X5,

Proof. Suppose M € (X7 UX5)*. Then (N,M) < 0 for all N € X;UX,
and so M € X7 N X5. Conversely, if M € X7 N X3, then (N, M) < 0 for all
N e X;UX, and so M € (X1 UXs)*. These two sets therefore coincide,
as desired. 0

Lemma 5.16. Let X7 and Xo be convex subsets of X" which are
both strictly contained in a hemisphere. If Xy and X5 are either both
open or both closed, and if X1 N Xy is non-empty, then (X1NXg)* =
Conv (X7 UX3).

Proof. Suppose that X; and X, are open (resp. closed). Since they
are both convex, by Lemmas 5.8 and 5.14, X; = Conv(X;) = X;* and
X2 = Conv(Xy) = X3*. We denote Y7 = X7 and Yo = X3. Observe that,
if N € X;N X5, then ¥; = X7 € X_(N) and Y3 = X3 C S_(N). That is,
since X7 N X5 is non-empty, Y7 and Y5 are both strictly contained in the
same hemisphere. Lemma 5.15 therefore yields

(XJUX) =MuY)  =Y"nYS = X1 NXo,
so that, by Lemma 5.14,
Conv(X{ UX3) = (Xj UX3)™ = (XyNXa)",

as desired. 0

5.4 Links

Let K be a compact, convex set with non-trivial interior. Let z be a
boundary point of K. For r > 0, we define £,.(x; K) C X", the link of K
of radius r about x by,

Lo(z;K):={N|z+7rNe K°}.

When there is no ambiguity concerning K, we denote L,(x) = L, (z; K).

Lemma 5.17. For every boundary point x of K and for all r < s,
Ls(x) C L (2).

Proof. Indeed, choose N € Lg(x). Then x + sN € K° Viewing N as
an element of R"™!  there exists § > 0 such that for all V' € Bs(0),
x4+ sN+V € K. Thus, by convexity, for all V' € B,s/5(0),

x+rN+V=(1—£)x+£(x+sN+§V)EK.
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It follows that x + rN € K°, and so N € L,.(z). Since N € L4(z) is
arbitrary, we conclude that L;(z) C L,(z) as desired. O
(L, (x))r>0 therefore constitutes an increasing, nested family of open sets.
We define L(z; K) C X7, the link of K at x by,

L(x; K) := rL>J0 L (x; K).

When there is no ambiguity concerning K, we denote L(z) = L(z; K).
Since it is the union of a family of open sets, £(x) is also open.

Lemma 5.18. Let K be a compact, convexr set with non-trivial interior.

Then for every boundary point x of K, N (z; K) = L(z; K)*.

Proof. Suppose that N € N (z; K). For all z € K, (z —x,N) <0, and so,
for all z € K°, (z —x,N) < 0. Choose M € L(z; K). Choose r > 0 such
that M € L,.(x; K). Then z + rM € K°, and so

(M,N) = %((m—?—rM) —z,N) <0.

Since M € L(x; K) is arbitrary, we conclude that N € L£(x; K)*, and since
N € N (z; K) is arbitrary, we conclude that N (z; K) C L(x; K)*.

Conversely, choose N € L(z; K)*. Since K has non-trivial interior, by
Lemma 5.3, K = K° Choose y € K°. Denote r := ||y — z||. Then
(y—z)/r € L.(z; K), and so

(N,y =) =r(N, (y —z)/r) <0,

Thus, by continuity, for all y € K° = K,

<N,y—$> SO)

so that N € N (z; K). Since N € L(z; K)* is arbitrary, we conclude that
L(z; K)* CN(z; K), and the two sets therefore coincide, as desired. O

Lemma 5.19. For every compact, convex set K with non-trivial interior,
and for every boundary point x of K, N'(x; K) is closed, convex and strictly
contained in a hemisphere.

Proof. By Lemma 5.18, N (z; K) = L(z; K)*. Since K has non-trivial
interior, £(z; K) is non-empty, and so, by Lemma 5.11, N'(x; K) is strictly
contained in a hemisphere. Since £(x; K) is open, by Lemma 5.12, N'(z; K)
is closed. Finally, by Lemma 5.12, N'(x; K) is convex, and this completes
the proof. O

Theorem 5.20. Let K1 and Ko be two compact, convexr sets whose
intersection has non-trivial interior. Choose x € (K1 NKsy). Then,
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(1) if v € (0K1)NKS, then N (z; K1 N Ka) = N(z; K1);
(2) if x € K{N(OK2), then N (z; K1 N Ks) = N (z; Ks); and
(3) ifz € (0K1)N(OK?2), then N (z; K1 N Ka) = Conv(N (x; K1) UN (z; K3)).

Proof. Cases (1) and (2) follow from Lemma 4.9. However, using Lemmas
5.16 and 5.18, for « € (0K;) N(0K3), we obtain

N(z; KiNKs) = L(z; K1 N Ky)*
= (L(z; K1) N L(w; K2))"
= Conv(L(z; K1)*UL(x; K2)*)
= Conv(N (z; K1) UN (z; K3)),

as desired. O



Chapter 6

Weak Barriers

For k a positive real number, the set of weak barriers of gaussian curvature
at least k will be defined to be essentially the closure in the Hausdorff
topology of the set of compact, convex sets with smooth boundary of
gaussian curvature at least k. This concept will allow us to solve the
Plateau problem in euclidean space for very general data. Once solutions
have been found, the theory developed in Section 4 is then applied to
identify their singular sets. In particular, under suitable conditions on the
boundary, these are shown to be empty, so that the solutions are actually
smooth.

Existence is proven via the Perron method. The main requirement
for the application of this technique is the closure of the family of weak
barriers under the operation of intersection. That is, if K; and K, are
weak barriers, then so too is K1 N Ks. The proof of this result, which is
encapsulated in Theorem 6.34 is rather technical, and forms the content of
Sections 6.1 to 6.5 inclusive. The techniques used are mostly elementary,
although some experience of the theory of distributions will be required,
and we refer the reader to [10] for a clear and straightforward introduction.

The experienced reader will notice that weak barriers are always
viscosity supersolutions of the Gauss curvature equation (c.f. [8]). Like the
space of weak barriers, the space of viscosity supersolutions is closed with
respect to the Hausdorff topology and is closed under finite intersections.
Furthermore, in contrast to weak barriers, these properties for viscosity
supersolutions are almost trivial. However, viscosity supersolutions, on
the other hand, do not obviously possess the properties required for us
to apply Theorem 3.16 as the regularising operation in the application of
the Perron method. It is precisely for this reason that the more technical
notion of weak barriers is required.

Finally, the results of Sections 6.1 to 6.5 inclusive are very general, and
are useful for constructing convex barriers in a wide range of settings. In

76
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particular, we leave the enthusiastic reader to verify that they remain valid
in any riemannian manifold.

6.1 Distance functions

Let K be a closed, convex subset of R"*1. Let df : R"* — [0, 0o[ be the
distance in R™*! to K. That is,

dic(a) i= inf [l .

Since it is the infimum of a family of convex functions, dy is also convex.
We now consider the closest point projection from R**!\ K onto K. First,
we prove

Lemma 6.1. Let K be a closed, conver subset of R"*1. Choose x €
R\ K. There is at most one point y in the boundary of K with the
property that x =y + tN for some t > 0 and for some supporting normal
N to K aty.

Proof. Suppose the contrary. Let y and 3’ be two such boundary points.
Let N and N’ be supporting normals to K at y and y’ respectively and
let ¢,#' > 0 be such that z = y +tN = ¢ + t/N’. By definition of the
supporting normal,

<y/ - Y N>7 <y - y/a N/> < 0.

In particular,

W —yx—y), y—y,z—y) <0
Summing these two relations yields ||y’ — y||* < 0, so that ||y’ — y|| = 0,
and so ¢y’ = y, as desired. O

Lemma 6.2. Let K be a closed, convex subset of R"*1. For all x € R™t1,
the point y € K minimising distance to x is unique.

Proof. Choose x € R"*!. Let y € K minimise distance to z. If z € K,
then y = x is unique, as desired. Otherwise, denote N := (z —y)/|lz — y||.
By Lemma 4.6, y is a boundary point of K and N is a supporting normal
to K at y. In particular x = y+ ||z — y||N, and by Lemma 6.1, y is unique,
as desired. This completes the proof. g
We define g : R"*' — K to be the closest point projection. We now
relate Il to the derivative of dg.

Lemma 6.3. If K as a closed, convex subset of R"T1, then di is
differentiable at every point x in R"T1\ K and, for all such x,

Mg (z) =2 — dg(x)Ddg ().
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Proof. Choose z € R"™'\ K. Denote N = (x — IIx(x))/||z — Ik (x)].
By Lemma 4.6, N is a supporting normal to K at IIx(x). Since the
image of Ilx is contained in K, it follows that, for all y € Rt
(Mg (y) — Mg (x),N) < 0. Using the Cauchy-Schwarz inequality and the
fact that N has unit length, we therefore obtain, for all y,

> (y — Tk (y),N)
= (y — g (x),N) + (Il (z) — g (y),N)
> (y — Ik (z),N).

On the other hand, dx (y) < d(y, Ik (x)), so that

(y — U (x),N) < dr(y) < d(y, Uk (v)).

The first and the last functions in this inequality are smooth at =x.
Moreover, the coincide up to order 1 at this point, with derivative equal to
N. It follows that d is differentiable at = and Ddg (x) = N. In particular,

Mi(x) =2 — ||z — Ug(z)||N = 2 — dx () Ddg (),
as desired. O

Lemma 6.4. Let K be a closed, convex subset of R*T!. If x is a point
of R"ML\ K, then dx is twice differentiable at x if and only if Ik is
differentiable at x. Moreover, at any such point, for all vectors V and W,

(DIl (2)V, W) = (n(V), m(W)) — d (¢) D*dx (2)(V,W),
where 7 is the orthogonal projection from R onto (Ddg (z))*.

Proof. By Lemma 6.3, for all z € R"*!\ K, df is differentiable at z and
Mg(x) = — dg(z)Ddg(x). Since dx(z) > 0, it follows by the product
and quotient rules that Ddy is differentiable at x if and only if Ilx is.
Furthermore, at any such point

(DIlk (2)V, W) = (V,W) = (V, Ddx (2)){W, Ddx (x)) — dx (z) D*dx () (V, W)
= (n(V),n(W)) — dx () D*dx () (V, W),

as desired. O

We now consider the regularity of Ilg.

Lemma 6.5. If K is a closed, convex subset of R™"t!, then Ilx is 1-
Lipschitz.
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Proof. If z,2' € K, then lIx(z) = = and Ik (z') = 2’. In particular,
U (z) — g (2")]| = ||z — 2'||, as desired. If x € K and if 2/ € R**1\ K,
then 7 (x) = x. Define ¢’ := Ik (z’). By Lemma 4.6, (2' —¢) /||’ — ¢/||
is a supporting normal to K at y’. In particular, (x —y’, 2’ — ') <0, and
o

lz = &'l = ll(z — ) = (" = ¢)II?
=z —y'|I” = 2(x -y, 2" — ) +[l2" = y/?
>z —y'|I* + [l2" — /||
> lz —y'II%,

so that |Ug(z) — Ux(z')|| < ||lx — 2’|, as desired. Finally, choose
z,2’ € R\ K. Denote y := lg(z), v := Ik (2’). By Lemma 4.6,
(x —y)/||z —y| and («' —y')/||2’ — ¢'|| are supporting normals to K at y
and y’ respectively. In particular,

W —yx—y)ly—y,2a"—y) <0
Consequently,
(z—a',y—y) = (@—yy—y)+ -y y—y )+ ~2 y—y) = ly—y|I*
Using the Cauchy-Schwarz inequality, this yields
ly = y'I1? < (z =2y — o) < llo =2 ||lly =¥/l

so that,
ly = ' llllz = 21l = ly = ¢'ll) = 0,
and we conclude that ||y — ¢/|| < ||z — 2’||, as desired. O

Lemma 6.6. If K is a closed, convex subset of R*L, then Ik is
differentiable almost everywhere. Moreover, the pointwise derivative of
I coincides with its distributional derivative, and | DIk (x)| - < 1.

Proof. Since I is Lipschitz, it follows from Rademacher’s Theorem (c.f.
Theorem 5.2 of [22]) that I is differentiable almost everywhere and,
moreover, that its pointwise derivative coincides with its distributional
derivative. Furthermore, since Ilx is 1-Lipschitz, it follows that
I[P k|| L < 1, and this completes the proof. O

Lemma 6.7. If K is a closed, convex subset of R"T1, then dy is twice
differentiable almost everywhere in R"1 \ K. Moreover, the pointwise
second derivative of dx coincides with its second-order distributional
derivative, and if dy is twice differentiable at x € R"™ \ K, then
| D2dic (@) < 2/dic(x).
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Proof. By Lemma 6.4, dx is twice differentiable wherever Ilg is
differentiable, and so, by Lemma 6.6, di is twice differentiable almost
everywhere. By Lemma 6.3, for all x € R**!\ K|

Ddy(x) = (x — T () /d ().

Since dg(x) never vanishes over this set, using the quotient rules for
pointwise derivatives and for distributional derivatives, it follows from
Lemma 6.6 again that the pointwise second-order derivative of dx coincides
with its second-order distributional derivative. Furthermore, at any point
x where dx is twice differentiable, for all vectors V and W,

Dk (V, W) = (w(V), m(W)) — (DIlk (2)V, W),

where 7 is the orthogonal projection from R"*! onto (Ddg(x))*. In
particular, since both 7 and DIl (z) have norm 1,

2
di ()

so that | D?dg (z)|| < 2/dk (), as desired. O
We also show that the second derivatives of di are almost everywhere
symmetric.

| D2dge () (V, W) < VWL,

Lemma 6.8. For almost all x € R*+1 \ K, di is twice differentiable at x
and its second derivative is symmetric at that point.

Proof. By Lemma 6.7, di has LiS. second-order, distributional derivatives
over R?™1\ K. Denote this second-order distributional derivative by A.
Then, for any ¢ € C22 (R" ™1\ K), and for all 1 <i,j <mn,

/ A(2)(8;,0;)(x)AVol, = / i () D6 (x) (8, 8;)dVol,
RrH\ K

Rn+1\ K

_ / d (z) D2(2)(8:, 9;)dVol,
R\ K

_ / A(2)(8;,8;)d(z)dVol,.
Rr+HI\ K

Since ¢ € C (R \ K) is arbitrary, we conclude that A(z)(9;,9;) =
A(x)(94,0;) for almost all z € R"™ \ K, and since 1 < 4,5 < n are
arbitrary, we conclude that A(z) is symmetric for almost all z € R"T1\ K.
However, by Lemma 6.7, again, for almost all z € R"*!\ K, dx is twice
differentiable at x in the classical sense and D?di(z) = A(z), so that
D%dy () is almost everywhere defined and symmetric, as desired. |
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6.2 Convex sets with smooth boundary

Let K be a closed, convex subset of R"*!. Let U be an open subset
of R"*1. We denote U(K) = UN(JK), and we suppose that U(K) is
smooth. We now use the terminology of riemannian geometry (c.f. [7]).
Let N : U(K) — X" be the outward-pointing, unit, normal vector field
over U(K). Let A be the shape operator of U(K) associated to this
normal. That is, for all z € U(K) and for any vector V' tangent to U(K)
at z, A(x)V = DN(z)V.

If M € Symm(2,R"*1) is a symmetric matrix over R"*! and if E
is any subspace of R"*!, we denote by Det(M; E) the determinant of the
restriction of M to E. We are interested in estimating Det(D?d; (Dd)*t)
near U(K). This quantity will be used in the sequel to estimate the
gaussian curvature of smooth hypersurfaces approximating K.

In this section, we study the functions dx and IIx over the set
T (U(K)). We define ® : U(K) x [0,00[— R""! by ®(z,t) = 2 + tN(x).

Lemma 6.9. @ defines a smooth diffeomorphism from U(K) x [0, co[ onto
I (U(K)).

Proof. We first show that Im(®) = ' (U(K)). Indeed, choose (z,t) €
U(K) x [0,00[. Then ®(x,t) = = + tN(z). By Lemma 4.6, £ minimises
distance to ®(z,t) in K so that z = (IIx o ®)(z,t), and, in particular,
®(z,t) € TN (U(K)). Since (z,t) € U(K)x[0, 00| is arbitrary, we conclude
that Tm(®) C T (U(K)). Conversely, choose y € I (U(K)). Denote
z =k (y) € U(K). By definition, x minimises distance in K to y. There
are two cases to consider. First, if y € K, then y = 2 = ®(z,0), so that
y € Im(®). Second, if y € R*"T!\ K, then, by Lemma 4.6, there exists
t > 0 such that y = z+tN(z) = ®(=,1), so that y € Im(®) in this case also.
Since y € T (U(K)) is arbitrary, we conclude that I (U(K)) C Tm(®),
and the two sets therefore coincide, as desired.

If z,z' € U(K) and t,t’' € [0, 00[ are such that z + tN(z) = 2’ + t'N(z'),
then, by Lemma 6.1, x = 2’ and t = t/, and it follows that ® is
injective. It remains to show that ® is smooth with smooth inverse. Choose
(x,t) € U(K) x [0,00[. Denote by 9; the unit vector in the ¢ direction.
Observe that

D®(x,t)(0,0;) = N(x)
= [|D®(x,t)(0,0)|]> = 1.
Let X be a tangent vector to 0K at x. Then,
D®(z)(X,0) =X +tDN(z)X
=X +tA(x)X
= [|D®(2)(X,0)[* = [ (Id + tA(x))(X)]|*.
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However, by convexity, A(z) is non-negative definite, and so,
|D®()(X, 0)[12 = [(1d + LA@)) (X2 = | X
Finally, bearing in mind that (A(z)X,N(z)) =0,
(D®(x,t)(X,0), DP(x,t)(0,0;)) = (X + tA(z)X,N(z)) = 0.

It follows that ||D®(x,t)(V)||> > 0 for all non-zero V and so D®(z,t)
is invertible.  Since (z,t) € U x [0,00[ is arbitrary, we conclude
from the inverse function theorem that ® is everywhere a smooth local
diffeomorphism. By injectivity, it is a smooth global diffeomorphism, and
this completes the proof. (]

Lemma 6.10. [y and dx define smooth functions over T (U(K))\ K.
Moreover, for all vectors V and W,

Ddyc()(V) = (N(ILxc (), V),
Ddic(x) (VW) = (A(ILx () DIl (2)V, W).

Proof. Choose (z,t) € U(K)x]0,00[. Since ®(x,t) = x+tN(z), by Lemma
4.6, x minimises distance in K to ®(z,t). It follows that (dg o ®)(z,t) =t
and (g o ®)(z,t) = x. In particular, IIx o ® and dx o ¢ are both
smooth, and, composing with ®~!, we conclude that dx and IIx are also
both smooth, as desired. Now choose = € I (U(K)) \ K. Observe that
N(IIx(x)) is the unique supporting normal to K at IIx(z). Thus, by
Lemma 6.3,

1
Dd = —1II = N(II .
The formula for the second derivative of dx follows by differentiating this
relation, and this completes the proof. (|

Lemma 6.11. For every compact subset X of U, there exists C' > 0 such
that for all z € TN (X NU(K)) \ K,

Dk (z) = 7|| < Cdk (),

where 7 is the orthogonal projection onto (Dd (z))= .

Proof. Let C be such that ||A(y)|| < C for all y € X NU(K). By Lemma
6.6, | DIl (x)|| < 1. Thus, by Lemma 6.10, for all vectors V and W,

| D2dg () (V,W)| = [(A(ILx (2)) DIl (2)V, W)
< (AT (@) [V W]
< ClVIIwl.
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However, by Lemma 6.4, for all vectors V and W,
(DIl (2)V,W) = (a(V),m(W)) — dx () D*d () (V, W),

where 7 is the orthogonal projection from R™*! onto (Ddg(z))*. Since
(m(V),m(W)) = (x(V), W), it follows that,

[(Dllg (2)V = 7(V),W)| < dx () | D*dg () (V,W)| < Cdg (2)|V[[[|W]],

so that ||DIIk(z) — 7| < Cdk(x), as desired. O

Lemma 6.12. Choose k > 0 and suppose that U(K) has gaussian
curvature everywhere at least k. For every compact subset X of U and
for all € > 0, there exists r > 0 such that for all x € T (X NU(K))\ K,
if dic(z) < 7, then Det(D?dg (x); (Ddg (x))*) > (k — €)™.

Proof. By compactness, there exists § > 0 such that for all z € X NU(K)
and for all M € Bs(A(x)), Det(M; (Ddg (z))*) > (k—e)™. Let C; be such
that for all y € X NU(K), ||A(y)|] < Cy. Let Cy be as in Lemma 6.11. If
r € (X NU(K)) is such that dg (z) < §/C1Cy, then, for all vectors V
and W in (Ddg (x))*,

| D?dxc (x)(V, W) — (ATl () V, W)| = [(A(Ilk () (DIIk (2) (V) = V), W)
< SV,

so that Det(D2?dx (x); (Ddx (x))1) > (k — €)", as desired. O

6.3 Intersecting convex sets

Let K; and K5 be compact, convex subsets of R**! whose intersection
has non-trivial interior. Let U be an open subset of R™*! and suppose
that U(K;) and U(K3) are both smooth of gaussian curvature at least
k. We denote K := K;N Ky, we denote by N; and Ns the outward-
pointing, unit, normal vector fields over K;(U) and K3 (U) respectively
and we denote by A; and As their respective shape operators. Moreover,
we denote d := di, nk,, d1 = dg, and dy := dg,, and Il := g, A k,,
II; := Ik, and IIy := Ilg,. We recall by Lemma 6.8 that d is almost
everywhere twice differentiable with symmetric second derivative. We are
now interested in estimating lower bounds for Det(D?d; (Dd)*). There
are four different cases to consider.

Lemma 6.13 (Case 1). Ifz € I"Y (U(K)N(OK1)NKS)\ K then d = d;
and IT = 1I;.

Remark. Observe that this set is open, and so Dd = Dd, and D*d =
D?dy over this set.



84 Graham A. C. Smith

Proof. Denote y := II(z). Denote N := (z —y)/||x —y||. By Lemma 4.6, N
is a supporting normal to K at y. Since y € 0K; N K9, By Lemma 4.9, N is
also a supporting normal to K at y. By Lemma 4.6, y minimises distance
in Ky to z. In particular, d; (z) = || — y|| = d(z), and II; (z) = y = (),
as desired. g

Lemma 6.14 (Case 2). Ifx € I"Y(U(K)N(OKy) N K{)\ K then d = do
and IT = Ils.

Proof. Denote y :=II(z). Denote N := (z —y)/||z —y|. By Lemma 4.6, N
is a supporting normal to K at y. Since y € 0K2N K7, by Lemma 4.9, N is
also a supporting normal to Ks at y. By Lemma 4.6, y minimises distance
in K3 to z. In particular, da(v) = ||z — y|| = d(=), and Il (z) = y = II(z),
as desired. |

Lemma 6.15 (Case 3). If x € II"Y(U(K)N(0K1)N(0K2)) \ K, if
(Ny o I)(z) = (N o I)(x), and if d is twice differentiable at x, then,
for every vector V,

D?d(x)(V,V) = Max(D?dy (2)(V, V), D*dz(x) (V. V).

Proof. Denote y := II(z). By Lemma 4.6, Dd(z) is a supporting normal
to K at y. By Theorem 5.20, the set of supporting normals to K at y
is the convex hull of {N;(y),N2(y)}. Since these two points coincide, this
convex hull consists of a single point, and so Dd(z) = Ni(y) = Na(y).
In particular, Dd(z) is also a supporting normal to both K; and Ky at
y. It follows from Lemma 4.6 that y minimises distance in K7 to z. In
particular, d(x) = di (). However, since K C K, for all y,

d(y) = Inf ly — 2/l = Inf [ly - z]| = da(y).
Thus, by differentiating, for all vectors V,
D2d(x)(V.V) > D2, ()(V. V),
In like manner, we show that D2d(x)(V,V) > D?dy(z)(V, V), and so
D?d(x)(V,V) > Max(D?dy (V, V), D?dy(V, V),

as desired. g
Before treating the fourth case, we require the following preliminary result.

Lemma 6.16. Ifz € II"Y(U(K)N(0K1) N(0K2))\ K and if (NyoIl)(x) #
(Ng o II)(x), then there exists a unique s € [0, 1] such that

11—

l

Dd(x) (N1 o I0)(2) + 7 (N2 o TT) (),
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where
L= /(1= s)(Nyoll)(z) + s(N2 o IT)(z)].

In particular,

I > %H(Nl o TI)(x) + (N o IT) ().

Proof. Denote y := II(z). By Lemma 4.6, Dd(z) is a supporting normal
to K at II(z). By Theorem 5.20, the set of supporting normals to K at
II(z) is the convex hull of {N;(y),N2(y)}. This coincides with the great-
circular arc joining N1 (y) to No(y) (c.f. Section 5.2), and the first assertion
follows. Now observe that the vectors Ny (y) + Na(y) and Ni(y) — Na(y)
are orthogonal. Thus

12 = [|(1 — $)Ni(y) + sNa(y)|?

= 30N ) + Nao) + S22 )~ Mo 2

= 1IN ) + e+ T2 N )~ M)

1
> ZHNl(y) + Na(y) 1%,

and the second assertion follows. This completes the proof. O

Lemma 6.17 (Case 4a). If z € I YU(K)N(0K1)N(0K2)) \ K, if
(NyoIl)(z) # (N2oIl)(z), and if d is twice differentiable at x, then for every
vector V. and for every vector W which is orthogonal to both (N o IT)(x)
and (N2 o II)(z),

1—s

Dd(x)(V, W) = (A1 (Il(2)) DIL(x)V, W) + §<A2(H(93))DH($)V, W),

where s and | are as in Lemma 6.16.

Remark. Upon applying an isometry, we may suppose that the linear
span of {en,ent1} coincides with that of {(NjoII)(x),(NgoIl)(x)}.
Consequently, when D?d(x) is symmetric, this result determines every
component of D*d(x) except D*d(x)(e;, e;) for (i,j) € {n,n+ 1}

Proof. Denote y := II(x). Let V be a vector in R**!. Define v : R — R"+!
by v(t) = x +tV. Let (t;n)men be a sequence of points in R converging to
0. For all m, denote z, := y(tm,) and yp, := (ILo7)(tm). Upon extracting
a subsequence, we may suppose that one of the following holds.

1: z,, € TN U(K)N(OK;)NKS) \ K for all m. By Lemma 6.13, for all
m, Dd(zy,) = Ddy(z,). Taking limits and bearing in mind Lemma 6.10,
it follows that

Dd(z) = Ddy(z) = (Ny o IT)(z) = Ny (y).
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In particular, s = 0 and | = 1. Moreover, for all vectors W and for all m,

S (Dd(z) — Dd(z), W) = (N (ym) — N ), W),

tm m

so that, by the chain rule, upon taking limits, we obtain
2d(z)(V,W) = (A1 (y) DI(z)V, W),

as desired.
2: z,, € ITYU(K)N(OKy)NKP) \ K for all m. As in Step (1), we show
that s=1,1=1 and

2d(a)(V,W) = (As(y) DIL(2)V, W),

as desired.

3: 2, € ITYU(K)N(OK1)N(OK>)) \ K for all m. For all m, denote
N1,m := N1(ym) and Ng, := Na(y,,). Observe that, for sufficiently large
m, Nim # No . Thus, by Lemma 6.16, for all m € N, there exists a
unique s, € [0,1] such that

1-—
Dd(.’L‘m) = N1m+ l N2 ms

lm
where 1, := ||(1 — $m)N1,m + smNa|[. Since Ny, Ng, Dd and II are
continuous, ($m)men and (lLyn)men converge to the limits so, and Iy
respectively. Let W be a vector normal to both N;(y) and Nz2(y). In
particular W is normal to Dd(z). For all m,

L (Dd(zy) — Dd(x), W)

1
=—(Dd(zm), W)
1—sm, 1—spm
= It <N1,m7W> + I <N2,m7W>
1 1—5m
l t <N1m 7N1(y),W>+ l <N27m7N2(y)7W>'
By the chain rule, upon taking limits, we obtain
1—s s
as desired. O

Lemma 6.18 (Case 4b). If z € I"YU(K)N(0K1)N(0K2)) \ K, if
(Ny oII)(x) # (Ny o II)(x), and if d is twice differentiable at x, then for
every vector V. and for every vector W which is tangent to the linear span
of {(N1 oII)(x), (N2 o II)(x)} and normal to Dd(x),

Dd(2)(V,W) = —(V, W),

b
d(x)
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Remark. Upon applying an isometry, we may suppose that e,i1 =
Dd(z) and that the linear span of {en,eny1} coincides with that of
{(N1 oII)(x),(Ng o I)(x)}.  Consequently when D?*d(z) is symmetric,
this result along with Lemma 6.17 determines every component of
D%d(z) except for D?d(x)(eny1,ent1). In fact, we readily show that
D%d(x)(ent1,ent1) = 0, but since this is not necessary for our purposes,
we leave it as an easy exercise for the interested reader.

Proof. Denote y := II(x). By Theorem 5.20, the set of supporting normals
to K at y coincides with the convex hull of {N;(y),N2(y)}, which in
turn coincides with the great-circular arc joining N;(y) to Na(y). Denote
this great-circular arc by N : [0,1] — X. In particular, for all r, N(r)
is a supporting normal to K at y. We define v : [0,1] — R"*! by
¥(r) = y + d(z)N(r). By Lemma 4.6, for all ¢, y minimises distance in
K to vy(r). In particular, by Lemma 6.3, for all r, (Dd o v)(r) = N(r).
Let s be as in Lemma 6.16. Since W lies in the plane spanned by Nj(y)
and N2 (y) but is normal to Dd(x), upon multiplying by a scalar factor, we
may suppose that W = (9,7)(s). Thus

2d(x)(W, V) = (9:(Dd o 7)(s), V)

= ((@:N)(s), V)

1

= @((&7)(5)7 V)
1

= m(W v,

as desired. 0

Lemma 6.19. For every compact subset X of U there exists C' > 0 with
the property that for every x € (0K1)N(0K3)NX,

1
[N1(z) + Na(2)[| > ok
Proof. Suppose the contrary. By compactness, there exists = €

(0K1)N(OK2)NX such that Ny(z) + No(z) = 0. By definition of
supporting normals, for all y € K;NKsy, (y — z,Ni(z)) < 0 and

(y — #,Na(z)) < 0. Since Ny(x) = —Ngy(x), it follows that for all
y € K1iNK,, (y —x,N;) = (y — x,N3) = 0. In other words K; N K>
is contained in the hyperplane normal to N; = —Ns passing through =z,

and therefore has trivial interior. This is absurd, and the result follows.[]

Lemma 6.20. For every compact subset X of U there exists C > 0
with the property that if * € II"Y(XNU(K)NOK:)N(0K2)) \ K, if
(Ny o IT)(x) # (Ng o I) (), if d is twice differentiable at x, and if D*d(x)
is symmetric, then

IDI(z) — a2 < Cd(2),
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where 72 is the orthonogonal projection from R" 1 onto ((NyoII)(x), (Ngo
) ()

Proof. Denote y := II(z). Let C; > 0 be such that ||A;(2)| < Cy and
|A2(2)]] < Cy for all z in XNU(K;) and X NU(K>) respectively. Let
C5 > 0 be as in Lemma 6.19. By Lemma 6.4, II is differentiable at « and,
for all vectors V and W,

(DI(2)V, W) = (n(V), n(W)) — d(z) D*d(x)(V, W),

where 7 is the orthogonal projection from R"*! onto (Dd(x))*. Observe,
in particular, that since D?d is symmetric, so too is DII. Let V be
any vector in R"*!. Define v : R — R"*! by ~(¢) := x + tV. Since
(ITo¥)(t) € K for all ¢, it follows that for each N € {N;(y), N2(y)} and for
all t,

(ILoy)(t) —y,N) <0.

By the chain rule, differentiating this relation yields
(DII(z)V,N) = 0.

Thus, by linearity and symmetry, for any vector W in the linear span of

{N1(y),N2(v)},
(DI(z)W, V) = (DI(x)(V), W) = 0.

Now let V and W both be orthogonal to (N1(y),Na2(y)). In particular, V
and W are both orthogonal to Dd(x). Thus, by Lemma 6.4,

(DII(2)V, W) = (V, W) — d(z) D*d(x)(V,W).

Let s and [ be as in Lemma 6.16. Then, by Lemma 6.17 and bearing in
mind Lemma 6.6,

1—s s
|D2d(@)(V,W)| = | ——(Ai(y) D)V, W) + 7 (A2(y) DII(z)V, W)
1-s s
< —~GlVIIwWI+ s CdivIliw
<2G, G| V[[W-

Thus
[(DI(2)V, W) — (V,W)| < 2C, Cod() ||V[[[[W].

Combining these relations, we conclude that || DII(z) —7!»?

| S 20102d($)7
as desired. 0
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Lemma 6.21. For every compact subset X of U and for all e > 0, there
exists v > 0 with the property that if v €e I Y (X NU(K))\ K, if d(x) <r
and if D*d(z) is defined and is symmetric, then

Det(D?d(z); (Dd(x))*) > (k — €)™,

Proof. We consider the following cases.

1: Suppose that z € I"Y (X NU(K)N(OK;)NKY)\ K. By Lemma 6.13,
D%d(z) = D?dy(x), and the result follows by Lemma 6.12.

2: Suppose that z € II7Y(X NU(K)N(OK2)NK?)\ K. By Lemma 6.14,
D?%d(z) = D?dy(x), and the result follows by Lemma 6.12.

3: Suppose that z € [I"(X NU(K)N(OK1) N(0K2)) \ K and Ny (II(z)) =
N2 (TI(x)). By Lemma 6.15, for all vectors V € R"*1,

D2d(z)(V,V) > Max(D?*d, (x)(V, V), D*da(x)(V, V).
In particular, bearing in mind that Dd(x) = Ddy(x) = Ddy(z),
Det(Dd(x); (Dd(x))") > Det(D*d1(z); (Ddi(x)) "), Det(D*da(x); (Ddz () "),

and the result now follows by Lemma 6.12.

4: Suppose that = € I Y XNU(K)N(OK1)N(OK2)) \ K and that
Ni(TI(x)) # Na(II(x)). Denote y := II(xz). Let s and I be as in
Lemma 6.16. Let C; > 1 be such that (1/C1)Id < A;(y) < C1d
and (1/C1)Id < As(y) < C41d for all y in XNU(K;) and X NU(K3)
respectively. Let Ca > 0 be as in Lemma 6.20. Define r := 1/(2C%C3).
Then if d(z) < r, for all vectors V' normal to N1 (y) and Na(y),

(A1 (y)DI(2)V, V) = (A (y)V, V) + (A1 (y)(DIL(z) — 7"2)(V), V)

Y

1 1
v 2 - 2
VI = 51V

1
— V]I
renMd.
Likewise, for all such z and V,
1
(As(y) DLI(2)V, V) > — |V |]*.
2C

Thus, if s and [ are as in Lemma 6.16, by Lemma 6.17, for all such = and
v,

D2A(x)(V, V) = L7 (A ) DI@)V, V) +  (Aa(y) DIT)V, V)
> 5 VI + 55 VI

1
> V3.
7201” |
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Upon applying an isometry, we may suppose that the plane spanned by
e, and ep41 coincides with the plane spanned by Ni(y) and Na(y) and
furthermore that e,, 1 = Dd(x). We denote by M the restriction of D2d(x)
to {e1,...,en—1). By the preceeding discussion, M > (1/2C1)Id. However,
by Lemma 6.18, for all i,

D2d(x)(es, en) = D2d()(en, 1) = ——5;

d(z) "™
Reducing r if necessary, we may suppose that r < (2C1)1""(k — €)™ so
that, if d(z) < r, then
Det(D?d(z), (Dd(z))*) > (k — €)™,
as desired. ]

6.4 Smoothing functions and convexity

Let x € C§°(R™1) be a smooth, non-negative function such that x = 0
outside the unit ball B;(0), and

/ x(z)dVol, =1
Rn+1
For all s > 0, we define xs € C§°(R" ™) by

Xs(x) = s*(”ﬂ)x(x/s).

Let E be a finite-dimensional vector space. For any function f €
LL (R"H1 E), and for all s > 0, we define the function f, : R**! — E by,

loc

fle)i= [ o= yxe()avol,
Rn+1
We recall the following properties of smoothing functions.
Lemma 6.22. For all f € L{ (R"™') and for all s > 0, fs is continuous.

Remark: In fact, as is well known, fs is smooth.

Proof. Choose z € R"*! and s > 0. By local uniform continuity, there
exists & > 0 such that if ||y|| < s and ||z|| < §, then |xs(y + 2) — xs(¥)| < €.
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Thus, if ||z — z|| < §, using a change of variable, we obtain

1542 = £@l =11 [ 1= 9xl) = f@ =y ()avol,|

= fl@—y)(xs(y + (2 — 7)) — xs(y))dVol, ||

Rn«i»l

< / 172 = 9)ll ey + (= — 2)) — xa()| dVol,
Rn#»l

<e / I/(x - y)l|dVol,.
BS+5 :E)

Since € may be chosen arbitrarily small, continuity of f, at x follows. Since
x € R™H! is arbitrary, it follows that f, is continuous, as desired. O

Lemma 6.23. Choose f € Ll (R""'). If f has Ll distributional
derivatives, then, for all s > 0, fs is differentiable and D(fs) = (Df)s.

Proof. Choose z € R"™! and s > 0. Choose ¢ > 0. Since Yy, is smooth,
there exists n > 0 with the property that for all y and for all vectors V
such that ||V <n,

Ixs(y + V) = xs(y) = Dxs(@)V] < €|V

Thus, using the definition of the distributional derivative and a change of
variable, for all V' such that ||V|| <7, we obtain

[ fs(x +V) = fs(x) = (Df)s(x) V]|
=|| f@+V —y)xs(y) — flz—y)xs(y) — Df(x —y)Vxs(y)dVol, ||

Rn+1
=l X fle—y)(xs(y+ V) = xs(y) — Dxs(y)V)dVoly|
]Rn 1
<el|V]] | f(z —y)[[dVol,,.
Bs(x)

Since V is arbitrary, and since € may be chosen arbitrarily small, we
conclude that f, is differentiable at « with derivative equal to (Df)s(x),
as desired. g

Lemma 6.24. Choose f € L (R"™'). If f has L} distributional

loc

derivatives up to order k, then, for all s > 0, fs is C* and J*(f,) = (J* f)s.

Proof. We prove this by induction on k. By Lemma 6.23, the result
holds for k& = 1. Suppose that f has L{ _ distributional derivatives up
to order k 4+ 1. In particular, J*f is LllOC and has Li  distributional
derivatives. By the induction hypothesis, fs is k-times differentiable and

loc
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J*(fs) = (J*f),. However, by Lemma 6.23 again, (J* f), is differentiable,
and JY(J*f), = (JET*f)s = (JFFHLSf),. Tt follows that f is (k + 1)-times
differentiable and J**t1(f,) = J1J*(f,) = JY(J*f)s = (JFTLf),. The
result now follows by induction. O
Importantly, the smoothing operation preserves preserves convexity.

Lemma 6.25. If f : R"™ — R is conver, then so too is fs for all s > 0.

Proof. Fix s > 0. Using the convexity of f and the positivity of ys, for all
x,y € R and for all ¢ € [0,1], we obtain

fltr+ (=09 = [ ot (L= 2 ()avel

- / F(t(z + 2) + (1= )(y + 2))xa(2)dVol,
B.(0)

> / (tF( +2) + (1= ) f(y + 2)) xa(2)dVo,
B.(0)
= tfs(:E) + (1 - t)fs(y)>

so that f, is convex, as desired. O

Often when smoothing functions are defined, it is not necessary to
suppose non-negativity. However, when x is taken to be non-negative,
Lemma 6.25 can be refined to yield

Lemma 6.26. Let E be a finite dimensional vector space. Let K be
a closed convex subset of E. Let U be an open subset of R*"1. Let
f € LL_(R™1Y) be such that for almost all x € U, f(x) € K. Then

loc

for all s > 0 and for all x with the property that Bs(x) C U, we have
fs(z) € K.

Proof. We use the terminology of Section 5. Let H(N,t) be an open half-
space of E containing K. In particular, (z,N) < ¢ for all z € K. Choose

s> 0 and € R"*! such that By(z) C U. Then, bearing in mind that x
is positive,

(o) N) = { /B T UV, N
- / (f( — ). N)xa(y)dVol,
B.(0)

< / txs(y)dVol,
B;(0)

:t7
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so that fs(z) € H(N,t). Since H(N,t) is an arbitrary open half-space
containing K, we conclude that fs(x) € Conv(K) = K, and the result
follows. U
In particular, this allows us to take a different angle on other well-known
properties of smooth functions.

Lemma 6.27. Choose f € LL (R"Y). If f is continuous, then (fs)s>o

loc
converges to f locally uniformly as r tends to 0.

Proof. Choose R > 0 and € > 0. By uniform continuity, there exists § > 0
such that if |z|| < R and if ||y|| < 4, then f(x +vy) € [f(z) — ¢, f(x) + €.
Thus, by Lemma 6.26, for ||z|| < R and for s < §, fs(x) € [f(z)—¢, f(z)+
€], that is, |fs(x) — f(z)| < e. Since R,e > 0 are arbitrary, we conclude
that fs converges locally uniformly to f as s tends to 0, as desired. d

Corollary 6.28. Choose f € L (R"V). If f is C*, then (fs)sso0

loc
converges to f in the C{f)c sense as s tends to 0.

Proof. Since J* f is continuous, by Lemmas 6.24 and 6.27, (J*(f,))s>0 =
((Jif)s)s>0 converges locally uniformly to J* f as s tends to 0. The result
follows. 0
Finally, a useful variant of Lemma 6.27 is

Lemma 6.29. If f : R**! — R 4s 1-Lipschitz, then for all s > 0,

Hf - fs”O <s.

Proof. Choose € R"!. Since f is 1-Lipschitz, for all y € B(x),
f(y) € [f(z) — s, f(z) + s]. Since this interval is convex, by Lemma 6.26,
fs(x) € [f(z) — s, f(x) + 5], so that |f(z) — fs(z)] < s. Since x € R"*! is
arbitrary, it follows that ||f — fs|lo < s, as desired. O

6.5 Smoothing the intersection

We return to the situation discussed in Section 6.3. Thus, let K; and
K, be compact, convex subsets of R"T! whose intersection has non-trivial
interior. Let U be an open subset of R"*! and suppose that both U(K)
and U(K3) are smooth of gaussian curvature at least k. As before, we
denote K := K;NK, and we denote d := dx,nk,, di = dg, and
do := dg,. We recall the following version of the submersion theorem.

Lemma 6.30. Let U C R™*! be an open set. Let f : U — R be a smooth
mapping and denote ¥ = f=1({0}). If0 is a regular value of f, then ¥ is a
smooth, embedded submanifold. Moreover, for all x € ¥, Df(x)/||Df ()|l
is a unit, normal vector field over X, and if we denote by A the shape
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operator of ¥ with respect to this normal, then for all x € ¥ and for all
X,Y tangent to ¥ at x,

1
IIDf ()]l

Proof. 1f 0 is a regular value of f, then it follows by the submersion theorem
(c.f. [13]) that ¥ is a smooth, embedded submanifold of U. Choose x € U
and let X be a tangent vector to ¥ at x. Let v :] — €, ¢[— ¥ be a smooth
curve such that y(0) = z and +/(0) = X. In particular, (f o~)(t) = 0 for
all t. Thus, by the chain rule,

(Df(x),X) = (Df(x),7'(0)) = (f 27)'(0) = 0.

Since X is an arbitrary vector tangent to ¥ at x, it follows that Df(x)
is normal to ¥ at x. Since, furthermore, || Df(x)| # 0, we conclude that
Df(x)/||Df(x)| is a unit normal vector to ¥ at z, as desired. Now let
X and Y be tangent vectors to ¥ at x. We denote N = Df/||Df||. B
definition of A, and using the chain and product rules,

(A(z)X,Y) = (DN(z)X, Y
= (D(Df/IDf)(x)X,Y)

. 1
= i@ T OEN T prmE

However, by the previous discussion, D f(z) is normal to ¥ at x, and so,
L
IDf ()|l
as desired. 0
For all k,B > 0, and for all N € X", we define the set x(k, B,N) C
Symm(2, R"*1) by
k(k,B,N):= {A|[|A] < B, A>0, Det(A4;(N)*) > k"}.

Lemma 6.31. For all k, B > 0 and for all N € ¥, x(k, B,N) is compact
and convez.

(A(2)X,Y) = D? f(z)(X,Y).

B (Df(x), Y)(Df(x), X).

(A@)X,Y) = D? f(x)(X,Y),

Proof. The set of all matrices of norm no greater than B is compact. Since
k(k,B,N) is a closed subset of this set, it too is compact. Observe that
the space of positive-definite matrices is convex. Furthermore, by Lemma
2.5, the function Det(M; (N)L)# is convex over this space. Since the norm
is also convex, we conclude that x(k, B, N) is convex, as desired. O

Lemma 6.32. For every compact subset X of U and for all € > 0, there
exists p > 0 with the property that if v € I-Y (X NU(K))\ K, if d(z) < p
and if D*d(z) is defined and is symmetric, then

D?d(z) € k(k —€,2/d(x), Dd(x)).



Chapter 6. Weak Barriers 95

Proof. By Lemma 6.7, ||D?d(x)|| < 2/d(x) and the result follows by
Lemma 6.21. O
We now consider smoothings of d as described in Section 6.4.

Lemma 6.33. For every compact subset X of U and for all € > 0, there
exists p > 0 with the property that for all v < p, there exists o > 0 such
that if s <o, ifx € X and if ds(z) =r, then 0 < ||Dds(x)|| <1 and

D%dy(z) € w(k — ¢,4/r, Ddy(z)/||Dds(2)|).

Proof. Choose o1 > 0 such that X; := B,,(X) C U. Since X is compact,
so too is X;. We first claim that there exists a compact subset X5 of U
and p; > 0 such that

X,:nd 0, p1) ST H X NU(K)) \ K.

Indeed, suppose the contrary. There exists a sequence (Z;,)men in X3
with the properties that d(z,,) > 0 for all m, (d(2,))men converges to
0 and (II(x.,))men is not contained in any compact subset of U. For all
m, denote yy, := II(x,,) and N,, := Dd(z,,). Since K is compact, there
exists Yoo € K towards which (y,,)men subconverges. By hypothesis, y
lies in the boundary of U. By Lemma 6.3, for all m, 2, = ym +d(2m)Nop.
In particular, since (d(z,))men converges to 0 and since N,, has unit
length for all m, it follows that (x,,)men also subconverges to ys,. By
compactness, 1y, is also an element of X;, which is absurd, and the
assertion follows.

By Lemma 6.32, there exists ps < p; with the property that if
r € I"HXoNU(K)) \ K, if d(z) < py and if D?d(x) is defined and is

symmetric, then
D?d(z) € k(k — ¢/4,2/d(z), Dd(z)).

Choose r € [0, po[. Let § €]0, 1 be such that if N is any vector in X" and
it V e Bs(N), then

k(k —¢/4,4/r,V/|V]|) C w(k —€/2,4/r,N) C k(k —¢,4/r,V/||V])).

Fix i > 0 such that 2n < Min(r/2, po — r). Since K is compact, so t0o
is d=1([r —n, +n]). By continuity, there therefore exists o2 < Min(n, o)
such that if x € d7*([r — n,r + 7)) and if y € By,(x), then Dd(y) C
Bs(Dd(z)). Now choose s < 03. Fix z € d;1({r})NnX. By Lemma
6.29, € d~*([r —n,7 +n]). Thus, if y € B,,(x), then d(y) €]r/2, pa]
and Dd(y) € Bs(Dd(z)). Furthermore, every such y is an element of
X1Nd=1(0, po]) ST Y X2 NU(K)) \ K, so that if D%d(y) is defined and

symmetric, then

D?d(y) € k(k —€/4,4/r, Dd(y)) C k(k — €/2,4/r, Dd(x)).
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Since Bs(Dd(z)) is compact and convex, it follows by Lemma 6.26 that
Ddy(x) € Bs(Dd(z)),

and, in particular, Dds(xz) # 0. Likewise, since x(k — €/4,4/r, Dd(x)) is
compact and convex, by Lemma 6.26 again,

D2ds(:17) € k(k —¢€/2,4/r,Dd(x)) C k(k — €,4/r, Dds(x) /|| Dds(2)]|]).

Finally, since Dd(y) € B1(0) at every point where it is defined, and
since B1(0) is closed and convex, it follows by Lemma 6.26 again that
|Dds(z)|| <1, and this completes the proof. O

Theorem 6.34. For every compact subset X of U and for all € > 0, there
exists p > 0 with the property that for all r < p, there exists o > 0 such
that if s < o, if v € X and if ds(x) = r, then d;1({r}) is smooth near x
and has gaussian curvature at least k — € at x.

Proof. Let p be as in Lemma 6.33. Choose r < p. Let ¢ be as in Lemma
6.33. Choose s < 0. We denote ¥, s = d;1({r}). Choose z € XNY, .
By Lemma 6.33, Dds(x) # 0 and ||Dds(x)|| < 1. Thus, by Lemma 6.30,
Y, s is smooth near z and Ddy(x)/||Dds(z)| is the normal to X, s at .
Moreover, if we denote by A(z) the shape operator of ¥, s at « with respect
to this normal, then, for all vectors X and Y tangent to ¥, s at z,
1
A@@)(X)Y) = s D2y (2) (X, Y).
[ Dds ()]

Thus, bearing in mind that ||Dds(z)|] < 1, if we denote by k(z) the
gaussian curvature of ¥ at x, then

r(x) = Det(A(2))/™ > Det(D?%d(z); (Ddy(x)) =)™,
However, by Lemma 6.33,
D*d(x) € k(k — €,4/r, Ddy(x) /|| Dds()|)),

so that k(z) > k — ¢, as desired. O

6.6 Weak barriers

Let U C R™*! be an open set. Let k > 0 be a positive real number. Let K
be a compact, convex subset of R"*!. We say that K is a strong barrier
of gaussian curvature at least k inside U whenever (0K)NU is smooth and
has gaussian curvature at least k at every point. We say that K is a weak
barrier of gaussian curvature at least k inside U whenever there exists a
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sequence (€, )men > 0 converging to 0, an increasing sequence (Vi,)men
of open sets and a sequence (K, )men of convex sets converging to K in
the Hausdorff sense with the properties that U = U,,en Vi, and, for all m,
K,, is a strong barrier of gaussian curvature at least k — ¢, inside V,,.
That is, weak barriers are Hausdorff limits of strong barriers.

We first show that the set of weak barriers is closed in the Hausdorff
topology.

Lemma 6.35. Let U C R™"! be an open set. Let k > 0 be a positive
real number. Let (Upn)men be an increasing sequence of open sets such
that U = Upmen Un,. Let (km)men be a sequence of positive real numbers
converging to k. Let (K. )men, Koo be compact, convex subsets of R™H1
and suppose that (K )men converges to Ko in the Hausdorff sense. If
K., is a weak barrier of gaussian curvature at least k, inside U,, for all
m, then K is a weak barrier of gaussian curvature at least k inside U.

Proof. Upon extracting a subsequence, we may suppose that for all m,
dp (K, Ks) < 1/m and that k,, >k —1/m. For all m, let (€, )pen > 0
be a sequence converging to 0, let (V, ,)pen be an increasing sequence
of open subsets of U,, such that U,, = Upen Vinp and let (K, p)pen be
a sequence of convex sets converging to K,, in the Hausdorff sense such
that, for all m, K,,, is a strong barrier of gaussian curvature at least
ky — €m,p inside V,, ,. Upon extracting subsequences, we may suppose, in
addition, that for all m and for all p, €,,, , < 1/p and dg (K p, Km) < 1/p.
Let (Vi )men be an increasing sequence of relatively compact open subsets
of U such that U = Upen Vi, We may suppose that V, C V,,, for
all m and for all p. For all m, define K], := Ky m. Then, for all m,
dp(K!,, Ks) < 2/m and K/, is a strong barrier of gaussian curvature at
least k,, —1/m > k — 2/m inside V,,,. In particular, (K], )men converges
to K in the Hausdorff sense and we conclude that K, is a weak barrier
of gaussian curvature at least k over U as desired. 0
We now show that the set of weak barriers in closed under intersection.

Lemma 6.36. Let U C R""! be an open set. Let k > 0 be a positive real
number. Let K1 and Ko be compact, convex subsets of R"T1. If Ki and
K5 are both weak barriers of gaussian curvature at least k inside U, and
if K1 N Ky has non-trivial interior, then K1 N Ky is also a weak barrier of
gaussian curvature at least k inside U.

Proof. By definition, for each i € {1, 2}, there exists an increasing sequence
(Vim)men of open subsets of U, a sequence (€;m)men of positive real
numbers converging to 0, and a sequence (K ,,)men of compact, convex
subsets of R"*! converging to K; in the Hausdorff sense with the properties
that U = UmenVim and, for all m and for all x € (0K, m)NVim,
(0K, m) is smooth near = and has gaussian curvature at least k — €; ,, at
x. We may suppose that there exists a sequence, (W, )men, of relatively
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compact open subsets of U such that U = Ueny Wy, and that, for all
m, W, C VimNVa . For all m, denote K, := Ki 4, N Ky, Observe
that (K, )men converges to K; N Ky in the Hausdorff sense, and we may
therefore suppose that dg (K,,, K1 N K>2) < 1/m for all m. Choose m € N.
Denote by d,, the distance in R"*! to K,,,. By Theorem 6.34, there exists
r < 1/2m and o < r such that if s < o, if z € W, and if d,, s(z) = 7,
then d;! ({r}) is smooth near x with guassian curvature at least k — 2ep,
at x. In particular, if we denote K}, := d,,!,(] — co,7]) then for all m, K},
is a strong barrier of gaussian curvature at least k — 2¢,, in W,,.
By Lemma 6.29, for all s < o <7, ||dpm,s — dmllo < r, and so

Koy = dy (] = 00,0]) C dp (] = 00,7]) = K,

and
Ky, =dp (] = 00,7]) Cdp,H (] — 00, 2r]) = Bay(Kon),

so that dg (K, K,,) < 2r < 1/m. It follows that dy(K],, K1 NKs3) <
2/m, so that (K],)men converges to K1 N Ky in the Hausdorff sense, and
K1 N K, is therefore a weak barrier of gaussian curvature at least & in U,
as desired. |

We refine Lemma 6.36 in order to construct a local excision operation
which allows us to obtain regularity for extremal weak barriers, as we shall
see presently.

Lemma 6.37. Let K be a compact, convex subset of R**1. Let V be an
open, convex subset of R"jl. Let L be a compact, convex subset of V. If
KN(V) C L, then (K\V)U(KNL) is compact and conver.

Proof. Denote K’ := (K \ V)U(KNL). Since KN@AV) C L, K' =
(K\V)U(KNL), and since both K \ V and K NL are compact, so too
is K'. Choose z,2' € K'. For all t € [0,1], denote z; := (1 — t)x + ta’.
We claim that x; € K’ for all t. Indeed, since x and 2’ are both elements
of K, by convexity, z; € K for all t. Let I be the set of all ¢ such
that #; € V. Observe that I is a closed subinterval of [0,1]. Consider
t € 0I. If t €]0,1], then z; is an element of K NOV C L. Otherwise, if
t € {0,1}, then 7, € K'NV = KNL C L. In each case, z; € L for each
t € 01, and so, by convexity, x; € L for all t € I. That is, for all such ¢,
z; € KNL C K'. However, for all t € [0,1]\ I, 2 € K\ V C K’, so that
z; € K’ for all t. Since x,2’ € K’ are arbitrary, we conclude that K’ is
convex, as desired. O

Lemma 6.38. Choose k > 0. Let K be a compact, convex subset of R"t1,
Let U be an open subset of R"1 and suppose that K is a strong barrier
of gaussian curvature at least k in U. Let V be an open, convex subset
of R**1 whose closure is contained in U, and let L be a compact, conves
subset of V. If L is a strong barrier of gaussian curvature at least k in
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V and if KN(OV) is contained in the relative interior of L in V, then
(K\V)U(KNL) is a weak barrier of gaussian curvature at least k in U.

Proof. Denote K’ := (K\V)U(K NL). Let d’, di and dy, be the respective
distances in R"*! to K’, K and L. Likewise, let I, IIx and II; be their
respective closest point projections. Since K \ V is compact, and since
K N(dV) is contained in the relative interior of L in V, there exists § > 0
such that for all z € K\ V, (Bs(z)NV) C L. We claim that for all
re K\V,

Kﬂ?g(l’):[(/ﬁgg(l‘). (I)

Indeed, for all z € K\ V,
(KNV)NBs(x) C KNLNVNBs(xr) = (K'NV)N Bs(x),
However, for all x,
(K\V)NBs(x) = (K'\ V)N Bs(x),
so that, for all x € K\ 'V,
KNBs(x) C K'NBs(x).

On the other hand, since K’ C K, K'N B;s(z) C K N Bs(x), and the two
sets therefore coincide, as desired.
Define
X =K’ U B
\zeK\V (),
and observe that X is a compact subset of V. Choose p; > 0 such that
X1 := B, (X) C V. We now claim that for all z € R"*'\ B, (X) such
that d'(z) < p1,
d,(l‘) = dK(l‘)

Indeed, for such an z, denote y := II'(z) and N := (z — y)/||]x — y||. In
particular, y is the closest point in K’ to x and by Lemma 4.6, N is a
supporting normal to K’ at this point. However, since y ¢ X, there exists
y € K\V =K'\ V such that y € Bs(y'). In particular, N is a supporting
normal to Bs(y')N K’ at y. However, by (I), Bs(y')NK’ = Bs(y')NK,
so that, by Lemma 4.9, N is a supporting normal to K at y. In particular,
by Lemma 4.6 again, y is also the closest point in K to z, so that

d(x) = |ly — 2l = d'(2),

as asserted.
We now claim that for all » < py, there exists o1 := o1(r) < r such that
if s <oy, if o ¢ X; and if d),(z) = r, then for all y near z,

dy(y) = di,s(y).
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Indeed, choose r < p;. Fix n > 0 such that 3n < Min(r, p; — r) and fix
o1 < n. Choose s < o1 and y ¢ X; such that d.(y) € [r —n,r + n]. By
Lemma 6.29, d'(y) € [r—2n,r+2n]. Thus, if z € B,, (y), then d’'(z) €]0, p1]
and z ¢ B,, (X), so that, by the discussion of the preceeding paragraph,
d'(z) = di(z), and it follows that d,(y) = dk s(y), as desired.

Let (Wy,)men be an increasing family of relatively compact open subsets
of U with closure contained in U such that U = U,eny Wi, Suppose
furthermore that X; C W,, for all m. Fix m € N. Choose R > 0 such
that K C Bg(0). By Theorem 6.34 (with Ky = Bg(0)), there exists
p2 < Min(py, ﬁ) with the property that for all » < po, there exists
09 := 02(r) < o1(r) such that if s < 09, if € W, and if di () = r, then
(dr,s) "' ({r}) is smooth near z and has gaussian curvature at least k—1/m
at . In particular, by the discussion of the preceeding paragraph, if r < po,
if s < oy and if z € W, \ X3 is such that d.(z) = r, then (d})~'({r})
is also smooth near 2 and has gaussian curvature at least k — 1/m at x.
On the other hand, by Theorem 6.34 again, there exists p3 < po with the
property that for all r < ps, there exists o5 := o3(r) < o2(r) such that
if s < o3, if z € Xy and if d.(z) = r, then (d,)~}({r}) is smooth near
z and has gaussian curvature at least k — 1/m at z. It follows that if
K, := (d})71(]0,7]), then K,, is a strong barrier of gaussian curvature at
least kK — 1/m in W,,,. Furthermore, by Lemma 6.29, ||d’' — d.|jo < o5 < r
so that

E' = (d)7'(] = 00,0]) € (d)7'(] = 00,7]) = Kpm,

and
Ky = (dy)7H(] = 00, 7]) Cd™(] = 00,2r]) = By (K").

Since r < 1/2m, it follows that dy(K’, K,,) < 1/m, and since m is
arbitrary, we conclude that (K,)men converges to K’ in the Hausdorff
sense, so that K’ is a weak barrier of gaussian curvature at least k over U,
as desired. |

6.7 The Plateau problem

The machinery developed in the preceeding sections allows us to solve
a general version of the Plateau problem. Let K be a compact, convex
subset of R**! with smooth boundary and non-trivial interior. Let X be a
closed subset of the boundary of K such that Conv(X) also has non-trivial
interior. Choose k£ > 0, and suppose that 0K has gaussian curvature at
least k at every point of (0K)\ X. Observe that, using the terminology of
the preceeding section, this means that K is a strong barrier of gaussian
curvature at least k in R"*1\ X. We define the family B(k, K, X) to be the
set of all compact, convex subsets K’ of R”*! such that X € K’ C K and
K’ is a weak barrier of gaussian curvature at least k in R"*!\ X. Since
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strong barriers are also weak barriers, we see that K itself is an element
of B(k, K, X) so that this family is non-empty.

Lemma 6.39. If L is an element of B(k, K, X), then L has non-trivial
interior.

Proof. By definition, L is compact and convex. Since X C L, using Lemma
4.16, we have Conv(X) C Conv(L) = L. Since Conv(X) has non-trivial
interior, it follows that L too has non-trivial interior, as desired. O

Lemma 6.40. Let L be an element of B(k,K,X). If ¥ is a smooth
embedded hypersurface (without boundary) such that ¥ C L, then ¥ has
gaussian curvature at least k at every point of (XNIL)\ X.

Remark. In other words, every element of B(k,K,X) is a viscosity
supersolution of the Gauss curvature equation (c.f. [8]).

Proof. Consider x € (XN90L)\ X. Without loss of generality, we may
suppose that x = 0. Since every supporting normal to L at 0 is also
normal to ¥, L has only one supporting normal at this point, which
we may take to be —en41. By Theorem 4.12, there exist C,p > 0
and a convex, C-Lipschitz function w : B} (0) —] — Cp,Cp[ such that
OLN(B,(0)x] —2Cp,2Cp]) coincides with the graph of w. Upon reducing
p if necessary, we may suppose furthermore that there exists a smooth
function f : BJ,(0) —] — Cp,Cp[ such that X N(B,(0)x] — 2Cp,2Cp))
coincides with the graph of f. In particular, since ¥ C L, f > w.

Fix r < p. For 0 < t < C/2r and for |s| < t, denote fs.(z') :=
F(@') 4 tl|2']|? + sr* and let £, be the graph of f,; over B.,(0). Observe
that for all |s| < t, 0¥, lies in the interior of L, and for all s > 0, the
whole of ¥ ; lies in the interior of L.

Fix 0 < t < C/2r. Let (€m)men be a sequence of positive numbers
converging to 0, let (V,)men be an increasing sequence of open subsets
of R"1\ X and let (L,,)men be a sequence of convex sets converging to
L in the Hausdorff sense such that R"™ \ X = U,,en V;, and, for all m,
L,, is a strong barrier of gaussian curvature at least k — €,, inside V,.
Fix so < 0 < s such that |sg|,|s1] < t. For sufficiently large m, the
whole of ¥, ; is contained in the interior of L,,, 0¥ ; is contained in the
interior of L,, for all s € [—sg, s1], but X_,, ; intersects the complement
of L,, non-trivially. There therefore exists s €] — sg, s1[ such that X,
is an interior tangent to dL,, at some point, (x],, fs.(z),)), say. By the
maximum principal, ¥,; has gaussian curvature at least & — €,, at this
point. By compactness, letting ¢ tend to 0, we conclude that there exists
x' € E;(O) such that ¥ has gaussian curvature at least k at =/, and since
r > 0 is arbitrary, we conclude that > has gaussian curvature at least k at
0, as desired. O
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For any Borel measurable subset X of R"t!, we define the volume of
X to be its (n + 1)-dimensional Lebesgue measure, and we denote it by
Vol(X). We denote

Vo = Inf  Vol(L).
LeB(k,K,X)

Lemma 6.41. V; > 0.

Proof. Choose L € B(k, K, X). By definition, L is compact and convex.
Since X C L, and bearing in mind Lemma 4.16, Conv(X) C Conv(L) = L.
Thus, by monotonicity of Lebesgue measure, Vol(L) > Vol(Conv(X)).
However, since Conv(X) has non-trivial interior, Vol(Conv(X)) > 0, and
S0
Vo= Inf  Vol(L) > Vol(Conv(X)) > 0,
LeB(k,K,X)
as desired. O

Lemma 6.42. Let Ky C K; be compact, convex subsets of R"H1 with
non-trivial interiors. If Ko # K1, then Vol(Ky) < Vol(K7).

Proof. Choose x € K; \ Kp. Since Ky is compact, there exists §; > 0
such that Bs, (x) N Ky = (). Let y be an interior point of Ky. There exists
d2 > 0 such that Bs,(y) C Ky. By convexity, for all ¢ €]0,1], and for all
z € Bt52 (O),

I-the+ty+z=(1—-t)z+tly+z/t) € K;.

That is, for all ¢t €]0, 1], Bys, ((1 — t)x + ty) € K;. Choose ¢ > 0 such that
t(]ly — z|| + d2) < d1. In particular By, ((1 — t)x + ty) N Ko = 0, and so,
by additivity and monotonicity of Lebesgue measure,

Vol(K7) > Vol(Ky) + Vol(Bys, ((1 — t)x + ty)) > Vol(Ky),

as desired. 0

Theorem 6.43. There exists a unique element Ky € B(k, K, X) such that
Vol(Ky) = V.

Proof. We first show uniqueness. Indeed, suppose that there exists K #
K|, € B(k,K,X) such that, Vol(Ky) = Vol(K{) = Vp. Since Ky # K|,
without loss of generality, we may assume that KoN K/} # Ky. Since
X is contained in each of Ky and K|, it is also contained in KN KJ,.
Moreover, since both Ky and K|, are contained in K, so too is KN KJ,.
Finally, by Lemma 6.36, KN K is a weak barrier of gaussian curvature
at least k over R"™!\ X and we conclude that KN K is an element of
B(k,K,X). However, by Lemma 6.42, Vol(KoNK{) < Vol(Kp). This
contradicts minimality of K, and uniqueness follows.
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Let (Ly)men € B(k,K,X) be a sequence such that (Vol(L.,))men
converges to Vy. For all m, define K,,, := LiN...NL,. For all m,
X C K,, € K, and, by Lemma 6.36, K,, is also a weak barrier of gaussian
curvature at least k& over R®*1\ X so that K,, € B(k, K, X). Moreover,
by monotonicity of the Lebesgue measure, for all m, Vy < Vol(K,,) <
Vol(L,,). In particular, (Vol(K,,))men also converges to V4. Define

K = m@N K,,.

Since Vol(K ) < Vol(K,,) for all m, we have Vol(K) < V. However
X C Ky € K, and, by Lemma 4.1, (K,,)men converges to K, in the
Hausdorff sense. It follows by Lemma 6.35 that K, is a weak barrier of
gaussian curvature at least k over R"*1\ X. That is, Ko, € B(k, K, X) and
so Vo < Vol(K ). We conclude that Vol(K) = Vo, and this completes
the proof. O

6.8 Singularities and smoothness

Continuing to use the notation of the preceeding section, we now show that
the volume minimiser solves the Plateau problem modulo singularities of
a type that are now well understood.

Theorem 6.44. Let Ky € B(k,K,X) be the volume minimiser. Then
(0Ko)NK° has gaussian curvature equal to k in the wiscosity sense.
Furthermore, if x € (0Ko) \ X, then either

(1) 0Ky is smooth near x and has gaussian curvature equal to k at x; or
(2) Ky satisfies the local geodesic property at x.

Proof. By Lemma 6.40, (0K() N K° has gaussian curvature at least k in the
viscosity sense. Now choose z € (0Ky) \ X. Suppose that K satisfies the
local geodesic property at x. Then, if ¥ is a smooth, embedded surface
(without boundary) contained in K¢ and if x € %, then, provided X is
oriented such that its normal points outwards from K,, this surface has
non-positive curvature at z. In particular, (0Kp) N K° has curvature at
most 0 < k in the viscosity sense at x.

Now suppose that Ky does not satisfy the local geodesic property at
x. Let U be a relatively compact neighbourhood of x whose closure is
contained in R"*1\ X. Let (K,,)men be a sequence of compact, convex
subsets of R"™1 with the properties that (K,,)men converges to Ky in the
Hausdorff sense and, for all m, K,, is a strong barrier of gaussian curvature
at least k — 1/m in U. Denote K, := Ky and z = .

Let (z,)men be a sequence converging to oo, such that z,, € 0K,
for all m. Upon applying a convergent sequence of affine isometries, we
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may suppose that x,, = 0 for all m. Since K., has non-trivial interior,
by Lemma 4.26, N(0; K) is strictly contained in a hemisphere. By
Lemma 4.27, there exists N € N(0; K) such that (N,M) > 0 for all
M € N(0; K ). By compactness of N (0; Ko ), there exists 6 € [0,7/2]
such that (N,M) > 3cos(f) for all M € N (0; K). Denote C := tan(6).

By Lemma 4.4, upon extracting a subsequence, there exists r > 0 such
that B,.(0) C U and, for all m, for all x € (0K,,)N B,.(0) and for all
M € N(z; Kn), (N,M) > 2cos(f). We denote p = r/v/1+4C?. By
Lemma 4.22, there exists N’, which we may choose as close to N as we
wish such that for all z € K \ B,/2(0), (x,N’) < 0. Moreover, we may
assume that for all m, for all z € (0K,,) N B;(0) and for all M € N (z; K,,),
(N, M) > cos(8).

Upon applying a rotation, we may suppose that N' = —e,;1. By
Theorem 4.12, for all m, there exists a convex, C-Lipschitz function
fm B,(0) =] — Cp,Cp[ such that fm(0) = 0 and (0K,,) N(B,(0)x] —
2Cp, 2Cp|) coincides with the graph of f,,, over B,(0). By the Arzela-Ascoli
theorem, every subsequence of ( fm)meN has a subsubsequence converging
in the local uniform sense over B7,(0) to some limit féo say. Furthermore,
since (K, )men converges to Ko, in the Hausdorff sense, we conclude that
fcl>o = foo. It follows that ( fm)meN converges in the local uniform sense
over B},(0) to fo.

By construction, fao(z') > 26 > 0 for all 2’ € 8B;/2(0) and for some
6 > 0. Since (fy)men converges locally uniformly to fuo, over B,(0), we
may suppose that f,, (') > 8 for all m and for all 2’ € 9B, 5(0).

- Choosg m < oo. Observe that fm is smgoth and strictly convex. Denote
Q. := f1(] — 00,d]) and observe that €, is a compact, convex subset

of B;J /2 (0). By strict convexity, D fon only vanishes at the unique absolute
minimum of f,, over B;/Q(O). However, since f,,(0) = 0, this absolute

minimum is contained in the interior of Q,,. In particular, D fm does not
vanish at any boundary point of €,,, so that ©,, has smooth boundary.
Thus, by Theorem 3.16, there exists a unique, smooth, strictly convex
function f,, : Q,, —] — 00, ] such that f,,(2') = § for all 2’ € 9Q,, and
the graph of f,, has constant gaussian curvature equal to k. By convexity,
fm <4, and by Lemma 2.9, f,,, > fm.

Define V,,, := Q,, x] — 2Cp, 2Cp|. Observe that V;, is open and convex.

Moreover, V,, C B,.(0) C U. We define the subset L,, of V,, by
Ly = {(a',t) | 2’ € Qpn, frn(2') <t <2Cp}.
Observe that L,, is compact and convex, K,,NdV,, C L,, and L,, C

K,,NV,,. Define K/, := (K, \ V)UK NLy) = (Kp \V)UL,. We
claim that K/, is a weak barrier of gaussian curvature at least k in R" T\ X.
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Indeed, for all s € [0, Cp|, define the subset L., s of V, by
Lis :={(@',t) | 2’ € U, frm(2') —s<t<2Cp},

and define K7, , := (Kp \ V)UK N Ly, ). For all s > 0, Kp, N0V, is
contained in the relative interior of L,, in V,,,. Thus, by Lemma 6.38, K;ms
is a weak barrier of gaussian curvature at least k over R"*1\ X. Thus,
since (K7, ¢)sefo,(1/2)cp] converges to K, o = K, in the Hausdorff sense
as s tends to 0, it follows by Lemma 6.35 that K7, is also a weak barrier
of gaussian curvature at least k in R"*!, as asserted.

By Lemmas 4.2 and 4.3, we may suppose that (K], )men converges
towards a compact, convex subset, K’ , say, of R""'. We claim that
K! = K. Indeed, by Lemma 6.35, K. is a weak barrier of gaussian
curvature at least k in R"*1\ X. Moreover, for all m, X C K,, \ B,.(0) C
K \Vym C K], and so X C K/_. Finally, for all m, K/, C K,, C K,
so that K/, C K, C K. We conclude that K/  is an element of
B(k,K,X). In particular, Vi < Vol(K. ). However, since K., C K,
Vol(K.L) < Vol(Ks) < V, so that Vol(K. ) = Vy. It follows by
uniqueness that K. = K, as asserted.

By continuity, there exists p’ < p such that for all 2’ € Elp, (0),
foo(@') < 6/2. Since (fm)men converges to foo uniformly over E:), (0),
we may suppose that for all m and for all 2’ € E;,(O), fm(x’) <é. In
particular, for all m, F;,(O) C Q. We therefore define W := B/,(0)x] —
(3/2)Cp, (3/2)Cpl, and, for all m < oo, (0K,,) NW = (0L,,) "W is also
smooth with constant gaussian curvature equal to k. However, since K,
does not satisfy the local geodesic property at z, it follows by Theorem
4.28, that (0K~)NW is smooth with constant gaussian curvature equal
to k, and this completes the proof. O

The boundary of the volume minimiser, K, therefore solves the Plateau
problem in the very general setting where X is any closed subset of 0K.
We say that a point x € 90Kp \ X is regular if 0K is smooth near that
point. We define the singular set, Sing(Kj), to be the set of all points
of 0K that are not regular. In particular, this includes every point of X.
We obtain the following characterisation.

Theorem 6.45. There exists a family (Xo)aca of subsets of X such that

Sing(Ky) = agA Conv(X,).

Proof. By definition, Sing(Kj) is closed. Furthermore, by Theorem 6.44,
Sing(Ky) \ X counsists of all points of 9K \ X satisfying the local geodesic
property, so that, by Theorem 4.18; Sing(K() C Conv(X).

Now choose z € Sing(Ky). Let H be a supporting tangent hyperplane to
Ky at . Since Conv(X) C Ky, H is also a supporting tangent hyperplane
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to Conv(X) at . Denote X, := X N H. Since H N Conv(X) = Conv(X,),
it follows that € Conv(X,). Furthermore, since Conv(X,) C KqoNH,
every point of Conv(X,) is a boundary point of Ky. However, by Theorem
4.19, the set Conv(X,) satisfies the local geodesic property at every point
of Conv(X;) \ X,. In particular, Ky also satisfies the local geodesic
property at every point of this subset, so that, by Theorem 6.44, Conv(X)
is contained in Sing(Kj). Since x € Sing(Kjy) is arbitrary, we conclude
that
Sing(Kp) = QEESirLé(KO) Conv(X,),

as desired. O

Various ad-hoc arguments can now be used to eliminate singularities.
For example, by Lemma 6.40, if the boundary of Conv(X) is smooth at
some point, then that point must lie in the interior of Ky. In the particular
case at hand, however, singularites are removed as follows.

Lemma 6.46. Suppose that for every point x of 0X, there exists a C?
function f: OK — R such that f(z) =0, Df(z) # 0 and f~1(] — 00,0]) C
X. Then, Sing(Kp) = X.

Proof. Suppose the contrary. Let = be a point of Sing(Ky) \ X. By
Theorem 6.45, there exists a subset X’ C X such that € Conv(X') C
0Ky. Furthermore, since x ¢ X, X’ contains at least two distinct points,
y1 and yo, say, and, without loss of generality, x lies along the straight
line, I', passing through these two points. Let N be a supporting normal
to Ko at z. In particular, N is normal to I'. For € > 0, denote

C.:= U B.(x —eN),
zell
so that, for all €, C¢ is the closed cylinder of radius € about the straight
line, I'¢, obtained by displacing I' a distance € in the —N direction. We
claim that for all sufficiently small e, C.N K C Conv(X).

It suffices to show that for sufficiently small ¢, C.NOK C X near y;
and yo. Without loss of generality, we may suppose that y; = 0, that
N = e, and that x lies on the positive x,,41 axis. Since x is an interior
point of K, for all N € N(y1; K), (N,ent1) = ||z — y|| " (z — y1,N) < 0.
By compactness of N'(y1; K), we may suppose that there exists 8 €]0, 7/2|
such that (N,en11) > 2cos(f) for all N € A (y;). By Lemma 4.8, there
exists 7 > 0 such that for all y € 0K N B,(y1) and for all N € N (y; K),
(N,ent1) > cos(f). Denote C := tan(d) and p = r/v/1+4C?. By
Theorem 4.12, there exists a convex, C-Lipschitz function w : Bj(0) —
] =Cp, Cp[ such that K N(B,,(0)x]—2Cp,2Cp[) coincides with the graph
of w. Furthermore, since 0K is smooth, so too is w.

Let f : 9K — R be a C? function such that f(y1) = 0, Df(y1) #
and f~'(] — 00,0]) € X. Define g : B,(0) — R by g(z') := f(z',w(a’)).
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Observe that g is C?, g(0) = 0 and Dg(0) # 0. Furthermore, if g(2’) < 0,
then (2/,w(z’)) € X, and so, recalling that N is a supporting normal to
Conv(X) at y1, (¢, en) = ((z/,w(z)),N) <0. It follows that Dg(0) = Ae,,
for some A > 0. Thus, since g is C?, for sufficiently small ¢ > 0,
B.(—e€e,) € g (] — 00,0]), so that

CcNOK N(B,(0)x] —2Cp,2Cp[) = {(z',w(z")) | 2’ € Be(—ee,)} € X.

That is, C.:NIK C X near y;. In like manner, we show that C.NdK C X
also near ys so that, for sufficiently small ¢, C. C Conv(X), as desired.
However, 0C, has zero curvature at every point. This is absurd, by Lemma
6.40, and we conclude that Sing(Kj) is empty, as desired. a
In particular, the classical existence result follows as an immediate
corollary.

Theorem (1.2). Choose k > 0. Let K be a compact, convex subset of
R™* L with smooth boundary. Let X be a closed subset of 0K with C?
boundary C = 0X. If 0K has gaussian curvature bounded below by k at
every point of (OK)\ X, then there exists a compact, strictly convex, C°1
embedded hypersurface S C R with the properties that

(1) SCK;
(2) 0S = C; and
(8) S\ OS is smooth and has constant gaussian curvature equal to k.

Barcelona-Granada, May-June, 2012



Appendix

Terminology

Derivatives: For any vector spaces E, F, let Symm(n, E) ® F denote
the space of symmetric multilinear forms from F into F'. When F = R,
we denote simply Symm(n, E) = Symm(n, F) ® R. For any open subset
U C FE and for any k-times differentiable function f : U — F', we denote
the k’th total derivative by D¥f : U — Symm(k, F) ® F. For any point
p € U and for k vectors Vi, ..., Vi € E, we denote D* f(p)(V1,...,V}) € F
the image of the k-tuplet (Vi, ..., V}) under the action of D* f at the point
P.

For any vector spaces E and F, for any open subset U of E, and for
all k € N, we denote by C*(U, F) the space of k-times continuously
differentiable functions from U into F. We denote by C*°(U, F') the space
of functions from U into F' which have continuous derivatives of arbitrarily
high order. When F = R, we denote simply C*(U) = C*¥(U,R) and
C>(U) = C>=(U,R). We denote by | - ||x the C* norm over C*(U, F),
and, for A = k 4+ « where k € N and « €]0,1], we denote by || - |[» the
C*-Hslder norm over C*(U, F).

For any k € N and for any f € CFU), we define J¥(f) €
CO(U, @7 ,Symm(n, E)) by:

TH(f)(z) = (f(2), Df (x), .., D" f(2)).

We refer to J*(f) as the k-jet of f.

Canonical Basis of Euclidean Space: For all n, we denote by R™, n-
dimensional, real space and by e, ..., e, its canonical basis. We denote by
(+,+) the Euclidean inner product and by || - || the Euclidean norm. For any
open subset U C R", for any k-times differentiable function f : U — R,
and for any k-tuple of indices 1 < i1,...,7x < n, we define the function
(04 ..-0i, f) such that for all x € U:

(0iy 05, f)(z) = Dkf(x)(eil, ey €4y )

108
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We will also use the more concise notation:

lezk = (8i1~~~aikf)~

Distributional Derivatives: Let F be a vector space furnished with a
volume form dVol. Let U be an open subset of F and let f : U — R
be a real valued function which is locally L'. Let g = (go,91,-.-,gk) :
U — & Symm(n, E) be locally L'. We say that g is the k’th order
distributional derivative of f whenever it has the property that for any
smooth function ¢ with compact support, for all 1 < k£ < n, and for all
vectors Vi, ..., Vi:

/ f(:c)(Dqu)(x)(Vl, ...Vx)dVol = (fl)k/ gr(2)(Vi, ...y Vi) op(z)d Vol.
E E

Smooth Functions on Sets with Boundary: (2 will always represent
a bounded, strictly convex, open subset of R”. Given any vector space F,
a function f: Q — FE is said to be C* whenever there exists an extension
f of f to R™ which is k-times continuously diferentiable. By Whitney’s
Extension Theorem (c.f. [22]), the extension f can be chosen such that for
all k < I

ID* fllize = ID* flglze = [ID" fllz--

We say that f is smooth whenever it is C* for all finite k. Given any open
subset U of E, we denote by C>(Q,U) the set of all smooth functions
from Q into E taking values in U. In particular, when U = E = R, we
denote C>=(Q) = C*(Q, R).

Non-linear Operators: Given open subsets U C R” and V C
Symm(2,R") and a smooth function F' : R x Symm(1,R") x V — R,
for any function f : U — R with the property that D?f(x) € V for all
x € U, we define the function F(f, Df, D?f) such that, for all x € U:

F(f,Df,D*f)(x) = F(f(z), Df(x), D*f(x)).

F thus represents the most general second-order, non-linear partial
differential operator acting on functions over U which is homogeneous in
the spatial variables.

Decomposition of Euclidean Space: We often decompose R"t! as
R™ x R. For all 7 > 0 and for all x € R""! we denote by B,(z) the open
ball of radius r about z in R™*t!. For all r > 0 and for all 2’ € R”, we
denote by B..(x) the open ball of radius r about x in R™.

Metrics: Let X and Y be two compact subsets of R"*!'. We define the
Hausdorff distance between X and Y by:

dg(X,Y) = Sup Inf || — y|| + Sup Inf ||z — y||.
#(X.Y) = Sup Inf =yl + Sup 1nf o —
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We denote by 3™ the sphere of unit radius in R™*!. We define the spherical
distance dy : X x X" — R by:

ds (N, M) = cos (N, M).

The spherical distance thus measures the angle between two points in the
sphere. Let X and Y be two compact subsets of ¥". We define the
spherical-Hausdorff distance between X and Y by:

dux(X,Y) = Sup Inf ds(z,y) + Sup Inf dx(z,y).
reX YEY yey zeX

Miscellaneous: If X is any subset of R”, we denote its closure by X, its
interior by X° and its boundary by dX. Let E be a vector space furnished
with an inner product. For vectors X and Y in E, we denote by (X,Y)
the inner product of X with Y. Let E be any vector space. For vectors
X1, ..., Xpn, we denote by (X, ..., X,,) the linear subspace of E spanned by
X1, ..., Xp. This should not be confused with the inner product. It will be
clear from the context which is meant.
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