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Abstract. A braid defines a link which has therefore a well defined
signature. This signature function defined on the braid group is not a
homomorphism. Our goal is to describe the “defect of homomorphism”
and to relate it to the Maslov cocycle associated to the classical Burau
representation.
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1 Introduction

This paper deals with the interaction of the following two standard
constructions in knot theory.

Braids and Closed braids [4, 12]

In the plane R?, we consider the sequence of points 29 = (i,0) (for i =
1,2,...) and we denote by D?(r) the disc of radius r, centered at the origin.
In the space X,, of n-tuples of distinct points of D?(n + 1/2), we consider
the equivalence relation that identifies two n-tuples if one is obtained from
the other by a permutation of the indices. We denote by X,, the quotient
space and by m, : X, — X, the natural projection. The fundamental
group of X,,, based at m,(z9,29,...,20), is called the n-th Artin braid
group and is denoted by B,,; its elements are called braids. Any braid ~
in B,, is represented by a path t € [0,1] — (a},2%,...,2!) € X,, i.e. by
a system of n disjoint arcs ¢ — (¢, zt) in the cylinder [0,1] x D?(n + 1/2),
such that m, (2}, 23,...,2L) = m, (29,29, ...,29).

The identification (z,0) ~ (x,1) for all x in D?(n + 1/2) produces
a finite collection of simple closed oriented curves in the solid torus
R/Z xD?(n+1/2), images of the arcs t + (¢, z%). The usual embedding of
the solid torus in 3-space R? and the compactification of R? with a point
at infinity, allow us to associate with any braid v an oriented link i.e. a
collection of disjoint embeddings of an oriented circle in the 3-sphere S3,

called the closed braid associated with v, and denoted by 4 (see Figure 1).

Figure 1: Closure of a braid

Signature of links [7, 11]

Let A C S? be an oriented link in S? and let us choose a Seifert surface:
an oriented surface Sy embedded in S* whose oriented boundary is . The
first homology group H;(Sy;Z) is equipped with a bilinear Seifert form B
in the following way. If x and y are two oriented closed curves on Sy, one
defines B(x,y) as the linking number of z with a curve y* obtained from y
by pushing y a little away from Sy along the positive direction transverse
to Sx. Clearly B(x,y) only depends on the homology classes of  and y on
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Sy. Turning B into a symmetric bilinear form B(x,y) = B(z,y) + B(y, x)
and tensoring by R, we get a symmetric bilinear form on the vector space
Hi(Sx\;R). It turns out that the signature of this symmetric form is
independent of the choice of the Seifert surface: it is the signature of the
oriented link A, denoted sign(X\) € Z. For definiteness, we recall that the
signature of a quadratic form is the number of 4+ signs minus the number
of — signs in an orthogonal basis.

The notion of signature of an oriented link can be generalized as follows.
Tensoring by C, we get a bilinear form on the vector space H;(Sy;C).
Consider a complex number w # 1 (usually chosen as a root of unity)
and the hermitian form B, (z,y) = (1 — w)B(x,7) + (1 — ©)B(7, ). The
signature of this hermitian form is again independent of the choice of the
Seifert surface: it is the w-signature, sign,(\) € Z, of the oriented link A.
In the case w = —1, we recover the signature of the oriented link.

There is a natural sequence of embeddings of the braid groups B; C
B, ¢ ... ¢ B, C .... The embedding i, of B, in B,;; amounts
to adding an additional “trivial” strand (see Figure 2). The union of
this infinite chain of groups is the infinite braid group B.,. Note that
signg, (o) = signg, (in(a)) since a Seifert surface for i, () is obtained from
a Seifert surface for & by adding a disjoint disc. Therefore, the function
signg, (&) is well defined on B.

Combining these constructions, for each w, we get a map from B, to
Z which associates with a braid v the signature sign,,(%). We are now in
a position to raise the question:

Given two braids o and B in the braid group Bo, and a root of unity w,
what can be said about the quantity:

—

Signw(a ’ B) - Signw(d) - ‘%gnw(ﬁ)?

In this paper we give an explicit answer to this question. Before giving
a precise statement we need to recall another construction which again is
standard in low dimensional topology.

o € Bs iz() € By

Figure 2: Adding a trivial strand
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The Burau representation and the Meyer Cocycle

Burau defined an explicit linear representation of B, in GL(n —
1,Z[t,t71]), where t denotes some indeterminate. These representations
combine to a representation of B, in the ascending union GL (oo, Z[t, t~1])
of the GL(n — 1, Z[t, t~1]).

If one specializes t as a complex number w, we get a linear representation
B, in GL(c0, C). In [13], Squier shows that if w is a complex number of
modulus 1, the image of B, is contained in the unitary group of some non
degenerate hermitian form. Since the imaginary part of such a hermitian
form is a symplectic form, the Burau representation provides symplectic
representations:

B, : Boo = Sp(o,R)

where we denote by Sp(oo,R) the ascending union of the symplectic
groups Sp(2¢g,R) (consisting of the symplectic automorphisms ~ of R
which are the identity on all vectors of the canonical basis of R*° except
for a finite number of them).

In Section 2, we shall give more information concerning this Burau-
Squier representation. We shall give explicit formulas for the symplectic
form and a topological interpretation which (hopefully) will shed some light
on the symplectic nature of the Burau representation, originally introduced
by Squier in purely algebraic terms.

The symplectic group Sp(2¢g, R) is not simply connected; its universal
cover §f>(2g, R) defines a central extension

0—>7Z— é?)(Qg,R) — Sp(2¢,R) — 1.

This determines a cohomology class in H2(Sp(2g, R); Z), called the Maslov
class. It turns out that 4 times the Maslov class can be represented
explicitly by an integral valued Meyer cocycle which is invariant by
conjugation. We shall give more motivation and background for this
cocycle in Subsection 3.2 but for the time being we only mention the
following “computational” definition (see [9]):

Let v, and 72 be two elements in Sp(2¢, R) and denote by E,, ., the
intersection of the images of v; ' — id and v, — id. If e belongs to E., .,,
choose two vectors v; and vy such that

e =7 "(v1) —v1 = v2 — y2(v2)
and define
vy ,7v2 (6) = Q(vl + vg, 6)

where € denotes the standard symplectic form on R29. One checks easily
that ¢y, 4,(e) is independent of the choices of v; and vy and defines a
quadratic form on E,, ,,. By definition, the evaluation of the Meyer
cocycle on the pair (y1,72), denoted Meyer(y1,72), is the signature of
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this quadratic form. Observe that the Meyer cocycle can be coherently
defined for elements in Sp(oo, R). In other words, if v, and 7, are two
elements in Sp(2¢g,R) seen as elements 7] and ~5 of Sp(2g + 2,R), the
values of Meyer(y1,72) and Meyer(v},v%) coincide.

We hope that this mysterious definition will become crystal clear in
Section 3.2.

We now state the main result of this paper:

Theorem A: Let a and 3 two braids in By, and w # 1 a root of unity.
Then:

—

signg(a - B) — sign,(&) — signw(B) = —Meyer(B,(a),B.(F)).

Remark 1: Since the Meyer cocycle evaluated on Sp(2g, R) is the signature
of a quadratic form on a vector space with dimension smaller that 2g, it
follows easily from the definition of the Burau-Squier representation that,
for any positive integer n, and any pair of braids « and 8 in B,,, we have:

|signe (a - B) — signe (@) — signy(B)] < 2n.
Thus, for any positive integer n, the map o € B,, — signw(ﬁ) ceRisa
quasimorphism. A direct proof of this result can be found in [5] where the
authors use this property to construct non trivial quasimorphisms on the
group of area preserving diffeomorphisms of the 2-sphere.

Remark 2: The Artin braid group B,, has a standard presentation in terms
of generators o1, 03,..., 0,_1 and relations:

0'1"0]' = O'j'O'l',

O3 044105 = 0441 0404415

for all ¢, j in {1,...,n — 1} satisfying |i — j| > 2. See for instance [11].
The closed braids 7; are trivial links. Given a braid 8 in B,, which reads
B =0 -0, we have:

7=l
Signw(ﬁ) = - Z Meyer(Bw(Gil e O.il—l)’ Bw(aiz))'
j=2

This last formula is actually very easy to use for numerical computations
since the matrices B, (0;,) are sparse (as we shall see in Section 2).

Remark 3: As a trivial illustration of Theorem A, consider the case n = 2.
The image of B_1(B3) is contained in Sp(2,R) = SL(2,R) and it is not
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11
Evaluating the Meyer cocycle on 2 x 2 unipotent matrices is very easy so
that one can compute sign(c!) using the method explained in Remark 2.
The reader will find immediately the value 1 —1 for I > 1. Of course, one
can also compute this signature using an explicit Seifert surface for this
elementary braid (see [11]).

difficult to see that, up to conjugacy, B_1(o1) is the matrix ( _1 0 ) .

[N

Figure 3: The braid o;

Section & is devoted to the proof of Theorem A. This proof will be a
visual computation (following an expression borrowed from [14]). First,
we interpret both the signature of an oriented link and the evaluation of
the Meyer cocycle as the signatures of the intersection forms of some 4-
manifolds (subsections 3.1 and 3.2). Then, in 3.3 we construct an oriented
compact connected 4-manifold M (a, 3) which is a 2-fold branched cover
of S5 x D? where Sy is the oriented surface with genus 2 and the
branching locus is a suitable closed surface. We shall compute the signature
o(Mj(a, B)) of the intersection form on Mi(a, 3) in two different ways;
these computations will give us the equality stated in Theorem A in the
case w = —1. The proof of Theorem A in the case of a general root of
unity is given in 3.4: it is an elaboration of the previous proof in a setting
which is equivariant under some finite cyclic group.

In Sections 4 and 5, we give two simple applications of these results.

The first is an explicit computation of the signature on the braid
group with three strands Bs. Denote by lks : Bs — Z the (linking)
homomorphism mapping each generator to 1. Recall that the center of Bs
is generated by the element A2 = (07 - 02 - 01)? and that the quotient of
B3 by the group generated by A} is isomorphic to SL(2,Z). In [1], Atiyah
defines many functions from SL(2, Z) to Z of different origins (topological,
analytical, and number theoretical) and proves that they all essentially
coincide. We refer to [3] for another approach to this coincidence. One of
the versions of these functions on SL(2,Z) is called in [3] the Rademacher
function (we recall a definition in Section 4.2). The following theorem adds
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a new element to this long list of (identicall) functions on SL(2,Z)... It
has been announced (and used!) in an earlier paper of the authors [5].

Theorem B: The function sign—i—% lks descends to a function on SL(2,Z)
which coincides with —1/3 times the Rademacher function.

Finally, we show how this knowledge of signatures gives some
information concerning the rough geometry of the gordian distance. Denote
by Knots the set of (isotopy classes of) knots in 3-space. There is a
natural distance dgordian 0N Knots that we now define. Given two knots
fo, f1 : S — R?, one considers homotopies (f)sejo,1] : S* ¢ R? which
connect the two knots and are such that for each ¢ € [0, 1], the curve f; is
an immersion which has at most one double point, this double point being
generic (the two local arcs that intersect have distinct tangents at the
intersection). Denote by D((ft):e[o,1]) the total number of double points
of this family of curves. The gordian distance between the two knots fj
and fi is the minimum of D((ft).e[0,1]) for all such homotopies connecting
the knots.

The global geometry of this (discrete) metric space is quite intriguing
and probably very intricate. Note for instance that this space is not locally
finite (an infinite number of knots can be made trivial by allowing one
crossing as the reader will check on the examples given on Figure 4, which
can be easily distinguished by their Alexander polynomials). As a first
approach, we propose to study the coarse geometry of this metric space, i.e.
up to quasi-isometries. Based on the observation that the signatures give
lower bounds for the gordian distance (see [15]) we prove that the gordian
metric space contains “quasi-euclidean subspaces” of arbitrary dimensions.

Theorem C: For every integer d > 1, there is a map & : Z¢ — Knots
which is a quasi-isometry onto its image, i.e. such that the gordian distance
between &(x) and £(y) satisfies

A”(E - y” - B S dgordian(g(x)ag(y» S CH.%‘ - y”

for some constants A, B,C > 0 and some norm |.| in R<.

%_/:Ax::?/:/])

\

Figure 4: Knots at distance 1 from the trivial knot

It would be interesting to find quasi-isometric embeddings of other nice
metric spaces, like for instance an infinite regular tree. Another puzzling
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question concerning this space is to know whether or not it admits non
trivial global quasi-isometries, i.e. bijections of Knots which quasi-preserve
the gordian distance without being at a bounded distance from the identity
(or from the involutions reversing orientations of the knot, of ambient
space, or both). We could also ask for the space of “ends”: connect two
points in Xnots by an edge if their gordian distance is 1 and consider
unbounded connected components of the complements of large balls in
this graph.

All along this paper, we shall say that the orientation of an oriented
manifold M is compatible with the orientation of one of its boundary
components N if a positive basis of the tangent space to N followed with
a normal vector to N pointing inward M is a positive basis of the tangent
space to M. Several other conventions are in order in this paper and we
hope that we used them consistently!

We would like to thank the referee for his/her constructive comments
which helped us to improve the presentation of this paper.

2 The Burau-Squier representation

Most of this section is probably well known to experts and is included here
for the convenience of the reader and because it is necessary for the sequel
of this paper. We would like to interpret the classical Burau representation
in terms of the action of the braid groups on the homology of some branched
covers of the disc. This will also provide explicit formulas for all these
representations. We shall partly follow a presentation of Kolev [8].

2.1 The Burau representation

Consider the homomorphism ¢, from the fundamental group of the
punctured disc D2\ {z9,...,2%} to Z which maps every (conjugacy class
of) small positive simple loop around each base point z{ to the generator 1
in Z. The kernel of this homomorphism defines an infinite cyclic covering
D of D%\ {29,...,2%}. Figure 5 illustrates this covering for n = 3 and
shows the graph of z — arg(z3 — 1).

A standard result by Birman [4] states that the Artin braid group B,
is isomorphic to the group of isotopy classes of homeomorphisms of the
disc D?(n + 1/2) that fix the boundary D?(n + 1/2) pointwise and leave
globally invariant the set of points {z9,...,22}. Thus, each braid 3 in
B,, can be represented by some homeomorphism hg of D?(n + 1/2). We
choose the lift fzg of hg to D;° that leaves the boundary pointwise fixed.
Clearly this lift is not uniquely defined by § but its homotopy class is. In
particular, the map (f{@)* induced by ﬁg on the first homology group of
D¢e is determined by 8. Note that the braid « - consists of a followed by
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N \\‘
‘\\\“\\
NN

Figure 5: Covering of the punctured disc

B so that we get a linear anti-representation (rather than a representation)
of B,, in the group of automorphisms of H;(D;R). If we consider the
dual action on the first cohomology with compact support, we get a linear
representation of B,,.

In order to produce an explicit formula for this representation, we choose
a base point z in D? \ {z9,...,29} and embed a wedge R, of n circles
based at z, made of n positive simple loops eq,...,e, going once around
29, ..., 2% respectively. Choose some lift Z of z in D and denote by
€1,...,6n the paths lifting eq1,...,e, and starting from Z. The inverse
image of R, in D is a l1-complex RS° and we denote by C'° the module
of integral 1-chains on RS, which can be seen as a Z[t,t~']-module, using
the deck transformations. This is a free module on é4,...,¢&,. The sub-
module Z2° of 1-cycles consists of those chains in RZ° such that the sum
of the coordinates in this basis is zero. Therefore, Z° is the free module
on vy :él —62;1}2 = ég —ég;...;vn,1 = én,1 —én.

\
tel

€1

2 K@

Figure 6: The complex R, and its cover
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The action of any braid in B,, on the first homology of Dg° commutes
with the action of deck transformations. This homology is isomorphic to
Zs as a Z[t,t~-module. By definition, the dual action on cohomology
with compact support, in the dual basis, is the (reduced) Burau
representation By. In the standard presentation of B,,, the images of the
generators o; are the matrices

—+1 0 0 0 1 00 0
™ 1.0 ... 0 :
Bi(or) = 0 ot O 0, Biowr)=| o .. 10 o0
: : 0 0 1 1
0 0 0 1 0 0 0 0 —t!
1 0O 0 0 0
0 1 1 0 0
Bi(os) =] 0 0 —t' 0 0
0 0o t' 1 0
0O ... 0 0 0 ... 1

(for 2 <i <n — 2, where the diagonal —t~1! is in position (i,1)).

We also denote by B; the corresponding linear representation of B, in
the ascending union GL(oo, Z[t,t7!]) of the GL(n — 1, Z[t,t]).

Remark 1: The convention about the choice of the generators of the
braid group is not uniform in the literature. Many authors use the
generators o, = o; ! This remark will help the reader to convince
himself or herself that the above Burau representation is indeed the Burau
representation given in [13].

Remark 2: The matrices that one gets using the action in homology
are obviously transposed of the previous ones. When referring to
these matrices, we will speak about the Burau anti-representation and
transposed Burau matrices.

2.2 Branched covers of the disc

The 2-fold cover of the disc D?(n + 1/2) branched at the points 29, ..., 20
is an oriented surface with genus (n —1)/2 (resp. n/2 — 1) and one (resp.
two) boundary component(s) when n is odd (resp. even). We denote this
surface by F, 2. All the surfaces F;, 2 can be naturally nested and we
denote by F 2 the union of these compact surfaces with boundary. See

Figure 7.
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| *<.><.
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| 1
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D2(1.5)
D2(2.5)

Figure 7: The surface F 2 ramified over the plane

The cohomology group H'(F,, 2, 0F, 2; R) is a vector space of dimension
n — 1 which embeds in the cohomology group H!(F. 2;R) ~ R>™ with
compact support.

Each braid g in B,, can be represented by some homeomorphism hg of
D2(n +1/2). We choose the lift hg of hg to F, o that leaves the boundary
component(s) of F), o pointwise fixed. Clearly the homotopy class of this
lift is uniquely determined. In particular, the map ﬁg induced by fzg on
the first relative cohomology group H'(F), 2,0F, 2;R) is determined by
B and produces a representation of B, as a group of automorphisms of
Hl(ang, 8Fn72; R)

In the next subsection, we shall prove the following proposition which
gives a topological interpretation of the Burau representation B, evaluated
at t = —1 (which is seen as a representation B_; from B,, in GL(n—1,R)).

Proposition 2.1. There is an isomorphism between H'(F, 2,0F, 2;R)
and R"~! which conjugates the representations of the braid group B,, given
by hjy and by B_;.

Similarly, one can interpret the Burau representation evaluated at roots
of unity. We fix some integer k > 3.

Denote by F), j the cyclic cover of order k of D? branched over the base
points z9,...,22. To be more precise, consider the homomorphism from
the fundamental group of D? \ {z9,...,29} to Z/kZ which maps every
(conjugacy class of) small positive simple loop around each base point x¥
to the generator 1 in Z/kZ. The kernel of this homomorphism defines a
regular k-fold cover over D2\ {29, ..., 29} which in turn defines a branched
cover Fy, j, over the disc. The surface F,, ; has gcd(n, k) components in its

boundary. The braid group B,, acts linearly on the cohomology group
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HY(F, ,0F, r;R). Note that there is a natural action of Z/kZ on F, j
and the induced action on H'(F, j,dF, r; R) commutes with this linear
representation of B,,. The surfaces F;, j for a fixed k are naturally nested
and we denote by F j the union of these compact surfaces. As before,
these linear representations can be unified in a linear representation of By
on H(Fy 1 R) ~ R,

Any compler vector space F equipped with a linear representation of
Z/kZ can be decomposed in eigenspaces E = @ _i._, F, in such a way
that 1 € Z/kZ acts on E,, by multiplication by w. This decomposition
is invariant under any complex linear map commuting with the Z/kZ
action. If the vector space F is a real vector space, this applies to
the complexification F ® C and eigenspaces corresponding to conjugate
eigenvalues are conjugate subspaces. This gives an invariant “eigenspace
decomposition” of F as a sum of real vector spaces F, where E, = F.
The action of the generator 1 € Z/kZ on E,, is a linear map which is id
if w=1, —id if w = —1, and is conjugate to a matrix consisting of 2 x 2
diagonal blocks, each being a rotation by the argument of w otherwise.

Applying these remarks to the vector space H'(F), x, 0F, x; R) we get
subspaces H'(F, ,0F, r;R), equipped with linear actions of the braid
group B,,. We can now state the topological interpretation of B, acting
in C™~! that we prove in the next subsection.

Proposition 2.2. There is an isomorphism between H'(F,, j, OF, 1; R),
and R?"—2 2~C"71 which conjugates the representations of the braid group
B,, given by hs and by B,.

2.3 The Squier representation

We first prove propositions 2.1 and 2.2. One can compute the homology
of the k-fold (unramified) cover D¥ of D%\ {x9,... 2%} associated to the
reduction of the homomorphism ¢,, modulo k. Denote by C’ﬁ the module
of 1-chains on the inverse image R¥ of R, in DF. This can be seen as a
free Z[t,t~']/(t* — 1)-module on &%, ..., (where the é¥ denote the lifts
of e; to D¥ starting from a base point Z). The sub-module Z* of 1-cycles
consists of those chains in R¥ such that the sum of the coordinates in this
basis is a constant multiple of (14t 4 ... + t*~1). Therefore, Z¥ is the
sum of a free module on vf = é¥ — ek vk =k —ek; . ok =ek | ek
and the module generated by (1 +t+...+t*"1)(&¥) (on which the action
of t is trivial).

From the knowledge of the homology of the cover D¥, one deduces the
homology of the branched cover F, j over D?. It is enough to add the
additional relation 1 + ¢ 4 ... + t*~! = 0 which is clear: the k-th power
of the loops e; lift to loops which bound discs in F, ;. It follows that the
homology of F, . is isomorphic to the free Z[t,t71]/(1 + ¢+ ... + tF71)-
module on vf = & — ékiob = ek — ek 0k ek — &k (where
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we also denote by é¥ the lifts of the e; in F,x). This homology, as
a Z-module, is a free module of rank (k — 1)(n — 1), isomorphic to
Z" ' @ (Zt,t7 /(1 + ¢t + ... + t*71)). The action of the braid group
B,, is given by the Burau anti-representation where one adds the relation
1+t+...+t*=1 = 0. The action of Z/kZ is of course given by multiplication
by t. If one tensors this by C, it is easy to compute the eigenspace
decomposition. The eigenspace corresponding to w = 1 is trivial and the
eigenspace corresponding to the root of unity w # 1 has dimension n — 1
and is generated by
wh = (1 + @t 4+ + .. @ b (i=1,..,n—1).

3

The action of the braid group on each of these eigenspaces, when written
in the basis wf, is precisely given by substituting w to ¢ in the Burau
anti-representation to produce a (n — 1) x (n — 1) complex matrix.

From all these considerations, it is easy to find the subspace associated
to the eigenvalue w in the real homology group Hi(F),x;R) and the
corresponding action of the braid group. If w is not real (i.e. # +1),
then it is isomorphic to C"~1 ~ R2(™~1) ag a real vector space, and the
action of B,, is given by the transposed Burau matrices evaluated at w,
seen as real (2n — 2) x (2n — 2) matrices. When w = —1 the associated
subspace in Hy(F, ;;R) is isomorphic to R"™! and the action of B, is
given by the Burau matrices evaluated at —1. Finally, the eigenspace
corresponding to +1 is trivial.

This completes the proof of Propositions 2.1 and 2.2. ]

The cohomology groups H'(F}, 2, 0F, 2; R) are equipped with the (skew
symmetric) intersection form which is naturally preserved by the action
of 71’/; This intersection form is non degenerate on Hl(Fn,g,aFn,g;R)
when n is odd, so that one can identify R* with the symplectic sum of
an infinite number of copies of the canonical symplectic R? in such a way
that H'(F}, 2, 0F, 2; R) coincides with the sum of the first (n—1)/2 copies
when n is odd.

It follows from Proposition 2.1 that when n is odd, there is a symplectic
structure on R™"™1 which is invariant under the image of B,, by B_,. In
other words, the representation B_; has an image contained in a conjugate
of the symplectic group Sp(n — 1, R). In the same way, up to conjugacy,
one can assume that B_; maps B, into Sp(co, R).

Consider now the case of a general root of unity w of order
k > 3. Again, the intersection form gives a symplectic structure
on H!(Fwxr;R). Note that when ged(k,n) = 1 one can consider
HY(F, ,0F, ;R) as a symplectic subspace of H!(Fy ;R) which is
preserved by the action of B,. The orthogonal complement of this
subspace is of course the cohomology with compact support of the
complement Fu, ; \ F,x on which B, acts trivially. In this way,
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we get a linear representation of B., in the ascending union of the
symplectic groups of H'(F, x,0F, ;;R) for ged(n,k) = 1. Observe that
the eigenspace decomposition of H'(F, x,0F, ;;R) is orthogonal with
respect to the symplectic intersection form, so that we get in this way
linear representations of B,, in the group of symplectic automorphisms of
Hl (Fn,lm aFn,k:; R)w

It follows from Proposition 2.2 that when ged(k,n) = 1, one can equip
R2("=1) with a symplectic structure which is invariant by B,. Again,
this means that, up to conjugacy, we can assume that B, maps By in

Sp(oo, R).
To be complete, one should write the formula giving the symplectic form
on R?"72 (or R"~! when w = —1) coming from the intersection form via

the isomorphisms given by Propositions 2.1 and 2.2. Since everything is
very explicit, it is just the matter of a simple computation. Note that
the intersection number of #/.vf and t/.0f; (for 1 < i < n — 2 and
1 <j <k-1)is equal to —|—1. The intersection number of tj.vf and
tj+1.vf is equal to +1 (j defined modulo k). Finally, the intersection
number of t/.vf and /*1.0F | is equal to —1 (j defined modulo k). All
other intersection numbers are trivial.

From this, one gets the intersection form in the basis given by the
wf ’s. We shall skip this boring computation (or leave it to the reader!).
Let us just mention that the result is coherent (as it should!) with the
result of Squier [13] (see also [6]) that we now summarize. This author
adds a formal variable s with s* = ¢ so that the ring Z[t,t7!] can be
considered as a subring of Z[s,s71] and considers the involution of this
ring sending s to s~!. He considers the transposed Burau matrices acting
on Z[s,s71]"! and shows that they preserve the hermitian form H, with
values in Z[s, s~1], given by the matrix

s+ st —st 0
—5 s+ st —s!

0 —s s+s71

The determinant of H, is equal to (s" — s~ ")/(s — s~!). When one
specializes t to be a complex number of modulus 1 and one chooses s as
one of the two square roots of ¢, the corresponding hermitian form reduces
to a usual hermitian form which is invariant under the Burau matrices
evaluated at t. Note that when s and t are specialized to complex numbers
of modulus 1, Hy is singular if and only if s is a 2n-th root of unity different
from £1. If cos (ZH < Rs < cos = l” for 0 <1 < n—1, the hermitian form
H has signature n —1-2L
We have two natural skew-symmetric forms which are invariant by B,,
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the one coming from the intersection form in homology, and the imaginary
part of Hs;. The boring computation that we skipped shows that these
forms are proportional and that the corresponding factor is 2ik(s — ) so
that if one chooses s with a negative imaginary part, these two forms are
related by a positive constant. If ged(n, k) = 1, the surface F), ; has only
one boundary component and its intersection form is non degenerate, i.e.
is a symplectic form; this fits with the fact that in this situation w is not
an n-th root of unity and H; is non degenerate.

When the Burau representation is thought as a representation in the
symplectic group, we call it the Burau-Squier representation.

3 A visual computation

3.1 Signature of 4-manifolds

Recall that the signature o(M) of an oriented compact 4-manifold is
the signature of the intersection form on the second homology group
Hy(M;R). Note that this intersection form can be degenerate if the
boundary of M is not empty: a class in Hy(OM;R) maps in Ho(M;R) to
an element of the kernel of this form.

The signature of an oriented link can be seen as the signature of a
4-manifold as follows. Consider an oriented link A C S and a Seifert
surface Sy embedded in S? which can be considered as the boundary of
the 4-dimensional ball D*. Let us push the Seifert surface in D* keeping
its boundary fixed on S? to get a surface S} which intersects the boundary
S? only along its boundary. Consider the 2-fold cover V3! of D* branched
along S4. It is a 4-dimensional manifold whose boundary OVy! is a 2-fold
cover over S? branched along A. It turns out (see for instance [7]) that:

sign()) = o(V3).

In the general case of a root of unity w which is different from —1, we shall
see in 3.4 that there is a similar interpretation of the w-signature of an
oriented link in terms of signatures of 4-manifolds.

Remark: Ramified Z/kZ-cyclic coverings are omnipresent in this paper.
Recall that such a covering is completely determined by a ramification
locus (which is a codimension 2 submanifold) and a homomorphism from
the fundamental group of its complement to Z/kZ. In the previous cases
that we considered, the homomorphism was implicit. In the case of the
ramified 2-fold cover of the disc, it was the unique homomorphism which
is equal to 1 on small simple positive loops going once around the z?’s.
In case of the 2-fold cover of S® ramified on an oriented link, it was the
reduction modulo 2 of the linking number. In the case of the cover of D*
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branched along S}, it was also given by a linking number: a curve in the
complement of S} bounds a disc in D* and one considers the reduction
modulo 2 of the intersection number of this disc with S} .

An important tool in our proof will be Novikov additivity theorem that
we recall briefly now (see for instance [7] for a proof):

Theorem 3.1 (Novikov). Let M be an oriented 4-manifold obtained
by gluing two 4-manifolds My and Ms along some components of their
boundaries. Then the signature is additive:

o(M) = o(My) + o(Ma).

(The orientations on My and My are of course induced by the orientation
on M.)

In the proof of Theorem A, we shall need a more general situation
where one glues manifolds with corners. Consider two oriented 4-
manifolds M and My with boundary. In the boundaries M7, 9M,, choose
submanifolds, V; and V5, of dimension 3, possibly with boundary, and
assume that we are given some homeomorphism A from V; to V5 reversing
the orientations. Then one can glue M; and M along Vi and Vs using h.
This produces a new oriented 4-manifold M with boundary.

Figure 8: Gluing manifolds with corners

The Novikov additivity theorem does not apply in this situation: however
one can write

o(M)=0(M;)+o(Ms2)+46

where the “defect” ¢ is not difficult to analyze. Denote by X the union
of the boundaries of M; and My in M. It consists of three 3-manifolds
with boundaries having a common boundary: the closures of 9M; \ V7 and
OM; \ Va (contained in the boundary of M) and Vi (which is identified
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with V5 in M). One can describe M as the union of three 4-manifolds with
boundary: Mi, M, and X, where X denotes a regular neighborhood of X
in M. If follows from Novikov additivity theorem that J is the signature
of the oriented 4-manifold X (see Figure 8). This means in particular that
the defect only depends on the topology of X, i.e. on the boundaries of
My and M5 and the gluing map. Let us make this defect more explicit.
Recall the notion of ternary Maslov inder. Consider a real vector
space E equipped with a symplectic form 2, and three lagrangian
subspaces Lj, Ly, L3 (i.e. maximal isotropic subspaces). In the direct
sum L1 @ Lo @ L3 consider the subspace of triples (z1, x9, x3) whose sum
is zero in E. On this subspace, one defines a symmetric bilinear form f by

f((x1, 22, 23), (y1,y2,43)) = Qz1,y3) = Qao,y1) = Qw3,92)
= Q,z3) = Qy2,21) = Qys, z2).

The Maslov index 7(L1, Lo, L3) is by definition the signature of f (see
for instance [16] for a background). Note that this index is bounded by
3dim L = %dimE (the better bound %dimE is possible but this will be
enough for our needs).

The index 7(L1,La,Ls) is a skew symmetric function of its three
arguments and is a cocycle in the sense that for any four lagrangian
subspaces, one has

7(L1, Lo, L3) — 7(L1, Lo, Ly) + 7(L1, Ls, Ly) — 7(L2, L3, L4) = 0.

In our situation, X consists of three oriented 3-manifolds with a common
boundary surface X. The first homology group H; (X, R) is a symplectic
vector space (using intersection) as soon as one chooses an orientation
on X: let us choose the orientation that comes from the orientation
of OM; \ Vi (which in turn comes from the orientation of M;). In
the symplectic vector space Hi(3,R), one has three natural lagrangian
subspaces L1, Ly, L3, corresponding to those homology classes in 3 which
are trivial when one maps them in the homology of OM; \ Vi, My \ Va
and V7 (=~ V,) respectively (these subspaces are lagrangian as follows from
Poincaré duality). In [17], Wall proves that the defect § is equal to the
ternary Maslov index of these three lagrangian subspaces. This follows
from a simple application of Mayer-Vietoris exact sequence which enables
an identification of the intersection form in Hy(X,R) (modulo subspaces
contained in the kernel) to the quadratic form f associated to Ly, Lo, L.
We shall call this result the Novikov- Wall additivity theorem.

3.2 The Meyer cocycle

The Meyer cocycle evaluated on a pair of elements in Sp(2g,R) is also
related to the signature of 4-manifolds as follows. Let P be the oriented
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pair of pants (the oriented 2-sphere minus three discs) and W* a 4-manifold
which is an oriented fibration over P whose fiber is a closed oriented surface
F with genus g (the orientation on M is induced by the orientations on P
and F).

It turns out that the signature of the oriented manifold W* only depends
on the monodromy maps on the first homology group Hi(F;R) of the
surface F.

The intersection form on H;(F;R) is a symplectic form which is
invariant under the action induced by homeomorphisms of F'. Thus we can
identify H;(F;R) (equipped with the intersection form) to R29 (equipped
with the standard symplectic form). This allows us to associate with each
loop on the pair of pants P (based at some base point in P) an element in
Sp(29,R).

Figure 9: Pair of pants

The homology of W* can be computed from the associated spectral
sequence. Consider the E%l term of this spectral sequence, i.e. the first

homology group H;(P; Hi(F;R)). The skew symmetric intersection on
this homology

followed by the skew-symmetric intersection form on the coefficient module
H(F;R)® Hi(F;R) =R

produces a real quadratic form ¢ on Hy (P; H1(F;R)). Meyer showed in [9]
that the signature of W* is equal to the signature of this quadratic form ¢,
which amounts to showing that the other terms in the spectral sequence
do not contribute to the signature of W*. In turn, the signature of ¢ can
be easily computed from 7; and v2. Meyer’s Theorem is the following:

Theorem 3.2 (Meyer). Let y1 and 2 be the two elements in Sp(2g,R)
respectively induced by the two gemerators 11 and T of the fundamental
group w1 (P) (see Figure 9). The signature a(W*) of the oriented manifold
W4 is given by the evaluation of the Meyer cocycle on the pair (v1,v2):

o(W*) = Meyer(v1,72).
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This fact is all we need for the proof of Theorem A and the reader might
skip the rest of this subsection. However, we believe that it is useful to give
a more conceptual definition of Meyer cocycle and its relationship with the
signatures of fibrations over a pair of pants.

We first show that Meyer Theorem 3.2 follows from Novikov-Wall
Theorem. If one splits the pair of pants in two halves as in Figure 10,
the manifold W appears as the union of two 4-manifolds glued along part
of their boundaries, as discussed above. Each one of the two pieces has a
signature equal to 0 since they are both homeomorphic to the product of
a 3-manifold by an interval.

One is therefore led to evaluate the defect ¢ in this situation. In this
case, the surface X consists of two copies of F' and the three corresponding
lagrangian subspaces of Hy (F; R)®H; (F; R) are the graphs of the identity,
and of the actions of the two given diffeomorphisms in homology. The
definition of Maslov ternary index ¢ reduces precisely to the definition of
the Meyer cocycle that we gave in the introduction and we get indeed
Meyer theorem from Novikov-Wall theorem.

N

7!

F

Figure 10: Splitting a pair of pants

We can at last give the final definition of Meyer cocycle.

Given a symplectic automorphism ~ of some symplectic vector
space (E,Q), its graph Graph(y) = {(z,7(z))} C€ E x E is a
lagrangian subspace of E x E equipped with the symplectic structure
Q @ —Q. Hence, if we are given three symplectic automorphisms
Y1,72,73, we can consider the Maslov ternary index meyer(yi,vy2,7s)
of (Graph(y1),Graph(vz),Graph(vys)).  This defines a 2-cocycle in
the homogeneous bar resolution since obviously meyer(vyi,v2,73) =
meyer(yyy', vy2y,yvsy) for every 7,7 in the symplectic group of
(E,Q). The associated inhomogeneous cocycle is Meyer(y,v2) =
meyer(id, y1,v172) = meyer(y; ', id,v2). Going back to the definition of
the Maslov ternary index, one sees that in order to compute Meyer(v1,72),
one should consider the space of triples (vi,v;*(v1)), (v,v), (v2,Y2(v2))
with sum 0, 7.e.

v =—v1 — Vg,
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(71 H(v1) = v1) + (v2(v2) —v2) =0,

and one should compute one of the six possible (equal) symplectic
products, one of them being

(Q—Q)((v,), (v1,77 ' (v1)) = Qv,v1=77 1 (v1)) = Qv1+v2, 77 (V1) —v1).

One recovers the computational definition from the introduction.

Using the definition of Meyer cocycle with the ternary index, one
immediately gets the symmetries:

Meyer(yi,7v2) = Meyer(v2,m) = —Meyer(v; 7 ")
= —Meyer("vi,)y2) = Meyer(y, (mv2) ™).

3.3 Proof of Theorem A in the case w = —1

We now begin the proof of the main Theorem A in the special case w = —1.
The general case will be proved in the next subsection.

Before embarking in the proof, let us introduce a convenient notation.
If A and B are numbers depending on some braids in B, we shall write
A = B when |A — B| is bounded by some universal constant (independent
in particular of the braids).

Instead of proving Theorem A, we shall prove a loose version, i.e. that
for any pair of braids «, 8, we have

—

sign(a - B) — sign(a) — szgn(ﬁ) ~ —Meyer(B_1(a),B_1(8)).

Let us first explain how this loose version almost immediately implies the
sharp version where one replaces = by = in the previous relation.

Indeed, for every braid « in B,, and any integer [ > 1, let us denote by
oy the element of By, consisting of a “juxtaposition” of [ copies of a: see
Figure 11. Note that

sign(ay) = L.sign(Q)

since a Seifert surface for &; can be chosen as [ translated copies for a Seifert
surface of & and the corresponding Seifert matrix consists of | diagonal
blocks equal to the Seifert matrix associated to a.
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\m\m \m

Figure 11: Juxtaposition of a braid

In the same way, B_1(a;) can also be written as a block diagonal matrix,
each of the [ blocks being a copy of B_1(a) (as can be seen directly in the
Burau representation or in the action on the cohomology of Fi o). It
follows that

Meyer(B_1(ay),B_1(61)) = l.Meyer(B_1(a),B_1(8)).

If the quantity

—

sign(a-B) — sign(a) — sign(B) + Meyer(B_y(a), B_1(8))

were non zero, it would follow that

—

sign(ay - B;) — sign(ay) — sign(gl) + Meyer(B_1(aq), B_1(51))

is unbounded as [ tends to infinity. This would contradict the loose version
of the theorem.

We now begin the proof of the “loose theorem” Let « and f
be two braids in B,. One can always assume that n is odd so
that H'(F,2,0F,2;R) is a symplectic subspace of H}(F. 2;R) and
Meyer(B_1(a),B_1(8)) can be computed using the representation of B,,
on HY(F, ,0F, 2;R). From now on, we denote by D? a disc in the plane
whose radius is obvious from the context or is not relevant.

Let Sy be the oriented closed surface with genus 2 and consider the
decomposition of Sy in five pieces: two oriented pairs of pants P and three
oriented cylinders C' = S! x [0, 1], as shown in Figure 12.

We shall construct a 4-manifold with boundary, M3 (c, 3), which is a 2-
fold cover over S x D? branched along some surface 8(a, 3). This will be
obtained by gluing together five manifolds with boundaries. The first two
pieces, denoted Py (v, ) and Py (e, e,), will be 2-fold branched covers over
P x D?. The three remaining pieces, denoted Cj5(a), C3(3) and Cj(a, B3),
will be 2-fold branched covers over C' x D2. We now describe in detail the
construction of each one of these pieces.
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S

e LA

N

Figure 12: Surface of genus 2

P

e Construction of the manifolds Py (v, 8) and Pi(en,en)

Let h,, and 715 be two homeomorphisms of F}, 5 respectively associated to
the two braids o and 3 in B,,. We consider an oriented 4-manifold Py (v, 3)
which is a fibration over P with fiber F,, o, such that the monodromy maps
associated with the loops 71 and 75 in 71 (P) are respectively ﬁa and ﬁg.
The manifold Py («,3) can be seen as follows:

P

J1 JQ

Figure 13: Cuts in the pair of pants

— On the oriented pair of pants P, we consider two cuts i.e. two intervals
I; and I, and two neighborhoods J; = I; x [0,1] and Jo = I x [0,1] as
in Figure 13.

~ We consider two isotopies {hf,}iejo,1] and {hj}ief0,1) joining the
identity map to h, (resp. hg) keeping the boundary of the 2-disc pointwise
fixed.

— We construct the surface S(a, 8) in P x D? which coincides with

— the surface (P\ (J;1UJ2)) x {29,...,2%} on (P\ (J1UJ3)) x D?,
— the surface U, {(z,t, ht, (29)), (z,t) € I x [0,1]} on J; x D?,
— the surface Ui, {(z, t, hj;(2?)), (z,t) € Iy x [0,1]} on J, x D?.

— In order to define Py(a,3) as a 2-fold cover over P x D? branched
along the surface S(«, ) we still have to choose some homomorphism from
the fundamental group of the complement P x D?\ S(«, 8) to Z/2Z. We
choose the only homomorphism which is trivial when restricted to loops
contained in P x {z} (with z € 9D?) and which is equal to 1 on small
simple positive loops contained in {p} x (D?\ {z9,...,29}) going once
around z¢ (for p € P\ (J; U Jz)). The existence and uniqueness of such a
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homomorphism is easy to check. The orientation of the manifold Py (c, 3)
is induced by the orientation of P x DZ2.
Notice that the boundary dPg(«, 3) consists of two parts (see Figure 14).

e Part I : 3 F,, o-fibrations over St

P, B) k
Part I : 1 copy of P x St

3 tori
Figure 14: The manifold Pg(«, 3)

The first is the union of the total spaces of three fibrations over the circle
with a fiber homeomorphic to F}, 2, the monodromies being he, ha, ﬁa.@
(where ho.3 = hg o ha). The second part is one copy of P x S! (since n
is odd). These two parts intersect along the disjoint union ¥ of three tori
S! x S!. Notice also that the three fibrations that constitute the first part
of the boundary of Py(a,3) can be seen as 2-fold covers over the solid
torus T = S! x D? branched along the links &, B and oz/-\ﬁ inT.

The manifold Py (e, e,) is constructed in the same way by replacing the
braids « and 3 by the trivial braid e,,. More simply:

Py (en,en) = P x Fy».
Lemma 3.3.
o(Py(a, ) = —Meyer(B_1 (), B_1(8)).

Proof. Gluing one copy of P x D? along the boundary of Py(a, ) we
get a manifold Pg(a, 8) which is a fibration over P with fiber a closed
surface FRQ (with the same first homology as F, 2 since n is odd). The
signature of this second manifold is exactly —Meyer(B_1(a),B_1(8)).
Indeed this signature is equal to the Meyer cocycle evaluated on the action
in homology and the definition of B_; uses cohomology : this amounts to
a change of sign. Note that we use Meyer Theorem 3.2 and the topological
interpretation of B_; given in 2.1.

We now use Novikov-Wall additivity theorem so that the signature of
Pi(a, B) and Meyer(B(a), B(3)) differ by some defect § which is uniformly
bounded since we saw that the corresponding surface ¥ consists of three
tori. O

e The construction of the manifolds Cy(c), C3(B) and C3(c, B)
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Consider the solid torus T = S' x D? introduced above that we can
think of as embedded in the 3-sphere S? in the standard way. Let o be a
braid in B,, and & the associated closed braid in T'.

Figure 15: Seifert surface

For each word in the aiil’s representing «, one can associate a Seifert
surface S4 for the closed link which cuts the boundary 9T = S! x 9D?
along n parallel circles (see Figure 15). It consists of n parallel discs
connected by half twisted bands, each band corresponding to a letter in
the word, and the sense of the twisting depending of the exponent of the
letter.

Consider the unit ball D* in R*, oriented in a compatible way with its
boundary dD* = S3. From the spherical shell {z € D*;1/2 < |z < 1},
we extract the oriented 4-manifold with boundary

N* = {z e D% 1/2 < ||z|| £ 1, and x/|]x| € T},

which is homeomorphic to T x [0, 1]. One can push the surface S; towards
the interior of D* so that it now satisfies

— the boundary 0S4 is in T C S? = 9B* and is equal to &,

— S4 does not intersect the set of points z in ON* such that x/||z|| is in
aT’;,

— S, intersects the sphere {x € D%;||z|| = 1/2} in a trivial link with n
components,

~ S4 N (D*\ N%) is a collection of n disjoint discs contained in the ball
{z € DY |lzf| < 1/2},

— The circle S! can be equipped with an origin 0 such that Sg N {0} x
[0,1] x D2 = {0} x [0,1] x {=9,...,29}.

The Seifert surface S4 being in such a position, we denote by S°(«a) the
intersection surface Sz N N4,
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D2 x S!

x [0,1] ~D? x C ~ N*

Figure 16: Pushing the Seifert surface in 4-ball

The 4-manifold C4(«) is defined as a 2-fold cover over C' x D? ~ N4
branched along S¢(a). One should specify some homomorphism from the
fundamental group of the complement of S¢(«) in N* to Z/2Z: one simply
takes the one induced by the linking number with Ss in D*. Note that
Cy() fits

— with the 2-fold cyclic cover over the solid torus S' x {0} x D? branched
along the link &,

— with the 2-fold cyclic cover over the solid torus S! x {1} x D2 branched
along the trivial link é,.

These two last ramified covers are associated to the homomorphism in
Z /27 given by the reduction modulo 2 of the linking number, when one
sees the solid torus as embedded in the 3-sphere in the usual way. The
orientation of the manifold C3(«) is induced by the orientation of the
manifold C' x DZ2.

Our notation suggests that C3(«) only depends on «; this is not the
case since it depends on the choice of the Seifert surface which depends in
turn on the choice of a word in the Jiil representing «. However, for any
braid «, we choose such a word once for all in an arbitrary way, and we
shall denote by C3(a) the manifold obtained using this word.

Lemma 3.4.
o(Cy(a)) = sign(@).

Proof. Again, it follows from Novikov-Wall additivity theorem. Indeed
let Vit(a) be the double cover of D* branched along S; C D* with
signature sign(&). On gets Vit(a) from Cj(a) by gluing first one copy
of 8! x [0,1] x D? on one part of the boundary and then V;'(é,) along
the new boundary (see Figure 16). As before, the defect in Novikov-Wall
additivity is uniformly bounded. O

Finally, we define C3(a, 3) as the manifold constructed exactly in the
same way as Cg(a - 3), except that, as a word representing o - 3 we use
the concatenation of the chosen words representing o and 3. Of course
o(Cy(e, B)) = sign(a - ).
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Cs(a, B) = g Py(a, B)

Mé‘(a,ﬂ) Pé(enven)

Figure 17: The manifold My («, 3)

The manifold Mg («,3) is obtained by gluing together the manifolds
Ci(a), C3(B) and C4(a, B) with Py(c, 3) on one side and Py (e,,e,) on
the other side. The manifold M (a, B) is a 2-fold cover of the manifold
P x D? branched over the surface §(c, 3) which is obtained by gluing
S¢(a), S¢(B) and S¢(af) with S(a,3) on one side and S(e,,e,) on the
other side (see Figure 17).

The orientation of the manifold P x D? induces an orientation of the
manifold Py(a, 3) which induces in turn an orientation on the manifold
M3 (a, B). This orientation also fits with the orientations of Cj(«, ) and
Py(en, en), but does not fit with the orientations of C3(a) and C3(3).
From the Novikov-Wall additivity theorem and the observation that the
defects 0 associated to the gluing maps is uniformly bounded, we get:

Lemma 3.5.

—

o(M3(a, ) = sign(a-B) - sign(a) — sign(5)+Meyer(Bi(a), B1 ().

B
In order to prove Theorem A, we have to show:

Lemma 3.6.

a(M;(a, B)) = 0.

Let us revisit the construction of the manifold C4(«, 3). Since it uses a
representation of a - 3 as a concatenation of two words representing o and
B, the Seifert surface used in the construction consists in gluing every disc
associated with & with a disc associated with B along an interval along
their boundary (see Figure 18).
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e

Figure 18: Seifert surface for a product of braids

It follows that one can choose on the circle S identified with R/Z
(already equipped with an origin 0), a second point, say 1/2 such that
S(a-B)N{1/2} x [0,1] x D2 = {1/2} x [0,1] x {2Y,...,29}. Thus, it is
possible to cut the surface S; along a simple closed curve c as described
in Figure 19 such that the manifold ¢ x D? intersects the surface 8(c, 3)
in Sy x D? along the n parallel circles ¢ x {z9,...,20}.

M3(a, B) Q3(a) Q3(B)
SEO | [oh O]
K C

Figure 19: Splitting in two

It follows that the manifold M3 («,3) can be cut along the 3-manifold
with boundary ¢ x F,, » in two manifolds with boundary Q3(a) and Q3(53)
and thus:

o(M(a, B)) = 0(Q3(a)) + o(Q3(8))
(note again that the defect is bounded). Observe that, as suggested by the
notation, the manifold Q3 () only depends on the braid « (always keeping
the same arbitrary choice of a word representing each braid).

If one chooses as 3 the trivial braid e, this gives

a(My)(a,en) = 0(Q3(a)) + o(Qa(en)).

By Lemma 3.5, the left hand side of this equality is equal to
Meyer(Bi(a),id) = 0 so that o(Q3(a)) = 0. We finally conclude that
o (M3 (a, 8)) = 0. This finishes the proof of Lemma 3.6 and thus the proof
of Theorem A.

Final remark: Instead of using the trick”, we could have computed the
exact values of each defect § for each of our gluing maps. This is indeed
possible but rather cumbersome.

‘o



202 Jean-Marc Gambaudo and Etienne Ghys

3.4 Equivariant signature of 4-manifolds: proof of
Theorem A in the general case

We first explain in concrete terms a special case of a general construction
due to Atiyah and Singer [2].

Let M* be an oriented 4-manifold equipped with an (orientation
preserving) action of Z/kZ (which will be abbreviated by “an oriented
Z/kZ-manifold”). As before, the real vector space Ho(M?*;R) can be
decomposed as a sum of subspaces Ho(M?*;R), associated to the k-th
roots of unity w (subspaces associated to conjugate roots are equal). This
decomposition is obviously orthogonal with respect to the intersection
form. We denote by o, the signature of the restriction of the intersection
form to the subspace associated to w. For each k-th root of unity w, this
defines a w-signature o,,(M*) of the Z/kZ-manifold M*.

In this context of Z/kZ-manifolds, the Novikov additivity theorem
extends. If a 4-manifold M can be written as a union of two 4-manifolds
M; and M, glued along some boundary components and if there is an
action of Z/kZ which respects this decomposition, then for each k-th root
of unity w, we have o,(M) = 0,(M7) + 0, (Mz). The proof is exactly the
same as the proof of the classical case and one finds a slightly different
(but equivalent) statement in [7, 17]. In the same way, the Novikov-
Wall generalization also extends trivially (if one defines the defect as the
Maslov index of the associated lagrangian subspaces on the corresponding
w-subspace of Hy (%, R), see [17]).

Consider an oriented link A C S3 and a Seifert surface Sy embedded
in S3. Let us push the Seifert surface in D* keeping its boundary fixed
on S? to get a surface S5 which intersects the boundary S* only along
its boundary. Consider the k-fold cover V;* of D* branched along S}
(associated to the obvious homomorphism in Z/kZ given by reduction
modulo & of the linking number). It is a 4-dimensional manifold whose
boundary 9V} is a k-fold cover over S® branched along A. It turns out
(see for instance [7]) that for every k-th root of unity w:

signa(\) = o (V).

Similarly, there is an equivariant formulation for the signature of
fibrations over the pair of pants. If a 4-manifold W* fibers over P
with a closed surface F' as a fiber and if one has an action of Z/kZ on
W* preserving each fiber, then for each k-th root of unity w, one can
compute the w-signature of W4 by considering first Hy(P; H1(F)) as a
Z /kZ-vector space and then by computing the signature of the restriction
of the quadratic form to the corresponding w-subspace. The symplectic
automorphisms of H; (F'; R) associated to the two loops 71 and 75 commute
with the action of Z/kZ and so define symplectic automorphisms (1), and
(72)w of H1(F;R),. As one can expect, there is an equivariant version
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of Meyer Theorem 3.2: the w-signature of the Z/kZ-manifold W* is equal
to the Meyer cocycle evaluated on the two linear automorphisms (71)w
and (v2),- This follows easily from the equivariant version of Novikov-
Wall Theorem (with the same proof as in the non equivariant case, given
in 2.3).

Choose two braids «, § in B,,. Assume, with no loss of generality, that
ged(n, k) = 1. This defines as before a fibration P(c, ) over the pair of
pants P with fiber the closed surface Fn,k obtained from F), ;, by gluing a
disc to the boundary. There is a natural action of Z/kZ on P2(«,8). The
w-signature of P}(«, B) is equal to —Meyer(By, (), B, (5)).

The end of the proof of Theorem A is now clear. One just repeats
the “cut and paste” arguments of Section 3, replacing all double covers
by k-fold cyclic covers, considering all manifolds as Z/kZ-manifolds, and
replacing usual signatures by the w-signatures. All arguments go through
with no modification.

4 Braids with three strands

In this section, we analyze in detail the situation when n = 3. We shall
get formulas for the signature of 3-braids, extending some preliminary
computations (by very different methods) from [10].

4.1 Some computations

One finds in [3] several interpretations of the Meyer cocycle in terms of
cyclic orderings. As a warm up for our study of Bs, we give some simple
formulas for Meyer(v1,7v2) where v; and 72 are elements of Sp(2,R) =
SL(2,R).

Suppose first that «v; and o are non parabolic, i.e. that vy; — id and
~2—id are invertible (or equivalently that trace(v;) # 2 and trace(ys) # 2).
Then, Meyer(v1,72) is the signature of the quadratic form g, ,, on R?
defined by

Gyia(€) = det((y; 1 —id) " (e) + (id —72) " (e), e).
A simple computation leads to the following more symmetric formula:

1
2 — trace(yz)

“72)(€); €)-

G112 (€) = det(( gt

2 — trace(y

(trace(y17y2)—2)
(trace(y1)—2)(trace(y2)—2)

The discriminant of ¢, -, is equal to 4 as the reader
will check readily.
For instance, if 7o = —id and if v, is hyperbolic (i.e. |trace(y1)| # 2),

one sees that the two eigenvectors of v, are isotropic for ¢, ~,. Hence for
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all hyperbolic v, we have
Meyer(y, —id) = 0.
In the same way, if 7 is hyperbolic,
Meyer(yP*,4P2) =0

since eigenvectors of y are isotropic for gyei yrz.
Assume now that 71 is non trivial parabolic and that s is non parabolic.

1 €

0 1 ) where € = £1. The
vector space E., ~, = Im(y; ' —id)NIm(y2 —id) is spanned by e; = (1,0).
The corresponding quadratic form ¢, ,, is

Up to conjugacy, we can assume that v, = (

2 — trace(y1y2)

G (1) = det((0,€77) + (id = 72) 7 (1,0), (1,0)) = e=— Frace(72)

as a simple calculation shows. Hence Meyer(v1,v2) is 0, +1, —1 according
to the sign of the latter expression.

Finally, if both ~; and -9 are parabolic, it is easy to see
that Meyer(y1,72) = 0 unless 73 and 7, have a common fixed
vector. In the latter case, up to conjugacy, one has to compute

Meyer(< é tll ) , ( (1) t12 >) The result is 0, £1 according to the sign

1 1

4.2 Signatures in Bj

Recall that the group B,, has an infinite center generated by the square of
the element

An:(a'l.0'2...O'n_1).(0'1...0'n_2)...(0'1.0'2).0-1.

One can also write A2 as (o1 -+ 0,_1)".

Let us first consider the case of the ordinary signature (i.e. w = —1).
The double cover of a disc ramified in three points is a torus with one
hole so that the closed surface F372 is homeomorphic to a torus. Since
the representation B_; : B3 — Sp(2,R) = SL(2,R) is trivial on A, it
induces a homomorphism from B3/Z.Aj to SL(2,R). Of course, this is
an isomorphism between B3/Z.A3 and SL(2,Z), mapping o1 and o3 to

the unipotent matrices < _11 (1) ) and ( (1) 1 ) respectively.

Lemma 4.1. For any braid o in B,,, one has sign(a - A1) = sign(a) —
2
n* + 1.
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Proof. By Theorem A, the difference sign(a - A%) — sign(a) — sign(AZ)
is equal to —Meyer(B_1(a),B_1(A%)) = —Meyer(B_i(a),id). The
computational (as well as the topological) definition of the Meyer cocycle
shows that Meyer(B_1(a),id) = 0. The lemma follows from the fact that
according to [11], the signature of A% is equal to 1 — n2. This numerical
value will also be deduced from a more general computation in the next
subsection. O

Let us denote by [k, : B, — Z the homomorphism sending each
generator to 1. It follows from the previous lemma that sign + ”2—21 Ik
descends to a map from B,,/Z.A% to Z. When n = 3, this is a map from
SL(2,Z) to Z.

We now prove Theorem B according to which this function reduces to
“the” ubiquitous function on SL(2,Z), that appears in so many different
contexts: the Arnold — Atiyah — Brooks — Dedekind — Dupont — Euler—
Guichardet — Hirzebruch —Kashiwara — Leray— Lion — Maslov — Meyer —
Rademacher — Souriau — Vergne — Wigner function discussed in [1, 3].

Figure 20: Action of SL(2,Z) on the tree

Let us recall one of the versions of this function ®, which is the one
used in [5]. The group SL(2,Z) acts isometrically on Poincaré’s upper
half space and preserves a trivalent tree whose set of vertices is the orbit
of (1++/=3)/2. Given a hyperbolic element v in SL(2,Z), it preserves
a unique embedded line [, in the tree. This line consists of a succession
of geodesic arcs in Poincaré’s disc and if one moves along this line from a
point x to its image 7y(z), one makes successive left or right turns (with
respect to the orientation of Poincaré’s half space). Define ®(y) to be
the number of left turns minus the number of right turns along such a
fundamental domain for the action of v on .

The definition of ® on non hyperbolic elements is not so neat (and
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Atiyah’s coincidence usually is not valid for such elements).  For
completeness, we give the values of ® on non hyperbolic elements.
Recall that torsion elements in SL(2,Z) are conjugate of powers of

A= ( _01 (1) ) (=B_1(01-02-01))

and
5=(1 %)  (=Balro)

of order 4 and 6 respectively. We set ®(AP) to be 0,—3,0,3 forp =0,1,2,3
and ®(BP) to be 0,—4,-2,0,2,4 for p = 0,1,2,3,4,5. The action of A
(resp. B) on Poincaré’s half space is a rotation of angle 7w (resp. —27/3)
around i = /=1 (resp. (1 ++/=3)/2).

Parabolic elements in SL(2,Z) are conjugate to powers of

c= ( - ) (= B_1(02)).

We set ®(CP) to be p—3 for p > 1 and p+ 3 for p < —1. The
remaining non hyperbolic elements in SL(2,Z) are conjugate to —C?. We
set ®(—CP) = —p/3.

Theorem 4.2. The function sign + % lks : SL(2,Z) — Z coincides with
—1/3 times “the” function ®.

Proof. The restriction of Meyer cocycle from SL(2,R) to SL(2,Z) is
exact since H?(SL(2,Z);R) = 0. It follows that there is a function
U : SL(2,Z) — R whose coboundary d¥(v1,v2) = ¥(y172)— ¥ (71)—¥(2)
is Meyer(v1,72). This function ¥ is unique since the difference between
two such functions is a homomorphism from SL(2,Z) to R and any such
homomorphism is trivial (SL(2, Z) is generated by torsion elements). In [3]
this function ¥ is called “the Meyer function” and it is shown to be equal
to 1/3 of the Rademacher function ®. By Theorem A, we know that the
coboundary of the function —(sign + %lkg) is Meyer cocycle. Therefore
—(sign + 2lks) coincides with the Meyer function and hence with 1/3 of
Rademacher function. The theorem follows.

Since the proof that the coboundary of 1/3 of the Rademacher function
® is Meyer cocycle is somewhat scattered in [3], we believe that it might
be useful to reproduce the argument here.

If z,y are two points of the orbit of i = 4/—1 under the action of
SL(2,Z), we denote by ¢(z,y) the number of left turns minus the number
of right turns when one moves from x to y in the tree. If z,y, z are three
points in the orbit of ¢, one has

é(z,y) + oy, 2) + (2, 2) = =3,0,+3
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depending on the “orientation of the triangle x,y,z in the tree”. See
Figure 21.

Figure 21: Orientation of a triangle in the tree

Any element x in the orbit of ¢ defines a map
¢z v € SL(2,Z) — ¢(x,7(x)) € Z

and it is clear that ¢, and ¢, differ by at most 6. Moreover, if one
chooses x; = i 4+ 1 (for [ > 1), the sequence ¢,,(7) is eventually constant
for every v and defines a limit map ¢ : SL(2,Z) — Z which is also
at a bounded distance from the ¢,’s. Note that the definition of the
Rademacher function ® shows that ® and ¢, agree on hyperbolic elements
and that & — ¢, is bounded.

The coboundary déoo(71,72) is easy to understand. It is equal
to —3, 0 or 43 according to the cyclic ordering of the three points
(00,71(00),7172(00)) in the oriented circle R U {oco} (boundary of
Poincaré’s half space). It follows that $¢o. can be extended to SL(2,R)
as the 2-cocycle cycl defined by the same formula. It is not difficult
to evaluate the cohomology class of cyel (for instance by restricting to
SO(2)): one finds that cycl and Meyer are cohomologous cocycles on
SL(2,R). This means that there is a function u : SL(2, R) — R such that
Meyer — cycl = du. In other words, u is a quasimorphism on SL(2,R).
Any such quasimorphism is bounded since every element of SL(2,R) can
be written as a product of two commutators. Restricting to SL(2,Z), we
find that ¥ and %(boo + u differ by a homomorphism and hence coincide.
Therefore, we proved that |¥ — 1®| is bounded.

We want to show that ¥ — %@ vanishes. If v is a hyperbolic element, we
know by the definition of the Rademacher function that ®(7?) = p®(y)
for every integer p. In the same way, we have ¥(1?) = pU (7). Indeed,

(P HP2) — W(yP) — U(yP2) = Meyer(y7',472) =0

as we already observed. Hence, if ¥ — %@ were non trivial on some
hyperbolic element, we would conclude that ¥ — %@ is unbounded on
powers of this element, which is a contradiction. The identification of ¥
and %@ on non hyperbolic elements is just a case by case computation with
no interest. Actually, the strange values of ® on non hyperbolic elements
have been chosen in such a way that this identification holds. . . O



208 Jean-Marc Gambaudo and Etienne Ghys

Let us work out a “numerical ezample”. The braid a = 03 -07 ' -09-07

has a closure which is the mirror image 65 of the knot 65 in Rolfsen’s
table [12].

Its signature is —2 as one can see in the following way. Write o = a1 - ae
with o = Ug . Ufl and oy = 09 - Ufl. The closure of «s is a trivial braid
so that sign(ag) = 0. As for o} it coincides with Ojg whose signature is —2
(as we have seen in Remark 3 in the introduction).

We have by Theorem A

sign(a) = sign(dy) + sign(dz) — Meyer(B_1(a1,B_1(a2))
4 3 1 1
= -2 + 0 - Meyer((l 1),(1 2))
- 2

On the other hand, since
B,l(Ul):AB7 3,1(0’2)2314

(keeping the notation A and B for the matrices of order 4 and 6 defined
above), we have

M =B_,() = (BA)(BA)(BA)(B™'A)(BA)(B™'4) = ( 2 3 ) |

i BA(i) (BA)(BA) (i) (BA)(BA)(BA)(i)
\ A M \

(BA)(BA)(BA)(B~1A)(i)» R
(BA)(BA)(BA)(B~A)(BA)(i)y C
(BA)(BA)(BA)(B~1A)(BA) (B~ A)(ip \_)

Figure 22: ®((BA)(BA)(BA)(B~'A)(BA)(B~!A)) = 2 and the knot 6,

From this, we see that the line in the tree which is invariant by M has a
fundamental domain consisting of 6 pieces, turning successively left, left,
left, right, left and right. Hence the Rademacher function ® evaluated on
M is equal to 4 — 2 = 2 (see Figure 22). Since lk3(a) = 2, we can indeed
verify Theorem A in this case:

2

1
—24 - Xx2=—=x2.
+3 3
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Choose now a primitive k-th root of unity w and let us compute the
w-signatures of three strands braids.

We know from Section 2 that the image of B, falls into the unitary group
of some hermitian form (defined up to sign) which is non degenerate if w is
not a cubic root of unity. This form is definite (positive or negative) when
the real part of w is bigger that —1/2 and has signature (4, —) when this
real part is in [—1,—1/2[.

Assume  first that Rw > 1/2. In this case, the Burau-Squier
representation B, has an image contained in a group isomorphic to
U(2) € Sp(4,R). The restriction of the Meyer cocycle to U(n) has been
made explicit by Souriau, Lion-Vergne and Turaev and we recall the result
(in the case of U(2)). Define the function ¢ : U(2) — R by

P(v) = 2((01)) + (62)),

where exp(2imf;) and exp(2imfy) are the two eigenvalues of v and ((.)) :
R — R is defined by (0)) = 6 — [] — 3 if 6 is not an integer ([.] denotes
the integral part) and ((8)) = 0 if 6 is an integer. It turns out that the
coboundary of ¢ is the restriction of the Meyer cocycle to U(2):

Y(1y2) — () — P(re) = Meyer(y1,72).

We can now give a formula:

Theorem 4.3. Let w = exp(2imh) be a root of unity such that0 < 6 < 1/3.
Then the w-signature of a braid o in By is equal to —2(((61)) + (62))) —
20 1ks(a) where exp(2imhy) and exp(2imls) are the two eigenvalues of the
matriz B, (a).

Proof. Let k be the order of w and ¢ = sign,,(A3*). A simple adaptation
of Lemma 4.1 shows that sign, — ¢7.lks descends to a map from B;/A%F
to Z. Its coboundary is given by the opposite of the Meyer cocycle so that
both sign,, — g% lks and —2(((61)) + ((f2))) have the same coboundary. The
difference, being a homomorphism from B3/A2* to Z, has to vanish. We
shall see in Section 5.1 that ¢ = —12k6. O

Remark that this theorem is not only valid when n = 3. A similar result
holds true, with the same proof, as soon as the hermitian form is definite,
i.e. when Rw > cos 27 /n.

Note the following corollary:

Corollary 4.4. Let w = exp(2in8) be a root of unity such that 0 < 6 <
1/3. Then the w-signature of a braid o in Bg differs from —20lks(«) by
at most 2.

It is not so easy to give a closed formula in the same spirit in case
Rw < —1/2. This is due to the fact that the Maslov class (or Chern
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class) vanishes on SU(2) (which is simply connected) and does not vanish
on SU(1,1) (which is isomorphic to PSL(2,R)). Of course, one can say
that sign, can be “easily computed in practice” since it vanishes on the
generators o; and we know its coboundary: the Meyer cocycle. This
computation is not always so easy... We propose an illustration in the
next section.

5 The gordian space

5.1 The w-signatures of torus knots

We choose a primitive k-th root of unity w and an integer p > 1 and we
would like to compute sign,, (o1 - - 0p—1)P. When p is a multiple of n, this
reduces to the computation of the w-signatures in the center of B,,.

Proposition 5.1. Let w = exp(2inf) be a root of unity with 0 < § < 1.
The w-signature of (o1 ---0,—1)P is equal to the Dedekind sum

signg,(oy -+ 0p_1)P = Z egll1, 2]
1<ly<n—1
1<l3<p-1

where

+1 f0<O+1li/n+l2/p <1, (mod 2),
eglli,loa] =< =1 if1<O+1/n+1l2/p <2, (mod 2),
0 if9+l1/n+l2/p€Z.

Proof. This is a simple adaptation of a proof from [7] page 296, where
Kauffman computes the usual signature (w = —1) for torus knots. For a
suitable Seifert surface for the braid (o7 - - - 0,,—1)P, the Seifert matrix B is
shown to be —A,_1 ® A,_; where A, denotes the (a — 1) x (a — 1) matrix

1 -1 0 ... O
0o 1 -1

1 -1
0 0 1

Over the complex numbers, A, can be written as P,Q,P; where P, is
some invertible matrix and
1 —exp(2ir/a) 0 . 0

0 1 —exp(2.2im/a) 0
Qa = . . . .

6 O l—exp((a-— 1).2im/a)
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Therefore, in order to compute the w-signature of (o7 ---0,—1)?, one has
to compute the signature of the hermitian matrix

—[(1 = W) @ Qp + (1 = W) (2 © )]
which is diagonal. One finds

signu (o1 on-1)’ = Y cign(R(1-w)(1—exp(2ir /n))(1—exp(2inlz/p)))
1<l;<n—1
1<ia<p-1
where gign denotes the sign of a real number (we are out of symbols for
signs and signatures!) and R the real part of a complex number. Note
that

(1=w) (1—exp(2irly /n))(1—exp(2imlz /p))
= 8isin(wf) sin(wly /n) sin(wly/p) exp(inm(0 + I1 /n + 12 /p))
so that the above formula for the w-signature reduces to the formula in

the proposition. A challenging exercise for the reader would be to give
another proof of this proposition using Theorem A. O

When w = —1 and p = 2n, one gets the value 1 —n? that we used earlier.
For every root of unity w, define the map

Signg, : a € B, — lim }signw(ozp) cR.
p—o0 p

The existence of the limit follows from the quasi-additivity of the sequence
sign,(aP). Note that Sign, is a quasimorphism B,, — R and that the
absolute value of the difference between Sign,, and sign, is bounded by
2n. The interest of this slight modification from sign, to Sign,, is that
Sign,, is homogeneous i.e. Sign,(aP) = p Sign,(a) for all p and «.

As a simple corollary of Proposition 5.1, we give the homogeneous
signatures of torus knots. Indeed, fixing 6 and [y, the sum
% > 1<iy<p-1 €oll1, 2] differs by at most by 1/p from the integral

1
/ eoll, ] dz
0

+1 if0<f+1/n+x<1, (mod 2),
co[lhm]:{ 1/ ( )

where

-1 ifl1<f+h/n+z<2, (mod 2).
It follows that
1
Signexp(%ﬂ'@) (Ul to Un—l) = Z / 69“1, J)] dzx.
1<l;<n-170

The latter integral is of course easy to determine and we leave the
computation to the reader. Here is the result:
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Proposition 5.2. The value of Signexp(2ire) (01 0n_1) is a piecewise
affine function of 0 € [0,1] N Q. More precisely:
SigNexp(2in0) (01 0n—1) = =2(n — (2l = 1))0 = 21(I — 1) /n
for(l—=1)/n<0<l/n, (I1=1,...,n).
Note in particular that for 0 < § < 1/n, one has
SiG9Nexp(2in0) (01 Op_1) = —2(n —1)0
and that when n is odd and (n —1)/2n <0 < (n+1)/2n

Signexp(Zin) (01 s o'nfl) = (1 - nz)/Qn

1/5 2/5 3/5 4/5 1 0

Signcxp(Qirrb‘) (Ag)

—8/5
—12
/5\/

Figure 23: Homogeneous signature

Note also that when n =3 and 0 < 6 < 1/3, we have Sign,(o; - 03) =
—46 so that sign,, (AZF) = sign,,((01 - 02)3F) = —460.3k if w is a k-th root
of unity. We used this value in the proof of Theorem 4.3.

5.2 The gordian space

In this section, we prove Theorem C according to which it is possible
to embed quasi-isometrically copies of Z¢ in the gordian metric space
(Knots, dgordian). We begin with a simple observation, already made in
the case w = —1 in [15].

Proposition 5.3. For any root of unity w and any two knots A1, A2, one
has
|Signw()\1) - Slgnw(Alﬂ S 2dgordian()\1a )\2)

Proof. One has to show that if one performs one crossing on a knot then
any w-signature changes by at most 2. Start with a knot A with a generic
projection in the plane and let A\’ be the knot in which one changes one
double point of the projection, changing at that point the up and down
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part. There is a classical “Seifert algorithm” (that one finds for instance
in [12]) constructing a Seifert surface from a knot projection. Comparing
the Seifert matrices for the two knots A, \' associated to these Seifert
surfaces, one realizes that they only differ by one diagonal term. It follows
that the associated quadratic forms agree on a codimension 1 subspace.
Therefore, the corresponding signatures differ by at most 2. O

In order to prove the existence of quasi-isometric embeddings of Z¢ in
the gordian metric space Knots, we shall need the following lemma.

Lemma 5.4. For each integer d > 1, one can find d elements aq,...,aq
of some braid groups B,,,...,B,, and d roots of unity wi,...,wg such
that the d x d matriz with entries Sign,,, (c;) is non singular.

Let us finish the proof of Theorem C assuming this lemma.
Denote by n the sum n; + ...+ ng and consider the braid group B,.

Grouping the base points a9, ..., 2% by groups of size ny,na, ..., nq, we get
d embeddings ¢1,...,¢q4 of B,,,...,B,, in B, whose images commute.
The choice of d elements «aq, ..., aq defines a homomorphism

Yim=(my,..,mg) € Z4 s d1(a1)™ - - pa(ag)™ € B,,.

Replacing if necessary all the a;’s by some suitable power, we may assume

that the image of v is contained in the pure braid group, which means that

the induced permutation of the n points is trivial. Let =0y ---0,_1 in

B,,, which induces a cyclic permutation of the n points, so that any braid

of the form ¢ (m) - has a closure which is a knot (i.e. which is connected).
We claim that the map

§:m€Zdb—>1/)(E)\-5€IKnots

is a quasi-isometric embedding as required by Theorem C. Recall that we
denote with a hat the closure of a braid.

One distance estimate is obvious. If m; and ms are two elements
of Z?, the length of the element 1 (m;)y(ms)~" of B, in the classical
generating system is obviously bounded by some constant times the norm

—

of m; — mgy. It follows that one can pass from the knot ¥(mi) -3 to

¢(Eg)\- [ by “undoing” a number of crossings which is less than a constant
times |mq — ma|.

The other estimate is of course the interesting one. We have to show that
if my and my are far apart in Z?, the same is true for the knots £(m;) and
&(mg) in Knots. We shall use Lemma 5.4 and Proposition 5.3. Observe
that homogeneous quasimorphisms on abelian groups are homomorphisms
(see for instance [3]). This means that the map

Sign :m € Z% — (Sign,, (¥(m)), ..., Sign,,(¥(m))) € R?
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is a homomorphism which, according to Lemma 5.4, has a discrete co-
compact image in R?®. Therefore, there is a constant A > 0 such that for
any mai,mso

max [Signe, ($(ma)) = Signe, ($(mz))| = Alma —mo|.

yeeey

Now recall that Sign and sign differ by at most 2n on B,, that by
Theorem A the signatures of 1(m) - 8 and ¢ (m) differ by at most 2n,
and that a difference in signatures gives a lower bound for the gordian
distance by Proposition 5.3. Therefore, we have finally an estimate

A|my —ma| — B < dgordian(§(m1),&(m2)) < Clmy — ma|

for some positive constants A, B, C. This proves Theorem C.

We still have to prove Lemma 5.4. We choose as the braid «; the
element 0y - -+ 02; in By 1 fori = 1,...,d. We know that Signexp(2ire) ()
is a piecewise affine function of 6 which is constant in the interval
[i/(2¢ +1),(i + 1)/(2¢ + 1)]. Choose #; as a variable in the interval
1= 1)/(25 = 1),5/(2j + 1)[. In the matrix Signeyp(aine,) (i) the entries
above the diagonal are constant so that when one expands the determinant,
one realizes that it can be written as

a.6’1...9d+U(01,...,0d)

where a # 0 and U is a polynomial of degree < d — 1. It follows that this
determinant cannot vanish identically and Lemma 5.4 is proved.

Note that the quasi-isometric embedding that we constructed is very
explicit and can be made with torus knots.

Added on proofs

A recent preprint points out an inaccuracy in our paper. It is not true that
the reduced Burau representation evaluated at t = —1 is additive under
disjoint union. However, this very interesting preprint proposes a rather
simple way to fix this and to use nevertheless the same trick.

Colored tangles and signatures by David Cimasoni, Anthony Conway
http://arxiv.org/abs/1507.07818v2
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