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Algebraic structures related to

integrable differential equations

Vladimir Sokolov

Abstract. This survey is devoted to algebraic structures related to
integrable ODEs and evolution PDEs. A description of Lax representations
is given in terms of vector space decomposition of loop algebras into
direct sum of Taylor series and a complementary subalgebras. Examples
of complementary subalgebras and corresponding integrable models are
presented. In the frame of the bi-Hamiltonian approach, compatible
associative algebras related affine Dynkin diagrams are considered. A
bi-Hamiltonian origin of the classical elliptic Calogero-Moser models is
revealed.
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Chapter 1

Introduction

A constructive approach to integrability is based upon the study of
hidden and rich algebraic or analytic structures associated with integrable
equations. In this survey algebraic structures associated with integrable
ODEs and PDEs with two independent variables are considered. Some
of them are related to Lax representations for differential equations.
Furthermore, the bi-Hamiltonian formalism and the AKS factorization
method are considered. Structures relevant to Yang-Baxter r-matrix are
not discussed since many nice books have been written on the subject (see,
for example [18, 63]).

The statements are formulated in the simplest form but usually possible
ways for generalization are pointed out. In the proofs only essential
points are mentioned while for technical details references are given. The
text contains many carefully selected examples, which give a sense of the
subject. A number of open problems are suggested.

The author is not a scrabble in original references. Instead, some
references to reviews, where an information of pioneer works can be found,
are given.

The survey is addressed to both experts in algebra and in classical
integrable systems. It is accessible to PhD students and can serve
as an introduction to classical integrability for scientists with algebraic
inclinations.

The exposition is based on a series of lectures delivered by the author
in USP (Sao Paulo, 2015).

The contribution of my collaborators I. Golubchik, V. Drinfeld, and A.
Odesskii to results presented in this survey is difficult to overestimate.

The author is thankful to the first readers of the survey A. Zobnin and
S. Carpentier who made many suggestions and found a lot of misprints,
contributing to the improvement of the text.

The author is grateful to V. Kac, I. Shestakov and V. Futorny for their
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attention and to FAPESP for the financial support (grants 2014/00246-
2 and 2016/07265-8) of my visits to Brazil, where the survey has been
written.

1.1 List of basic notation

1.1.1 Constants, vectors and matrices

Henceforth, the field of constants is C; u stands for N-dimensional
vector, namely u = (u',...,u"). Moreover, the standard scalar product
Zf\il uv® is denoted by (u, v).

The associative algebra of order “m” square matrices is denoted by
Mat,,; the matrix {u;;} € Mat,, is denoted by U. The unity matrix is
denoted by 1 or 1,,. The notation U? stands for the matrix transpose of
U.

For the set of n X m matrices we use the notation Mat,, .

1.1.2 Derivations and differential operators

For ODEs the independent variable is denoted by ¢, whereas for PDEs we
have two independent variables ¢ and z. Notation u; stands for the partial
derivative of u with respect to t. For the z-partial derivatives of u the
notation u, = U1, Uge = Usg, etc, is used.

The operator % is often denoted by D. For the differential operator
L= Zf:o a; D' we define the operator LT as

k

Lt =) (-1)'D'o a;,

=0

where o means that, in this formula, a; is the operator of multiplication

by a;. By L; we denote
k

Lt = Z(ai)t D’L

1.1.3 Differential algebra

We denote by F a differential field. For our main considerations one
can assume that elements of F are rational functions of a finite number
of independent variables u;. However, very often we find some functions
solving overdetermined systems of PDEs. In such a case we have to extend
the basic field F. We will avoid any formal description of such extensions
hoping that in any particular case it will be clear what we really need from

F.
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The principle derivation

oo

w DN, D
D < aIJF;WHM, (1.1)

generates all independent variables u; starting from ug = w.
When we speak of solutions (or common solutions) of ODEs and PDEs,
we mean local solutions with generic initial date.

1.1.4 Algebra

We denote by A(o) an N-dimensional algebra A over C with an operation
o. A basis of A is denoted by eq,...,ey, and corresponding structural
constants by C; K

_ .
ejoey = Cjk e;.

In what follows we assume that the summation is carried out over repeated
indices. We will use the following notation:

As(X,)Y,Z) = (X oY)oZ - Xo(YoZ), (1.2)
(X,Y,Z] = As(X,Y, Z) — As(Y, X, Z).

By G and A we usually denote a Lie and an associative algebra,
respectively.
The algebra of Laurent series of the form

oo
S:Zci/\i, c; € C, newz

i=—n

is denoted by C(())), for the subalgebra of Taylor series we use C[[\]] and
C[A] stands for polynomials in A\. By S} and S_ we denote

. —1
S, = Zci)\i, and S_ = Z N,
i=0 i=—n

respectively. We use a similar notation for the commutative and non-
commutative Laurent series with coefficients from Lie and associative
algebras.

1.2 Lax pairs

The modern theory of integrable systems was inspired by the discovery of
the inverse transform method [54], [1, Chapter 1]. The main ingredient
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of this method is a Lax representation for a differential equation under
investigation.

A Lax representation for a given differential equation is a relation of the
form

Ly =[A, L, (14)

where L and A are some operators, which is equivalent to the differential
equation. To apply the technique of the inverse scattering method the
operators L and A should depend on an additional (complex) parameter

A
ODE case
A Lax representation for a differential equation

1 N)

u; = F(u), u=(u,...,u), (1.5)

is a relation of the form (1.4), where L = L(u,\), A = A(u, \) are some
matrices.

Lemma 1.1. i) If L1 and Lo satisfy (1.4), then L = L1Ls
satisfies (1.4);

i) L = L" satisfies (1.4) for any n € N;
iit) tr L™ is an integral of motion for (1.5);

iv) the coefficients of the characteristic polynomial Det (L — pl) are
integrals of motion.

Proof. Ttem i). We have
Ly = (L1)tLo + L1(Lo): = [A, L1]La + L1[A, Lo] = AL — L A.

Item ii) follows from Item i). Item iii): if we apply the trace functional to
both sides of the identity (L™); = [A, L™], we get (tr L™); = 0. Item iv)
follows from Item ii) and from the formula

Det(L — pul) = exp (tr (log (L — p1))).

Ezample 1.1. [46] Let U(¢) be an m X m-matrix,

U2

B

where a = diag(ay, ..., an). Then (1.4) is equivalent to the ODE

L=a\+U, A=

U, = [U? q]. (1.6)
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If
0 U1 U2 as 0 0
U= —uq 0 U3 , a= 0 ay O ,
—Ug —Uus 0 0 0 a1

where a; are arbitrary parameters, then (1.6) is equivalent to the Euler

top

(u1)¢ = (az—az)ugus, (u2)s = (a1—az)uius, (u3)¢ = (a2—a1)uius.
The characteristic polynomial Det (L — 1) is given by

(1 — a1 ) (1 — a2 ) (1 — az)) + (ui +uj +u3)p + (aruf + azuj + azui) .

The coefficients of the monomials in A and p provide two non-trivial first
integrals for the Euler top. The corresponding characteristic curve

Det (L — p1) = 0
is elliptic. The eigenfunction W(A, u,t) satisfying
LU = p (1.7)

defines a vector bundle over this curve. The dependence ¥ on ¢ is described
by the linear equation

U, = AV (1.8)
Using (1.7) and (1.8), one can construct ¥(¢) and after that find the
corresponding solution U(t).

The assumption that L and A in (1.4) are functions of ¢t and A with
values in a finite-dimensional Lie algebra G is a remarkable specification
in the case of generic matrices L and A, which reduces the number of
unknown functions in the corresponding non-linear system of ODEs.

Remark 1.1. We may assume also that in (1.4) the A-operator belongs
to G while L belongs to a module over G (see, for example, [28]).

Lax pairs for evolution PDEs
Ezample 1.2. The Lax pair (1.4) for the KdV equation
Up = Ugpe + 6 U Uy (1.9)
found by P. Lax in [43] is given by
a4
dx’
In contrast with Example 1.1, here L and A are differential operators. The
relations (1.7), (1.8) allow to construct ¥(z,t) by the inverse scattering

method and, as a result, to find the corresponding solution u(z,t) for the
KdV equation.

L=D%+u+), A = 4D? + 6uD + 3uy, D=
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Ezample 1.3. The Lax representation for the nonlinear Schrodinger (NLS)
equation written as a system of two equations

Up = —Ugy + 2030, V= Upy — 20320 (1.10)

has been found by V. Zakharov and A. Shabat [88]. The Lax L-operator

is defined by
1 0 0 u
r=psa(y )+ (0 0)-

The operator A is a polynomial in A\ with matrix coefficients which depend
ON U, VU, Ugy Vs Uy Vs - - - (S€€ Section 2.2).

In this example the L-operator has the form L = D — B, where B is
a matrix depending on unknown functions and the spectral parameter A.
For this special case equation (1.4) can be written as

A, — B, = |A, B]. (1.11)

Relation (1.11) is called a zero-curvature representation.

In contrast with the ODE case (see Remark 1.1) we may additionally
assume only that A and B in (1.11) are functions of z, ¢, A with values in
a finite-dimensional Lie algebra G. In the NLS case we have G = sl5.

1.3 Hamiltonian structures

Let y1,...,ym be coordinate functions. Any Poisson bracket between
functions f(y1,...,ym) and g(y1,...,ym) is given by
af 9g

fag = H,'yv"'aym a  a 1.12

U gy ; o )3%3% (12

where P, ; = {y;,y;}. The functions P;; are not arbitrary since by

definition
{f,9} =g f}, (1.13)
gt iy +{{g.ht f1+ {{h f1 gt =0. (1.14)

Formula (1.12) can be rewritten as

{f, g} = (grad f, H(grad g)), (1.15)

where H = {P; ;} and (-,-) is the standard scalar product. H is called a
Hamiltonian operator or a Poisson tensor.

Definition 1.1. The Poisson bracket is called degenerate if Det H = 0.
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The Hamiltonian dynamics is defined by

dy; .
d‘z ={H,yi}, i=1,....m, (1.16)

where H is a Hamiltonian function. If {K, H} = 0, then K is an integral
of motion for the dynamical system. In this case the dynamical system

dy;
dr

= {Kv yi}

is an infinitesimal symmetry for (1.16) [60].
If {J, f} =0 for any f, then J is called a Casimir function of the
Poisson bracket. The Casimir functions exist iff the bracket is degenerate.
For the symplectic manifold the coordinates are denoted by ¢; and p;,
1=1,...N. The standard constant Poisson bracket is given by

{pi,p;} = {4, 4} =0, {pi,q;} = dij, (1.17)

where § is the Kronecker symbol. The corresponding dynamical system
has the usual Hamiltonian form

dpi  OH  dg; OH

dt 8¢’ dt — Op;’

For linear Poisson brackets we have

Pz]:Zbek, iujvk:].,...,N.
k

It is well-known that this formula defines a Poisson bracket iff bfj are
structure constants of a Lie algebra. Very often the title of this Lie algebra
is also used for the corresponding linear Poisson bracket.

For the spinning top-like systems [6, 4] the Hamiltonian structure is
defined by linear Poisson brackets.

Ezample 1.4. For the models of rigid body dynamics [6] the Poisson bracket
is given by

{M;, My} = eiji My, {M;, 75} = €iji Yrs {vi, 73t =0.

Here M; and ; are components of 3-dimensional vectors M and T, €1
is the totally skew-symmetric tensor. The corresponding Lie algebra e(3)
is the Lie algebra of the group of motions in R3. This bracket has two
Casimir functions

Ji = (M, T), Jo = |T%
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The class of quadratic Poisson brackets
{wi, 25} =Y Py, dj=1,...,N, (1.18)
p.q

is of a great importance for the modern mathematical physics.

As for evolution PDEs of the form
_ O'u
= o
the Poisson brackets are also defined by formula (1.15). However, we
should take the variational derivative instead of the gradient. Furthermore,
the Hamiltonian operator H is not a matrix but a differential (or even
pseudo-differential) operator.

(1.19)

U = F(Uy Ug, Uz -+, U ), u;

1.4 Bi-Hamiltonian formalism
Definition 1.2. [44] Two Poisson brackets {-,-}1 and {-,-}2 are said to be

compatible if
foh= b H AL )
is a Poisson bracket for any .
General results on the structure of the Hamiltonian pencil {-, -}, can be

found in [45, 24]. In particular, if the bracket {-, -}, is degenerate, then a
set of commuting integrals can be constructed as follows.

Theorem 1.1. [44] Let
C()\) :CO+)\01+>\202+"'

be a Casimir function for the bracket {-,-}». Then the coefficients C;
commute with each other with respect to both brackets {-,-}1 and {-,}2.

It follows from Theorem 1.1 that
{Cri1,y}1 = —{Cr, y}2

for any function y and any k. Let us take C11 for a Hamiltonian H. Then
the dynamical system (1.16) can be written in two different ways:
dy;

o {Cri1,9it1 = —{Chk, Yi Jo-

All functions C; are integrals of motion for this system.

We see that the same dynamical system can be represented in
two different Hamiltonian forms, with different compatible Hamiltonian
structures and different Hamiltonians Cj41 and —C). In this case we say
that this system possesses a bi-Hamiltonian representation [44].

The spinning top-like systems usually are bi-Hamiltonian with respect
to two compatible linear Poisson brackets. The corresponding algebraic
object is a pair of compatible Lie algebras (see Section 3.2).
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1.4.1 Shift argument method

Here is a standard way of constructing compatible Poisson brackets.

Let a = (a1,...,an) be a constant vector. Then any linear Poisson
bracket produces a constant bracket compatible with the initial linear one
by the transformation x; — z; + Aa; (see [46, 52]).

Consider now quadratic Poisson brackets (1.18). The shift z; — x; + Aa;
leads to a Poisson bracket of the form {-, -}y = {-,-}+A{-, - }1 + A2{:, - }o2. If
the coefficient of A? equals zero, then this formula defines a linear Poisson
bracket {-,-}1 compatible with (1.18).

Thus, in the case of quadratic brackets the shift vector a = (a1, ...,an)
is not arbitrary. Its components have to satisfy the overdetermined system
of algebraic equations

Y ortfaya, =0,  ij=1,...,N. (1.20)
p,q

Such a vector a is called admissible. The admissible vectors are nothing
but 0-dimensional symplectic leafs for the Poisson bracket (1.18).

Any p-dimensional vector space of admissible vectors generates p
pairwise compatible linear Poisson brackets. Each of them is compatible
with the initial quadratic bracket (1.18).

Many interesting integrable models can be obtained [38, 56, 74] by the
shift argument method from the elliptic quadratic Poisson brackets [20].

Theorem 1.2. For the quadratic Poisson bracket qyn2 gmn—1(7) (for the
definition of these brackets see [20] ), the set of admissible vectors is a union
of n? components which are m-dimensional vector spaces. The space of
generators of the algebra is the direct sum of these spaces.

Open problem 1.1. Find integrable systems generated by the shift
argument method from the elliptic Poisson brackets ¢mn2, kmn—1(T) -

1.4.2 Bi-Hamiltonian form for KdV equation

Most of known integrable equations (1.19) can be written in a Hamiltonian

form 5
_ op
ur =*H (5u) ’

where H is a Hamiltonian operator. The corresponding Poisson bracket is
given by
of dg
= =Hl= 1.21
{£.9y=5.1(52). (1.21)
where

0
p—— — k k -
ou Xk:( 1)"D%o ouy,
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is the Euler operator or the variational derivative.

Definition 1.3. Two functions pi,ps are called equivalent p; ~ po if
p1— pP2 € Im D.

Remark 1.2. For functions u(x) which are rapidly decreasing at x —
+o00, two equivalent polynomial conserved densities p1 and ps with zero
constant terms define the same functional

+oo
/ plu, Uy, ... ) de.

— 00
Proposition 1.1. Ifa € Im D, then
da
=0
ou
and therefore the variational derivative is well defined on the equivalent
classes.

By definition the Poisson bracket (1.21) is defined on the vector space
of equivalence classes and satisfies (1.13), (1.14). The finite-dimensional
bracket (1.12) satisfies also the Leibniz rule

{figh} ={f, gy h+g{f, h}.

For brackets (1.21) the Leibniz rule has no sense since the product of
equivalence classes is not defined.

We don’t discuss here the bi-Hamiltonian formalism for evolution
equations of the form (1.19) in general.  Notice only that KdV
equation (1.9) is a bi-Hamiltonian system [44]. Two compatible Poisson
brackets are given by the formula (1.21), where the Hamiltonian operators
H,; are differential ones:

M, =D, Ho = D3 + 4uD + 2u,.

Notice that H; can be obtained from Hs by the argument shift u — u+ A.
The KdV equation can be written in the bi-Hamiltonian form:

(5p1 (Spg
= 7—[ —_— = H -,
H Y5u 2 5u
where
ui 3 u?
P1L = ——7 +u ) P2 = ——



Chapter 2

Factorization of Lie
algebras and Lax pairs

In this chapter we discuss different types of Lax representations for
integrable PDEs and some constructions that allow one to find higher
symmetries and conservation laws using Lax pairs. For Hamiltonian
structures related to Lax operators see, for example, the books [18, 63]
and the original papers [12, 41].

2.1 Scalar Lax pairs for evolution equations

In this section the Lax L-operators are linear differential operators or
ratios of linear differential operators. The corresponding A-operators are
constructed by the use of formal non-commutative “pseudo-differential”
series.

For our purporses the language of differential algebra [36] is the most
adequate one.

Consider evolution equations of the form (1.19). Suppose that the right
hand side of (1.19) as well as other functions in u,u,, uyy, ... belong to a
differential field /. For main considerations one can assume that elements
of F are rational functions of finite number of independent variables

B d'u
T oxt’

In order to integrate a function with respect to one of its arguments or to
take one of its roots, we sometimes have to extend the basic field F. that
in any particular case it is clear (to the reader) how to construct them.
As usual in differential algebra, we have a principle derivation (1.1),
which generates all independent variables u; starting from uy = w. This

Uy

15
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derivation is a formalization of the total z-derivative, which acts on
functions of the form g(z,u(z), 9, ...).

The variable ¢ in the local algebraic theory of evolution equations plays
the role of a parameter.

A higher (or generalized) infinitesimal symmetry (or a commuting flow)

for (1.19) is an evolution equation
Ur = G(Uy Uy, Uggy -« -y Umn), m>1 (2.1)

which is compatible with (1.19). Compatibility means that
0o0u 0 Ou

ator  or ot
where the partial derivatives are calculated in virtue of (1.19) and (2.1).
In other words, for any initial value ug(z) there exists a common solution

u(z,t,7) of equations (1.19) and (2.1) such that u(z,0,0) = ug(z).

Example 2.1. The simplest higher symmetry for the Korteweg—de Vries
equation (1.9) has the following form

ur = us + 10uus + 20ujus + 30uu;. (2.2)

The infinite-dimensional vector field

0 0 9 0

Dp = FauO +D(F)8u1 + D*(F) 0y + (2.3)
is associated with evolution equation (1.19). This vector field commutes
with D. We shall call vector fields of the form (2.3) evolutionary. The
function F' is called generator of that evolutionary vector field. Sometimes
we will call (2.3) total ¢-derivative with respect to (1.19) and denote it by
D;. The set of all evolutionary vector fields form a Lie algebra over C:
[Dg, D) = Dk, where

K = Dg(H) — Dy(G) = H.(G) — G+(H). (2.4)

Here and in the sequel we use the following notation:

Definition 2.1. For any element a € F the Fréchet derivative a, is a linear
differential operator defined by

def da
. = —D".
‘ zk:auk

We defined a generalized symmetry of equation (1.19) as an evolution
equation (2.1) that is compatible with (1.19). By definition, the
compatibility means that [Dp, Dg] = 0. It can also be written in the
form

G.(F) — F.(G) = D(G) — F\.(G) = 0.
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Formula (2.4) defines a Lie bracket on our differential field F. The
integrable hierarchy is nothing but an infinite-dimensional commutative
subalgebra of this Lie algebra.

A local conservation law for equation (1.19) is a pair of functions
p(u, Uy, ...) and o(u,u,, ...) such that

Dt(p(u,uw,...,up)) = D(a(u,uw,...,uq)) (2.5)

for any solution u(z,t) of equation (1.19). The functions p and o are
called density and fluz of the conservation law (2.5). It is easy to see that
g =p+n—1, where n is the order of equation (1.19).

Ezxample 2.2. Functions

pr=u, pp=u’,  p3=-—ul+2u’

are conserved densities of the Korteweg—de Vries equation (1.9). Indeed,
D, (u) - D(u2 + 3u2>,
Dy (uz) = D(Zuum — ui + 4u3>,
Dt< — ui + 2u3) = D(9u4 + 6ulug, + uim — 12uui — 2uzu;3).

For solitonic type solutions u(z,t) of (1.19), which are decreasing at
x — too, it follows from (2.5) that

+oo
%/ pdr = 0.

This justifies the name conserved density for the function p. Analogously,
if u is a function periodic in space with period L, then the value of the
functional I(u) = fOL pdz does not depend on time and therefore it is a
constant of motion.

Suppose that functions p and o satisfy (2.5). Then for any function
s(, Uy, . ..) the functions p = p+ D(s) and ¢ = o + Dy(s) satisfy (2.5) as
well. We call the conserved densities p and p equivalent. It is clear that
equivalent densities define the same functional.

2.1.1 Pseudo-differential series

Consider a skew field of (non-commutative) formal series of the form

S =8 D" +8m 1 D" b b sgts D b s oD 24 s € F.
(2.6)
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The number m € Z is called the order of S and is denoted by ord S. If
s; = 0 for i < 0 that S is called a differential operator.
The product of two formal series is defined by the formula

D¥ o sD™ = sD™k L CLD(s) DM~ 4 C2D?(s)DF M2 ...
where k,m € Z and CJ is the binomial coefficient
nn—1)n-2)---(n—j+1)

J!

Remark 2.1. For any series S and T we have ord(SoT —T o §) <
ordS +ordT — 1.

Ci =

, n € Z.

The formally conjugated formal series ST is defined as
St = (=1)"D™0 8+ (—=1)""'D" o5,y 14 450—D os 1+D Fos gt .
Erample 2.3. Let
R=uD?+u D, S = —u D3, T =uD""
then
Rt =D?cu—Dou =R,
ST = D?owuy = u; D? + 3usD? + 3usD + uy,
Tt =—-D'w=—-uD"'4+uy D2 —uD3+....
For any series (2.6) one can uniquely find the inverse series
T=t_ D ™+t D™ 4. tr € F

such that SoT =T oS = 1. Indeed, multiplying S and T and equating
the result to 1, we find that s;,t_,, = 1, i. e., t_,, = 1/s,,,. Comparing
the coefficients of D1, we get

MSm D(t—m) + Smt_m—1+ Sm—-1t_m =0

and therefore

_ 1
o1 = —Sm2 LR mD(—) , etc.
52, Sm

Furthermore, we can find the m-th root of the series 5, i. e., a series
R=rD+ry+ ’/‘_1D71 =+ T_2D72 =+

such that R™ = S. This root is unique up to any number factor ¢ such
that €™ = 1.
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Ezample 2.4. Let S = D? + u. Assuming
R=rD+ro+r D' 4+r oD 2 4.,
we compute
R® = RoR = ri D’ +(r1D(r1)+r1r0+70m1 ) D471 D(ro) 41 +717 1471714+ - -

and compare the result with S. From the coefficients of D? we find r¥ = 1
or rp = +1. Let r; = 1. Comparing coeflicients of D, we get 2rg =0, i. e.,
ro = 0. From D° we obtain 2r_; = u, terms of D~! r_5 = —uy/4, etc.,
i. e.

R=8§Y2=D+-D =D 4 ...

Definition 2.2. The residue of a formal series (2.6) by definition is the
coefficient of D71

res (S) = S_1.
The logarithmic residue of S is defined as

reslog S def Sn-t

We will use the following important
Theorem 2.1. [2] For any two formal series S, T the residue of the
commutator belongs to Im D:

res[S, T| = D(o(S, T)),

where
i+j+1>0 i+j
i+j5+1 : i+7—
(S, T) = 3 CHHITL S (<1)FDE(s,) D ().
i<ord(T), j<ord(S) k=0

2.1.2 Korteweg—de Vries hierarchy
For the KdV equation (1.9) the Lax pair is defined by

L= D?+u, A=4 (D3 + guD + %ux> (2.7)
Using these L and A operators, we are going to demonstrate how a scalar
differential Lax pair generates higher symmetries, conservation laws and
explicit solutions of the solitonic type.

One can easily verify that the commutator [A, L] is equal to the right
hand side of (1.9). Since L¢ = u; the relation (1.4) is equivalent to (1.9).
In particular, the commutator [A, L] does not contain any powers of D,
i. e., it is a differential operator of zero order.
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Problem 2.1. How to describe all differential operators

n—1
P,=D"+Y pD'
=0

such that [P, L] is a differential operator of zero order?

It is clear that for such an operator P, the relation L; = [P,, L] is
equivalent to an evolution equation of the form (1.19).

Definition 2.3. For any series
k
P= Y np
1=—00

we denote

k —1
Pp=> pD', P.= > pD.
=0 A

1=—00

Remark 2.2. We consider a vector space decomposition of the associative
algebra of all pseudo-differential series into a direct sum of the subalgebra
of differential operators and the subalgebra of series of negative orders.
The subscripts + and — symbolize the projections onto these subalgebras.

Lemma 2.1. Let P be a formal series such that [L, P] = 0; then
[Py, L] = f, ferF. (2.8)
Proof. Since [L, Py + P_] = 0, we have
[Py, L] = —[P-, L].

The left hand side of this identity is a differential operator while according
to Remark 2.1 the order of the right hand side is not positive. O

Lemma 2.2. The following relation holds:
[L, L?] = 0.

Proof. Let .
[L, L3] = oDP + -

Then (see Example 2.4) we have

and therefore s = 0. O
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Corollary 2.1. It follows from Lemmas 2.1 and 2.2 that for anyn € Z
the differential operator P = L3 satisfies the relation

P, Ll=fp, freF (2.9)
for some fp. If n is even, then fp = 0.

It is clear that the set of all differential operators that satisfy (2.9) is a
vector space over C.

Lemma 2.3. The differential operators L_%, n € Zy, form a basis of this
vector space.

Proof. Suppose that P = oDP 4+ ... satisfies (2.9). Equating the
coefficients of DP*! we get D(0) = 0 and therefore 0 = const. Since

b
the operator oL? has the same leading coefficient as P, the operator

pal
P —oL3 has strictly lower order than P. The induction over p completes
the proof. O

Let "
(L7, L] = fn.

For even n we have f, = 0 and the evolution equation u; = f, that is
equivalent to

Li=L%, I] (2.10)

is trivial. Denote

Ay =1L,2

It can be easily verified that A = 4A4;, where A is defined by (2.7). The
evolution equation corresponding to n = 0 is just us = u,.

Theorem 2.2. For any n,m € N the evolution equations u, = fo,+1 and
Ut = foni1 are compatible!.

Proof. Let us rewrite these equations in the Lax form:
Ly = [A,, L], L, =[A,, L].
We have
(L)r = (L) = [(An)es L] = [(Am)ts L+ [Ans [Ams L] = [Am, [Ans L]
Due to the Jacobi identity it suffices to prove that

(An)r — (Am)e + [Anv Am] = 0.

1In other words, the first equation is a higher symmetry for the second one and vice
versa
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Since (LP); = [An, LP] and (LP), = [As,, LP] for any p, we get
2m+1

(An)r = ([Am L) L (Ao = ([40.2757)

Therefore, we need to verify that
(A, 557 = [An, L5575+ [An, A]) =0,
+

Substituting
A, = L7 — (L%)

and 2m+41 2m+41
An=L"2 — (LT)

to the latter identity, we obtain

(7)) ] -

+

which is obviously true. O

Corollary 2.2. Any two evolution equations defined by (1.4) with different
A-operators of the form

A:ZCiL+2 , CiE(C,

i>0
are compatible.

This infinite-dimensional vector space of compatible evolution equations
is called the KdV hierarchy [22]. Any two equations of the hierarchy are
higher symmetries for each other.

Thus, the symmetries of the KdV equation are generated by the same
L-operator but by different A-operators.

Recursion operator for KdV equation

Now we are going to find [35, Section 2A] a recursion relation between
font1 and fo,q3. A similar method was applied for the first time in [75]
to find a recursion operator for the Krichever-Novikov equation.

. 2n+3 2n+1
Since L™z = LL =z , we have

2n+41 2n+1
2

Apr=(LL > ) =L(L 727 )4+ (L(L727)-)4,

or
An+1 = LAn + Rna
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where R,, = a,D + b, is a differential operator of first order. Hence
fonts = [Any1, L] = Lo fony1 + Ry, L]

Now if we equate to zero coefficients of D?, D and D° in the above
equation, we obtain

1 3
ap = §D 1(f2n+1)a bn == 1f2n+1

and . )
fongs = (ZD2 +u+ iumel) font1,

which gives the standard recursion operator

1 1
R=-D?*+u+ -u,D! (2.11)
4 2
for the KdV equation
1

3
The factor 1/4 appears due to the fact that we take for A-operator L3

instead of 4L_%. Of course, this coefficient can be removed by the scaling
t—4t.

As it was shown in [35] this method for finding a recursion operator can
be generalized to Lax pairs of different type.

FEzercise 2.1. Check that the recursion operator (2.11) satisfies the
operator identity
Rt = [F*7 R]u

where )
Fo=7 (D® + 6uD + 6uy)

is the Frechét derivative of the right hand side of the KAV equation (2.12).

Ezercise 2.2. (see [35, Appendix A]) Find the recursion operator for the
Boussinesq system

1
Up = Vg, vy = —g(uwm—i—Suuac).
A Lax pair for this system is given by

L=D%+2uD+u,+v, A= (L’) .
+
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Conservation laws

Proposition 2.1. For any n € N the function

2n—1

pn =res (L7 ), (2.13)
where L is defined by (2.7), is a conserved density for the KdV equation.

Proof. Tt is easy to prove (cf. Lemma 1.1) that

2n—1 2n—1

(L7=)e = [A, (L727)).

Finding residue of both sides of this identity and taking into account
Theorem 2.1, we arrive at the statement of the proposition. O

It can be verified that formula (2.13) with n = 1,2, 3 produces conserved
densities equivalent to the ones presented in Example 2.2.

Darboux transformation

The Darboux transformation for the KdV equation is defined by the
following relation
L=TLT™!, (2.14)

where
T=D"+a, D" '+ +ag

is a differential operator. In the generic case L is a pseudo-differential
series, but for special T" this series could be a differential operator of the
form L = D? + @. In this case we have

(D" +a, 1 D" - dag)(D*4u) = (D*+a)(D"4a,_ 1 D"+ -+ag).

(2.15)
Comparing the coefficients of D™, we get
. 0
uU=1u-— Z%an_l.

This formula allows us to construct a new solution % of the KdV equation
starting from a given solution w.
It follows from (2.15) that

L(KerT) C KerT. (2.16)
The existence of the Euclidean algorithm in the ring of differential

operators [61] guarantees that (2.16) is a sufficient condition for L to be a
differential operator.
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Suppose that the Jordan form of the operator L acting on the finite-
dimensional space KerT is diagonal. Then a basis of KerT is given by
some functions ¥q,...,W¥,,, such that

0? 9
If the functions ¥4, ..., ¥, are fixed, then, up to a left factor, the equation
T(Y) =0 is given by the formula
W(¥yq,...,9,,Y)=0,

where W is the Wronskian. This implies

0
an—1 = —glogW(\Ill, LU,

and therefore the Darboux transformation has the following form:

_ 0?
u:u+2ﬁlogW(\I/1,...,\I'n). (2.18)
As usual, the t-dynamics of ¥; is defined by the A-operator:
0 3 3 0 3
—(U,) = A;) = — U, + —u—(¥;) + —-u, ;. 2.1
815( i) (%) Ox3 Z+2u8x( Z)+4uw ! (2.19)

Theorem 2.3. Let u(x,t) be any solution of the KdV equation (2.12). If
functions U; satisfy (2.17) and (2.19), then the function 4(x,t) defined by
(2.18) satisfies the KAV equation.

Proof. The Lax equation (1.4) can be rewritten in the commutator form
[% —A, L] = 0. This implies [%—A, L] = 0, where the differential operator
L is defined by (2.14) and

A=TAT ' + 1,771 (2.20)

It suffices to check that the ratio of differential operators TA + T; and T
is a differential operator. This is equivalent to the fact that

TA(Y,) + Ty(¥;) = 0 (2.21)
for any i. We have 0 = (TV;); = T3V, + T(¥;);. Substituting —7'(¥;); for
T:(¥;) into (2.21) and using (2.19), we complete the proof. O

Remark 2.3. The numbers \; from (2.17) are arbitrary parameters in the
solution (2.18).

Exzercise 2.3. Prove that for any Jordan form of the operator L acting on

the finite-dimensional space Ker T the condition

)
(§ - A)KerT C KerT (2.22)

provides the fact that A, defined by (2.20), is a differential operator.
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Solitons and rational solutions for KdV equation

Let us start from the trivial solution u(x,t) = 0 of the KdV equation. In
this case condition (2.16) means that Ker T is any finite-dimensional vector

space V of functions invariant with respect to the differential operator 38—;.
The t-dynamics of V is defined by the condition
( o &

a—ﬁ)ch.

In the generic case, when the Jordan form of the operator 88—;2 is diagonal,
a basis of such a vector space is given by

V;(z,t) = exp () + ci exp (=),

where
n=Nz+ Nt i

1,...,n.

The function )

. 0
= 2@logW(\Ill,...,\Iln)

is called n-soliton solution of the KdV equation.

Example 2.5. If n =1, we have

861 )\%

a(z,t) = (M At 4 e Me—2Tt)2

Example 2.6. The 2-soliton solution for the KdV equation is given by

801 )\% 802)\%

(6771 —+ 0167771 )2 (6772 —+ 626*772)2
cp — e2m cy — €212 ?
A1 — A
c1 + e2m co + e2m
If the vector space V consists of polynomials in z, we get rational

solutions of the KdV equation. In the simplest case dim'V = 1 we have
U, =z and formula (2.18) produces a stationary rational solution

A, t) = (3 - A2)

2.1.3 Gelfand-Dikii hierarchy and generalizations
Let

n—2 m .
L=D"+Y wD', A=Y L}, c¢eC (2.23)
1=0 1=0
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In the same way as in Lemmas 2.1 and 2.3 it can be proved that the Lax
equation (1.4) is equivalent to a system of n — 1 evolution equations for
unknown functions u,_s, ..., ug. Moreover, the systems generated by the
same L-operator and A-operators of the form (2.23) with different m and
¢; are higher symmetries for each other. This infinite set of compatible
evolution systems is called the Gelfand-Dikii hierarchy [23]. If n = 2, we
get the KAV hierarchy described above.

Factorization of L-operator

Relations between factorization of scalar differential Lax operators, Miura-
type transformations and modified KdV-type systems were discussed, for
example, in [77, 21, 12]. We are concerned here with the case of two factors
only.

Consider the following system of the Lax type equations

M, = AN — MB, N; = BN — NA, (2.24)
where

M=D"+wD ' + Y7 2u;Di, N =D*—wD' 45 2w, D,

A=ZZZOCi((MN)*s) : B=(M"1AM),.
+

System (2.24) is related to Lax equation (1.4). Namely, if M and N
satisfy (2.24), then L = M N satisfies (1.4).

Proposition 2.2. Relations (2.24) are equivalent to a system of r +s—1
evolution equations in w,u;, v;.

Reductions in differential L-operators
Let us introduce the following notation:

n—1
Q1(n) d;fDQn-l-l + Z u; DXL 4 pitly,
i=0
n—1
Qa(n) €D + > uiD* + D*u;,
i=0
n—1
Qs(n) E D21 13" w D 4 DP 4 ug D Mg
i=1

We call u,_1, ..., up functional parameters of Q;(n). By definition, we put

dif def

Q:1(0)'= D, @0 =1, Q3(0) = D"
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Notice that the operators Q1 (n) and Q3(n) are skew-symmetric: Q1 (n)™ =
—Q1(n) and Q3(n)t = —Q3(n). The operators Q2(n) are symmetric:
Q2(n)" = Q2(n).

There are deep relations between such operators and classical simple
Lie algebras [12, Section 7]. The algebra B,, corresponds to an operator
of Q1(n)-type, while the algebras C,, and D,, correspond to operators of

types Q2(n) and Q3(n).

Theorem 2.4. (see [12, Section 7], [13]) Suppose the operators M =
Qi(r) and N = Q,(s), where i,j € {1,2,3}, have functional parameters
Up—1,... Uy and Vs_1,...,vq, respectively. Then relations (2.24), where

A= gc (Li)+ B= (M—lAM)+,

L = MN and n = ord L, are equivalent to a system of v + s evolution
equations in Up—_1,...,UQ, Vs—1,---,00-

Here we present several examples [13] with 7+ s < 2, where the operator
A has a minimal possible order. In the corresponding differential equations
we perform some scalings of independent variables and unknown functions
to reduce equations to a simple form. If any different transformations were
applied, then we point out their form up to constants, which can be easily
reconstructed by reader.

Ezample 2.7. In the cases

2)  L=D+u,  A=(13)

+
b)  L=(D*+u)D"', A= (L3 ,
o)  L=(D*+2uD+u,)D', A= (L*) ,
+

d)  L=(D*+2uD+u,)D, A= (L%)

+

we get the KdV equation (1.9).
Ezxample 2.8. The cases

a) L=D+uD'u, A= (L3) 7
+
b)  L=(D+uD'w)D, A= (L)
+
give rise to the modified KdV equation

2
Up = Ugpy + OU U,.
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Ezxample 2.9. The operators

L=(D*+uwD, A= (L%)+
produce the Savada-Kotera equation [66]

Uy = U5 + duug + duqus + 5u2u1.
Example 2.10. In the case

L=D%+2uD+u, A= (L%)+

we obtain the Kaup-Kupershmidt equation [37]
uy = us + 10uug + 25uqus + 20u2u;.
Ezxample 2.11. The system
Up = Vg, Vi = VUgpe + 20V, + VU,
corresponds to
L= D3+ 2uD + u, +vD v, A=1L,.
Ezample 2.12. The operators
L= (D*+uD?+D*u+v)D™',  A=1L,

yield
Ut = Wy, Wi = Wgege + WUy + UWq,

where w = v + v, for some constant o.
Ezxample 2.13. For

L=(D°+uD®+ D +vD+Dv)D"}, A= (L

we obtain
U = —Uggy + Wy — Ulyg, Wi = 2Weze + UWy,

where w = v + Pu,, for some constant /3.
Ezxample 2.14. The operators

L=(D?+2uD+ugu+vD )D, A= (L%)
+
correspond to
Ut = Ugzey + Uy — VU, Uy = —2Uggz — UVg.

Several more examples can be found in [12, 13].
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2.2 Matrix Lax pairs

2.2.1 The NLS hierarchy

The nonlinear Schrédinger equation (NLS equation) has the form Z; =
iZ4e + | Z|? Z. After a (complex) scaling of ¢t and Z the equation can be
written as a system of two equations

Uy = % (urz —2u? U) ’ Ve = % (_vm: + 20 u) ’ (2'25)

where u = Z, v = Z. The Lax representation (1.4) for (2.25) is defined

88] by
1 0 0 u
L:D+(0_4>A+<U O)

(1 0 9 0 u 1/ —uwv  —u,
A_<0 —1>>\+<v 0>>\+2< Vg Uv )

Notice that all matrix coefficients of L and A belong to the Lie algebra
sls.
One can verify that the matrix A obeys the following properties:

a)  The commutator [A, L] does not depend on X;

b) It has the following matrix structure:

[A,L]:(g 3)

It is clear that if these properties hold for a matrix polynomial

A, = Zaﬁ@ a; € 5[2, (226)
i=0
then the Lax equation L; = [A,, L] is equivalent to a system of two

evolution equations for v and v.

Problem 2.2. How to describe all matrix polynomials (2.26) that satisfy
the above two properties?

Formal diagonalization

Theorem 2.5. [12, Section 1|. There exists a unique series

o 0 (651 1 0 (%) i
T‘”(ﬁl 0 >/\+<Bz 0 )v*
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such that
T7LT = Ly,
where

_ 1 0 po 0 pr 0
LO—D+(0 _1>)\+<0 —po>+<0 —/)1)

p2 0L
+(0 pz))\2+

Proof. Equating the coefficients of A\° in LT = T'Lg, we get

G 50 w)l=(8 )= 8)

Hence pg = 0, oy = %u and 5, = f%v. At each step we have a similar
relation of the form

(0 o) (2 ) -(m 0 )

where Py € sl; is a already known matrix. The functions ag, Sk, px—1 are
thus uniquely defined. O

> =

Proposition 2.3. Let
B, = < (1) _01 )Tl A (2.27)
An = (B4, (2.28)
where, by definition,
( i ai)\i> def iai)\i, < i ai)\’) def 21: a; \'.
i=—oc0 " i=0 i=—oc0 _ i=—o00
Then A, satisfies properties a) and b).
Proof. Since [L, B,] = 0, we have
[An, L] = =[(Ba)_, L.
The left hand side is a polynomial in A whereas the right hand side has

the form
0 = L .
(0 5) S

i=—00

A, L] = ( 9(1 I ) (2.29)

Hence
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Proposition 2.4. For any n and m the system of equations

Ur = fm, Ur = Gm,
where f; and g; are defined by (2.29), is a higher symmetry for the system
Ut = frn, V¢ = gn-
The proof is similar to the proof of Theorem 2.2 for the KdV hierarchy.
Ezercise 2.4. Prove the proposition.

The A-operator for the NLS equation is given by (2.28) with n = 2.
Formulas (2.27), (2.28) for arbitrary n define the NLS hierarchy. The next
member of the NLS hierarchy

1 3 1
Uty = _Zumxa: + §vuuz, U = _ivxmz + iuvvx

corresponds to

_ 1 VUy — Wy Ugy — 2020V
Ag = A2A + 4 < Vgp — 20°U  UVp — VU )

The reduction v = u leads to the modified Korteweg-de Vries equation

U *flu +§u2u
t — 4 TTT 2 -

Recursion operator for NLS equation
In this section we follow the paper [35, Section 3A]. Since
Bpny1=ABy,
we have
Apt1=(ABn)4+ = A(Bn)+ + (A (Bn)-)+.

The latter formula shows that
An+1 = )\An + an

where R,, does not depend on A. Substituting this into the Lax equation
Ly ., =[An+1, L], we get

n+1

Lt :)\Ltn +[Rn,L]

n+1

If
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then we find that

1 1 1
bnzifna Cn:_ignv an:§D71 (Ufn+u9n)~

Therefore the recursion operator
R(fn>:<fn+1>’ (f1>:<um>
In In+1 g1 Vg
is given by

R = —3D+uD " uD 1y
o —v D™y %D —vD 'y )

The operator R? gives rise to a recursion operator for the mKdV
equation by the reduction v = u.

2.2.2 (Generalizations

Consider the operator
L =D+ Xa+ q(x,t), (2.30)

where g and a belong to a Lie algebra G and X is the spectral parameter.
The constant element a is supposed to be such that

G = Ker (ad,) ® Im (ad,).

Theorem 2.6. There exist unique series

U o= U AN Hu g N4 u; € Im (ad,),
h = hog+h_q A7t +h_o /\72—|—'~' R h; € Ker (Clda),
such that
ad def 1
e “(L):L—|—[u,L]+§[u,[u,L]]—|—--~:Dx—|—a)\+h.

Let b be a constant element of G such that
[b, Ker (ad,)] = {0}.

Since
[bA", D, 4+ aX+ h] =0,

we have [By , L] = 0, where

By = e % (bA™).
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Then the corresponding A-operator of the form
Apn =bXN" +an 1 N Fag
is defined by the formula
Apn = (Bon)+- (2.31)

For the Lie algebra G = sly and a = diag(1l,—1) we get the NLS
hierarchy.

Ezample 2.15. Let G = gl,,,, the L-operator has the form (2.30), where

_ 1m—1 0 _ 0 u
a@= o 1) 1=\ vt o )

Here u and v are column vectors. In this case

Ker(ada)z{(g 2)} Im(ada)={<fé ‘51>}

where S is an (m — 1) x (m — 1)-matrix, s is a scalar and u; are column
vectors. Following the above diagonalization procedure, we find that the
coefficients of the operator

Aa72 = G,)\2 + 81)\ + S9

are given by

o (0 u oo 1 —uvt  —u,
=\vt o) 279 vl (u,v) )¢

If m = 2 the Lax pair coincides with the Lax pair for the NLS equation
from Section 2.2.1. The corresponding non-linear integrable system is (up
to scalings of ¢,u, v) the vector NLS equation [47]

u; = Uy, + 2(u,v)u, Vi = —Vge — 2(v,u)v. (2.32)

Ezample 2.16. Let G = gl,,,, a = diag(a1,...,am), b = diag (b1,...,bn),
where a; # a; for i # j. The equation corresponding to A; given by (2.31)
is called m-wave equation. It has the form

where Q and P are m x m-matrices whose entries are related by

_ bi—b

aj—ai

Dij Qij-

Solutions of (2.33) that do not depend on z describe the dynamics of
an m-dimensional rigid body [46].
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Relations between scalar to matrix Lax pairs

The Gelfand-Dikii hierarchy (see Section 2.1.3) is defined by a scalar linear
differential operator of order n. Of course, it is not difficult to replace this
operator by a matrix first order differential operator of the form

L=D+A+gq, (2.34)
where
0 0 A 0 0 w
1 0 00 Uy
A=| 0 ., q=]00 us | (2.35)
0 -~ 0 1 0 0.0 - uy

Let us consider operators (2.34), where ¢ is an arbitrary upper-diagonal
matrix. Any gauge transformation £ = NLN !, where N is a function
with values in the group of upper triangular matrices with ones on the
diagonal, preserves the class of such operators. It turns out that the matrix
g defined by (2.35) is one of the possible canonical forms with respect to
this gauge action.

The approach [12, Section 6] based on this observation allows one to
construct an analog of the Gelfand-Dikii hierarchy for any Kac-Moody
algebra G.

Let ey, fi, hi, where ¢ = 0,...,r, be the canonical generators of a Kac-
Moody algebra G with the commutator relations

(his hj] =0, [ei, f5] = 6i5 hiy  [hi, ej] = Asjes,  [hi, fi] = —Aij fi,

where A is the Cartan matrix of the algebra G.

Let us take Y. e; for the element A in (2.34). The potential ¢ depends
on a choice of a vertex ¢, for the Dynkin diagram of G. We consider the
gradation G = @G, such that e,, € Gy, f;n € G_1 and the remaining
canonical generators belong to Gg. It is well-known that G = G is a semi-
simple finite-dimensional Lie algebra. The potential ¢ is a generic element
of the Borel subalgebra B C G generated by f;, h;, where i # m.

If £ is an operator of the form (2.34) and S belongs to the corresponding
nilpotent subalgebra N' C B, then the operator

L =e"5(L)

has the same form (2.34) (with different ¢). This follows from the fact that
N,B] C N, [N,en] ={0}, [N,e] CB.

Any canonical form under these gauge transformations gives rise to a
system of r evolution equations. The systems corresponding to different
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canonical forms are related by invertible polynomial transformations of
unknown functions.

Moreover, any L-operator (2.34) generates a commutative hierarchy of
integrable systems. The corresponding A-operators can be constructed
by a formal diagonalization procedure, which generalizes the construction
from Theorem 2.6.

It was proved in [12] that the systems related to L-operators of the form
(2.34) include the systems from Theorem 2.4.

For further generalizations see [10, 31, 11].

2.3 Decomposition of loop algeras and Lax
pairs

In all classes of Lax representations described above, L-operators are
polynomials in the spectral parameter A\. However, there exist important
examples, where A is a parameter on an elliptic curve or on its
degenerations [69, 87].

An algebraic curve of genus g > 1 appears in the following

Ezample 2.17. [32] Consider the vector equation

3 3
u = (um + §<uz, u;) u) + §<u, Ru)u,, lu| =1, (2.36)
where u = (u',...,u"), R = diag (r1,...,7n), and (-, -) is the standard

scalar product. In the case N = 3 this equation is a higher symmetry of
the famous integrable Landau-Lifshitz equation.

u; =u X u,, +Ruxu, |lu| = 1. (2.37)

Here x stands for the cross product. It is interesting that for N # 3 all
symmetries of equation (2.36) have odd orders. In particular, the equation
has no symmetry of order 2.

Equation (2.36) possesses a Lax representation with

0 Au
LDJr(uTA 0 >, (2.38)

Here
A= diag(Ab)\Qv T 7>\N)

is a matrix defined by

1
2 _

It is clear that

)\%+r1:)\§+7“2:~-~:/\?v+7“1\;.
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For generic \;,; this algebraic curve has genus g = 1 + (N — 3)2¥=2. In
the case N = 3 such a form of the elliptic spectral curve has been used in
[69, 18].

A class of Lax operators related to algebraic curves of genus g > 1 was
introduced in [40, 42].

Factoring subalgebras

If we don’t want to fix a priori the A-dependence in Lax operators, we may
assume that L is a Laurent series in A with coefficients being elements of
a finite-dimensional Lie algebra G.

The Lie algebra G(()\)) of formal series of the form

)):{igz‘)\i | 9:€G, nEZ}

1=—n

is called the (extended) loop algebra over G.
If G is semi-simple, then the formula

(X(\), Y(A))zres(X(A),Y(A)), X, Y(N) €G((\)  (2.39)

defines an invariant non-degenerate bi-linear form on G(())). Here (-,-)
is the non-degenerate invariant Killing form on G, res P stands for the
coefficient of A=! in a (scalar) Laurent series P. The invariance of the
form means that

(la, b], ¢) = —(b, [a, c])

for any a, b, c € G((N)).

If we assume that L and A in Lax equation (1.4) are elements of G(())),
then (1.4) is equivalent to an infinite set of evolution equations. To get
a finite system of PDEs we need some additional assumptions on the
structure of L and A.

The basic ingredient for constructing of Lax pairs in G(())) is a vector
space decomposition (see [7, 70])

G((\) =gl\]eu, (2.40)

where G[[\]] is the subalgebra of all Taylor series and U is a so called
factoring, or complementary, Lie subalgebra. Obviously, the subalgebra
GI[M]] is isotropic with respect to the form (2.39).

Let us denote by 74 and 7_ the projection operators onto U and G[[\]],
respectively.

The following statement is evident:

Lemma 2.4. Let U be a factoring subalgera. Than for any principle part
P= ZZ,_n gi\', where g; € G, there eists a unique element P € U of the

form P =P+ 0O(1).
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Ezxample 2.18. The simplest factoring subalgebra is given by
Ut — {Zgixi | g:€G, ne N}. (2.41)
i=1

This subalgebra is called standard.

Two factoring subalgebras are called equivalent if they are related by a
transformation of the parameter A of the form

A= A+ kA2 + kX +---,  k €C, (2.42)
or by an automorphism of the form

exp (adg, xtgor2+---), g €G. (2.43)

It is clear the (2.42) and (2.43) preserve the subalgebra G[[\]].

Suppose that r-dimensional Lie algebra G is semi-simple. Let ey, ..., e,
be a basis in G. According Lemma 2.4 for any i there exists a unique
element E; € U such that

E; = X +0(1). (2.44)

Proposition 2.5. The elements E; generate U.

Proof. We have to show that for any i,k an element E;; of the form

€;
can be obtained as a commutator of length k of the elements E;, where
j = 1,...,r. The proof is by induction on k. The induction step
follows from the well-known property of the semi-simple Lie algebras:

If we take generic elements of the form (2.44), the Lie subalgebra they
generate will contain Taylor series. All of them should be equal to zero.
This imposes strong restrictions on generators (2.44).

Lemma 2.5. A subalgebra U is factoring iff for any k the dimension dy,
of the vector space Vy, of all elements from U of the form

i G, n<k

1=—n

is the same as for the standard subalgebra (2.41).
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Proof. Let F;j;, where ¢ <r, j <k, be elements of U such that

€;

It is clear that F;; form a basis of V. O

Conjecture 2.1. Let G be a simple Lie algebra not isomorphic to sls.
Then elements E; € G((\)) of the form (2.44) generate a factoring
subalgebra iff the dimension of the vector space spanned by [E;, Ei] and
E; is equal to 2dim G.

When the factoring subalgebra U is isotropic with respect to (2.39), the
description of factoring subalgebras is closely related to a classification of
the Yang-Baxter r-matrices [5]. Without this assumption the problem has
not been deeply considered yet. In Subsection 2.3.1 we solve it for G = so3
[76].

Multiplicands
Definition 2.4. A (scalar) Laurent series

o0
m = Z Ci)\i7 c; €C,

i=—n

is called a multiplicand of U if mU C U. The number n is called the order
of the multiplicand m. If &/ admits a multiplicand m of order n = 1, then
U is called homogeneous.

Let G be a simple Lie algebra. The following construction allows us to
associate an algebraic curve with any factoring subalgebra .

Theorem 2.7. [62] For any factoring subalgebra the following statements
are fulfilled:

i) multiplicands of negative orders do not exist;

it) the complement of the set of all multiplicand orders with respect to
the set of natural numbers is finite.

Tt follows from the statement ii) that any two multiplicands are related
by an algebraic relation. So, the set of all multiplicands is isomorphic to
a coordinate ring of some algebraic curve. Examples are given in Section
2.3.1.

This canonical relation between factoring subalgebras and algebraic
curves allows one to use methods of algebraic geometry for the investigation
of factoring subalgebras.
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2.3.1 Factoring subalgebras for G = so3

In this section we follow the paper [76].
Consider the standard basis

0 1 0 0 0 1 0 0 0
er=| -1 00|, ee=| 0 0 0], es=[0 0 1
0 0 0 -1.0 0 0 -1 0

in s03. Let U be a factoring subalgebra. Define elements E; € U by (2.44).
Automorphisms (2.43) are orthogonal transformations, which are Taylor

series in A. The functions
‘E1|27 |E2‘2v ‘E3|27 (E17 E2)a (Ela E3)7 (E27 E3)a
where

E I;€j, E Yje€; = E TilYi,
% j %

are invariants for the transformations (2.43).

Proposition 2.6. For any factoring subalgebra the following relations

hold:
( [E1, [E2, E3]] ) < [Es, Eq] ) ( E; )
[Es, [E1, E2]] |=A | [E1,E2] | +B | Es |,
[E2, [E3, Eq]] [E2, E3] E;

(2.45)
[E37 [E27 E3” + [Elv [E17 EQH [E37 El] Ej
(E1, [E3, E1]] + [E2, [E2, E3]] | =C | [E1,E2] |+D | Ez |,
[E2, [E1, E2]] + [E3, [E3, Eq]] [E2, E3] E;
where
—u w0 —a f 0
A= U 0 —-v |, B= « 0o - |,
0 —w w 0 -8 7
(2.46)
T v —w € v =B
C=| —v y U , D= —« @
w o —u  z 8 —a 0
are constant matrices. Moreover tr C =tr D = 0 and
1A+ B =0, c1C+cD=0 (247)

for some constants ¢y, co.
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Proof. The coefficients of A2 in the expressions from the left hand side
of (2.45) are equal to zero. Therefore, the expressions should be linear
combinations of

E,, E;, Es [E, E], [E3 E;i], [Eg, E3].

The relations between the coefficients of these linear combinations follow
from Lemma 2.4. O

Remark 2.4. Proposition 2.6 means that ds =9 (see Lemma 2.5).

Ezample 2.19. For the standard factoring subalgebra (2.41) conditions
(2.45) are fulfilled with A =B = C =D = 0. In this case,

E; = — i=1,2,3.

It is clear that the algebra of multiplicands is generated by z = % and

therefore the corresponding algebraic curve is a straight line.

Example 2.20. Suppose that
(E33E1) = —qQ, (E17E2) = _/Ba (E27E3) ="

B3 —[Ei?=¢, [EfP-|Exf =7  |[Ef —[|Esf°=6, (2.48)

where «, 3,7, 0, ¢, T are fixed constants such that e + 7+ 6 = 0. It follows
from (2.48) that we may implement the spectral parameter A by formulas

1—pA2 1—g\2 1—r)\2
A 9 | 2‘ A\ ) | 3| 2\ )

E1| =
where e =p—71, 7=¢q—p, § =r — q. The elements E; of the form

E, =cie;, Ej;=ce; +czes, Ez=cie; +cse +cges, ¢ € C((N),

can be easily reconstructed.

One can verify that such elements E; satisfy (2.45), (2.46) with A =
C = 0 and generate a factoring subalgebra. This factoring subalgebra is
isotropic with respect to the form (2.39).

The expressions X;(A) = |E;| are functions on the elliptic curve

Xi4+p=Xi+q=Xi+r (2.49)

The functions

1 V(I —pA) (1 —gA?)(1 —7)?)
ﬁv Y )\3
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are multiplicands of U of order 2 and 3, respectively. For example, in the
special case a = 8 = v = 0 we have

1—pA2
B VIV
1— 2
E, = 7\/ACIA e, (2.50)
Nigov
E3 = fel’n

and
z Eg = [[Eq, Ez], Eq] + pEo, yEg = [[E2, E3], [Eq, E]]

and so on. The corresponding algebraic curve is elliptic:

v} = (z—p)(z—q)(z—r).

Ezxample 2.21. Let

Buf? = (u—r)(n—q)—u®  [Eof?=(n—r)(p—p)—v%
B3| = (n—aq)(p—p)—w®,  (By, E2) =w(u—7)+uw, (2.51)
(E1, E3) = v(p — q) + uw, (Ez, E3) = u(p —p) + vw,

where y = A7, p,q,r,u,v,w are arbitrary parameters. The elements

E;, i = 1,2,3 satisfy (2.45), (246) withz =p—r,y=q—p, z2=1r—g¢q,
B = D = 0 and generate a factoring subalgebra.
If u=v=w=0, then E; are given by

= — V)

E1 = B\ €1,
E, — (1 - 7“/\)\)(1 _p)‘) es, (2.52)
B, — V(LN =Py

b\ €3 .

At first glance, we deal with the functions

(=) (T =q)) B
X = I X = T X3 =

(1-pN)
)

on the elliptic curve (2.49), but in fact E; depend on the products

Zy = X2X3, Zy = X1 X3, Z3 = X1X,
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only. The corresponding algebraic curve can be written as

Z1Z2 - Z1Z3 o Z2Z3
7 +p= 7 +q= 7 +r
This curve is rational. Indeed, substituting
(q—1)Z22:
Ty = —5—"—F5—
T B-z

into the curve, we get

(Z5 — Z3)* +a*Z5 —b°Z7 = 0,
where a®> = (r — q)(¢—p), b* = (r —p)(q — p). The latter curve admits
the rational parameterization

2, — a(t® + St) 2, — b(t? — St)
t4 4 Kt2 + 52’ td + Kt2 + 52’
where
7 (a2 _b2)2 B a4—b4
o 4a?h? 2422

The algebra of multiplicands of the factoring subalgebra is generated by
T = % For example,
By = [E3, Ep] 4+ pE;.

Ezxample 2.22. Let

E;, = % + v [V, ei] + %[Vv [Vv ei]]’

where
V = vie] + vges + v3es,

v and v; are parameters. The constants in (2.45)— (2.47) are given by

2_ .2 2.2 2_ .2
U =v1V3, U=UV3, W =UV1V2, & =UV]—V;, Y=UV53—0V], 2 =030,
A
2 2,2 2
c1 = —1, Co =V —&-Z, A =vi +v; + vs.

The elements E; generate a factoring subalgebra. The multiplicands of
second and third order are given by

1 A 1 AMr?-3A)
Y N YEewtT o
A A A 4N
FEzercise 2.5. Verify that x and y are related by a degenerate elliptic curve
with canonical form

where
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Theorem 2.8. Any factoring subalgebra for G = so3 is equivalent to one
from Examples 2.19-2.22.

Proof. For a proof see [76]. O

A classification of factoring subalgebras for the semi-simple Lie algebra
G = so4 is important for applications. A class of factoring subalgebras was
constructed in [15].

Open problem 2.1. Describe all factoring subalgebras for G = soy.

2.3.2 Integrable top-like systems

As it was mentioned in Remark 1.1, one may assume that the A-operator
in (1.4) belongs to G while L belongs to a module over G. In this section
we assume that G is semi-simple.

For integrable top-like systems the A-operator in (1.4) belongs to U and
L belongs to the orthogonal complement U+ with respect to the scalar
product (2.39). It follows from its invariance that U+ is a module over .

Exercise 2.6. Prove that U does not contain non-zero Taylor series.

It was shown in [28, Theorem 2.3] that in this case natural Hamiltonian
structures arise.

We say that an L-operator has order k if L € Oy e ARG NUt.
To construct A-operators we generalize the scheme of Sections 2.1.2; 2.2.1.
Namely, we find elements of G((A)) that commute with L and project them
onto U.

For the sake of simplicity we assume that G is embedded into a matrix
algebra. Suppose that B;; = A\'L7 belongs to G(())).

Proposition 2.7. Suppose that L € Oy. Then
i) [7+(Bij), L] € Ok,
it) for anyi,j,p,q the Lax equations
L = [r(Bj;), L]

and
Ly = [m4(Bpq), L]
are infinitesimal symmetries for each other.

Here we denote by 7y the projection operator onto U parallel to G[[A]].

Ezercise 2.7. Prove the proposition (see proof of Theorem 2.2).

A general theory of Lax pairs of such kind and of the corresponding
Hamiltonian structures for any semi-simple Lie algebra G was presented
in [28]. Below we consider the case G = so3.
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2.3.3 soj classical spinning tops

In this section we demonstrate [28, Section 4] that the factoring
subalgebras in sos described in Section 2.3.1 are in one-to-one
correspondence with classical integrable cases for the Kirchhoff problem
of the motion of a rigid body in an ideal fluid [6]. The equations of motion
are given by

ar oH dM oH oH

PRIV o T Mx o T (2.53)

where M = (M7, Ms, M3) is the total angular momentum, I' = (y1,y2,73)
is the gravitational vector, x stands for the cross product,

CLH,(@H oH 3H) 32,@23232)
6M7 8M17({)M278M3 ’ (91‘7 8’}/1’8’72’8’}/3 ’

and the quadratic form H(M,T') is a Hamiltonian.

Structure of the orthogonal complement to U

Proposition 2.8. The orthogonal complement to U can be described as
follows:

i) There exist unique elements R; € UL of the form

R, = % +O(1), i=1,2,3. (2.54)

They generate U+ as a U-module.

it) The following commutator relations hold:

[E1, R4] Ro

[Es,R3] | =A | Rz |,

[EQ, RQ] Rl
[Es, R1] + [E1, R3] Ro
[E1, Ro] + [Eq, Ry] =C Rs ,
[E2, R3] + [E3, Ry] R

where A and C are matrices defined by (2.45), (2.46).

Remark 2.5. Elements R; € s03((\)) of the form (2.54) are determined
by the commutator relations up to a summand of the form S(\) e;, where
S is a scalar Taylor series.
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Open problem 2.2. Prove that for any S(\) the U-module generated by
R;, i =1,2,3 is the orthogonal complement to U with respect to the form

(X(N), YO} p =res POY(X(0), Y(N),  X(0),Y(A) € s05((\))

with a proper scalar Taylor series P.

The simplest option L € O;, A = m(L) corresponds to integrable
models of Euler type. In this case we have

L =MR; + MRy + MsRs, A= ME; + MyEy + MsE3, (2.55)

The Lax pairs for integrable Kirchhoff type systems have the following
form:
L =y [Rs, E2] + 72[R1, Es] + 73[Rz, E1] + miR1 + maRa + msRs,

(2.56)
A=my ()\L) =71E1 +%E2 +3E3,

where m; = M, +c¢;~y; for some constants ¢;. It follows from Proposition 2.8
that L is a generic element of Os. A unique non-trivial higher symmetry
for the corresponding ODE system corresponds to A = 7 (L).

Clebsch integrable case

The factoring subalgebra U from Example 2.20 generated by elements
(2.50) is isotropic and therefore R; = E;, ¢ = 1,2,3. The Lax equation
(1.4), (2.56), where and m; = M, is equivalent to (2.53), where

1
H:_§(M12+M22+M§—(q+r)vf—(p+r)7§—(p+q)v§)~

This coincides with the Clebsch integrable case in the Kirchhoff problem
of the motion of a rigid body in an ideal fluid.
Since the subalgebra U is isotropic, the Lax pair (2.55) gives nothing.

Euler and Steklov-Lyapunov cases

For the factoring subalgebra from Example 2.21 generated by (2.52) we
have

(IT—rA) A —p) X
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The Lax pair (2.55) yields the Euler equation (see also Example 1.1)
M, =M x VM,

where V = diag (p, ¢, 7). This Lax pair differs from the one considered in
Example 1.1.
The Lax equation (1.4), (2.56) is equivalent to (2.53), where

H:—%<M12+M22+M§+(TJrq)leyl+(r+p)M272+(q+p)M3,yg>
- é((r — )i+ (p—r)E + (q—p)Z’yg),

and

ml:Ml'i_r;q'Ylv m2:M2+p;T’Y27 m3=M3+q;p’}/3.

This is just the integrable Steklov—Lyapunov case.

Kirchhoff integrable case

For the factoring subalgebra described in Example 2.22 the elements
; 1
R, = % +v[Vie] = 5[V, [Vie] + (V, V)e, =123

satisfy the commutator relations from Proposition 2.8 and therefore
generate a U-module that does not contain non-zero Taylor series. Any
such module can be used to construct Lax pairs.

Remark 2.6. This module is not U~ (see Remark 2.5).

Ezercise 2.8. Find the system of ODEs that corresponds to Lax pair (2.55).

FEzercise 2.9. Check that the Lax pair (2.56) gives rise to the Kirchhoff
integrable case (see [28]).

Open problem 2.3. Find the elements R; for U+.

2.3.4 Generalization of Euler and Steklov-Lyapunov
cases to the so,-case

The factorizing subalgebra from Example 2.21 can be described by the
formula

U=1+IV)2U* 1+ V)2, (2.57)
where V = dlag (pa q, T),

1 1
(1+)\V)1/2:1+§V)\—§V2>\2+-~-,
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and U is defined by (2.41). According to Lemma 2.5 the formula (2.57),
where V is arbitrary diagonal matrix, defines a factorizing subalgebra for
G = so0,, as well. The orthogonal complement to U is given by

Ut = 1+ IV)"V 2yt (14 AV) 712,

The simplest possibility L € O;, A = m(L) corresponds to
M
L=(14AV)"1/2 ~ (+ V)72

12 M

A=(1+AV)2 = (14 V)2

where M € s0,,. This Lax pair produces the Euler equation on so,,:

M, = [V, M?].
The system of equations
M; = [V, M?] + M, T, ', = VMI - TMV, M,T € so,
possesses the Lax pair
M T
L=(1+AV)"1/2 <A2 - A) (14 AV)~1/2

A=(1+AV)1/2 % (14 V)12,

corresponding to the orbit Os. One can regard this equation as an s0,,-
generalization of the Steklov—Lyapunov top [28].

2.3.5 Factoring subalgebras for Kac-Moody algebras

The Clebsch, Steklov-Lyapunov and Kirchhoff ? cases possess additional
integrals of second degree. To get trickier examples like Kowalevsky top,
one can consider a decomposition problem for Kac-Moody algebras (see
28]).

Let G be a semi-simple Lie algebra and ¢ be an automorphism of G of a
finite order k. Let

Gi={aecG| ¢(a)=c"a} )\, i€Z,

where ¢ is a primitive root of 1 of degree k. In this case, the Lie algebra

o) ={ X w | seg. nez)

1=—nN

2For the Kirchhoff case there exists also an integral of first degree.
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is Z-graded. It is called an (extended) twisted loop algebra or a Kac-Moody
algebra.

Several interesting integrable systems are related to the following Kac-
Moody algebra. Let

G = {A € Mat, ., | Al = —SAS},

1, O
s_(o _1m).

It is clear that the Lie algebra G is isomorphic over C to $0,4,.

Consider the subalgebra A of the loop algebra over G consisting of
Laurent series such that the coefficients of even (respectively, odd) powers
of A belong to G; (respectively, G_1). Here by Gi; we denote the
eigenspaces of the inner second order automorphism ¢ : G — SGS™!,
corresponding to eigenvalues +1. Actually, this means that the coefficients
of even powers of A have the following block structure

V1 O
0 Vo ’

where v € s0,, v2 € $0,,, and the coefficients of odd powers are of the

form

0 w

wt 0 )7
where w € Mat,, »,.

We choose res(A~1tr(X Y)) for the non-degenerate invariant form on .A.
Note that in this case the form res(tr(X Y)) is degenerate.
Let T be the set of all Taylor series from A,

where

U= 1+ x)"2U" (14 Ar)'2,

where U is the set of polynomials in A~! from A and r is arbitrary
constant matrix of the form

r:( 0 Tol ), r1 € Mat,, p,.

t
-]

According to Lemma 2.5, U is a factoring subalgebra and the sum A4 =
T 4+ U is direct. The subalgebra U is a natural generalization of (2.57) to
the case when the structure of coefficients of series from U are defined by
an additional automorphism of second order. The orthogonal complement
to U with respect of the form

(X,Y) =res A\ ltr (XY)
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is given by
Ut = (1 + ) V20501 + ar) V2

The Lax equation L; = [y (L), L] corresponding to
L=04X) "2\ w40+ M) (14 Ar) "2
is equivalent to the following system of equations
wy = [w, wr + rw — v,
vy = [u, w] + vwr — rwv, (2.58)
Uy = UWTr — TWU.

It is easy to see that this system admits the reduction

u = 0 1
“\rtoo )

which leads to the model found in [79]. In the case n = 3,m = 2 under
further reductions we arrive at the Lax representation for the integrable
case in the Kirchhoff problem [71] with the Hamiltonian

H= |||M|2 (uM)+(uxv,Mxr),

where u and v are arbitrary constant vectors such that (u,v) = 0. The
additional integral of motion in this case is of degree four.

2.3.6 Integrable PDEs of the Landau-Lifshitz type

Landau-Lifshitz equations related to sogs

Any factoring subalgebra U for sog yields the following Lax pair

3
d
L=—+U, Z 5%+5§+5§:1,

dx
A=Y "si[B), B+ ) tE;

for an integrable PDE of the Landau-Lifshitz type. In this case the Lax
equation has the form

U, — Ay + U, Al = 0. (2.59)

The Laurent expansion of the left hand side of (2.59) contains terms with
\F where k > —2. If coefficients at A™2 and at A~! vanish, then the left
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hand side of (2.59) identically equals zero. Indeed, the subalgebra U does
not contain any non-zero Taylor series.

To find the corresponding non-linear system of the form s, =
ﬁ(S, Sz,Szz), Where s = (S1,82,83), one can use the following
straightforward computation. Comparing the coefficients of A72, we
express t; in terms of s,s,. Equating the coefficients of A™!, we get an
evolution system for s. Using the symmetry approach to integrability [50]
these systems were found in [49].

A standard way of finding all A-operators of the hierarchy defined by a
given L-operator of the Landau-Lifshitz type based on a diagonalization
procedure (cf. with Theorem 2.6) was proposed in [29]. Here we don’t
discuss it.

Consider the case of Example 2.20. Equating the coefficients of A2 in
(2.59) to zero, we get s, = s X t, where t = (t1,t2,t3). Since s? = 1 we find
t = s, x s+ ps. Comparing the coefficients of A1, we get s; = t, —s x Vs
or

St =Sgz XS+ Uz S+ (S —S X Vs,

where V = diag (p, ¢, ). Since the scalar product (s, s¢) has to be zero,
we find that u = const. The resulting equation coincides with (2.37) up
to the involution ¢ — —t, the additional term of the form consts, and a
change of notation.

The factoring subalgebra from Example 2.21 yields the equation

St =S X Szp + (8, VS)s; +2s X (s x Vs,).
The subalgebra from Example 2.22 corresponds to equation
St =S X Szp+ (8, Zs)s, +28 X (s X Zs,)+cs X Zs,

where

’)"% T172 r1rs
Z= | rmro 13 rorz |, c=v*+
T1Tr3 T2oTrs T%

r% + rg + r§
74 .

In this equation Z is an arbitrary symmetric matrix of rank one and c is
an arbitrary constant.
Perelomov model and vector Landau-Lifshitz equation

Consider a special case n = N,m = 1 of the Kac-Moody algebra from
Section 2.3.5. Let us take

u={ Yoo () men)

i=—n
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for the factoring subalgebra. Here
1 1 R R?
A=V1I-XR=—-"A——X4...,
A A2 8
R = diag(r1,...,rn), A; are skew-symmetric N x N-matrices, and u;

are column vectors. The orthogonal complement to U with respect to the
form res(A~!(X, Y)) has the form

-1
o ATTAATY ATy
1 21 % i
u {_Z:nA < WAl 0 ) neN}. (2.60)
The simplest L-operator

1 (AIVA1 A~1u >

L= A2 ufA~! 0

corresponds to n =1 in (2.60). The Lax equation (1.4) with

_ 1 0 Au AVA ARu
A=mi(A 2L):)\?(utA 0 ) <utRA 0 >

gives rise to Perelomov’s soy generalization
V,=[V:, R]+[ud, R}, w+(VR+RV)u=0

of the Clebsch top system.
For the Landau-Lifshitz equation (2.36) the L-operator is given by (2.38)

and )
_ 0 Au AVA Ay
A‘A?(uTA 0 )*( y'iA 0 >
where the entries of V are given by v; j = u;(u;)s — u;(u;) and

3 1
Y = Uy + (§<ul, u;) + §<u,Ru)> u.

2.3.7 Hyperbolic models of chiral type

A class of factoring subalgebras for G = so04 and their relations with
integrable s04 spinning tops were investigated in [15]. These subalgebras
also generate [26, 16] integrable hyperbolic PDEs of the form

u: = Av x u, vp=Auxv,

where

A= diag(al,ag,ag), A = diag(&l,agjg),
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u, v are three-dimensional s, and the constants a;,a; obey the following
relations.

alal(% - az) + agag(al - ad) + (lgad(az ) =

a1a1(a3 — a3) + agaq(at — a3) + azaz(as — al) 0.
The Cherednik model [8] corresponds to a; = a;, 1,2,3. For the
Golubchik-Sokolov case [26] we have a; = a; ', i= 1, 2, 3.
The case when a1 = as and then a; = a9, a3, as are arbitrary, was found
n [16].
Resume

The description of factoring subalgebras is a fundamental problem of the
theory. Each factoring subalgebra generates several different integrable
PDEs and ODEs.

2.4 Factorization method and non-associative
algebras

Let A be an N-dimensional algebra with a multiplication operation o
defined by the structural constants C7, . We associate to A a top-like ODE-
system of the form

Z 4w U i,j,k=1,.. N. (2.61)

Let eq,...,en be a basis in A and

N
U= E U;€;.
i=1

The system (2.61) can be written in a short form
U, =UoU. (2.62)

The system (2.62) is called the A-top.
Definition 2.5. Algebras with the identity [X,Y,Z] = 0 are called left-
symmetric [84].
Hereinafter we use the notation (1.2) and (1.3).
Definition 2.6. Algebras with the identity
V,X,YoZ]—[V,X,Y]oZ-Yo[V,X,Z] =0. (2.63)

are called SS-algebras [78, 34].
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Remark 2.7. It follows from (2.63) that for any SS-algebra A the
operator
Kyz =[Ly,Lz] — Lyoz + Lzoy

is a derivation of A for any Y, Z. As usual, Lx denotes the operator of
left multiplication by X.

Definition 2.7. An algebra with identities
(X, Y. Z|+[Y,.Z,X]|+[Z,X,Y] =0, (2.64)
and
VolX,Y,Z]=[VoX,Y,Z]+[X,VoV,Z]+[X,Y,VoZ] (265
is called G-algebra [30].

Remark 2.8. Identity (2.64) means that the operation X oY —Y o X is
a Lie bracket.

2.4.1 Factorization method

The factorization method (or, the same, AKS-scheme [39]) is a finite—
dimensional analog of the Riemann-Hilbert problem [89], which can be
used as a basis for the inverse scattering method.

Similarly to Section 2.3, we deal with a vector space decomposition of a
Lie algebra into a direct sum of its subalgebras.

Let G be a finite-dimensional Lie algebra, G4 and G_ be subalgebras in
G such that

G=G,DG_. (2.66)

The simplest example is the Gauss decomposition of the matrix algebra
into the sum of upper and law triangular matrices.

The standard factorization method is used to integrate the following
very special systems of the form (2.61):

X, = [rp(X), X],  X(0) = xq. (2.67)

Here X(t) € G, w4 is the projector onto G parallel to G_. Very often we
denote by X and X_ the projections of X onto G4 and G_, respectively.
For simplicity we assume that G is embedded into a matrix algebra.

Remark 2.9. It follows from Lemma 1.1 that for any k the function tr X*
is an integral of motion for (2.67).

Proposition 2.9. The solution of Cauchy problem (2.67) is given by the

formula
X(t) = A(t)xg A7 (1), (2.68)



Chapter 2. Factorization of Lie algebras and Lax pairs 55

where function A(t) is defined as a solution of the following factorization

problem
A™' B =exp (—x0t), AeGy, BeG_, (2.69)

where Gy and G_ are the Lie groups of Gy and G_, respectively.
Proof. Differentiating (2.68), we obtain
X = Ao A~ — Azg AT A AT = [A,A7Y X
It follows from (2.69) that
—A A AT B+ ATIB, = —20AT1B.
The latter relation is equivalent to
—A AT + BB = — Az AT
Projecting it onto G, we get A; A~! = X, which proves (2.67).

If the groups G4 and G_ are algebraic, then the conditions
AeGy, Aexp(—xzot) € G_

are equivalent to a system of algebraic equations from which (for small ¢)
the matrix A(t) is uniquely determined.

The factorization problem (2.69) can also be reduced to a system of
linear differential equations with variable coefficients for A(t). Define a
linear operator L(t) : G4 — G4 by the formula

L(t)(v) = (explzo ) vexp(—0 ) |

Since L(0) is the identity operator, L(t) is invertible for small ¢.
Proposition 2.10. Let A(t) be the solution of the initial problem

A= AL(t)™ ((x0)+), A(0) = 1.

Define B by the formula B = Aexp(—zot). Then the pair (A, B) is the
solution of the factorization problem (2.69).

Proof. Since A= A; € G, and A(0) = I, we have A € G. It suffices to
verify that B~'B; € G_. We have

B !'B; = exp(zot) A™* (Atexp(—aco t) — Axgexp(—zg t)) =

exp(zq t) (L(t)fl(xo)_,_) exp(—zot) — xp.

Projecting this identity onto G, and using the definition of the operator
L(t), we obtain (B~'By); = 0. O
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2.4.2 Reductions

It follows from (2.68) that if the initial data xo for (2.67) belongs to a
Gi-module M, then X (t) € M for any t. Such a specialization of (2.67)
can be written as

M, = [ (M), M), M e M. (2.70)
Introducing the product
M1 e} M2 = [7T+(M1), MQ], Ml S M, (271)

we equip M with a structure of algebra. The system (2.70) is called M-
reduction and the operation (2.71) is called M-product.

Some classes of modules M correspond to interesting non-associative
algebras defined by (2.71).

Reductions for Zs—graded Lie algebras

Let
G=Go® G (2.72)

be a Zs-graded Lie algebra:
[Go, Go] C Go, [Go,G1] C Gu, [G1,6G1] C Go.

Suppose that we have a decomposition (2.66), where G, = Gy. Let us
consider the Gi-reduction.

Example 2.23. Let Gy = G4, G1 = M, G_, and G be the sets of skew-
symmetric, symmetric, upper-triangular and all matrices, respectively.
Then the formula (2.71) defines the structure of a G-algebra on the set
of symmetric matrices.
It is clear that
G_={m—R(m)|me G}, (2.73)

where R = 7 is the projection onto G, = Gy parallel to G_.

Theorem 2.9. [30] The vector space in (2.73) is a Lie subalgebra in G iff
R : G1 — Gy satisfies the modified Yang-Baxter equation

R([R(X), Y] - [R(Y), X]) CR(X), RY)] - [X,Y] =0, X,Y€Gi.

Remark 2.10. It is important to note that in our case R is an operator
defined on G1 and acting from Gy to Gy, whereas usually (see [68]) R is
assumed to be an operator on G.

Proposition 2.11. If [G1, G1] = {0}, then Gy is a left-symmetric algebra
with respect to the product (2.71).



Chapter 2. Factorization of Lie algebras and Lax pairs 57

Proof. Let X,Y,Z € Gy. Let us verify that
(X,Y, Z] = [[X,Y], Z], (2.74)

where the left hand side is defined by (1.3). According to (2.71), it has the
form

[[X+,Y}+, Z] - [[Y+,X]+, Z} + [Y+7 [X+7ZH - [X+, [Y+7ZH
We have
[[X+7Y]+7 Z]fHY-i-’X]-H Z} = [[X7 Y]+7 Z}f[[X—v Y]+7 Z]+[[X7 Y+}+’ Z] =

[[Xv Y]’ Z] + HX-‘r’Y-‘r]-‘r? Z] = [[Xv Y]v Z] + [[X-‘rvY-‘r]v Z}'

Now (2.74) follows from the Jacobi identity for X, Y., Z. Since [G1, G1] =
{0} the proposition statement is a consequence of (2.74).
0

In the general case we arrive at G-algebras.

Theorem 2.10. i) The vector space G1 is a G-algebra with respect to
the operation (2.71).

it) Any G-algebra can be obtained from a suitable Zo-graded Lie algebra
by the above construction.

Proof. To prove identity (2.64) it suffices to project the Jacobi identity for
X_,Y_,Z_ onto Gy. Rewriting (2.65) in terms of the G-bracket with the
help of (2.74), we see that (2.65) follows from the Jacobi identity for G.

It remains to prove the second part of the theorem. Let G; be a
G-algebra. Define G by formula (2.72), where Gy is the Lie algebra
generated by all operators of left multiplication of G;. Recall that the
left multiplication operator Ly is defined as follows: Lx(Y) = XoY. The
bracket on G is defined by

(A, X),(B,Y)] = ([A, Bl = [Lx, Ly] + Lxoy — Lyox, A(Y) — B(X)).

(2.75)
The skew-symmetry is obvious. One can easily verify that the identities
(2.64), (2.65) are equivalent to the Jacobi identity for (2.75). It follows
from (2.75) that the decomposition (2.72) defines a Zy-gradation. To define
a decomposition (2.66) we take for G_ the set {(—Lx, X)} and Gy for G.
Formula (2.75) implies that G_ is a subalgebra in G. For G4 thus defined,
(2.71) has the form (0,X) o (0,Y) = [(Lx, 0), (0, Y)]. This relation is
fulfilled according to (2.75). O

The part i) of the theorem means that any G-top (2.61) is integrable by
the factorization method.
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Erample 2.24. Putting

a c 0 0o 0 P
G.=<1|d b 0 , G = 0 0 Q¢
0 0 —a-—b» R S 0

we take sl3 for G. Let us choose a complementary subalgebra G_ as follows:

Y+ X +aU X Y- X
G_={|-Z2+2-3)U (1-20)U Z+ (Ba—2)U :
Y X Y - X+ (a—1)U

where « is a parameter.
The operation (2.71) turns the vector space M = G; into a G-algebra.
The corresponding M-top is the following system of differential equations

P, =P? - RP - QS,

Q: = (B —-2)RQ + BPQ,

R, = R — RP — @S,

Sy =B —-pB)RS+ (1 - p)PS,

(2.76)

where 8 = 3a, for the entries of the matrix

0 0 P
M=[0 0 Q
R S 0

From (2.70) it follows that I; = trM? = RP + QS is a first integral for
the system. Other integrals of the form tr M* are trivial. Nevertheless
it is not hard to integrate (2.76) by quadratures. The auxiliary two first
integrals are of the form

P—-R
QS "’
For generic f the integral I3 is a multi-valued function. It shows that

(2.76) is not integrable from the view-point of the Painlevé approach (see
for example, [53]).

I, = Iy = QPS5 P(R?* - RP — Q5S).

2.4.3 Generalized factorization method

Suppose that
G=V1® Vs, (2.77)

where the V; are vector spaces. Let

H= Vi, Vil + [Va, Vil (2.78)
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Here + and — symbolize the projections onto Vi and Vs, respectively.
Assume that V7 and V5 satisfy the following conditions

M, Vi]Cc Vi,  [H, Va] C Vi (2.79)

If V; are subalgebras, then H = {0} and conditions (2.79) are trivial.

It turns out [33] that equation (2.67), where 7 is the projection onto
V1 parallel to V5, can be reduced to solving a system of linear equations
with variable coefficients (cf. Proposition 2.10).

Remark 2.11. If conditions (2.79) hold, then H, Gy = Vi +[V4, V4] and
G_ = Vo + Vo, Vo] are Lie subalgebras in G. Moreover, H =G4 (G-

Theorem 2.11. i) Let G = Go ® Gy be a Zs-graded Lie algebra, such

that [G1, G1] = 0. Given a vector space decomposition (2.77) with

= Go and a vector space Va satisfying conditions (2.79), we equip

Vo with an algebraic structure by formula (2.71). Then Va is a SS-
algebra with respect to the operation o.

it) Any SS-algebra A can be obtained from a suitable Zo-graded Lie
algebra by the above construction

Proof. The first part can be proved in the same manner as the first part of
Theorem 2.10. We explain only how to construct G, G, Vs. for a given S'S-
algebra. We take for G the Lie algebra End A of all linear endomorphisms
of A . The vector space

G=(EndA) A
becomes a Zy-graded Lie algebra if we define the bracket by
(4, %), (B,Y)] = ([A, BJ, A(Y) - B(X)).

It is not difficult to show that (2.63) implies that a) the vector space H
generated by all elements of the form

([Ly, Lz] ~ Lyoz + Lzoy, 0)

is a Lie subalgebra in G, and b) the vector spaces Vo = {(—Lx, X)},
= G4 and the subalgebra H satisfy conditions (2.78) and (2.79).
O

Ezxample 2.25. Let us take

O ¥ ¥ ¥
O ¥ ¥ ¥
O ¥ ¥ ¥
O ¥ ¥ ¥
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for Zs-graded Lie algebra. It is clear that G = Gy & G, where

* % % 0 0 0 0 P
_ * x x 0 _ 0 0 0 @
go_ % % * 0 ) gl_ O 0 0 R
0 0 0 O 0 0 0 O
Let Gy = Gy and
c e a a
G — -X¢ ¢ b b 7
a b ¢ ¢
0 0O 0 O

where A is a parameter. Since G_ is not a subalgebra, we have to find the
vector space H using (2.78). A simple calculation shows that

0 —d 0 0
d 0 0 0
H= 0 0 0 0
0 0 0 0

and that the conditions (2.79) are fulfilled. The corresponding SS-top (up
to a scaling) is given by

P, = 2PR + \QR,
Q, = 2QR — \PR,
R, = P2+ Q%+ R2.



Chapter 3

Algebraic structures in
bi-Hamiltonian approach

3.1 Polynomial forms for elliptic Calogero-
Moser systems

3.1.1 Calogero-Moser Hamiltonians

Consider quantum integrable Hamiltonians of the form
H=-A+U(x1,..,Tpn), where A= — (3.1)

related to simple Lie algebras [59]. For such Hamiltonians the potential U
is a rational, trigonometric or elliptic function.

Observation 3.1. (A.Turbiner). For many of these Hamiltonians there
exists a change of variables and a gauge transformation that bring the
Hamiltonian to a differential operator with polynomial coefficients.

The elliptic Calogero-Moser Hamiltonian is given by

N+1
Hy =-A+B8(B—1) Y pla; — ;). (3.2)
i)
Here 8 is a parameter, and p(z) is the Weierstrass g-function with the
invariants g, g3, i.e., a solution of the ODE /()% = 4p(z)3—gop(x)—g3.
In the coordinates

1 N+1
X:mzxia yi =z — X.

i=1

61
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the operator (3.2) takes the form

HN:*ﬁaiZ +Hn (Y1,92,- YN ),
where
N+1
Hy =- N+1Z N+1Za BlB- 1); oi=s)- (3:3)

In the last term we have to substitute — Zf\il yi for yni1.

In [48] the following transformation (yi,...,yn) — (u1,...,uy) defined
by
o) o) - 9P ) eV ) [ 1
o) ') o oV () 9N V() | [ ue | |1
plun) ©'yv) - 9P n) oWV (yn)) \un 1
(3.4)

was considered. Denote by Dy(yi1,...,yn) the Jacobian of the
transformation (3.4).

_B 53
Conjecture 3.1. The gauge transform Hy — Dy*HNDR and
subsequent change of variables (3.4) bring (3.3) to a differential operator
Pn with polynomial coefficients.

In the case N = 2 the transformation (3.4) coincides with the
transformation
wy = ©'(y2) = ' (1) "y — py) = o(y2)
0(1)e' (y2) — (y2)¢' (1)’ (Y1) (y2) = (y2)¢ (1)’

found in [80]. In addition to explicit form of P,, in this paper a polynomial
form for the elliptic Go-model was found. Polynomial forms for rational
and trigonometric Calogero-Moser Hamiltonians in the case of arbitrary
N were described in [65].

Remark 3.1. Obviously, for any polynomial form P of Hamiltonian (3.1)
1: the contravariant metric g defining by the symbol of P is flat;

2: P can be reduced to a self-adjoint operator by a gauge transformation
P — fPf~1, where f is a function.

Besides evident properties 1,2 we have in mind the following
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Observation 3.2. (A. Turbiner). For all known integrable cases the
polynomial form P preserves some montrivial finite-dimensional vector
space of polynomials.

For Hamiltonians (3.3) the situation can be described as follows.
Consider the differential operators e; ; = F;_1 j_1, where

9 d
L = yiaiij Eoi = 5,7
N (3.5)
0
EOOZ_Zij+B(N+1)7 Eio = yiLoo.
=1 Y
It is easy to verify that they satisfy the commutator relations
€ijerl — ekiij = 0j kel — 0i1€kj, ih,j=1,...,N+1, (3.6)

and, therefore, define representations of the Lie algebra gl ; and of the
universal enveloping algebra U(gly, ;). The latter representation is not
exact.

Conjecture 3.2. The differential operator Py from Conjecture 3.1 can be
written as a linear combination of anti-commutators of the operators E;.

The conjectures 3.1 and 3.2 have been verified in [48] for N = 2,3.
Moreover, differential operators with polynomial coefficients that commute
with P, and with P3 were found. These operators can also be written as
non-commutative polynomials in the F;.

Remark 3.2. If k = —3(N + 1) is a positive integer, then the operators
(3.5) preserve the vector space of all polynomials in y1,...,yn, whose
degrees are not greater than k [65].

3.1.2 Quasi-solvable differential operators

Definition 3.1. A linear differential operator

Q= > a0 0N (3.7)

i1t +in<m

of order m with polynomial coefficients is called quasi-solvable if it
preserves the vector space of all polynomials in yq,...,yn of degree < k
for some k > m.

Theorem 3.1. [72] For any quasi-solvable differential operator (3.7)

deg (ai17~~,i1\r) <m+i11+---+1in.
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Open problem 3.1. Prove that any quasi-solvable operator can be
represented as a (non-commutative) polynomial in the variables (3.5),
where k = —B(N +1).

Remark 3.3. Such a representation is not unique.

ODE case
Consider the case N = 1.

Lemma 3.1. Any quasi-solvable operator P of second order has the
following structure:

d? d
P = (as2" +as2’ +a22’ +a12+ao) @+(b3$3+b2x2+b1$+b0)%+C2$2+CI$+CO7

where the coefficients are related by the following identities
bg :2(1—]€) ayg, Co :k(k—l)a4, Cc1 = k(a3 —kag—bg).

The transformation group GLy acts on the nine-dimensional vector space
of such operators as

S1T + S2

Pl P — (s3z + s4) " P(s32 4 s4)". (3.8)

The coefficient a(x) of the second derivative is a fourth order polynomial,
which transforms as follows

slx—i—sQ)

4
—
a(x) = (832 + s4) a(s;;x v

If a(z) has four distinct roots, we call the operator P elliptic. In the elliptic
case using transformations (3.8), we may reduce a to

a(z) =4z(x —1)(z — k),

where k is the elliptic parameter.
Define parameters nq, ..., n5 by the following identities:

bo = 2(1 + 2ny),

by = —4((,%—1— 1)(n1 + 1) + kng +n3),
by = —2(3 4+ 2n1 + 2ny + 2ng3),

k= —%(nl +ng + ng + n4),

ns = co + n2(l —ng) + kng(1 —n3) + (ng + n3)2 + k(ny + ng)Q.
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Then the operator H = hPh~!, where

h:x%l(x—l)%z(x—ﬁ)%,
has the form
> d(z) d ni(l—n1)k
H =a(x )d 7+ 5 d—+n5+n4(1—n4) A

na(1 —n9)(1 — k) n n3(1 —n3)k(k — 1).

r—1 Tr—K

+

Now after the transformation y = f(x), where

fP=4f(f=1)(f - )
we arrive at

2 _ _ _
H_j2 +ns +n4(1 —ng) f+ m(l fnl)ﬁ + na(l fni)l(l )

n3(1 —ns)k(k — 1)
f—r '
In general here n; are arbitrary parameters.
Another form of this Hamiltonian (up to a constant) is given by

+

2

H = a7 +na(1 —na) p(y) +n1(1 = n1) p(y + wi) + n2(l —n2) p(y + w2)

+n3(1 —n3) p(y + w1 +wa),

where w; are half-periods of the Weierstrass function p(x). If ny = ng =
ns = 0, we get the Lame operator. In general, it is the Darboux-Treibich-
Verdier operator [83].

When

1
k= —§(n1 +ng + ng + ny)

is a natural number, this operator H preserves the finite-dimensional vector
space of elliptic functions, which corresponds to polynomials for the initial
operator P.

Two-dimensional operators

Consider second order differential operators of the form
02 02 0?
P = a(x,y)55 +2b(z,y) 5= +c(z,y) 55
ox 0x0y Jy
(3.9)
+d(z )g +e(x )g—i—f(gc )
Y o 'Y By Y
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with polynomial coefficients. Denote by D(z,y) the determinant
a(z,y)c(z,y) — b(z,y)%. We assume that D # 0.

Lemma 3.2. The operator (3.9) is quasi-solvable iff the coefficients have
the following structure

a=qz" + @’y + q32°y* + 212° + 202%y + z32y” + a12” + azxy + azy’?
+ asr + asy + ae;

b=q2’y + g2’y + gszy® + %(zw?’ + (21 + 25)2°y + (22 + 26)xy” + 23y3>
+ b1a? + byxy + b3y? + byx + bsy + be;

c :q1x2y2 + quy3 + qu4 + z4x2y + z5xy2 + z5y3 + c1x? + coxy + 03y2
+ ¢4 + C5Y + Ce;

d=(1-Fk) (2(611333 + 2%y + q3xy®) + 278° + (22 + 28 — 26) 7Y + Z3y2)
+ dix + doy + ds;

e=(1-k) (2(q1x2y + qory® + q3y®) + zax? + (25 + 27 — 21wy + zsyz)
+e1r + exy +e3;

f=k(k—1) <q1x2 + gy + @3y* + (27 — 21)T + (28 — z6)y) + fi.

The dimension of the vector space of such operators equals 36. The
group GL3 acts on this vector space in a projective way by transformations
a1 + asy + as bix + boy + b3

j = ) y = )
cax +coy +c3 4 c1x + oy +c3 (3.10)

pP= (c12 + coy + c3) PP o (crz + cay + c3)F.

This transformation corresponds to the matrix

aq a9 as
by by b3 | € GLs.
1 C2 (3

The representation is a sum of irreducible representations Wy, Wy and W3
of dimensions 27, 8 and 1, correspondingly. A basis of W5 is given by

Tq :5Z7—Z5—721, 332:528—2:2—726,

r3 = bdy + 2(/€ - 1)(2a1 + bz), T4 = Hey + 2(/€ - 1)(2b1 + Cg)7
Iy — 5d2 + 2([’6 - 1)(2b3 + CLQ), Te = 562 + 2(117 - 1)(263 + bg),
xr7 = bds + 2(/€ - 1)((14 + b5), Ty = des + 2(/€ - 1)(b4 + 65).

The generic orbit of the group action on W5 has dimension 6. There are
two polynomial invariants of the action:

I = xg — T3Tg + m% + 3zqxs + 3(k — 1)(x127 + x228),
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and
Iy = 223 — 32226 — 3x3x2 + 225 + 9242523 + 26)+

9(k — 1) (12327 + Tox6xy — 201 Tex7 — 20223T8 + 3Tax4X7 + 3T1T5Tg).

Flat polynomial metrics

According to Remark 3.1, the contravariant metric

g - =a, gr=g" =

defined by the coefficients a, b, ¢ of the operator (3.9) is flat (i.e. Ri212 =
0) for any polynomial form P.

Open problem 3.2. Describe all flat contravariant metrics defined by
the polynomials a,b, ¢ from Lemma 3.2 up to transformations (3.10).

Some particular results were obtained in [72].

Example 3.1. For any constant x the metric g with
a= @@= —r)+ @ +r)y*, b=ay@® +y*+1-2k),

c=k-1D® -1+ @ +2-r)y>+y*

is flat. Moreover, this is a linear pencil of polynomial contravariant flat
metrics with respect to the parameter x [14]. The metric is related to a
polynomial form [81] for the so called Inozemtsev BCy Hamiltonian

3

H = At2m(m—1)(p(e+y)+p(e—y))+ ) ni(ni—1)(p(z-+wi)+p(y+w)),
=0

where wyg = 0,w3 = w; + wy and wy,ws are the half-periods of the
Weierstrass function p(z).

3.1.3 Commutative subalgebras in U(gly, ) and
quantum Calogero-Moser Hamiltonians

A class of commutative subalgebras in U(gl,) was constructed in [86].
These subalgebras are quantizations of commutative Poisson subalgebras
generated by compatible constant and linear gl,-Poisson brackets. The
quantization recipe is very simple: any product H]f x; of commuting

1
generators should be replaced by Pl Z Hyg(i), where y; are non-

€Sk
commutative generators.
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The universal enveloping algebra U(gly,,) is an associative algebra
generated by elements e;; and relations (3.6). Consider the case N = 2.
It turns out that the element of the universal enveloping algebra U(gls)

H = Hy+ Higo + Hog3 + Hsgs,

where
Hy = 12e10e11 — 12e30€13 — 1233612 — €35,
Hy = —ea1 + 2ea1€11 — €age21 — €31€23 — 12e3, — e33€1,
Hy = —€jy,
Hj = 36e3ze31 + 3e3;,
commutes with two third order elements of the form
K = Ko+ K192 + Kags,
M = My + Myga + Mags + Msgs + Magags + Msg3 + Msgs.
Here go and g3 are arbitrary parameters and

Ky = — ea3 + 2ea1e13 — ea3€22 — 36e32€12 + €33€23 — €21€13€11
2 2
— egaea1€13 + ea3e7; + 2ea3e1e12 — €23e22€11 + 12€31€75
2 2
— e31ea3e13 — 12e32e12€11 — e32e55 — 12e35e13 + 2e33ea1€13

— egsez3eq) + ezzeasezr + 12633632612,

K1 =3ezi1e11 — 3ez1e22 — 2e32e21 + e31€21€12 + €31€22€11
2 2 9 9
— €31€59 + €31€613 — 2€32€21€11 + €32€22€21 — 2€32€31€23

— €33€31€11 1 €33€31€22 1 €33€32€21,
2 2 .
Ky = 3(2eg1e21 + e31€22€21 + €51€23 — €32€5; — €33€31€21);
2
My = 2(12613611 — Geazer3 — bezzers — 12e13e7; — beazerzers
+ 6e3,e13 + 18es: —18 3. — 216e39€?
22€13 €23€12€11 €93€22€12 + €53 €32€79

2
+ 18esze23e13 + 30es3e13e11 — Beszeasers — 12633613>7
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M, = -3 (2623621 — 36e31e12 + 20e32e11 — 28e32e22 + 8ezzezns — 4eazeaienn

2 2
+ 2ea3e92e21 — 12e31€12€11 — €31€53 + 8ezaey; + 36e3ae21€12

2 2
+ 4ezgeanerr — 4ezaeyy — 24ezze31e13 — 12e35€03 + 2e33€23€21

2
+ 12e33e3112 — 20e33€32e11 + 4eszesnean + 8633632>’

2 2
M2 = —18(4631611 - 2631622 - 2633631 — €23€591 — 2631611
2 2
— Besienie1n + 2es1enerr — 2esieny + Bezie1s + Geszaeazenn

3 2
+ 24e35 + 2e33e31€11 + 2e33e31€22 — 6e33e32€21 — 2633631>7
2 2
Mz = -3 (2631621 — 2eg1ea1€11 + €31€22€21 + €31€23 — 24e35e31 + 633631621>,

M4 = 9(6316%1 — 126326%1), M5 = 1086%1, MG = —26%1.

One can verify that [K, M] = 0. Thus, we get a commutative subalgebra
in U(gl;) generated by the elements H, K, M and by the three central
elements of U(gls) of order 1,2, and 3.

This subalgebra generates “integrable” operators’ by different
representations of U(gl;) by differential, difference and g¢-difference
operators.

In particular, the substitution of differential operators (3.5) with two
independent variables for e;; maps the element H to a polynomial form P»
for the elliptic Calogero-Moser Hamiltonian (3.3) with N = 2, the element
M to a third order differential operator that commutes with P, and the
element K to zero. The parameters g, and g3 coincide with the invariants
of the Weierstrass function p(z) from (3.3).

Remark 3.4. The representation of U(gls) by the matriz unities in Matg
maps H, K and M to zero.

The representation defined by

€ij — Zig—

5zj

1This means that there exist “rather many” operators commuting with them.
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maps H to a homogeneous differential operator with 3 independent
2
variables of the form H =37, a;; 52—, where
= 0%

a11 = —2g22122 — 39323 + 9323, agy = 12g223, ags = 23,
ag1 = —12z7 + g223 — 369323, az) = 2 gozo23, a3z = 24 2123,
83
and M to an operator M = Z bijk =—=——=— that commutes with H.
i>i>k 32162]8%

It is interesting that the lower order terms are absent in both H and in
M.

A similar commutative subalgebra in U(gl,) [48] yields a polynomial
form for the elliptic Calogero-Moser Hamiltonian (3.3) with N =3

3.1.4 Bi-Hamiltonian origin of classical elliptic
Calogero-Moser models

Consider the following limit procedure. Any element f € U(gl,) is
a polynomial in the non-commutative variables e;;, which satisfy the
commutator relation (3.6). Taking all the terms of highest degree in f
and replacing there e;; by commutative variables x;;, we get a polynomial
that we call symbol(f).

It is known that for any elements f and g of U(gl,,)

symbol([f, g]) = {symbol(f), symbol(g)},

where {, } is the linear Poisson bracket defined by
{xij,xkl} 25]'7163;‘“ —(51‘,1.23]”, ,j=1,...,n, (3.11)
which corresponds to the Lie algebra gl,,. In particular, if [f, g] = 0, then

{symbol(f), symbol(g)} = 0.

Consider polynomials in the commutative variables z;;. We will regard
x;; as the entries of a matrix X. Applying the limit procedure to the
generators of the commutative subalgebra in U(gl;) described in Section
3.1.3, we get the polynomials

c =trX, ¢y = tr X2, cg = tr X3,
h = ho + higs + hag3 + hsgs, k = ko + k192 + kags, (3.12)

m = mg + migs + Mags + m3g3 + magags + msgs + megs,
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where
_ 2

ho = 12x12711 — 12230713 — 12233212 — X33,
2

hi = 2x21711 — T22T21 — T31%23 — 12235 — T33%21,

hy = —a2 hs = 36 322

2 = —Z3q, 3 = 30232231 + 375,
2
ko = — X21713%11 — T22%21T13 + T23%711 + 2793T21T12 — T23T22T11

2 2 2
+ 12231075 — 231723713 — 12032712211 — 32053 — 12255713

+ 2733%21T13 — T33T23T11 + T33T23T22 + 12733732712,

2 2
k1 =T31%21T12 + T31T22%11 — T31 %59 + T31T13 — 2T32T21 211

+ X32T22T21 — 2T32231T23 — T33T3111 + T33T31%22 + T33T32T21,
ko =3 31T23 — T32T3 — ;
2 = 3 (T31T22T01 + T3 T2z — 3205 — T33T31T21);
_ 2 2
mo = 2( — 12$13$11 — 6%22$13$11 + 6$22$13 + 18$23$12$11
3 2
— 18x23x22x12 + Tog — 216{1732‘%12 + 18!1732(E23$13

2
+ 30x33713711 — 6033722713 — 12%331‘13),

2 2
my = *3< — 4223721711 + 2W23%22T21 — 12031212711 — 231053 + 8T3227;

2
+ 3632721712 + 4T32T22711 — 432059 — 24732731713

— 12035203 + 2233723721 + 12733731212
— 20733732711 + 4733732722 + 8$§3$32),
mo = —18( — 1'231'31 — 2£C31£L’?1 — 6$31.’£21$12 + 2%31$22$11 — 21’31%%2
+ 623,213 + 6232020201 + 2475, + 2733231711

2
+ 27133731722 — 6733T32T21 — 296333331)7
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2 2
m3 = —3( — 2x31T21011 + T31%22T21 + T3 W23 — 24w35231 + =’C33$315U21)»

2 2 3 3
my = 9(x31x21 - 12x32x31>, ms = 108z3,, me = —2x3,.

These six polynomials commute with each other with respect to the linear
gl;-Poisson bracket (3.11).

It can be verified that elements of the universal enveloping algebra can be
reconstructed from the polynomials (3.12) by the quantization procedure
described at the beginning of Section 3.1.3.

Quadratic Poisson bracket

Consider the following quadratic bracket
{f.9}2 = {f. 9}a + K{f. g} + &*{f, g}e, (3.13)
where k is an arbitrary parameter,

{f,g}a = =3tr(X) {f, g}, {f.9}e = Z1(f)Z2(g) — Z1(9) Za(f).

Here the bracket {, }; is defined by (3.11). The above vector fields Z; are
defined as follows:

833“‘ ’

3
20=S"2L ()= thth,
=1

and
{figte = Zs({f,911) —{Z3(f), 9} — {f. Z3(9) }1.

where 5
of
Zs(f) =Sy 2L
3(f) Z [2¥) axij
7,7=1
Here {-,-}; denotes the linear bracket (3.11). The coefficients of the vector
field Z3 are given by

G1,1 =(—2z11%23 + T22223 + 36212732 + T23%33)

+ x31(T11 — 2w22 + ®33) g2 + 9 21231 g3,

Goo = -G, Giz3 =0,

G1,2 :($11!E13 + X13T22 — 3X12T23 — 2331321”33)
+ (312231 + br11232 — 4T22T32 — T32T33) g2

— 3(2211@31 — T2231 — 3T21T32 — T31233) g3,
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G1,3 = 3213023 — (T11 — T22) (211 +T22 —2233) g2 — 3221 (211 +X22 —2233) g3,

Go1 = —3(x21%23 + 12212231 + 4211232 — 8T22%32 + 432233) — 621731 g2,

Go3 = 3(4x11712 + 471999 + T35 — 8T12733) + To1(T11 + Taz — 2733) 9o,

G3.1 = 2(w11721 + Ta1T29 + 18735 — 2291733) — 373, ga,

Gs2 = —(r11 — T22) (211 + T2z — 2x33) + 62312732 g2 — 913:2),1 g3-
Theorem 3.2.  4) Formula (3.13) defines a Poisson bracket;

it) This quadratic bracket is compatible (see Section 1.4) with the linear
gls-Poisson bracket (3.11);

iii) The Casimir function of the pencil of these two brackets generates
(see Theorem 1.1) the commutative Poisson subalgebra described in
Section 3.1.4;

Conjecture 3.3. The Poisson bracket (3.13) is the elliptic Poisson
bracket of the type qg o (see [20]) written in an unusual basts.

To get the classical elliptic Calogero-Moser Hamiltonian, one should use
the following classical limit of formulas (3.5):

Ti+1,54+1 = ¢i Py, T1,i41 = Pi,

N (3.14)
wia=—Y qpi+BIN+1),  mip11 =gz,
=1

where p; and ¢; are canonical variables for the standard constant Poisson
bracket (1.17). One can verify that p;, ¢; are Darboux coordinates on the
minimal symplectic leaf of the gl ;-Poisson bracket. This leaf is the orbit
of the diagonal matrix diag(8(N + 1),0,0,...,0).

In the case N = 2 after substitution (3.14) into (3.12) we get polynomials
in the canonical variables p;,q; commuting with respect to (1.17). The
element h becomes the Calogero-Moser Hamiltonian written in unusual
coordinates, the element k vanishes, the element m converts to the integral
of third degree in momenta that commutes with the Hamiltonian h, and
the Casimir functions ¢; become constants.
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To bring the Hamiltonian and the cubic integral to the standard
Calogero-Moser form

N+1 N+1
hy ==Y pi+BB-1) Y ola—q) (3.15)
i=1 i#j

one has to apply a canonical transformation, where the transformation
rule for the coordinates is given by (3.4).

In the case N = 3 a quadratic bracket exists. This bracket is compatible
with the linear gl ;-Poisson bracket and generates the corresponding
classical elliptic Calogero-Moser Hamiltonian in the same way as for N = 2.

Conjecture 3.4. For any N the classical elliptic Calogero-Moser
Hamiltonian (3.15) can be obtained from the elliptic Poisson bracket of
the q(n41)2,n-type by the above procedure.

Open problem 3.3. For the elliptic bracket {,} of the qny1)2,n-type
find a basis such that the linear bracket {, }1 compatible with {,} has the
canonical form (3.11).

3.2 Bi-Hamiltonian formalism and compati-
ble algebras

3.2.1 Compatible Lie algebras

Suppose that two linear finite-dimensional Poisson brackets are
compatible. As it was mentioned in the introduction, each of these brackets
corresponds to a Lie algebra. Denote by [-,-]1 and [+, ]2 the operations of
these algebras. It is clear that the Poisson brackets are compatible iff the
operation A1[-,-]1 + A2[, ]2 is a Lie bracket for any X;. Without loss of
generality we may put A\; = 1.

Definition 3.2. Two Lie brackets [-, -] and [, ]; defined on the same vector
space V are called compatible if the operation

['7 '])\ = ['7 ] + /\[5 ']1 (316)

is a Lie bracket for any A.

Suppose that [-,-] corresponds to a semi-simple Lie algebra G. The
following classification problem arises:

Open problem 3.4. Describe all possible Lie brackets [-,-]1 compatible
with a given semi-simple Lie bracket [-,-].
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The Lie algebra with bracket (3.16) can be regarded as a linear
deformation of the algebra G. Since any semi-simple Lie algebra is rigid
(i.e., the cohomology H?[G,G] of the Lie algebra G vanishes), the bracket
(3.16) is isomorphic to [-,-]. This means that there exists a formal series
of the form

Ax=T+RA+ SN+,

where the coefficients R, .S, ... are constant linear operators on G and [ is
the identity operator, such that

AVHANX), AA(Y)] = [X, Y]+ A [X, Y], (3.17)
It follows from (3.17) that
X, Y]y = [R(X), Y]+ [X, ROV)| - R(X, Y]),  (3.18)
where R is the corresponding coefficient of Aj.

Lemma 3.3. The bracket [-,-]1 is a Lie bracket iff there exists a linear
operator S : G — G such that

R([R(X), Y] - [R(Y), X]) - [R(X), R(Y)] - R*([X, Y])
= [S(X), Y] -[S(Y), X] - S([X, Y]).
In the special case S = 0 the relation from Lemma 3.3 takes the form
R([R(X), Y] = [R(Y), X]) = [R(X), R(Y)] - R*([X, Y]) =0. (3.19)

We present below examples [26] of compatible Lie brackets with the
corresponding operators Ay and R.

FEzample 3.2. Let G be the Lie algebra associated with an associative
algebra A, then we can take for R the operator of left multiplication by
any element r. In this case

[X, Y] =XrY —-YrX, Ax:g— g+ Arg.

Example 3.3. Let A be an associative algebra with an involution x, G
be the Lie algebra of all skew-symmetric elements of A, r be an element
symmetric with respect to *. In this case the operator

Ay:g—=V1+rAg V147,

can be taken as Ay, R(X) = $(rX 4+ Xr) and [X, Y]; = XrY — YrX.

FEzample 3.4. Let ¢ be an automorphism of order n of a Lie algebra G, G;
be the eigenspace of the operator ¢ corresponding to eigenvalue €%, where
€™ = 1. Then the vector space G is a Lie subalgebra. Suppose that

Go=G,DG_
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with vector spaces G, and G_ being subalgebras of Gy. Consider the
operator Ay acting on Gy, G_, and G;, ¢ > 0, by means of multiplication
by

L+a), 148\, /(1 +aN)i(l+ A,
respectively. The operator R is given by

n

n—1 . .
1 n-—1
R(g)ag++ﬁg_+z<na+ ﬂ) 9.
=1

where g4+ mean the projections of g onto G.

Ezample 3.5. This class of compatible brackets is related to finite
dimensional Zs X Zso-graded Lie algebras. Recall the definition. Let ¢
and ¥ be two automorphisms of G commuting with each other and such
that ¢? = ¢? = Id. The decomposition G = ©G;;, i,j = £1 into a direct
sum of the following four invariant vector spaces

Gij={9€Glp(g) =ig, (9)=jg}

is called the Zy x Zy-gradation.
Define an operator Ay on the homogeneous components by the formulas

Ax(g11) = (L +79A) 911, Ax(g-11) = V(L + B +9A) g-1.1,

Ax(g1,-1) = V(I + a1 +9N) g1,-1,
Ax(g-1,-1) = VI +aN) (1 + BA) g-1,-1 + MW (v — @) (v — B) p(g-1,-1).

Here o, 3, and « are arbitrary constants and the operator p: G_; _; —
Gi,1 is any solution of the modified Yang-Baxter equation

p([p(X), Y} - [p(Y), XD - [p(X), p(Y)] - [Xa Y] = 0.

In other words, the Lie algebra G; 1 ®G_1,—1 is assumed to be decomposed
into a direct sum of G;; and some complementary subalgebra B and r
denotes the projection onto G;,; parallel to B.

The operator R is defined by

1 1
R(g9) =7y g11 + 5(04 +9)91,-1+ §(ﬁ +7)g-1.1

b 2ot B g1 + VB == B plo-1-1)

Remark 3.5. The operator Ay in Example 3.5 can be parametrized by
points of the elliptic curve

1
M-a=X-B=X-7=1.
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Remark 3.6. A wide class of Zs X Zs-graded Lie algebras can be
constructed as follows. Let G = ®G; be Z-graded Lie algebra that possesses
an involution v such that (G;) = G_;. In particular, such an involution
exists for any standard gradation of a simple Lie algebra. Taking for ¢ the
involution p(X) = (—1)" X, where X € G;, we define on G a structure of
Zo X Zo-graded algebra.

Applications

For applications the operator Ay has to be written in a closed form, i.e.
as an analytic operator-valued function in A\. In known examples the \-
dependence is rational, trigonometric or elliptic.

Very often a Lax pair for the corresponding bi-Hamiltonian model can
be written in terms of Ay [28, 25].

Application 3.1. Consider the following system of ODEs:
wy = [w, v] + w * w, vy = [w, u] + w * v, Up = W * U,

where
X*Y = [R(X), Y] - [X, R*(Y)] + R*([X,Y]),

and R* stands for the operator adjoint to R with respect to the Killing
form. Then the operators

L=AN" M+v+Aw),  A=1"T1A\(w) (3.20)

form a Lax pair for this system. As usual, the integrals of motion are given
by tr £F, k=1,2...

In the case of Example 3.2 the first bracket [-,-] is a standard matrix
commutator, the second bracket is given by [z, y]y = xry — yrz and
X xY =rXY — Y Xr, where r is an arbitrary matrix. We have

R(w)=rw,  A\(w)=T+I)w, (A7) (w)=w + X r)~"
If u=v =0, then
L=w(l+ )"t A=\"YT+ M) w.

The Lax equation is equivalent (up to ¢ — —t) to equation (1.6), where
U =z, a = r. For the Lax pair (3.20) we arrive at (2.58), where u,v and
w are generic matrices.

Application 3.2. Consider the system of equations
Uz = [U, U]a Uy = [Ua u]h (321)

where u and v belong to a vector space V equipped with two Lie brackets
[,-] and [-,-];. For the well-known integrable principle chiral model

uy = [u, vl Uy = [u, v]

the brackets [-,-] and [-,-]; are identical up to sign.
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Theorem 3.3. If the Lie brackets [-,-] and [-,-]1 are compatible, then the
hyperbolic system (3.21) possesses the following Laz pair

d 1 d

Compatible Lie algebras and the corresponding operator Ay are closely
related to different kinds of the Yang-Baxter equation [27, 58].

Application 3.3. Consider the classical Yang-Baxter equation
[ 2O ), P3O 0)] + [P ), 122 ()] + [P P (), 723 ()] = 0,

where

r(z,y) = Z ai(z,y) @ bi(z,y)

3

is a function of two complex variables with values in gl ® gly and r%7,
where 1 <1i,5 <3, i+ j, are the following functions

7’1’2(/\’/1') = Zai(/\nu‘) ® bl()‘a ,LL) ®1,

K2

rHB ) =Y ai(\v) @ 1@ bi(Av),

T273(/’(‘7 V) = Z 1® ai(,uvy) ® bl(/J’7V)

with values in gly ® gly ® gly. We suppose, as usual, that the unitary
condition

2 p) = —r>t (A

holds, where
T271(,u7 >\) = sz(/u‘7 >‘) ® ai(p’a )‘) ®1.

Theorem 3.4. Let [-,-]; and [-, ]2 be two compatible Lie brackets on a N -
dimensional vector space V. Suppose that there exists a non-degenerate
symmetric form w(X,Y) on V invariant with respect to both brackets
[-,]12- Let e1,...,en be a basis orthonormalized with respect to w. Then

N
(z,y) = Z (radie; + ad2ei1), Q_@ ;y adie; + adoe;)

i=1

satisfies the classical Yang-Baxter equation. Here ad;q are linear operators
defined by

adiq(p) = [q, i, i=1,2.
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Application 3.4. The operator form of the classical Yang-Baxter equation
[68] is given by

[r(u, w)x, r(u,v)y] = r(u,v)[r(v,w)z,y] + r(u, w)[z, r(w,v)y].

Here r(u,v) € End(G). The solution is called unitary if (x,r(u,v)y) =
—(r(v,u)x,y) for the Killing form of G.

Theorem 3.5. If Ay satisfies (3.17); then
1

u—v

AL AT (3.22)

r(u,v) =

satisfies the Yang-Bazter equation.

Remark 3.7. The r-matriz (3.22) is unitary with respect to the form (-, -)
if the operator Ay is orthogonal. In this case the formula (3.17) implies
that the form (-,-) is invariant also with respect to the bracket [, ];.

Application 3.5. Tt is known that decompositions (2.40) of the loop algebra
over a Lie algebra G into a sum of the Lie algebra of all Taylor series
and a factoring subalgebra U gives rise to Lax representations for diverse
integrable models (see Section 2.3).

A factoring subalgebra U is said to be homogeneous if it has the
multiplicand A~!. This means that

1
XUCU.

It turns out [25] that for any semi-simple Lie algebra G with a bracket
[-,-] there exists a one-to-one correspondence between the homogeneous
subalgebras and brackets [-,-]; compatible with [-,-].

3.2.2 Compatible associative algebras
While Problem 3.4 for Lie algebras seems to be very difficult, a similar
problem for associative algebras is more treatable [58, 57, 55].

Definition 3.3. Two associative algebras with multiplications * and o
defined on the same finite dimensional vector space V are said to be
compatible if the multiplication

aeb=axb+Aaob

is associative for any constant A.

Remark 3.8. For compatible associative algebras with multiplications
and o the Lie algebras with the brackets [X,Y]; = X xY =Y x X and
[X,Y]s=XoY —Y o X are compatible.
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Ezxample 3.6. Let V be the vector space of polynomials of degree < k—1 in
one variable, u; and s be polynomials of degree k£ without common roots.
Any polynomial Z, where degZ < 2k — 1, can be uniquely represented in
the form Z = pu1 P + p2@, where P,QQ € V. Define multiplications o and
* on V by the formula

XY = (XoY)+ pu(X+Y), X, Y eV.
It can be verified that associative algebras with products o and x are

compatible.

Example 3.7. Let ey, ...,e, be a basis of V and let the multiplication *
be given by
e xe; = 6§ei.

Let

qiNi L,
Tii:qo_zrkia Tz‘jz)\lz_z)\‘, i # ],
ki J v

where \;,g; are arbitrary constants. Then the product defined by the

formula
m

€;0€; =T;€; + Tji€; — 5; Z Tik€k
k=1
is associative and compatible with *. Since this product is linear with
respect to the parameters ¢;, we have constructed a family of m+1 pairwise
compatible associative multiplications.

Suppose that the associative algebra A with multiplication x is semi-
simple. Since such algebras are rigid, the associative algebra with the
multiplication e is isomorphic to the algebra A for almost all values of the
parameter A\. Hence there exists a linear operator Sy on V such that

SAXHSAY%:&(X*Y+AX0Y)

If
Sy =1+ RA+0(\?),

then the multiplication o is given by
XoY=RX)xY+XxR(Y)-R(Xx*Y). (3.23)

Consider the case when the associative algebra with multiplication x
coincides with Mat,,,. Then R : Mat,, — Mat,, is a linear operator on
the space of m x m-matrices. We will omit the sign *. In other words, we
investigate associative linear deformations of the matriz product.
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Ezample 3.8. (see Example 3.2). Let ¢ be an element of Mat,, and
R : X — c¢X be the operator of left multiplication by ¢ . Then the
corresponding multiplication X oY = X ¢Y is associative and compatible
with the standard matrix product in Mat,,.

Ezxample 3.9. Suppose that a,b € Matsy; then the product
XoY =(aX — Xa) (bY — YD) (3.24)

is compatible with the standard product in Mats. The corresponding
operator R is given by

R(X) = a(Xb— bX).

Proposition 3.1. In the case of Maty any linear deformation of the
matriz product is given by one of these two examples.

Remark 3.9. Ifa,b € Mat,,, m > 2, we need the additional assumption
a?=0b%>=1 for (3.24) to be compatible with the product in Mat,,.

In the matrix case the operator R is defined up to the transformation
R — R+ ads, (3.25)

where s € Mat,,. For any s this transformation does not change the
multiplication (3.23).
It is easy to see that any operator R : Mat,, — Mat,, can be written in
the form
R(z)=a;xb' + .. +a, ob’t

where a;, b’ € Mat,,. We will assume that p is as small as possible. In
this case the matrices ai,...,a,41 as well as bl,...,bP*! are linearly
independent. Using (3.25), we can represent R(x) in the following form:

R(z)=a;zb' +..+a,zb? +cz. (3.26)

Integrable matrix ODEs related to R-operator

Let R : Mat,, — Mat,, be a linear operator such that the product (3.23)
is associative. Consider [28, 57] the following matrix differential equation:

Z—f = [z, R(z) + R*(z)], x(t) € Mat,,, (3.27)

and R* stands for the operator adjoint to R with respect to the bi-linear
form (z, y) = tr (xy). For an operator written in the form (3.26) we have

R*(z)=b'za; +..+b’za, +tzc.
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Theorem 3.6. Equation (3.27) possesses the following Lax pair:

L= (5;1)*(95), A= %Sk(x).

Open problem 3.5. Show that equation (3.27) is bi-Hamiltonian with
the Hamiltonian operators

Hi = adg, Ho = ad;7
where ad} is defined by the multiplication (3.23).
Ezample 3.10. In the case of Example 3.8 we get

dx 9 9

— =|r,xct+cxr|=x"c—cx

dt [ J ]
for m x m-matrix x and any constant matrix ¢. Under the reductions
2T = —x,c¢7 = c the equation is a generalized symmetry for the n-

dimensional Euler top.
Ezample 3.11. In the case of Remark 3.9 we have [57]

xy = [z, bra + axb+ xba + bax], x,a,b € Mat,y,, (3.28)

where a? = b? = 1,,. Equation (3.28) admits the following skew-
symmetric reduction

el = —z, b=a".
Different integrable so0,,-models provided by this reduction are in one-to-
one correspondence with equivalence classes of m x m matrices a such that
a’? = 1 with respect to the SO,, gauge action. For the real matrix a, a
canonical form for such equivalence class can be chosen as

1, T
a =
0 Lnp

Here 1, stands for the unity s x s-matrix and T' = {t;;}, where t;; = d;;q;.
This canonical form is defined by the discrete natural parameter p and
continuous parameters as, ..., ., where p < m/2, r = min(p, m — p).

For example, in the case m = 4 the equivalence classes with p = 2
and p = 1 give rise to the so4 Steklov and Poincaré integrable models,
respectively.

Thus, whereas Example 3.10 leads to the matrix version of the soy4
Schottky-Manakov top, the tops corresponding to Example 3.11 with
p=[m/2] and p = 1 can be regarded as generalizations for the so4 Steklov
and Poincaré models.

For Example 3.8 the operator R is given by R(z) = cz. In the case
of Remark 3.9 we have R(z) = axb + bax. Both of the R-operators are
written in the form (3.26).

Several classes of integrable equations (3.27) can be constructed using
results of the next section.
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Algebraic structure associated with R-operator

Consider an operator R of the form (3.26) that defines an associative
product (3.23). Our aim is to study [58, 55] the structure of the associative
algebra M generated by a;, b?, ¢ and 1. Denote by £ the 2p+2 dimensional
vector space spanned by these matrices.

Lemma 3.4. If the product (3.23) is associative, then

aa; = Zq&ﬁj_ak + i 1, bibi — sz’jbk 41
k 2

for some tensors qﬁf_j, iy Uy, N

This means that the vector spaces spanned by 1,a;,...a, and
1,bl,...bP are associative algebras. We denote them by .4 and B,
respectively. These algebras should be in some sense compatible with
each other. The simplest example of such compatibility can be described
as follows.

FEzample 3.12. Let A and B be associative algebras with basis A;,..., 4,
and B',..., B? and structural constants ¢} ), and wg"ﬁ. Suppose that the
structural constants satisfy the following identities:

: 1,0 l )0 i l, ..
;,kws’l = s,kw;' ! + (b;',s’(/}ksﬂ 1< (2WE kvl < D-

Here and below we assume that the summation is carried out over repeated
indices. Then the algebra M of dimension 2p + p? with the basis
A;, B, A;B7 and relations

B'A; = 97" A + ¢, B
is associative. This structure is called an associative bi-algebra [3].
In general case the compatibility of A and B is described by
Lemma 3.5. If (3.23) is associative, then
SR = BT 05 U+ Gty — Oty — 8305

and _ _ _ _ _
bia; =y ay, + ¢}, bF +111 44 c, (3.29)

for some tensor tz
The remaining matrix ¢ obeys the following relations:

Lemma 3.6. If (3.23) is associative, then

bic = \ia, —ti bF — %,zwi’k b® — ¢;’c,l)\l’k 1, (3.30)
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ca; = [ijk b* — t? ay — (bz’ﬂ/Jé-’k as — Mk,ﬂ/#k 1, (3.31)
where
s ti 80 i 5 751' s, k:,its Y )\k,s Svitkf(;i k A8
j,k"s *wj Ms=k+¢j,s k jwk Hr,ss l/}s 3 = %4,s +wj s Jjrs,r :
Relations (3.29)-(3.31) mean that the vector space L is a left B-module
and a right .A-module.

Invariant description

In this section we forget that the generators of £ are matrices and give a
purely algebraic description of the structure appeared above.

Definition 3.4. By weak M-structure on a linear space £ we mean a
collection of the following data:

e Two subspaces A C £ and B C L and a distinguished element
le ANB.

e A non-degenerate symmetric scalar product (-,-) on the space L.

e Two associative products A x A — A and B x B — B with a unity
1.

e A left action Bx L — L of the algebra B and a right action Lx A — L
of the algebra A on the space £, which commute with each other.

This data should satisfy the following properties:

1. dimANB=dimL/(A+ B) = 1. The intersection of A and B is a
one dimensional space spanned by the unity 1.

2. The restriction of the action B x £ — L to the subspace B C L is
the product in B. The restriction of the action £ x A — L to the
subspace A C L is the product in A.

3. (Al,AQ) = (Bl,B2) =0 and
(Ble7 ’U) = (Bl, BQU), (U, A1A2) = (UAl, AQ)
for any A, A; € A, B!, B2c Bandv € L.

Remark 3.10. It follows from these properties that (-,-) gives a non-
degenerate pairing between the quotient spaces A/Ci and B/Cq, so
dim A = dim B and dim £ = 2dim A.

For a given weak M-structure we can define an algebra generated by £
with natural compatibility and universality conditions.
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Definition 3.5. By weak M-algebra associated with a weak M-structure
on £ we mean an associative algebra U (L) with the following properties:

1. £ CU(L) and the actions B x L — L, L x A — L are restrictions
of the product in U(L).

2. For any algebra X with the property 1 there exists a unique
homomorphism of algebras X — U(L) that is identical on L.

Explicit formulas for U(L)

Let {Ay,...,A,} be a basis of A/C; and {B',..., B”} be a dual basis of
B/C,. This means that (A;, B7) = ¢. Tt is clear, that 1, Ay, ..., A, and
1,B',...B?, where A; € A;, B; € B, are bases in A and B, respectively.
The element C' € L does not belong to the sum of A and B. Since (-, )
is non-degenerate, we have (1,C) # 0. Without loss of generality we may
assume that (1,C) =1, (C,C) = (C, A;) = (C, B?) = 0. Given basis of A
and B, such an element C' is uniquely determined.

Proposition 3.2. The algebra U(L) is defined by the following relations
AiA; = o8 A+ i1, BB =y/BF + )1
B'A; =" Ap + ¢ BF + 151+ 65C,
B'C=N1A,+up,B"+p'1,  CAj=pjpB" +ufAr+q:1
for certain tensors ¢F j,z/zk i gy AT ul pt g
Let us define an element K € U(L) by the formula
K =A;B'+C.

Definition 3.6. A weak M-structure on L is called M-structure if K €
U(L) is a central element of the algebra U(L).

Theorem 3.7. (cf. Example 3.12). For any M-structure the algebra
U(L) is spanned by the elements K*, A;K*, B;K*, A;B/K*, wherei,j =
1,..,p, and s=0,1,2, ...

Theorem 3.8. For any representation U(L) — Mat,, given by
Ay —ay, ., A, —a, B'—=b .. B =bl C-c

the formula
XoY =R(X)Y +XR(Y)—- R(XY),
where
R(z) =a;xb' +..+a,rb? +cu,

defines an associative product on Mat,, compatible with the usual matriz
product.
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Example 3.13. Suppose that A and B are generated by elements A € A
and B € B such that APT1 = BP*t! = 1. Assume that (B, A~%) =€’ — 1,
(1,C) = 1 and other scalar products are equal to zero. Here € is a primitive
root of unity of order p. Let
o eI -1 .. e -1 . .
i A] i+ i+J
B'AT = pura st 1A + e 1B
for i + j # 0 modulo p and

BiA~ =1+ (¢ —1)C,

CA = L A+

i
1 B )

et—1

e—*—1 1—e—?

for ¢ # 0 modulo p. These formulas define an M-structure.
The central element has the following form

1 .
K == C %A_,LBZ.
* Z e —1
0<i<p
Let a, t be linear operators on some vector space. Assume that a?T =1,
at = eta and that the operator ¢t — 1 is invertible. It is easy to check that
the formulas
et —1 t

S
-1 1

A —a, B —
define a representation of the algebra U(L).

Case of semi-simple .4 and B

Proposition 3.3. Suppose that for a weak M-structure the algebra A is
semi-simple:
A= Si<i<r End(%), dimV;, = m,;.

Then L as a right A-module is isomorphic to ®1<i<, (Vx)2mi

3

Proof. Since any right A-module has the form &;<;<, (V;*)% for some
li,..., 1 >0, we have L = ®1<;<, L;, where L; = (V;*)l Note that
A C L and, moreover, End(V;) C £; for i = 1,...,r. Besides, End(V;) L
L; for i # j. Indeed, we have (v,a) = (v, Id;a) = (vId;, a) = 0 for
v € L; and a € End(V;), where Id; is the unity of the subalgebra End(V;).
Since (-, -) is non-degenerate and End(V;) L End(V;) by Property 3 of weak
M-structure, we have dim £; > 2dim End(V;). But ), dim£; = dim £ =
2dim A =, 2dim End(V;) and we obtain dim £; = 2dim End(V;) for each
i =1,...,r which is equivalent to the statement of the proposition. O]
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Theorem 3.9. Suppose that a vector space L is equipped with a weak
M-structure such that the associative algebras A and B are semi-simple:

A= @1SiSTEDd(‘/;), B= @1§j§sEnd(Wj), (332)

diInVi:mi, diijznj.

Then L as an A ® B-module is given by the formula
L= Grcicragj<s(ViT @ Wy (3.33)

for some integers a; j > 0, and

S r
Zam’ ng = 2mi, Zai,j m; = 2n;. (3.34)
Jj=1 i=1

Proof. It is known that any A ® B-module has the form (3.33). Applying
Proposition 3.3, we obtain dim £; = 2m?, where £; = @< j<,(V;*@W;)%i
. This gives the first equation from (3.34). The second equation can be
obtained similarly. O

Remark 3.11. Since the dimensions of A and B coincide we have

T S

2 _ 2
g m; = E n;.
i=1 i=1

Definition 3.7. The r x s-matrix A = {a; ;} from Theorem 3.9 is called
the matriz of multiplicities of the weak M-structure.

Definition 3.8. The r x s-matrix A is called decomposable if there exist
partitions {1,...,7} = IUI"and {1,...,s} = JUJ' such that a; ; = 0 for
(i,j) €I x J orfor (i,j) €l x J.

Lemma 3.7. The matriz of multiplicities A is indecomposable.

Consider (3.34) as a system of linear equations for the vector
(mi1,...,mp,n1,...,ns). The matrix of the system has the form @ =

2 A . . .
(_ At 9 ) According to the result by E. Vinberg [85], if the kernel of
an indecomposable matrix () contains an integer positive vector, them @
is the Cartan matrix of an affine Dynkin diagram. Moreover, it follows
from the structure of () that this is a simple laced affine Dynkin diagram
with a partition of the set of vertices into two subsets (white and black
vertices on the pictures below) such that vertices of the same subset are
not connected.
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Theorem 3.10. Let A be an r X s-matriz of multiplicities for an
indecomposable weak M-structure. Then, after a permutation of rows and
columns and up to transposition, the matriz A is equal to one from the
following list:

1. A=(2). Herer =s=1,n; =my =m. The corresponding Dynkin
diagram is of the type A;.

2. a;; =ai;41 =1 and a; ; = 0 for other pairsi,j. Herer =s=k > 2,
the indices are taken modulo k, and n; = m; = m. The corresponding
Dynkin diagram is Ag,_1.

| A O —— 7

Wi

Aogp_q Ay

3. A= . Herer =3, s =4 and np = 3m, ny = ng =

— = =
OO =
o = O
—_ o O

ny =m, my =ms =ms=2m. The Dynkin diagram is Ey :

W2 V1 W1 V3 W4
©) [ ] O ([ ] ©)

11 0 0 O

4. A = 01 1 1 0]}. Here r = 3, s =5 and ny =
0 0 0 1 1

m, ng=3m, ng=2m, nyg=3m, ns =m, miy =2m, meo =

4m, mgz = 2m. The Dynkin diagram is Er :
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1 0 0 0 O
1 11 0 0
5 A = 0011 0 Here r = 4,5 = 5 and
00 0 1 1
ny = 4m, nge = 3m, n3 = dm, ng = 3Im, ny = m, m

2m, mo =6m, m3z=4m, my = 2m. The Dynkin diagram is Fg :

V1 W1 V2 W3 VS W4 V4 W5
® O O L ] O L J O
Wo E s

6. A= (1,1,1,1). Herer = 1,s =4 and n; = ny = ng = ng =
m, mq = 2m. The corresponding Dynkin diagram is D..

7. a1 =a12=a13=1, ag3=as4=0az4=ags =+ =ag-2k-1=
ar—2% = 1, Gp—1k = Qk—1k+1 = Qk—1,k+2 = 1, and a;; = 0 for other
(ir)-

Here we have r = k—1, s = k+ 2 and n; = ng = Ng41 = Npyo =
m, ng = - =n = 2m, my = --- = my = 2m. The corresponding
Dynkin diagram is Doy, where k > 3.

% Wiio
O\ O
Vi e ——7"T"0— — —O—F———— Vi—1
/ Ws Wi
(@)

Wa - W41
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8.a11=a1p=a13=1, ag3=a4=a34=0a35="""=0ap_2k-1 =
ag—ok =1, a1k =arr =1, and a;; =0 for other (i, 7).
Here we haver =s=k>3, ny=ngs=m, ng=---=ng =2m, mi =

=M = 2m, mp_1 = my = m. The corresponding Dynkin diagram
S D2k—1 :

Wy Vi
O\ °
\Z e — —""T O — — — 0 —— Wi
/ W3 Vie—2
(@) ®
Wa _ Vie—1
Dy

Note that ka‘ = 3, then ail1 =a12 =0a1,3 = 1, a2,3 = 3,3 = 1.

Resume

Suppose that £ is an indecomposable M-structure with semi-simple
algebras (3.32); then there exists an affine Dynkin diagram of the type
A, D, or E such that:

1. There is a one-to-one correspondence between the set of vertices and
the set of vector spaces {V1, ..., V., Wy, ..., W}

2. For any i, j the spaces V;, V; are not connected by edges as well as
Wi, Wj.

3. The vector

(dim V4, ...,dim V,., dim W7, ..., dim W)

is equal to mJ, where J is the minimal imaginary positive root of the
Dynkin diagram.

Remark 3.12. It can be proved that for indecomposable M-structures
m=1.

Given an affine Dynkin diagram of the A, D, or E-type, to define the
corresponding M-structure it remains to construct an embedding A — L,
B — L and a scalar product (-, -) on the vector space L.

If we fix an element 1 € £, then we can define the embedding A — L,
B — L by the formula a — la, b — bl for a € A, b € B. We may assume
that 1 is a generic element of L.
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Thus to study M-structures corresponding to a Dynkin diagram,
one should take a generic element in £ = ®1<i<p1<j<s (Vi @ W;)%d,
find its simplest canonical form by choosing basis in the vector spaces
Vi, ey Vi, W1, ..., Wy, calculate the embedding A — £, B — L and the
scalar product (-,-) on the vector space L.

The classification of generic elements 1 € L up to choice of
basis in the vector spaces Vi,.., V. Wi, ....Ws is equivalent to the
classification of irreducible representations of the quivers corresponding to
our affine Dynkin diagrams and we can apply known results about these
representations.

3.3 Non-abelian Hamiltonian formalism and
trace Poisson brackets

A Poisson structure on a commutative algebra A is a Lie algebra structure
on A given by a Lie bracket

{W }:AxA— A,
which satisfies the Leibniz rule
{a, be} ={a, b} c+b{a, c}, a,b,c € A,

with the right (and, hence, also with the left) argument.

It is well-known that a naive translation of this definition to the case of
a non-commutative associative algebra A is not very interesting because
of lack of examples different from the usual commutator (for prime rings
it was shown in [19]).

3.3.1 Non-abelian Poisson brackets on free associative
algebras
Here we consider a version of the Hamiltonian formalism for free associative
algebra proposed in [51].
Let A be free associative algebra C[z1, ..., zy ] with the product o. For

any a € A we denote by L, (resp. R,) the operators of left (resp. right)
multiplication by a:

LiX)=aX, R.X)=Xa  XecA

The associativity of A is equivalent to the identity [L,, Rp] = 0 for any a
and b. Moreover,

Loy = Lg Lb; Ray = Ry Raa La+b = Lq+ Lb7 Raer = Ry + Rs.
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Definition 3.9. We denote by O the associative algebra generated by all
operators of left and right multiplication by elements x;. This algebra is
called the algebra of local operators.

To introduce the concept of first integrals, we need an analog of trace,
which is not yet defined in the algebra A. As a matter of fact, in our
calculations we use only two properties of the trace, namely linearity and
the possibility to perform cyclic permutations in monomials. Let us define
an equivalence relation for elements of A in a standard way.

Definition 3.10. Two elements fi; and fy of A are said to be equivalent,
which we denote f1 ~ fo, iff fi can be obtained from fs by cyclic
permutations of generators in its monomials. We denote by tr f the
equivalence class of the element f.

We are going to define a class of Poisson brackets on the functionals
tr f (see Definition 3.10). It is easy to see that the vector space of such
functionals can be identified with the quotient vector space T = A/[A, A]
and the Poisson brackets have to be defined on 7 [9].

Let a(x) € A, where x = (21,...,zn) and 0x = (dz1,...,0zN),
Sz; € A. Then grad, (a) € AV is a vector

grad, (a) = (gradng (a),...,grad, (a))

uniquely defined by the formula

where <(p17'"7pN)a(QIa--~7QN)> =PpP1oq1 +"'+pNOQN~
Lemma 3.8. If f ~ g, then grad, (f) = grad,(g).

It follows from the lemma that the map grad, : 7 — A% is well-defined.
The Poisson brackets on 7 are defined by the formula

{f, g} = (grad, f, O(grad, g)),  f,9€T, (3.35)

where

{fray +4g, f1 ~ 0, {fidg, b3} + {9, {h f}} +{h.{f, 9}} ~ 0 (3.36)

for any elements f, g, h € T. Here a skew-symmetric Hamiltonian operator
O is supposed to be an element of O ® gl .

Remark 3.13. Actually, the right hand side of (3.35) is a well-defined
element of A and we take its equivalence class for the left hand side. The
left hand sides of (3.36) are regarded as elements of A.
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It is easy to show that (3.36) is equivalent to
0" =-0

i.e. O is a skew—symmetric operator with respect to the involution defined
by
L*=R,, R = L,.

a a

Definition 3.11. Brackets (3.35) are called non-abelian Poisson brackets.

Any Hamiltonian system of equations on 4 has the form

dx

i C) (gradxH> ) (3.37)
where H(x) € A/[A, A] is a Hamiltonian and © is a Hamiltonian operator.
The ODE system (3.37) has the form

dz,,

W = Fa(x)’ X = (.’L‘l, ...,LUN)7 (338)

where F, are (non-commutative) polynomials with scalar constant
coefficients. Formula (3.38) does not mean that the generators z; of the
algebra A evolve in ¢. This formula defines a derivation Dg of A such
that Dp(z;) = F;. However, if we replace the generators x; by m x m
matrices x;, then (3.38) becomes a usual system of ODEs for the entries
of the matrices x;.

Non-abelian Hamiltonian operators

Consider linear Hamiltonian operators. It means that the entries of the
Hamiltonian operator © are given by

©ij = bl Ry, + bl Lo, . (3.39)
The skew-symmetry of © implies
by = —bk;. (3.40)

Proposition 3.4. An operator © given by (3.39), (3.40) is Hamiltonian
iff bfj are the structural constant of an associative algebra.

Corollary 3.1. Any pair of compatible associative algebras (see Section
3.2.2) generates a pair of compatible linear non-abelian Poisson brackets.

Example 3.14. Let N = 2. Consider the following compatible associative
products:

T1*xT] =T1, T1*To==To*xx1 =2To*kxo =0
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and

1 0T1 = T2, $10$2:$20$1=$20$2:0.

The corresponding Poisson brackets {-,-}; have the Hamiltonian operators

Ry, — Ly, 0 o
@l—< 0 0), 1—1,2.

The pencil {-,-}1 + A{+,-}2 has a Casimir function C' = tr (21 + A\x3)3,
which produces the Hamiltonians Hy = —tr(23z2) and Hy = jtr(z)
commuting with respect to both brackets (see Theorem 1.1). The formula

CclT)t( =0, (gradle) = 0O, (gradtz)

gives us a bi-Hamiltonian representation for the system

dl’l d(EQ

2 2
— = 21Ty — TaT — =0
e TR dt

already mentioned in Examples 1.1, 3.10 and in Application 3.1.

For quadratic Poisson brackets the general form of the Hamiltonian
operator is given by

o pq _ap pq

©i,j = @i Ly, Ly, — aj; Ry, Ry + 13 Ly R (3.41)

pq pq Pg _ _,.qp Cos

where a;; and T;j are some (complex) constants, T = T PiQ,6,] =

1,..., N, and the summation over repeated indices is assumed.

Proposition 3.5. Formula (3.41) define a Poisson bracket iff the
following relations hold:

Tad = ~Thns (3.42)
rABTEY T + 1Y =0, (3.43)
aThaty = aksa), (3.44)
alyalt = ahfry + alrgR. (3.45)
and
ad5as =l + oo, (3.46)

Remark 3.14. Conditions (3.42) and (3.43) mean that the tensor r
satisfies the associative Yang-Baxter (or Rota-Baxter) equation [64, 3].
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3.3.2 Trace Poisson brackets

The non-abelian brackets are defined between traces only. But if z1,...,xn
are m X m-matrices, we can extend these brackets to the matrix entries.

We consider N m?2-dimensional Poisson brackets defined on functions
in entries 7 , of m X m-matrices z,. Here and in the sequel, we use
Latin 1nd1ces ranging from 1 to m for the matrix entries and Greek indices
ranging from 1 to IV to label the matrices.

Definition 3.12. Such a bracket is called trace Poisson bracket iff
e the bracket is GL(m)-invariant;

e for any two matrix polynomials P;(z1,...,xyx), ¢ = 1,2 with
coefficients in C the bracket between its traces is the trace of some
matrix polynomial Ps.

Theorem 3.11. Any constant trace Poisson bracket has the form

{a:l o T B} = 5 5 caﬁ, (3.47)

Any linear trace Poisson bracket has the form

(a1 2, 5} =b) ﬁxj &8 — 57 (3.48)

7,00 T,y 4 z’yz’

Any quadratic trace Poisson bracket is given by
{a] o 2] B} =r) ﬂxz ST alGay va:k 66] — aje ) xk 653 . (3.49)

Moreover
1) Formula (3.47) defines a Poisson bracket iff

Cap = —CBaj;
2) Formula (3.48) defines a Poisson bracket iff

Ol b7y = 02,055 (3.50)
3) Formula (3.49) defines a Poisson brackets iff conditions (3.42)—(3.46)
hold.

Remark 3.15. Formula (3.50) means that b7 5 are the structure constants
of an associative algebra A. A straightforward verification shows that
(3.48) is nothing but the Lie-Kirillov-Kostant bracket defined by the Lie
algebra corresponding to the associative algebra Mat,, ® A.

Lemma 3.9. For any Hamiltonian of the form H = tr P, where P is a
matriz polynomial, the equations of motion can be written in the matrix
form (3.38).
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Under a linear transformation of the matrices z; — gf x; the constants
in (3.49) are transformed in a standard way:
kl kpl .7, kl kpl v
i gf‘gfhvhE rljﬁ a;; = gf‘g]@hvh6 al,%’ (3.51)

Here gfhéC = oF.
Definition 3.13. Two brackets of the form (3.49) related by (3.51) are called
equivalent.

A relation between non-abelian and trace Poisson brackets can be
established via the formula

! = tr(e;xa), Ig;,ﬂ = tr(eél,zg),

where eé— stand for the matrix unities. For instance, consider the
Hamiltonian operator (3.41). Applying formula (3.35) and using the
definition of the gradient, we arrive at (3.49).

Identities (3.42)—(3.46) can be rewritten in a tensor form. Let V be a
linear space with a basis e;, i = 1,..., N. Define linear operators R and A
on the space V@ V by Re; ® e; = rile, @ e,, Ae;®e; = ajle, ®e,.
Then identities (3.42) - (3.46) are equivalent to

R12 _ _RQI’
R23R12 + R31R23 + R12R31 =0
A12A31 — A31A12
023 A 412 — g12R23 _ R23 412
A32A12 — RI3A12 _ 432R13.
Here all operators act on V® V ® V, by 0¥ we mean transposition of i-th
and j-th components of the tensor product and A%, R% mean operators
A, R acting on the tensor product of the i-th and j-th components.
The equivalence transformation (3.51) corresponds to A - GAG™!, R —
GRG™!, where G = g ® g and g € End(V).
Definition 3.14. (cf.(1.20)) A vector A = (A1,...,An) is said to be
admissible for (3.49) if for any i, j
(aff —aff +riH)ApAg = 0.
Lemma 3.10. For any admissible vector the argument shift x; — x;+X; Id
in (3.49) yields a linear Poisson bracket (3.48), where

D _(ap | P4, D4
bi; = (@] +aif + i) A,

compatible with (3.49).
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Case a = 0 and anti-Frobenius algebras

There is a subclass of brackets (3.49) that corresponds to the case when
the tensor a is equal to 0. Relations (3.42), (3.43) mean that the tensor
r is a constant solution of the associative Yang-Baxter equation ([3],[67]).
Such solutions can be constructed in the following algebraic way.

Definition 3.15. An anti-Frobenius algebra is an associative algebra A (not
necessarily with unity) with non-degenerate anti-symmetric bilinear form
(, ) satisfying the following relation

(@, yoz)+ (y,zox)+ (2, z0y) =0 (3.52)
for all z,y, z € A. In other words the form (, ) defines an 1-cocycle on A.

Theorem 3.12. There exists a one-to-one correspondence between
solutions of (3.42), (3.43) up to equivalence and exact representations of
anti- Frobenius algebras up to isomorphism.

Proof. The tensor r can be written as r;;j = Ei,ﬁ:l go‘ﬁy};aylj’ﬁ, where

g% = —gP, the matrix G = (¢*%) is non-degenerate and p is the smallest
possible. Substituting this expression into (3.42), (3.43), we obtain that
there exists a tensor @5 such that y,iﬁay;iﬁ = qblﬁy;-’,y. Let A be an
associative algebra with basis yi,...,, and product y, o yg = qSZﬁ Yry-
Define the anti-symmetric bilinear form by (ya, y3) = gap, where {gag} =
G~1. Then (3.42), (3.43) are equivalent to the anti-Frobenius property
(3.52). O

Ezample 3.15. (cf. [17]). Let A be the associative algebra of N x N-
matrices with zero N-th row. For a generic element [ of A*; the bilinear
form (z,y) = l([z,y]) is a non-degenerate anti-symmetric form, which
satisfies (3.52). It can be written as (z,y) = tr([z,y] kT), where k € A.
Let us choose k;; =0, @ # j, ki = py, where 4,5 =1,...,N — 1, and
kin =1, 4 =1,..,N — 1. The corresponding bracket (3.49) is given by
the following tensor r:

1
i — 5

i ji
ij — 1%

i
ij =

—
=T = Ty

R 59
where ¢ # j, 4,5 = 1,...,N — 1. The remaining elements of the tensor r
and all elements of the tensor a are supposed to be zero. It can be verified
that (3.53) is equivalent to the bracket given by

1
T3§=T§§=T§3=—T§E=ﬁ, a# B, a,B=1,...,N.
a T AB
(3.54)
Here A1, ..., Ay are arbitrary pairwise distinct parameters. Formula (3.49)

with zero tensor a defines the corresponding trace Poisson bracket for
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entries of matrices x1,...,xy of arbitrary size m. For m = 1 we have the
scalar Poisson bracket

2
To — T
{xomxﬁ}:()\ﬁ_;)v a#ﬂv aaB:L"'vN'

If N is even, then the trace Poisson structure (3.54) is non-degenerate,
i.e. the rank of the Poisson tensor II is equal to Nm?. In the odd case
rank IT = (N — 1) m?.

Remark 3.16. Bracket (3.54) can be directly obtained from the anti-
Frobenius algebra

An = {A € Maty |Zaij:0 Vj=1,...,N}

equipped with the bilinear form

(x,y) = tr ([z,y] - diag (A\1,...,AN)). (3.55)

In [90] the algebra Ay 1 was generalized. Let M be a proper divisor of
N. We consider N(N — M)-dimensional algebra

Avu={AeMaty | > ay=0 Vr=1,. M, Vj=1,..,N}

i=r (mod M)

equipped with the bilinear form (3.55). Suppose that \; are pairwise
distinct. One can check that in this case the form (z,y) is non-degenerate
[17]. The components of the tensor r corresponding to the algebra Ay as
are given by

7”358:0, ifazd or B#Z79,
Ton = —Tae = L when o # ¢
e T «e T Aa _ AE7 b
rys =0, ify#a or 0#a,
. Aa=2s)  II (s —Aar)
af 8=, 848 a’'=a, ol #a .
r o= -1 ) if # ﬁa
B ™ Xa — A [T OCa=X) TI (=)
a’'=a, o’ #a B'=p,B'#8

(Aa — )‘v’) H (As — Asr)
af _ I =y §'=5,8'#5 otherwise
T A — Mg IIT OCa—X) JI (s— )
a'=a, o’ #a B'=8,B'#6

Here 2 = y means that = y (mod M).
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With these formulas one can construct corresponding quadratic Poisson
brackets. For example, in the case N = 2M and m = 1 the corresponding
scalar Poisson bracket has the form

(20,75} = (Ta = war)(2p = 25)(Aar = Apr)
o Pa = Xa)Rs = As)

where for any 7 the positive integer 7/ is uniquely defined by the condition
Y =~ =M.

Open problem 3.6. Describe all anti-Frobenius algebras A of the form
A=Se M,

where S is a semi-simple associative algebra and M is a S-module such

that M? = {0}.

Classification of trace quadratic brackets for N = 2

Consider the case N = 2.

Theorem 3.13. Any Poisson bracket (3.49) up to transformations (3.51)
and to the proportionality is one of the following brackets. Here we present
non-zero components of the tensors a and r only.

cr=1L =L
. Bl Bt
erl=l ol aB-dl=
N e . et
R e B
o a?? =1;

o il =1, ri2 = —1.

For a classification in the case N = 3, a = 0 see [73].

Open problem 3.7. Describe all trace Poisson brackets (3.49) for N = 3.

3.3.3 Double Poisson brackets on free associative
algebra

In the previous subsections we observed that identities (3.42)—(3.46)
describe both non-abelian and trace quadratic Poisson brackets. Here we
show that this is also true for the quadratic double Poisson brackets on
the free associative algebra with generators z1,...,zN.
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Definition 3.16. [82]. A double Poisson bracket on an associative algebra A
is a C-linear map {, } : A® A - A® A satisfying the following conditions:

fu, v} = —fv, up®,
{{uv {Uv w}} + U{U’ {’LU, u}}} + 0’2{11), {{u7 U}} =0,

and
{u,vw} = (v D) {u,wl} + {u,v}(1 ® w).

Here (u ® v)° “f ®u;  fo,v2 @ v3} = {v1,v2} ® v3  and

o(v1 ® v ® v3) 1= V3 ® V1 ® Va.

Denote by p the multiplication map u: A® A — A given by pu(u®v) =

uv. We define a C-bilinear bracket operation on A by {-, -} = w({- - B).

Proposition 3.6. Let {-, -} be a double Poisson bracket on A. Then
{-, -} is a trace bracket on A/[A, A], which is defined as

{Zl, B} = #({av b}})v

where @ means the image of a € A under the natural projection A —

AJ[A, Al

Let A = Clxy,...,zn] be the free associative algebra. If the double
brackets {{x;,x;} between all generators x; are fixed, then the bracket
between two arbitrary elements of A is uniquely determined. Constant,
linear, and quadratic double brackets are defined by

foi e} =cjlel, o =—c

fzi 2} = bfjxk ®1— b?il ® Tk,

and

{za, 28} = 1o v @ 2y + agh Ty, @1 — a1 @ TyTy,

respectively.

Proposition 3.7. These formulas define double Poisson brackets iff the

constants c;;, bfj,rgq,aqu satisfy the identities of Theorem 3.11.
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