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Notes on the Dirichlet problem

of a class of second order elliptic
partial differential equations on

a Riemannian manifold

Jaime Ripoll and Friedrich Tomi

Abstract. In these notes we study the Dirichlet problem for critical points
of a convex functional of the form

F(u) = / 6(IVul),

where 2 is a bounded domain of a complete Riemannian manifold M.
We also study the asymptotic Dirichlet problem when @ = M is a
Cartan-Hadamard manifold. Our aim is to present a unified approach to
this problem which comprises the classical examples of the p—Laplacian
(¢(s) = sP, p > 1) and the minimal surface equation (¢(s) = V1 + s2).
Our approach does not use the direct method of the Calculus of Variations
which seems to be common in the case of the p—Laplacian. Instead, we
use the classical method of a-priori C' estimates of smooth solutions of the
Euler-Lagrange equation. These estimates are obtained by a coordinate
free calculus. Degenerate elliptic equations like the p—Laplacian are dealt
with by an approximation argument.

These notes address mainly researchers and graduate students interested
in elliptic partial differential equations on Riemannian manifolds and may
serve as a material for corresponding courses and seminars.
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Chapter 1

Introduction

In these notes we study the Dirichlet problem for critical points of a convex
functional of the form

Flu) = /Q 6(IVul), (1.1)

where (2 is a bounded domain of a complete Riemannian manifold M. We
also study the asymptotic Dirichlet problem when 2 = M is a Cartan-
Hadamard manifold.

As minimal conditions on ¢ we require that

{ ¢ € C'([0,00)) N C?((0, 00)) (12)
@'(s) > 0 and ¢"(s) > 0 for s > 0. :

These conditions imply the strict convexity of F' and ensure the ellipticity
of the associated Euler-Lagrange equation.

There is a vast literature on this class of problems, mainly on the
Euclidean space, which we do not discuss here. Our aim is to present
a unified approach to this problem, in the Riemannian setting, which
comprises the classical examples of the p—Laplacian (¢(s) = s?, p > 1)
and the minimal surface equation (¢(s) = /1 + s2). Our approach does
not use the minimization technique of the Calculus of Variations which
seems to be common in the case of the p—Laplacian. Instead we use
the classical method of a-priori C! estimates which are obtained from
the Euler-Lagrange equation using a coordinate free calculus. Degenerate
elliptic equations like the p—Laplacian are dealt with by an approximation
argument.

The p—energy and the area are typical representatives for two classes
of functionals which we shall distinguish in what follows. With the
abbreviation a = ¢’ the Euler-Lagrange equation of F is

Q[u] := div <a(||vvqﬁ|)Vu> =0, (1.3)

5



6 Jaime Ripoll and Friedrich Tomi

which may be written in the equivalent form
IVul® Au+ b (|Vu|) VZu (Vu, Vi) = 0, (1.4)

where ‘s)
sa’(s
b(s) = -1 1.5
(=" (15)
and V? denotes the Hessian. It follows from (1.2) that 1 + b(s) > 0 for
s> 0.
As it is well known from the theory of elliptic equations, the behavior
of the eigenvalues of the quadratic form associated with (1.4)

q (&) = [Vul* |¢” + b (|Vul) (€, Vu)? (1.6)

is crucial. Precisely, it is the quotient of the eigenvalue A in direction Vu
given by
A= [Vul* (1 +b(|Vul))

and the maximal eigenvalue given by
A = |Vu|*max {1,1+b(|Vul)}

which is decisive. We may easily see that

A
—=1+b"
AT
where b~ = min{b,0}. The construction of barriers at the boundary

depends on the behavior of the function 1 + b~. We consider the two
following possibilities:

Condition 1. Mild decay of the eigenvalue ratio:
(L4+b7(s)) s> > p(s), s> s >0, (1.7)

where ¢ is non decreasing and

/300 (ps(j)ds = +oo0. (1.8)

Condition II. Strong decay of the eingenvalue ratio:
(1407 (s)) s*> > (s), s> s> 0,

where ¢ is non increasing and

/00 @ds = +o0. (1.9)
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As we will see, with mild decay of the eingenvalue ratio one is able to
construct barriers on arbitrary bounded smooth domains. However, for
partial differential equations with strong decay of the eigenvalue ratio, it
is necessary to require the mean convexity of the domain (see Section 3.2).

Let us mention that the p—Laplace equation falls into class I and the
minimal surface equation into class II. Further conditions besides I and II
will have to be imposed for global and local gradient estimates (see Section
3.3). Let us also mention that the behavior of type I was introduced by
Serrin as regularly elliptic (see [20]).

These notes address mainly researchers and graduate students interested
in elliptic partial differential equations on Riemannian manifolds and may
serve as a material for corresponding courses and seminars. Indeed, the
first author gave a course at Federal University of Santa Maria, Rio Grande
do Sul, Brazil, on the second semester of 2017, based on these notes.

Our goal in this text was to carve out structural conditions on the
integrand ¢ which lead to global and local C'!—estimates for solutions of
the corresponding Euler-Lagrange equations. The text gives a complete,
self-contained presentation of this part of the theory; no prerequisites
besides elementary Riemannian geometry are required. Once the crucial
C'—estimates are established a general machinery may be applied to
obtain higher order estimates. For this machinery we refer to the literature
[10], [15], it is not a subject of this text.

We believe that the techniques of these notes can be extended to more
general partial differential equations, such as equations with a nonzero
right hand side Q = f with f depending on the point of the manifold, the
function and its first derivatives.

We would like to express our thanks to Roberto Nuiies for checking part
of this manuscript and for contributing the useful estimate in Remark 3.2.



Chapter 2

Overview of the technique

We resume in this section the main ideas used in these notes to investigate
the Dirichlet problem in bounded smooth domains of a Riemannian
manifold.

2.1 The method of a priori bounds

The case in which the partial differential equation (1.3) is singular or
degenerate, as the p—Laplacian and a similar family of partial differential
equations, is reduced to the regular case by a perturbation technique (see
Section 4). The main and largest part of our notes concerns the existence
of solutions of regular partial differential equations. Regular means that
(1.3) is elliptic and has at least Holder-continuous coefficients. To be more
precise we write (1.3) in the equivalent form

A (|IV
A(|Vu]) Au + |(v|u|“|)v2u (Vau, V) = 0, a(s) = sA(s).

In terms of a local orthonormal frame Fjy,..., E, this equation may be
written as

Zaij (‘VUD (V2U)ij =0

i,
with A (V)

u
a;; =A (|Vu|) 0ij + Wuiuj, Vu=u;E;.

By an elementary but careful computation one sees that for v € C? (ﬁ) the
coefficients a;; are a—Hdélder continuous provided that 4 € Ch* ([0, o0)).
Moreover, the eigenvalues of the matrix (a;;) are A(s) and A(s) + sA’(s)
so that ellipticity amounts to the inequalities

A(s) >0, A(s) +sA'(s) >0

8



Chapter 2. Overview of the technique 9

for all s > 0.

To investigate the Dirichlet problem for our partial differential equations
which are regular, for smooth boundary data, we use the classical method of
a priori bounds. In the abstract setting of Functional Analysis, this method
is conveniently exposed in form of the following fixed point theorem of
Leray-Schauder.

Let B be a Banach space and denote by || || the norm of B. A continuous
mapping T : B — B is called compact if the image by T" of bounded subsets
of B are precompact that is, their closures are compact subsets of B.

Theorem 2.1. Let T : B — B be a compact mapping and set
Vi={veB|v=0T(v) for someo €[0,1]}. (2.1)
Assume that there is a constant C' such that
Iolls < C

for all v € V. Then T has a fixed point that is, there is uw € B such that
T (u) = u.

This theorem may lastly be derived from Brouwer fixed point theorem
(which asserts that a continuous mapping from a ball of R™ into itself has
a fixed point, see Chapter 11 of [10]). We now show how one can use
Theorem 2.1 for investigating the existence of solutions to the Dirichlet
problem
Q[ul = A(|Vul) Au + 2L T2y (Tu, V) = 0 in Q 22)

uldQ =g '

for a given g € C%* (ﬁ) , where Q is a 0% fixed bounded domain of M,
A(|Vu|) = a(|Vul]) / [Vu|. We assume that @ is regular.

In order to apply Theorem 2.1 we take B = C?(Q) and define the
operator T : C? (ﬁ) — C? (ﬁ) as follows. Any u € C? (ﬁ) determines a
linear operator

A’ ([Vul)

Lule] = A(9ul) Ao+ =

V2v (Vu, Vi)

which satisfies £, [u] = 0 if and only if @ [u] = 0. From the regularity
assumption of Q, L, is elliptic and has Holder coefficients. It then follows
from Theorem 6.14 of [10] that the Dirichlet problem

Ly w]=0inQ
w|0N =g
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has a unique solution w € C** (Q). We may then define T'[u] = w <
L, [w] =0 and w|0Q = g. It is clear that u € C? (Q) is a solution of (2.2)
if and only if w is a fixed point of T

To prove that T is a compact operator we first note that £, satisfies the
maximum principle (Theorem 3.5 of [10]) which implies, in combination
with Theorem 6.6 of [10], that if w € C** (Q) satisfies £, [w] = 0 then

there is a constant C' depending only on a C? (ﬁ) bound for u such that
|w|02,a S C|g|021f’ .

Since the embedding of C%« (ﬁ) into C2 (ﬁ) is compact it follows that
T maps bounded subsets into precompact subsets. The continuity of T
follows by a similar argument.

Now, let v € V where V is given by (2.1). We may assume that v
is nonzero. Then there is o € (0,1] such that v = ¢T [v]. Obviously
v/o € C**(Q) and L, [v/o] = L, [T [v]] = 0. Hence, by the linearity of
Ly, Ly[v] = 0L, [v/o] = 0 that is, v satisfies Q [v] = 0 with v|pq = og.
Hence, the applicability of Theorem 2.1 depends on obtaining a uniform
estimate of the C? norm of v that is, an upper bound of |v| 2 depending

only on |9‘C2>a(§) (besides © and a, but not on o). This is what one calls in

partial differential equations theory as “a priori” estimates since they can
be obtained independently of the existence of a solution of (2.2). How one
obtains these estimates in our case is a matter of a preliminary discussion
in the next section.

2.2 A priori estimates

We assume here that @ is regular and that Q is a C?* bounded domain. A
fundamental tool to obtain a priori estimates is the comparison principle.
It says that if v,w € C?(Q) N C° (ﬁ) are sub and supersolutions
respectively of @ (that is Q(u) > 0 and Q(w) < 0, in the classical or weak
sense, see Section 3.1 for details), and if v|sq < wlgg then v < w in Q. In
our case, once we prove a comparison principle for our partial differential
equations, since the constant functions are solutions of @Q[u] = 0 we
immediately have

infg<wu<supg

Q Q

if ue C?(Q)NC°(Q) is a solution of (2.2). We then have an a priori
estimate for the C° norm

[uleo < suplg] (2.3)

for any possible solution u € C? () N C° (Q) of (2.2).
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The case of smooth boundary data

We begin by obtaining a priori gradient estimates, first by using barriers
to control the gradient at the boundary of the domain. Barriers at a given
point p € O are sub and supersolutions v,w € C! (ﬁ) of @, respectively,
such that

and

v(z) < g(z) < w(z)
for all z € Q. From the comparison principle it then follows that if
u € C* (Q) is a solution of (2.2) then

v<u<w
and, from elementary analysis, it follows that

[Vu(p)| < max{|Vuw(p)|,[Vo(p)|}-

In many cases, when M has nonnegative Ricci curvature a maximum
principle holds for the norm of the gradient, that is

sup |Vu| = sup |Vu|
Q a0

from which, with the help of barriers, one obtains an a priori C'! estimates
of a solution of (2.2). In a general manifold, where the Ricci curvature can
be negative or change sign, and for the general class of partial differential
equations considered here, the maximum of the gradient can, in principle,
occur at an interior point of the domain. If this happens we prove that
the gradient at such a point is controlled by the C° norm of the solution.
Together with the boundary gradient estimate we then obtain an a priori
C' estimate of a solution of (2.2).

Next we need Holder estimates for the gradient. For this step we refer
to well established theories in the literature (see [10], Theorem 13.2). We
may then assert that there is v > 0 such that « has an a priori C'*¥ norm
bound in € (with v depending only on |u|,. and hence only on |g| 2. ) and
therefore the coefficients of the operator £, have uniformly bounded norm
in C*Y (ﬁ) . We may then again apply the linear theory (see Theorem 6.6
of [10]) to the equation

Ly [u] =0, ulog = og

to obtain an a priori C? (ﬁ) bound for wu.

We have seen that the solvability of the Dirichlet problem (2.2) reduces
to proving a comparison principle for ) and obtaining global a priori
estimates for the gradient. This will be done in the next sections. It
remains to consider the Dirichlet problem (2.2) for continuous boundary
data. The main points of this are discussed in the next section.
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The case of continuous boundary data

We assume that @ is regular and that (2.2) is solvable for C%* boundary
data. To study the problem (2.2) in the case that  is bounded and of
C? class but g is only continuous we need to obtain a priori local gradient
estimates. We begin by obtaining a maximum principle for the difference
of two solutions (Proposition 3.2) that is, if u,v € C? () N C° (Q) satisfy
Qu] = Q[v] =0 in  then

sup |u — v| = sup |[u — v|. (2.4)
Q 29

We then consider a sequence g, € C%© (ﬁ) converging in the CY norm to
g. From the maximum principle the corresponding solutions wuy € C? (ﬁ)
to the Dirichlet problem with boundary data g, satisfy

sup [ux — uj| = sup|gr — g;|, 7,k €N,
Q Q

being hence a Cauchy sequence on C° (ﬁ) The sequence (ug) then
converges in the CY norm to some u € C° (ﬁ) To prove that in fact
u € C%(Q) we obtain local gradient estimates. This is done by fixing an
arbitrary z €  and choosing r > 0 such that the closed geodesic ball
B,.(x) is contained in 2 and is normal. Then we prove that there is a
constant C' depending only on a, r, g such that

for all kK € N. Then, as before, we can make use of Theorem 13.2 of
[10] to get an uniform C'?Y—norm bound of (uy) for some v > 0 and
the linear theory (Theorem 6.6 of [10]) to prove that the sequence (uy)
has equibounded C?7® norm on any relatively compact subdomain of
Q. Therefore, it contains a subsequence converging in the C? norm to
u on any such subdomain and thus u € C?(Q). By the continuity of
Q:C?(Q2) — C°(Q) it follows that Q [u] = 0.

The boundary gradient estimates, the gradient estimates at interior
points for smooth boundary data, and the local gradient estimates are
obtained in the next sections.



Chapter 3

Gradient estimates

In this section we derive global and local estimates for solutions for regular
partial differential equations under the assumption that the solutions are
of C3 class.

3.1 Comparison and maximum principles

Let Q be a domain in M, Q compact. We assume that

Q[u] = div <“ |(VVJ|L|)V“)

is such that a : [0,00) — R is strictly increasing and a(0) = 0.
Denote by C’g 1(Q) the space of Lipschitz functions which compact
support on §2. We say that u € C%1(Q) is a weak solution of Q if

/Q <aT|vvuu|)w,vg> dz =0 (3.1)

for all £ € C'(€). We say that v € C%'(Q) is a weak supersolution
(subsolution) of @ if (3.1) holds with “>” (“<”) instead of “=" for all
£ e CP'(Q) with £ >0 on Q.

Proposition 3.1 (Comparison Principle). Let Q be open and bounded,
u € C%Y(Q) a weak subsolution of Q and v € C%*(Q) a weak supersolution
of Q such that
limsup (u(z) —v(zk)) <0 (3.2)
k
for any sequence xzy in Q which leaves any compact subset of Q). Then it
follows that u < v in .

13



14 Jaime Ripoll and Friedrich Tomi

Proof. Let € > 0 and let us choose
C:=(u—-v—e)" =max{u—v—¢g0}.
From (3.2) it follows that w and v have bounded first derivatives on the

support of ¢, a compact subset of €2, and

[ Vu—v) fu—v>c¢
Ve= { 0 elsewhere.

Therefore |Vu| and |Vo| are integrable on the set

Ao i={z € Q| ulx) —v(x) >e}

and we have

a(|Vul) a(|Vv]) >
Vu — Vu,Vu — Vv )dx <0. 3.3
RS g 33

On the other hand,

<a(|Vu|)vu _allVeD g g w>

|Vl |Vl
= a(|Vau|)|Vul? — ‘M<vu7w> . “ﬁ'vvvv) (Vu, Vo) + a(|Vo]) Vo]

> a(|Vu))[Vu| = a([Vu))[Vo| = a([Vo])[Vul + a(|Vo]) Vol
= (a(|Vul) = a(|Vo])) (IVu] = [Vo]),
where the inequality is implied by Cauchy-Schwarz inequality. Since a is
increasing it follows from (3.3) that |Vu| = |[Vv| a.e. on A.. From this,
in connection with (3.3), we conclude that V¢ = 0 a.e. on Q. It follows
then, again from (3.3), that ¢ = 0 since ¢ € Cg''(Q2). We conclude that

u—v < 0in Q since € > 0 is arbitrary, concluding with the proof of the
proposition. O

Proposition 3.2 (Maximum Principle). Let @ C M be an open
bounded and u,v € C%1(Q) N C° (Q) be weak solutions of Q. Then

max |u — v| = max |u — v|. (3.4)
a o0

In particular, since v =0 is a solution we have the maximum principle

max |u| = max |ul.
a E19)



Chapter 3. Gradient estimates 15
Proof. Set
M := max |u — v|.
o0
Then, from the Comparison Principle
u=u—v+v<v+ M.

Reversing the roles of u and v we get v < w + M from which we get
(3.4). O

3.2 Boundary gradient estimates. Barriers.

In this section we assume that  is a bounded domain of C? class in M.
We follow Serrin’s treatment with some simplifications [20]. The cases of
mild and strong decay of the eigenvalue ratio have to be treated separately.
Nevertheless the type of barrier that we use, defined in what follows, will
be the same in both cases.

We fix a number dg > 0 such that the function

d(x) = distance(z, 0Q)
is of C? class on the boundary strip
Qs ={z€Q|0<d(z)<d}
and we seek barriers of the form
w =g+ f(d),

where the function f is defined in some interval [0,4d],0 < ¢ < &g, f(0) =0,
and w is a supersolution with f(§) = M or a subsolution with f(§) = —M,
M > 0 a preassigned number.

To simplify later calculations we introduce the linear operator

Vw Vuw
=Av+b(|Vuw|) V0 [ =—, =—
Luv = Ao +b(|Vw]) ”<|Vw|’|Vw|>
which satisfies
|Luv] < (n—1+14b) V30| <nB|Vy| (3.5)

with B = max {1,1 + b} . Using (1.4) and (1.5) we may write the operator
Q as
Vw

2
Qw]=Lug+ f'Lud+ f" <1+b<Vd’|Vw> ) (3.6)
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We shall also need the following obvious estimates of |Vw| in terms of

1

fr—c <|Vw| < f +e, (3.7)
where ¢; = maxgq; |Vg| and hence
2 !/ 4 !
—f < < - 3.8
2y < IVul <37 55)
provided that
f'>a>max{1,3c¢}, (3.9)

where the number a will be appropriately chosen later on. We construct
only a supersolution and assume then that f” < 0.
The case of mild decay of the eigenvalue ratio

As mentioned at the introduction, this class falls into the Serrin’s category
of “regularly elliptic” equations (see [20]). We have

Yw 2 Yw
1+b<Vd > >(1+b <Vd >
o) 2OV Gy

1+b Vw \*>_ 1+b
= 7 <Vw Vg, |Vw|> > I ([Vw| — ¢1)? (3.10)
1140 )
=4 fr2 [Vl

on account of (3.8) and (3.9). Inserting into (3.6), recalling that f” <0
and observing (3.5) we obtain
4
'B

Fb+1
f/3 B

Qw] < 4n (|Vg| + |V?d|) + 5 [Vwl|?.

Setting
C = 4dnmax (|V3g| + |V?d|)
Qs
and observing that
b+1
—— =140
B +
we obtain from (1.7) and (1.8)

4 " 2,
spQll et Lo (3r). (3.11)

In the last step having used (3.8) and the fact that ¢ is non-decreasing. Our
task will be complete if we can find a solution to the ordinary differential
equation

f/3

"+cC
@(Sf)

=0 (3.12)
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which is defined in some interval [0,4d,] to be explicitly determined later,
0 < § < dg, and satisfies f(0) = 0, f(§) = M and f’ > « in [0, ], where
M is a given positive number and now « is chosen as

amaX{M,l,?)cl}. (3.13)
do

We rewrite (3.12) as an equation for the inverse function of f’, denoted
by h, that is

oy -2 )
Cs3 '’
leading to

where (3 is still to be determined.
The domain of the definition of f is the interval [h(8), h(a)] = [0, §] with

B 2
o= [ Za
5 led 24 B 24
f@):ié f%ﬁds:——l;t¢é;)dt::/ wé;)dt

Due to (1.8) we may now choose S and hence § so that f(§) = M.
Moreover,

and

dt =

S 60)

- 3 = o 2 o
« Ct o), Ct o
where we used that o > 1 for the first inequality and that o > M/d
for the second one. Replacing f by —f we obtain a subsolution. This
completes the construction of barriers for the class of partial differential
equations with mild decay of the eigenvalue ratio.

Remark 3.1. We shall now illustrate the significance of the divergence
of the integral in (1.8) by showing that the existence of a supersolution w
with the above properties fails in general in the case that the boundary is
concave and condition (1.8) is violated. More precisely, let us assume that

/OO (14+0(s))ds < +0 (3.14)

and that Ad > c in the boundary strip €25, for some constant ¢ > 0. Then
we may construct a subsolution of the form

v=f(d), 0<d<5<d,
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such that
f(0)=0, f'>0, f/(0)=+oo, f(8)=M

for some positive number M which is determined by the integral (3.14).

If there were a supersolution w € C* (€s) such that w(z) > M for
d(xz) = § and w|9Q = 0 then it would follows from the comparison principle
that w > v in Q4. This is however impossible since the interior normal
derivative of w — v equals to —oo along 0.

In order to construct v we compute

Q] =f'Ad+f"(1+0b(f)) = cf' + f" (1 +b(f))
so that if will be enough to find a solution to the equation

o

1+b(f’):0

f”+C

with the required properties.
As above, we switch to the inverse function h of f’ and get

h(t):}/ 1—Fib(s)ds,oz§t<—i-oo,
cJ, s

where « is chosen in such a way that 6 = h(a) < dy. It follows that
oo
f(6) = / (14+0(s))ds=: M > 0.

The case of strong decay of the eigenvalue ratio

In this case it becomes necessary to restrict the geometry of 0€2; we require
that the mean curvature of 02 as well as of the level hypersurfaces of d,
0 < d < §y, is nonnegative with respect to the normal vector Vd. This is
equivalent to the condition

Ad <0 in Q. (3.15)

Since V2d (Vd, Vd) = 0 we then obtain

Vw YVw
/ wd< /b 2d - v=
[Lwd = TOV (|Vw|’|w|>
<B I” 2V2d(Vd,V 1V2dV \Y
>~ V’u)|2 ( ) g)+? ( g, g)

S BCO7
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where the constant ¢y only depends on

max (|Vg| + |V?d|)

ng

and (3.9) is assumed to hold further on. Inserting this last estimate and
(3.10) in (3.6) we arrive at

"14b
*Q[ ] < +FT|V7«U|2

"
<C+ (IVw)|)

ﬁ‘ﬁ

f// 4 ,
SCJrf,2<P<3f)7

where the constant C depends only on

max (|Vg| + [V3g| + |V?d])
Qs,

and we used (3.8), (1.9) and the fact that ¢ is non-increasing. We again
choose «a according to (3.13) and consider h, the inverse function of f’,
which is given by

47
C/ 3 dt, a <s<p.

i
5_0/ #(5)
i
c/’ (5)

Condition 1.9 allows to choose 3 such that f(0) = M and, as before,

M
0<— < 6o
a

‘We obtain

and

and the barrier construction for the class of minimal surface equation is
complete.

From the previous calculations and also (2.3), we obtain:

Theorem 3.3. Let Q be a bounded domain of class C? in M and
u € C'(Q) be a weak solution of (1.3) such that u = g on 9Q with
g € C? (ﬁ) We assume that either Condition I or II of Section 1 are
satisfied and in case that Condition II holds we require furthermore that
the mean curvature of 9Q with respect to the interior normal of 92 as well
as of the inner parallel hypersurfaces of OX) in some neighborhood of OS2 is
non negative. Then the normal derivative of u on 02 can be estimated by
a constant depending only on |9|02(Q)
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3.3 Global and local gradient estimates

In this section we prove global and local estimates of solutions of the
partial differential equation (1.3) on bounded domains. We assume that u
is a solution of class C*® and use the equivalent form of (1.3), namely:

|Vu|*Au + bV2u (Vu, Vu) = 0 (3.16)
recalling that

In order to derive gradient bounds for the solutions of (3.16) we consider
a point of €, say xy, where a certain auxiliary function attains a local
maximum. We need slightly different such auxiliary functions, all of them
of the form
G (2) = 9(2)f (w) P(|Vu]).
The gradient estimates (local and global) are obtained by writing
V2G(z0) (Vu, Vu)

as a polynomial in |Vu|. Analyzing its leading coefficient, after an
appropriate choice of g, f and F), the constraint

V2G(x0) (Vu, Vu) <0

will impose an upper bound for |Vu|.
We shall make use of the well known Bochner formula:

Proposition 3.4 (Bochner formula). If M™ is a Riemannian manifold
and u € C3(M) then

1
(VAu,Vu) = §A Vul® — ‘VQu‘z — Ric (Vu, Vu) . (3.17)

Proof. Let p € M and E,...,E, a local orthonormal frame field in a
neighborhood V' of p such that

Vi Eijp)=0,i,j=1,...,n (3.18)
Hence, we have at p

AVul> = V2 |Vul® (B, Bj)
J

_ Z<ijV\vu|2,Ej>

= E; (V|Vul* E;). (3.19)
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Since
(V|Vul?, E;) = E;|Vul* = E; (Vu, Vu)
=2(Vg,Vu, Vu) = 2V2u (E;, Vu)
= 2V2u < Y (Vu,E) E >
=2 (Vu, E;) V’u(Ej, E;) (3.20)

%

hold at every point of M we obtain
A|Vul? = QZE- (Vu, E;) V*u (B}, E;))

= 22 (Vu, E;)) V?u (Ej, E;) + (Vu, E;) E; (V?u (E;, E)))]
and then

AlvuP? =23 [vQU(Ej,Ef + (Vu, B) B, (v2u(Ej,Ei>)} . (3.21)

By the symmetry of V2u we have at p

Ej (VQ’U, (Ej, Ez)) = Ej (VQU (EZ', E]))
= E; (Vg Vu, Ej)

- <vE VE Vu, ;)
= (R(E;, E))Vu+ Vi, Vg, Vu, B;)
=(R ( E;)Vu,E;) + E; (VE,Vu, E;)
= (R (B}, Bi) Vu, B;) + E; (V?u (Bj, By)), - (3.22)

where R denotes the curvature tensor of M. Inserting (3.22) in (3.21) we

finally arrive at

ANV S~ (20 (B, B + (Va, By [(R (Ey. o) Vs By) + B (Vo (B, B
. —Z{ (By B + (Y, B0) (R (B, B) Y, ) + B (P (5, 57)]

= |V2u|? +Z (Ej, Vu) Vu, Ej) +Z (Vu, E;) E; (Au)
— |V’ + Ric(Vu, Vu) + (VAu, Vu) .
O

We now obtain an equation for |Vu| by differentiating (3.16) in direction
V.
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Lemma 3.5. If u solves (3.16) then, in an orthonormal frame En, ..., E,
with By = |Vu|71 Vu on a neighborhood of @ where Vu is non zero, the
following equality holds

(b+1)|Vu| V? |Vu| (B, Ey) +|Vu| Y V?|Vu| (i, E;)

1=2
+V [Vu| V2 (By, By ) + by V2 (B E;)?

=2
n

— Y Vu(E;, E;)” - Ric(Vu, Vu) =0,
i=1,j=2

where Ric denotes the Ricci tensor of M.

Proof. Differentiating (3.16) in direction Vu gives

\Vul® (VAu, Vi) + <V Vul?, vu> Au

1 _
5 [Vl (Y VY V2 (Vu, V)
+bVu (V2u(Vu, Vu)) = 0.

From the relation

V2u (Vu, V) = <v |Vu|2,Vu>

N =

and Bochner formula (3.17) we obtain

1
§A Vul® — |V2u‘2 — Ric (Vu, Vu)
+ (0 |Vu| = 2b) [Vu|~* V2u (Vu, Vu)?
1 -2 2 _
+5b/Vul * Vu <v IVl ,vu> —0.
For the last term we have

Vu <v V| 7Vu> = |V [<vElv |Vu\2,Vu> + <v \Vu|2,vE1Vu>]

= [Vu| | V? |Vl (Br, V) + 3 <E (|Vu|2> E;, VE1Vu>
=1
= |Vul® |V2|Vul* (By, B1) + 2 VZu (B, E;)?

=1
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This leads to

1
5(b+1)v2|vu| (E1, Ey) + ZW \Vul® (E;, E;)

+ (V' |Vu| = b) VZu (By, E1)* + b Vu(Ey, E;)?

=2
n

— Y V?u(E;, E;)? - Ric (Vu, Vu) = 0.

ij=1
Using finally the relation

1

3V’ \Vul? (B, E;) = |Vu| V2 |Vu| (B, E)) + Vu (B, E;)?, 1<i<n,
to convert the last equation into one for |Vu| instead of |Vu|® we arrive
at the equation in the lemma. O

We resume some computations used in the estimates in the following
lemma:

Lemma 3.6. Ifu solves (3.16) and the function G(z) = g(z) f(u)F(|Vu|)
attains a local mazimum in an interior point yo of Q with Vu(yo) # 0

then, in terms of a local orthonormal basis Ey := |Vu|='Vu, Ea, ..., E, of
Ty, M we obtain, at yo, the relations
F/ 9 1 f/
fv u(Ey, E;) = *§<V97Ei> - 7<VU,Ei>
and
F/b/ F// F12 F/
> | — - - 2 2 2 ) \2
0> [ + 0+ D) (%~ 5 )] V(BB e Z_Zv u(E;, Ej)
32
F/b F// F/2 9 f// f/2
— — - — Ei,E)?+(0b+1) (= - = 2
TR R DI SRR R Sl
Vul|F’ 1
4 vl Ric(E1, E1) +3 (b+ 1)V2g(Ey, Ev) + Y Vg(E;, E;)
i>2
1
- [+ 1)(Vg, E1)* + Z<V9,E 2
g i>2
Proof. We compute
1 ! FI
VInG = -Vg+ =Vu+ —=V|Vu 3.23
SV %Vt S| (3.23)
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and, for &,n € Ty, M,
/ F/
LVu—i— V|Vu|> M)

f
f/2 f/
§(u) - f2 Tz (W) Vu + 7

V2InG(&,n) = (VeVInG,n) = (Ve (1Vg-|-
f//
7
F// F/
e e(val) - Lo e(vuvivel + Lvevivul g
1 12
- —giz<wf><v9,n> + 1vf“gm) T [f7 - J}—z]<w,f><wn>

2u(Vu, £ )V2iu(Vu,n)

- <—g1 £(9)Vg + vgvm Lvevu

F// F/2 1

+7v2u<§an)+[? ]‘V |2

!

+ ZVVul(E ),
where we used the relation
1
Viu(Vu,n) = (V,Vu, Vu) = 577(|Vu|2) (3.24)
1
= §<V|VUI2J}> = [Vu[(V|Vul,n).
y (3.23) and (3.24) we have at yo

F/
F|Vul

F/
= V(B E) = V2u(Vu, E;)

f/
i
Since (3.16) is elliptic and the matrix (V21n Gy, (E;, E;)) is nonpositive,
we obtain at yo

0>60=(0b+ 1)V’ InG(E, E)+ Y V' InG(E;, E;)

F' 1
= F<V|Vu|,Ei> = —§<V97Ei> — = (Vu, ).

i>2
bJrl b+1 " 12
= 2w mr + g B + 0 0 - L yvu 2
g* g I f
f/ F// F/2 1 9 5
+(b+1) V2|Vu| E\, Ey) — 7 Z (Vg,E ZW (E;, E;)
1>2 z>2
f// f/2
S+ LY v, B
f f i>2 i>2
F// F/2 9 5
i E;) E. E;
+HF -7 IVuI2 Zv (Vu, Zv |Vl ( ).

i>2
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Hence, by (3.16),

F/
= PVl {VU|(b+ DV2|Vul(Er, Er) + |Vl Y V|Vl (Ei’Ei)}
i>2

F// F/2 F// F12
+ 0+ D5 — ) Viulkr, Br)? + 5) Y Vu(Ey, E
i>2

" 2
o+ - f—)|Vu|2 o

7 (b+1)V2g(Er, E1) + Y Vg EEZ)]

i>2

+ jfl/ [bv2U(E1, El) —|— AU] .

_ iz [(b +1)(Vg,E1)* + ) (Vg E;)?
i>2 _
- (3.25)

By Lemma 3.5 and (3.25), we obtain

' / 2 2 2 2
/ —0 |\ Vu| V2u(E;,. E)? — E,V E, E.
F|Vu|{ b [Vu| Vu(Ey, Er) 5122 u(En, E;)

+ Z V2u(E;, E;)* + Ric(Vu, Vu)

(2]

i>2
F// F/2 // F/2
+ 0+ 1) (5 = F5)Viu(By B)? + (5 7)Y Vu(Ey, E
>2
f// f/2
+(b+1)(77—)|v |2+§ (b+1)V?g(Ey, Er) + Y V3g(Ei, E))
>2

_ giz [(b +1)(Vg, E1)2 + ) (Vg E;)?

i>2
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and so
F/b/ F// F/2 5 9 F/ ) )
0 = {— = +(+1)(— 7 72 )} V u(Ey, Ey) +WZZ:V u(E;, Ej)
iy
F/b F// F/2 5 f// f/2 5
_ il (E (e — L
+[ o }zv LE)?+ b+ ) = T)Ivu

[VulF' _ . 1 2 2
+ Rlc(El,El)—i-g (b+ 1)V2g(Er, Br) + Y V2g(E;, E;)
i>2

1
2 (b+1)(Vg, E1)*> + Y (Vg, E;)?

i>2

The class of mild decay of the eigenvalue ratio

Taking the function F(s) = s in Lemma 3.6, we obtain

V2u(Ey, B2 72 1 ’
VB EDY P gue 4 L v 52 + 2 (v, BV, (3.26)

[Vul? fg
1 9 1 9 .
|Vu|2v u(Ey, F;)? = g—2<Vg, o, Yi=2,...,n (3.27)
and
|Vu|+b+1
0> —||$u|2v2u(E1,E1)2 e > VPu(E;, E;)?
z‘lijz
b+ 1 f// f/2
i>2

+RiC(E1,E1) g [(b+1)v g(El,El +ZV2 E”E )]
1>2

- giz [(b +1)(Vg, E1)* + > (Vg, E1;>2] : (3.28)

i>2
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Inserting (3.26) and (3.27) in (3.28), we arrive at

12 1 2 !/
0> —(¥|Vul + b+ 1) [Fw? + (Vg B+ f<Vg,E1>Vu|]

fa
/i 12
—b+1)Y g%<Vg,Ei>2 Lo+ 1><f7 - f—w 2
i>2

+Ric(Ey, E1) + = | (b+ 1)V?g(Er, E1) + > V?g(E;, E))

i>2

1
i>2
f// f/2
= —b’|vu| |vu|2 +(b+1) (f — 2f2> |Vu|? + Ric(Ey, E)
Vg, E b+1
- @19l o) [T 2 g gy wul] - L S0y 5
i>2
(b+ 1)V2g(Er, E1) + Y V2g(E;, E;)
i>2
— |0+ 1)(Vg, E1)* +> (Vg Ei)?| . (3.29)
i>2
We first consider the global estimate where we set ¢ = 1 and choose

f(u) = (In(K + u))~! with a constant K > 0. For convenience we also
assume that u > 0. For this f we have

= —(K4u) ' (n(K+u)) 72, f” = (K4+u) " 2(In(K+u)) "3 (In(K + u) + 2)
and thus
L/ _ 1 f// _ 1 2f/2

f (K+u)In(K +u)” [ (K+u)?ln(K + ) 2

Then (3.29) becomes

f// f/2
0> b’|Vu| \Vu\z +(b+1) [ 7 fQ} |Vu|? + Ric(Ey, E)
and so
_ _ bt Vul _
2 1 _ 2 | Rj
(K +u) “(In(K +u)) {b—i—l ln(K+u)] |[Vul* < |Ric™ |, (3.30)
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where b'" = max{b’,0} and

Ric™ := ‘H‘nn min {Ric (n,n),0}.
’I] =

We now require the condition:

Condition 3.7. There are numbers so, 8 > 0 and a function ¢ €
C? ([0, 00)) with lim,_, 4 p(s) = +00 such that

(b(s) + 1 — b (5)s)s* > (s)
for s > sq.

Then, since (3.30) holds at a point where the function G = [Vu|/In(K +
u) attains a maximum, choosing K = exp(1/4), we obtain

Theorem 3.8. Under Condition 3.7 there is a constant C depending only
on ¢, B and supg (Ju| + Ric™) such that if the function |Vul/In(K + u)
attains a local maximum at an interior point yo of 2, then

[Vu(yo)| < C.

We now turn our attention to the local estimates. Here we consider the
solution u in a closed geodesic ball B,.(z¢) with center zy and radius r
smaller than the distance of zg to its cut locus, if the latter is nonempty,
and we choose

2
9l@) = 1= 55 plw) = dist(z, a0).

Unless Vu = 0 in B,(xp), what would make any further estimate
superfluous the function In G attains a local maximum in some point yq in
the interior of B,.(zp). In case that

9(90)|Vulyo)] < jf(“(y” (3.31)

would hold, then the estimate of |Vu(yg)| will turn out to be trivial. Hence
we shall assume that

l_ |f’|

[Vu| at yo
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what implies

2 ]g<Vg,El>|Vu|

<2199 vu)
fa

/ / 2
< QS IVul Tl f[Va [Vo7]
- 4f 72
_ [PV Vul?

N 2f2r
A
f2r
S f/2|vu|2.
f2

(3.32)

Now we find it necessary to require a much stronger condition than
Condition 3.7, namely:

Condition 3.9. There exist positive numbers o, 8 and sg such that

B(s)7Y(b(s) + 1 — B/ (s)|s) > a, Vs > s,

where, as before, B(s) = max{1,1+ b(s)}.

It is immediate to see that Condition 3.9 implies Conditions I and 3.7.

From (3.29) we have

12 f// f/2
0> —\b’\|Vu|?\Vu|2 +(b+1) (f - 2fQ> |Vul|? + Ric(Ey, Ey)
Vgl|? 21 b+1
IVl + b1 1) [' ok ]fg<v97E1>|Vu|} - g

1 1
- [(b+1)|V2g| +vn—1|V3g|] — e [(b+1)|Vg* +|Vg|?] .
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By means of (3.32) one has

12 f// f/2
0> —|b’||Vu\F|Vu|2 +(b+1) ( - 2) \Vul? + Ric(Ey, Ey)

f f?
, PRIV 41
— (vl + o+ [ o LI 204D

; [(bﬂ)lv:/ﬂl qv%ﬂ 912 [(b+1);12+;12]
= —|b’||vu\ |vu|2 +(b+1) (J;/ — 2‘?22) |Vu|? + Ric(Ey, E)
(V] + b+ 1)9242 - '”"V“'f];’zw - 1)f'2|JZ“|2
_ 4(52;1) 75 {(bH)IV;pQI @Wpﬂ gl [(b+1);12 ;12]
and so

f// f/2
0> 2|b’||vu\ |vu|2 +(b+1) ( - 3) |Vu|? + Ric(Ey, E)

f f?
4 b+1++vn 1 8 4
— (I 1 b —
(10" Vu| + b+ )g2r2 e | P’ — 72 [( + )r2+r2]
, 2 ) f// f/2 9 )
> —-2)b ||V’UJ‘F|VU| +(b+1) <f - 3f2) |Vu|* 4+ Ric(Ey, Er)
4  (1+vn-1)B 12B
_ / 1 _ 2.2 =
(¥17ul+ b+ D e R
Our Condition 3.9 implies
b']s < ﬂ(b+ 1)
and hence
1
b+1+|b’|s<(1+ﬂ)(b+ 1) < (1+B)B'
Thus

f// f/2 ,
(b+1)(f—3f2)|Vu|2 2\b\|vu| \Vu|2

B 4
< po (14+ 5t (2+vn-1) V2p2|> + | Ric™ |
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Hence there is a constant Cy = Cy(n, 3) such that

B [(b+ 1) (J;I - 3‘53) |Vul? — 2|b’|\vu\ |vu|2

Co -
< 27 (14 |V?p%]) +|Ric™ |.

31

We again choose f(u) = 1/In(K + ). From the assumption that u > 0,

one has

f// f/2) _2|b/|5f12
o+ (F-%)- 25

B 1 (1_ 1 )(b+ 1)_&
(K +u)?In(K +u) | In(K + u) In(X +u)
R I N
(K +u)?(K +u) | (K +u)(1 = grgey)
177 r /
> ( an) b+1_m
(K+u)?In(K +u) | InK -1

We choose K with 2/ (In K — 1) = § so that

£1O312\ 2Wjsf? | aB(l— (nK)™Y
(b“)(f f2) 2 K+ u?m(E +u)

Therefore we get at yy,

|

Vs > sg

K 2In(K
g|Vu|2<<C0 (14 |V?p*)) + | Ric™ |>( + )" In(K +u)

(1—mK) ")

provided that |Vu(yo)] > so and (3.31) does not hold. Since by

construction G(zg) < G(yo), setting

M = max u,
B,«(Io)

we therefore either have

In(K +u(wo)) ~ In(K + u(yo))

2

[Vu(@o)l  _ 9(yo)[Vulyo)|
<{

1
o

Co SV o) (n(K 4 u(yo) 2
[ (1+19%0) + | Ric |]} 1n(K—|—u(0yo))(1—(1nK)O—1

L% iy e )

1)1/2
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and so
[Vu(zo)|

1190 (1 4 e 19221) | Rie— (| L U+ M) (n(K + M)’
<{a[ﬂ(“F Vi) + IR }} 01— (mK) 1)

or |Vu(yo)| < so, leading to

[Vulzo)|  _ 9(yo) [Vulyo)| _ [Vulyo)|
In(K +u(zo)) ~ In(K +u(y)) = InK

and so
In(K + M)

<
[Vu(zo)] < so T

or, finally (3.31) holds, leading to

[Vu(zo)l  _ 9(yo)[Vulyo)l
In(K +u(zo)) ~ (K + u(yo))
Af 1
= SPTI(E + ()

= (K + ulyo)

and so

A(K + M)In(K + M)

[Vu(zo)| <
We thus proved

Theorem 3.10. Let u be a nonnegative solution of (3.16) in B,(xo), where
r is smaller than the distance of xq to its cut locus, and let Condition 3.9
be satisfied. Then there are constants C' and K depending only on n and
the numbers a, 3, and sg in Condition 3.9 such that

[Vu(zo)|

1/2
<c{1+i+:2 <1+ max |VZp |) + max | Ric™ } (K + M) (In(K + M))?

By (x0)

with M = max u.
B7'($0)

We remark that Conditions 3.7 and 3.9 are for example fulfilled if
b(s) + 1 = ¢s™ for some ¢ > 0, m > 0. Thus, Theorems 3.8 and 3.10
are valid for the p—Laplacian where b=p —2, p > 1.
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The case of strong decay of the eigenvalue ratio

For the global estimates we may use the same type of auxiliary function as
before, though with a different f, namely, f(u) = exp(Ku) with a positive
constant K. With g = 1 we obtain from (3.29)

12 f// f/2
0> —b’\VU\FWuP +(b+1) (f - 2f2> |Vu|? + Ric(Ey, Ey)

> K2 (=b |Vu| — (b+1))|Vul|* — | Ric™ |.
If we introduce the condition:
Condition 3.11. There are positive numbers o and sy such that
(=b'(5)s — (b(s) +1))s* > a, s> 59
and choose
1
K> ( max | Ric™ ) 172,
a Q
then we immediately get the result:

Theorem 3.12. If Condition 3.11 holds and the function exp(Ku)|Vul
attains a local mazimum in an interior point yo of 2 then it follows that
[Vu(yo)| < sg, where K must be chosen as above.

In order to derive an analogous local gradient estimate it seems to be
necessary to slightly modify the auxiliary function G and choose

2

Glw) = (o) () n V], g =1~ 2.
This choice and the subsequent calculations are inspired by a paper of
Wang [21] which deals with the Euclidean mean curvature equation. It is
sufficient to consider this function in a range where |Vu| > 1 such that
also In G is well defined. Again we consider G in the neighborhood of a
point yo € 2 where G attains a local maximum.

Taking the function F'(s) = In(s) in Lemma 3.6, we obtain at yo

Viu(Ey, E;) \_ (Vg Ei)
um[ou = F VB - (3.33)
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and
0>-— 1 b’|W|+(b+1)(1+L) V2u(Ey, Ey)?
= |Vu\21n\V| In [Vu| b

V2u(E;, Ej) 1 1
i b+1+ —— V2u(Ey, E;)?

"

+(b+1)7|Vu|2+

vl Ric(E1, E1)

+ é {(b +)V2(Ey, B + Y V(B Ei)]

i>2

12 5 1 5 1
b+ [fgw (Vo E) } ~ LS g m (3.34)

z>2

From (3.33) we have

V2U(E ,E )2 f’2 vg’E 2 2f/
Wm - FW“‘Q <,¢1> + EW!J,EO\VU\ (3.35)

and

Viu(Ey, E)? (Vg Eq)?
Vul2In? |[Vu|  ¢°

Y (3.36)

Since b+ 1 > 0, it follows that

ZquZ,E Zqul,E1 +Zv2 (Ei, E;)?

1>2 i>2
122 j>2
=-b> V?u(E;,E1)* + (b+1)>_ V’u(E;, Ey)?
i>2 i>2
+ Z V2U(Ei, Ej)2
i>2
j=2
> by V*u(E;, Ey). (3.37)

i>2
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By (3.34), (3.35), (3.36) and (3.37), we have

1
P D1+ —
02 TP vyl [bV“Hb* 0+ vl
1

[ Vul2In |V

)} V2u(Ey, Er)?

1 f//
2%4+1+—— 2u(E1, B2+ (b+ 1) 2

1
+ o T |R1c(E1,E1) P [(b+1)v2 (Ev,E1) + > V?g(Ei, E))
i>2

Vzu(El,El)Q 2f :| V2U(E1,Ei)2
(1) | ) Vg, )|V B S L7
( ) [Vuzln2 |Vu|  fg 7g (Ve 0Vl ; |Vu|2 In? |V

1
1

[ Vul2In |V

2 2
1n|Vu>} Viu(Er Bn)

2 12
2%4+1+—— 2u(E1, B2+ (b+ 1) 2

1
+ T |Rlc(E1,E1) P [(b+1)v2 (Ev,E1) + > V?g(Ei, E))
i>2
200+ 1)
+ (}_g)f<Vg,E1>|VU|. (3.38)

For a given € > 0 only depending on a structural condition for (3.16) we
may assume that

2
In|Vu(yo)| > = (3.39)

because if (3.39) does not hold the estimate for |Vu| will turn out to be
trivial.
From (3.38) and (3.39) we obtain

1
0> —m [b’|Vu\ + (b-‘r 1)(1 —|—€)} VQU(El,El)2
1 f/l
- (2b+1 V2u(Ey, E)? 4+ (b+ 1) 2| Vu|?
\Vu\QIHIVuI( + +s)§ (B, Bi)” + (b4 1) |Vul
1 2 2
* nva |R1c(E1,E1> g |G+ DY 9(E1, By) + Y V?g(E;, E;)
i>2
20b+ 1) f!
N b+1)f
fg

Let us assume that

(Vg, E1)[Vul.

2b(|Vul)+14+e<0. (3.40)
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Hence,
1
0>——-———[¥ b+1)(1 2u(Eq, E1)?
= |VU|2IH|VU|[ ‘VU"—"_( + )( +€)}VU( 1, 1)
’ 2b -+ 1)/
b+ 1) |Vul? Ric(E,, Ey) + ———2(Vg, E,)|V
+(+)f|u|l|V|lc(1’1) fg (Vg, E1)|Vul
S b+ 1)Vg(EL B+ Y V(B Ey) (3.41)
i>2
We shall choose f in such a way that
/
A
f
and assume that
9(yo) [Vu(yo)| = 4, (3.42)
because otherwise 1
9(yo) In [Vu(yo)| < 1

and the estimative of |Vu(xg)| becomes trivial. By (3.42) we have

_ 20Vl _ 2 _ VUl

‘ g grr T ogr 2 (3.43)
It follows then from (3.33) and (3.43) that
V2u(Ey, B) f{Vu, Ev) | |(Vg, Er)
[Vu|In |Vu| f g
_ IVl |Vl
Z 5
fIVul — fIIVu] V|
> - = 3.44
- f 2f 2f (3.44)
and
21 21 Vg, E
20+ 1)(7a E0Ivdl > =L 1) VLB g
fg f
f 2
=~ (0+ )|Vl (3.45)
From (3.41), (3.44) and (3.45) one obtains
f/2 , 9 f// f/ )
0> TP | Vul + (b+1)(1+¢)] |[Vul"In|Vu| + (b+1) T |Vul
1 2 2
1n|v |R1c(E1,E1) ; [(b+ 1)V2g(Ey, Ey) ;v g(E;, E; ]
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where we assumed that
b|Vul+ (1+¢e)(b+1) <0. (3.46)
Finally we therefore arrive at

12
0>—f
= 4f2

[V |Vau| + (b+1) (14 &)] |[Vul* In |Vu| + (b+ 1) (J;/ - J;f) |Vu|?

1 1
1 |v |R1C(E17E1) 5 (b+1)v g(ElvEl +ZV2 EHE)
i>2
(3.47)
We now introduce the following hypothesis:

Condition 3.13. There are positive numbers €, o, and sg such that

(=b'(s)s — (1 +¢) (b(s) + 1)) s*> > a fors > sp. (3.48)
Remark 3.2. From (3.48) we have
b'(s) 1+e
Cb(s)+1 > 5

Integrating between sqg and s we arrive at
b(s)+1 s
—In{——— 1 In{—
(arzi) > 0 ()
b(so) +1 (= e
b(s)+1 S0 ’

S0 1+4e
2b(s)+1+5<—1+€+2(z> (b(so) +1) = —1+e<0

and so

Then

when s — +oo. Taking sqg > 0 large enough we arrive at
2b(s) +1+4+¢e <0 for s> sp.
1t follows from the Condition 3.13 that (3.40) is valid.

Remark 3.3. In the case b(s) + 1 and € < 1, we have

_ 1
T s241
2s* (1+¢)s?

(82 =+ 1)2 s2 41

—1—e>0

(=b'(s)s — (1+¢) (b(s) +1))s* =

and
2

2b 1 =
(8)+ +E 52+1

+14+e—>-14e<0

when s — +00.
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It follows from Condition 3.13 that (3.46) is also valid and that b'(s) <0
for s > sp and hence there is a number 8 > 1 such that b(s) + 1 < j for
s > s9. We now choose f(u) = exp(Ku) with K > 1. From (3.39), (3.47)
and the condition (3.13) we have

K2
0> —— [V |Vu| + (1 +¢) (b+ 1)] |Vul? In |Vul

+(b+1) (K* - K) |[Vu]?> - - IV ||Rc—|
1 V2 v“
—[(b+1)| ol p]
g
2 — 2 2
a1n|Vu|—g|Ric_| 5“” LIVZe)

r2

We can now conclude that

9(yo) In [Vu(yo)| <

4 €, .. _ B—i— 9 9
o (1 1+ =

unless

4
In |Vu <max{¢———,Insg ;.
o) < s {

Since by construction G(xg) < G(yo) we therefore either have

exp(Ku(zo)) In [Vu(zo)| < g(yo) exp(Ku(yo)) In[Vu(yo)|
4 K \/
S eXp( U/(yo)) E|RiC_ | + /8+ |v2 2| .
K2a 2
Hence there is a constant C' = C(n, 8, a, &) such that

exp(K M)

In |[Vu(zg)| < C o2

1
max {| Ric™ |+ 2|V2p2|}
r

1
< Cexp(KM) max{|RiC_ | + 72|V2p2|},

where
M= e fu(@) = ulwo)|
or
9(u0) 0 V(o)) <
leading to

exp(Ku(zo)) In [Vu(zo)| < g(yo) exp(Ku(yo)) In |Vu(zo)| < %eXP(KU(yO))
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and thus 4
In [Va(wo)] < — exp(K M)
r

or, finally |[Vu(yo)| < so holds, leading to

exp(Ku(zo)) In|Vu(zo)| < g(yo) exp(Ku(yo)) Insg < exp(Ku(yo)) In sg

and so
In [Vu(zg)| < exp(KM)In sg.

We thus proved

Theorem 3.14. Let u be a solution of (3.16) in Q such that the Condition
3.18 is satisfied and let xg € Q and r > 0 be such that the geodesic ball
B, (), is contained in Q and is disjoint of the cut locus of xy. Then there

is a constant C' depending only n and the numbers €, o, and sg in the
Condition 3.13 such that

1 1
In |Vu(zg)| < Cexp(KM)max {1 + - + max (| Ric™ | + 72|V2p2>}

for all K > 1, where

M = max |u(z)— u(xo)l.
IeB,,,(IO)| (z) — u(zo)|

We remark that Condition 3.11 and Condition 3.13, the latter with
e = 1/4, are satisfied if
1

1482

Hence, Theorems 3.14 and 3.12 are valid for the minimal surface equation.

b(s)+1=



Chapter 4

Existence theorems for
regular equations on
bounded domains

In the course of the proof of the existence theorems we shall make
references to results of [10] by using local coordinate systems.

Let M be a complete Riemannian manifold. We note that in local
coordinates {0/0x;, 1 <i <n} of TQ C T'’M defined on an open set U of

R"”, the functional
= [ o(vuh
Q

F )= [ o(9u) i

where g = det (gi5), g5 = (0/0x;,0/0x;) , (gij) = (gij)_l. We may see
that given [ € {1,...,n} the [—local component of (Vu)" is

lau
_g (9(13k

can be written as

(Vu)'

where the summation is understood and so

2 ' o)
|Vu| = Gij (V’UJ)I (VU) — guglk dTU; gjl dz;
(4.1)
_ du 51D il du 9
= Ojk a;kgj Dar = 9 By 01
To obtain the Euler-Lagrange equations we note that, writing

A = “,

40
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we have for p € C§° (U)

/
/¢||vw|" (Vu, Vo) fda:_/A\V\ 5 ou ‘9“’\@

9 )
— [ 5 <\/§9”A(|Vul)ax_) oz
j i

so that

ZaT;JAJ x, Du) = 0, (4.2)

where

w =3 (Vs a(van ot ).

i

4.1 The case of mild decay of the eigenvalue
ratio

We begin with the case of smooth boundary data.

Theorem 4.1. Let 2 C M be a domain of class C?* for some a > 0, Q
compact and let g € C** (Q) . We write a as a(s) = sA(s) and assume

(i) A€ Che([0,00)) N C* ((0,00)),

SO

for any sg >0

(ii) there is a non-decreasing function ¢ defined on some interval [sg, 00)

such that
/Oo sD(s)ds =00
and
(1+b7(s)) 8° > p(s),
where "s) A(s)
T T

(iii) there are a C' function v on some interval [sq,o0) with 1) (s) — 0o
as s — oo and B > 0 such that

(1 Tb(s)— B)T (s)s) % > (s).
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Then the Dirichlet problem

{ Q [u] = div (A (|]Vu|) Vu) =0 in Q,
ul0Q =g

has a unique solution u € C*® (ﬁ) .

Proof. As explained in Subsection 2.2, it is enough to obtain a priori
gradient bounds for a one parameter family of solutions of (4.4). Precisely,
it is enough to prove that there is a constant C' depending only on Q, A
and ¢ such that

|[Vu| < N (4.5)

if v € C?(Q) satisfies Q [v] = 0 and v|9Q = og for some o € [0,1]. But
this is immediate from (ii) and (iii) and Theorems 3.3 and 3.8. This proves
Theorem 4.1. 0

Remark 4.1. The assumption of A € C?%%((0,00)) is necessary to
guarantee that u is of class C* (in the set |Vu| > so > 0 for large sq)
and to apply the results of Section 3.3.

Theorem 4.2. Let Q be as in Theorem 4.1 and g € C° (9Q). We assume
Condition (i) as in Theorem 4.1 but instead of (ii) and (iii) as in this
theorem we require the stronger condition

B(s)™H (1+b(s) = BV (s)] s) > a (4.6)

with some positive constant o and
B(s) :=max{1,14+b(s)}, s> 0.

Then the above Dirichlet problem has a unique solution u € C**(Q) N
C° (Q) . Moreover, for any relatively compact subdomain A of ) there is a
C?2(A) bound depending only on A and supq, |u] .

Proof. Let us first remark that condition (4.6) implies conditions (ii) and
(iii) in Theorem 4.1. Indeed, since B(s) > 1, the condition (iii) is clearly
satisfied with (s) = as?. Recalling that

1+b
—— =140
B +o

it follows from (4.6) that 1 4+ b~ > « and hence (ii) is fulfilled with
©(s) = as?. We therefore have Theorem 4.1 at our disposal and then, with
Theorem 3.10, it is enough to apply the technique explained at Section 2.2
to conclude the proof of the theorem. O
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4.2 The case of strong decay of the
eigenvalue ratio

Theorem 4.3. Let 2 be a bounded domain of class C*® in M such that
the mean curvature of 02 with respect to the interior normal vector of 0$2
as well as of the inner parallel hypersurfaces of O in some neighborhood
of %) is non negative. We write a as a(s) = sA(s) and assume:

(i) A Ct([0,00)) N C**((0,00)),

[nin {A, 1+ Sﬁ;i‘?} >0 (4.7)

for any sg > 0;
(ii) there are positive numbers o and sg such that

(—b'(s)s — (b(s) +1))s* >, s> 5. (4.8)

Then the Dirichlet problem

{ Q [u] = div (A (|Vu]) Vu) =0 in Q,
ul0Q = g,

where g € C%© (ﬁ) has a unique solution u € C*® (ﬁ) .

Proof. Using our Theorems 3.3 and 3.12 the proof of the above theorem is
completely analogous to that of Theorem 4.1 once we prove that condition
(ii) implies Condition IT in the introduction.

Clearly (4.8) implies that & < 0 for s > sp and hence b is non increasing
for s > so. If there were numbers C' > 0 and s; > 0 such that —'(s)s > C
for s > s1 then b(s) - —oo (s — 00), a contradiction since b > —1.
Therefore, there is a sequence s, — +oo such that —b(si)sy — 0 for
k — oo. Then condition (4.8) implies

1+ b(sk) < =V (sg)sk, — 0

and so
14+0b(s) =0 (4.9)
as s — oo since b is non increasing. Now condition (4.8) also implies
a
bI(S) S _873

for s > sg. Therefore we have for so < s < o

b(o) —b(s) < —« — =
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Since b(c) = —1 (0 — o0) by (4.9) we obtain

(1+b(s))s*>> = >0 (s> s0).

| 2

Since b(s) < 0 for all sufficient large s we have

(140 (s))s>> = >0

() o)

and so Condition II is satisfied with ¢(s) = /2. O

Since the condition (4.10) below obviously implies condition (4.8), the
proof of the next theorem is completely analogous to the proof of Theorem
4.2 using the local gradient estimates of Theorem 3.14:

Theorem 4.4. Let Q) be as in the previous theorem. We assume Condition
(i) as in Theorem 4.3 but instead of (ii) as in this theorem we require the
stronger condition

(=b'(5)s — (1 +¢)(b(s) +1))s* > a for s> sg (4.10)
for some positive numbers ¢, a and sqg. Then the Dirichlet problem

{szmﬂmwwvmzmml
ulo2 = g,

where g € C° (Q) has a unique solution u € C° (Q) N C%*(Q).
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Existence theorems for
some degenerate or
singular equations on
bounded domains

In order to prove similar existence theorem for certain singular or
degenerate equations like the p—Laplace equations we show how such
equations may be approximated by regular ones satisfying the conditions
of Theorems 4.1 and 4.2. Precisely, we now assume that the coefficient a
is of the form

a(s) = sP7LA(s), s >0,
where p > 1, A € C1*([0,00)) N C?%* (0,00), A(s) >0 for s > 0.
(5.1)
We observe that the equation (1.3) becomes singular for p < 2 and
degenerate elliptic for p > 2. We now regularize (5.1) in the form

an(s) = (r+52) 57" As)s, (5.2)
where k > 0. We compute

a, = (k+ 52)%_1 A+ (k+ sQ)g_l A's+ (E - 1) (ﬁ+32)%_2 25% A,

2
sa’ 1-2 sA' 2
14+b, =2 _ Rl P B\
+ o (k+ %) a, + + (p >/<;+52

a=(p—1)sP A+ P 1A

45
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we get

and hence

that is

It follows that

Jaime Ripoll and Friedrich Tomi

sa’ sa sA’
= = —1 .
N (5:3)
sa’ 52
14be =142 (p-1 T
toe=1+——(p-1+(p ),Hs2
2
=1 — —-2)11-—
o= (1- )
14+b,=1+b—(p—2) — (5.4)
T b K+ 852 '
Mot (p—2) 2 (5.5)
" (H—i—sz)z. .

Now we would like to check that the Conditions I, 3.7, 3.9 hold for
the family a, uniformly for k € (0, 1] provided that they are true for the

original a.

We have from Condition I and (5.4)

(14b;)s>>(1+b)s*+(p—2)"

KJSZ

it
>¢(s)+(p—2)" = @(s), 0<w <1,

where @ is non decreasing as ¢ is and

/ (p(j)ds = 00
1 S

by Condition I. As next we turn to the analogue of Condition 3.7. We

have

so that

2k s>

sbl.=sb/ +(p—2) ———
v )(Ko—l—sz)z

2ks>

s <s®) -2 —.
(k + 52)

It follows then from Condition 3.7 that

(1 +b(s) — B (b.(s))" 5) 52

> (140 B ()" s) 82 o)t [ s
_( +b(s) — B (b(s)) s)s —(r-2) ,{+s2+5(ﬂ+32>2

> ¢(s) = (p—2)" (k+26K) = 00 (s = )



Chapter 5. Existence results for some non regular equations 47

uniformly for x € (0,1]. Finally we come to Condition 3.9. There holds

K

1< B, = 1,14+ b} < Ll4+bl+2-—p " ——
< max {1,1+ by} <max{1,14+b}+ (2—p) o2

K
<B(l1+(2-p7 <2B
<B(1+@-p" )<
since p > 1. It follows from Condition 3.9 and (5.5) above that

Bt (1+bu(s) = Blbi(s)] )

> LB (14 b(s) — B (5)] )
K 2k52 1
—(p-2)" i
=2 H+82+5|p l(ﬁ+52)2*4a

if s > so(p,B) and k € (0,1]. We thus showed that the Conditions I, 3.7
and 3.9 imply the corresponding conditions for the regularized equation,
uniformly for x € (0,1].

Finally we come to Condition 3.13 which clearly includes Condition 3.11,
the latter also implying Condition II in the introduction as was shown in
the proof of Theorem 4.3. We have

(—sbl, — (1+¢) (1+by)) s> = (—sb' — (1 +¢) (1 +b))s?

255 ks>

+(2-p) -
> (—sb/ —(14+e)(1+b)s*—[2—plr(2+1+¢)>

@
2
for s > sg, uniformly for k € (0,k0(p)), 0 < € < 1, provided that

Condition 3.13 holds.
Let us finally check for the ellipticity of the regularized equation. We

compute
div (an|(ézr|) Vu) =
(r e 19P) " Aut (221 (x40

z_q
+(I€+|VU|2) AV |V, Vi) =

p_
2

2A<V\Vu|2,Vu>

P
2

(n + \Vu|2) ~ Adu+ [(p —9) (n + |W|2) !

+ (n + |Vu|2>%_1 |é;

] V2u (Vu, Vu),
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that is
. Ay, (‘VUD -
div ( vl Vu | =
Vul|® A |Vl

-2
b =2) K+ |Vu|2 A

(/i + \Vu|2)%71 A {Au +

Vu Vu
Vu | =, —=]¢.
! (w |Vu|> }
In order to test the ellipticity we replace Vu by (¢, . )® (£, . ) with a
unit length vector £ and with

= Va7 Vau, €5 =€~ (&)

we must consider the quadratic form

o8 = () a0 {le e 10 02 4 578 e}

Since
2

1+(p—2)

PR > min{l,p — 1}

we obtain

Lemma 5.1. We assume that for some interval [0, so] there are positive
numbers ¢, C' such that

c< A(s) < C,
) sA'(s) L sA(s)
< - < - <
c<min{l,p—1}+ A) = 1+(p—2)" + A) S C,
for s €10,50]. Then the estimate
(k+ sQ)g_l ?<q(s,6) < (k+ 52)5—1 c?

holds for s € [0, so| and |¢| = 1.

Lemma 5.1 gives the ellipticity condition for the regularized equations
and we may therefore get the following immediate consequences of
Theorems 4.1 and 4.2. Since we showed above that the Condition I,
3.7 and 3.9 hold uniformly for x € (0,1] and Condition 3.13 uniformly
for k € (0, ko (p)] we get C* bounds for the solutions of the regularized
equations independent of x € (0,1] and « € (0, xo (p)], respectively.

Corollary 5.2 (of Theorem 4.1). We assume all the conditions of
Theorem 4.1 but replacing (4.3) by

Ogigns0 {A(s),min{l,p -1} + Sjég) } >0 (5.6)
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for any by sqg > 0. Then the regularized Dirichlet problem

. a,(|Vu
div (L7 vu) o,
ul0Q = g,

where a, is given by (5.2), has a unique solution u, € C*% (ﬁ) for all
k > 0. Moreover, the family us, 0 < k < 1, is uniformly bounded in
c(@).

Corollary 5.3 (of Theorem 4.2). We assume all the conditions of
Theorem 4.2 but replacing (4.8) by (5.6). Then the regularized Dirichlet

problem
div (L7 vu) o,
ul0) = g,

where a,, is given by (5.2), has a unique solution u,, € C* (Q)NC° (ﬁ) ,
for all k > 0. Moreover, the family u,, 0 < k < 1, has a uniform C* bound
on each compact subset of €.

Corollary 5.4 (of Theorem 4.3). We assume all the conditions of
Theorem 4.3 but with a(s) = sP~YA(s) and replacing (4.7) by (5.6). Then
the reqularized Dirichlet problem

[Vl

div =Vl gy — 0 40 Q
uloQ =g

has a unique solution u € C**(Q) for all k € (0,k0(p)) and for all
g € C*« (ﬁ) Moreover, there is a C* (ﬁ) bound for u independent of
K.

Corollary 5.5 (of Theorem 4.4). We assume all the conditions of
Theorem 4.4 but with a(s) = sP~YA(s) and replacing (4.7) by (5.6). Then
the reqularized Dirichlet problem

div a*“%zr‘)Vu =0 in Q
uloQ =g

has a unique solution u € C** () N C° (Q) for all k € (0,k0(p)) and for

allg € C° (ﬁ) . Moreover, the family u,, k € (0,ko(p)), admits a uniform

C' bound on each relatively compact open subset A of €.

We are now able to obtain existence theorems when the coefficient a
behaves as a(s) = sP~1A(s) (for details see (5.1)). As an intermediate
step we first demonstrate how from the results obtained so far one may
easily derive the existence of Lipschitz continuous weak solutions in the
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degenerate or singular case. A much deeper analysis is required if one
wants to show the optimal C1# regularity of solutions. A complete proof
of the latter would go far beyond the intentions of these notes and we
shall therefore confine ourselves with a reduction to known results in the
literature.

Theorem 5.6. We assume either the conditions of Theorem 4.1 or
Theorem 4.2, but replacing (4.3) and (4.7) by (5.6). Then the Dirichlet

problem
div (%vu) —0,
ul0f) = g,
where a(s) = sP7LA(s), p > 1, has a unique weak solution in C%* (ﬁ) )

Proof. The solution is obtained as a limit of a sequence (uy,), xk; > 0,
ki — 0 (i — 00), where u,, are solutions of the regularized Dirichlet
problems according to Corollary 5.2 or Corollary 5.4, respectively. By
these corollaries, the families (u,) are uniformly bounded in C! (ﬁ) and
hence, in particular, there is a uniform L2 (ﬁ) bound for Vu,,. We may
therefore find a function v € C%! (Q) such that w,, converges (up to a
subsequence) uniformly to u in Q and Vu,, converges weakly to Vu in
L?(Q) . The statement of the theorem follows immediately if we can show
that « minimizes the functional

F(v) = / b (Vo) dv

subject to the boundary condition v|0Q = g, i.e. that F(u) < F(v) for
any v € C' (Q) with v|0Q = g.
We clearly have
F, (uy) < Fy; (v)

for all such v where
F, <v>=/ﬂ¢ﬁ<|w|>dw, o <s>=/05an (t)dt > b (s).

By a well known result in the Calculus of Variations, using the convexity
of ¢ [16] we get for arbitrary v € C* (Q), v|0 = g:

F(u) <liminf F (u,,) < liminf F,, (u,,) < liminf F;, (v) = F(v).
O

As announced above we shall now show using a result of Lieberman how
one may deduce the C1+# regularity in the singular or degenerate case. As
a consequence of this, the set where the gradient of the solution does not
vanish is open and hence the solution is of class C? on this set.
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Theorem 5.7. We assume all the conditions of Theorem 4.1 but with
a(s) = sP7LA(s), p > 1, and replacing (4.3) by (5.6). Then there is 3 >0
such that the Dirichlet problem

a(|Vu|) —
le( “val Vu) =0, (5.7)
uloQ =g

has a unique weak solution v € C1P (ﬁ)

Proof. We shall obtain the solution of (5.7) as limit of solutions wu,, of
the corresponding regularized equations when x; — 0 as i — oo. The
existence of u,, and the uniform C* (€2) bound is guaranteed by Corollary
5.2. We shall show that Theorem 1 of [15] may be applied to obtain a
uniform C"? (€2) bound for the sequence w,,. From this the statement
of the theorem is a straightforward consequence. In order to meet the
assumptions of Lieberman we must modify our equation as follows. We
replace the coefficient A by

~ | A(s) it s < so,
Als) = { A(so) if s > so,

where sq is an upper bound for the C* (ﬁ) norm of our solution u, which

is guaranteed by Corollary 5.2. It is then obvious that w, will be a solution
of the modified equation

. 2\2 !+
div (/@+|Vu,§\ ) A (|Vug|) Vu, | =0,
in local coordinates (see (4.2))

with

A (z, Du) ng” (H+ |Vul ) ~(|Vu|) Ofu

i
Let us remark that for a function u on the manifold M the norm of its
gradient Vu on M is equivalent to the Euclidean norm of its Euclidean
gradient Du. Moreover the quotient
K+ 82
(V& +s)°
being bounded by positive constants from above and from below

29
independent of 0 < k¥ < 1 and s > 0 the term (m+ |Vu|2)2 may
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be replaced in all estimates by (1/x + |Du|)p72 . Therefore, by Lemma 5.1,
the ellipticity required in Lieberman’s theorem is satisfied. It remains to
check the Holder estimates of the coefficients A7 (z, Du) with respect to
the coordinates x = (x1,...,x,). We even show a Lipschitz condition by
computing a bound for the partial derivatives oA /Oxy.

Denoting by C' a generic constant which only depends on the metric
tensor g;; and it first derivatives we get

3‘VU|2 2 8|Vu|
< <
ao, = CPul, — = < €Dy
and hence
QA7 L
(z, Du) SC{(KJ+|VU|2) A(IVul) |Dul
Dz,
+ (r+1vul) " IDuf A(Vul) |D
(e ) A vl 10l
Setting

K := max {A(s),A'(s)} = max {g(s)7ﬁ’(s)}

0<s5<s0 0<s<sp

and observing that A'(s) = 0 for s > sy we obtain the estimate

HAI

i (z, Du)

< CK{(+|DulP ™+ (1+53) %" 3}

< C(1+|Dul)P™*

with a constant C' also depending on sg. This completes the proof. O

On the basis of Corollary 5.3 the proof of the following theorem proceeds
along the same lines as that of the previous theorem by replacing €2 by
a relatively compact subdomain A of Q and using a local version of the
C1P estimates in Lieberman’s theorem. We note that though such a local
version is not explicitly stated in Lieberman’s result, it is obviously a
necessary ingredient to get global estimates. Indeed the interior estimates
can be obtained by the same methods as the estimates at the boundary.

Theorem 5.8. We assume all the conditions of Theorem 4.2 but replacing
(4.3) by (5.6). Then there is a unique weak solution of the Dirichlet

problem
div (a(llvVull)Vu> =0,
uldQ =g
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which, on each subdomain A of Q with A C Q, belongs to C1# (K) for some
B possibly depending on A. Moreover, for each such relatively compact
subdomain A there is a C%P (A) bound for u depending only on A and

supq, |u| .
Theorem 5.9. We assume all the conditions of Theorem 4.2 but with
a(s) = sP71A(s), p > 1, and replacing (4.7) by (5.6). Then there is a
unique weak solution of the Dirichlet problem
{ div (a(‘lvvuull)Vu) =0,
uloQ =g

which belongs to CP (Q) .

Proof. On the basis of Corollary 5.4 the proof is completely analogous to
that of Theorem 5.7. O

Theorem 5.10. We assume all the conditions of Theorem 4.3 but with
a(s) = sP7LA(s), p > 1, and replacing (4.7) by (5.6). Then the Dirichlet

problem
{ div (a"vvu“l”vu) —0.

uloQ =g

has a unique weak solution u € C°(Q) N C*(Q) for any g € C°(Q).
Moreover, for each relatively compact subdomain A of Q0 the solution u
belongs to C8 (K) for some B > 0 and there is an a-priori bound for the
CY# norm of u depending only on supg, [u|, A and €.

We close this section by presenting an example where Theorems 5.9
and 5.10 apply. This example can be seen as a p—area version of the
minimal surface equation, analogous to the p—energy of the Laplace partial
differential equation, 1 < p < 2.

Example 5.1. We consider the integrand
0(s) = (1+s)7

for which we get

als) = o () = sp1 s:sa’(s):p—l
() ¢() (sp_’_l)p;l’l—’_b() a(s) sP+1
iy plp=1)st

b'(s) = (sP—|—1)2

Hence we obtain

(—=sb'(s) — (1 +¢) (14 b(s))) 5* :ﬁ (p—1-2)s"? —(1+2)s%) > a>0
for s > sg (p, &) provided that e < p—1 and p < 2. The ellipticity condition
(5.6) is verified by a similar direct calculation.



Chapter 6

The asymptotic Dirichlet
problem

The existence or nonexistence of non constant entire bounded harmonic
functions on a Cartan-Hadamard manifold M is a topic of study in
Differential Geometry that dates back to the 70’s (see [9], [19]). In the
last years this problem has been studied with other partial differential
equations such as the p—Laplacian ([11]) and the minimal surface equation
(18], [4], [5], [18]). The class of partial differential equations considered
here has been studied in [17] with the purpose of proving Liouville type
theorems that is, non existence of non constant bounded solutions. In
this last part of our notes we investigate the existence of bounded non
constant solutions of this class of partial differential equations by studying
the associated asymptotic Dirichlet problem.

6.1 Existence theorems

A natural way of finding bounded entire solutions to a partial differential
equation on a Cartan-Hadamard manifold is by solving the asymptotic
Dirichlet problem with a prescribed non constant boundary data given at
infinity.

Recall that a Cartan-Hadamard manifold is a complete, connected and
simply connected Riemannian m-manifold M, n > 2, of non-positive
sectional curvature. By the Cartan-Hadamard theorem, the exponential
map exp,: Tob,M — M is a diffeomorphism for every point o € M.
Consequently, M is diffeomorphic to R™.

A Cartan-Hadamard manifold M can be compactified by adding a
sphere at infinity which is also called the asymptotic boundary of M.
The sphere at infinity of M, denoted by J..M, is defined as the set of all

54
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equivalence classes [y] of unit speed geodesic rays 7 of M; two such rays v,
and 7y, are equivalent if sup,~, d (71(t),v2(t)) < co. The compactification
M of M, also known as the geometric compactification of M, is then
M := MU 9y M, with the following topology.

Given p € M let B C S"~! be an open geodesic ball of the unit sphere
S~ of T,M. Given v € S"~!, denote by 7, : [0,00) — M the geodesic
ray such that v, (0) = p and 7/, (0) = v. Then, given ¢ > 0 the sets

T ={lw] [veBtU{v ((t;)) |ve B}

with p varying in M, B varying on the unit sphere of 7,M and ¢ varying
in the positive real numbers form a basis for a topology on M, called
the cone topology. The space M, equipped with the cone topology, is
homeomorphic to a closed Euclidean ball. For more details see [7].

The asymptotic Dirichlet problem on M for a differential operator ) on
M consists in finding a (unique) function u € C%(M) such that Q [u] =0
on M and u|0s M = g, for a given function g € C° (OxM).

We consider on M the same family of operators already considered here
so far, namely, operators of the form

Q [u] = div (“ﬁ%”w) : (6.1)

where a € C? ((0,00)) N C? ([0, 0)) satisfies conditions to be discussed in
the course of the text.

For further references in the text, it is convenient to state the asymptotic
Dirichlet problem for @ in the following short form

{ Q [u] = div (“(‘g:“)Vu) =0on M 6.2)

U0 M = g, u € CH(M) N CO(M).

We follow now closely the paper [18] of J. Ripoll and M. Telichevesky. In
the case of bounded domains, the continuous extension to the boundary of
the domain of a prospective solution to the Dirichlet problem of an elliptic
partial differential equation (for example, the one obtained by Perron’s
method is typical, [10]) depends on the regularity of the domain with
respect to the partial differential equation, that is, on the existence of
barriers at each point of the boundary of the domain (see Subsection 2.2
and also [10]). To deal with the asymptotic Dirichlet problem in M we
extend this notion of regularity to the asymptotic boundary 0., M of M.

We consider here weak C'! solutions to the equation @ [u] = 0 in M that
is, we require that u € C' (M) and satisfies

/M <a?|vv;||)w7 vg> dz =0 (6.3)
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for every ¢ € C§°(M). A function v € C%! (Q) is a subsolution of @ in a
domain Q of M if Q[v] > 0 weakly in Q, that is

/M <@|<|VV;|’)W,W> dw <0 (6.4)

for every non-negative ¢ € C§°(Q2). A function w € C%1(Q) is called a
supersolution of Q) in Q if —w is a subsolution for @) in Q.

Given 2 € 9, M and an open subset @ C M such that x € 0,9,
an upper barrier for @ relative to z and €2 with height C' is a function
w € C%! (M) such that

(i) w is a supersolution for Q
(ii) w > 0 and limpe aq, p—so w(p) =0

Lower barriers are defined similarly.

We say that M is regular at infinity with respect to @ if, given C > 0,
T € JsoM and an open subset W C 0o M with © € W, there exist an
open set ) C M such that x € Int 0,2 C W and upper and lower barriers
w,v € C* (M) relative to x and (2, with height C.

The regularity at infinity has already been considered by other authors
for the p—Laplacian. The reader should compare the above definition with
Definition 2.6 and Theorem 2.7 in [3] for the case of the Laplace operator
and also with Theorem 3.3 and Definition 3.4 in [14] for the case of the
p—Laplacian.

Theorem 6.1. Let M be a Hadamard manifold which is reqular at infinity
with respect to Q. Assume moreover that

(a) given ¢ € C°(M), there is a sequence of bounded C* domains
Qr C M, k €N, satisfying Qp, C Qpy1, UQr = M such that, given
k, there is a weak solution uy € C°(Q) N CY(Qy) of the Dirichlet
problem for Q[u] = 0 in Qi such that u,|0Q, = ¢|ON

(b) sequences of solutions with uniformly bounded C° norm are compact
in the C' norm in precompact subsets of M.

Then the asymptotic Dirichlet (6.2) is solvable for any continuous
asymptotic boundary data g € C° (OM o).

Proof. Let § € C°(M) be a continuous extension to M of the asymptotic
boundary data g of problem (6.2). From condition (a) there is a solution
ug, € C%(Q) N CL(Q) of the Dirichlet problem

Q[u] =0in Qk,
u|0Q = §|0Q.
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Condition (b) together with the diagonal method show that there exists
a subsequence of (ug) converging uniformly on compact subsets of M in
the C! norm to a global solution u € C*(M) of Q[u] = 0. From the
comparison principle it follows that

sup |u| < sup|g].
M M

One needs to show that u extends continuously to d,,M and satisfies
|0 M = g. Let © € 050 M and € > 0 be given.

Since g is continuous, there exists an open neighborhood W C 9o M of x
such that g(y) < g(z)+e/2 for all y € W. Furthermore, regularity of 0o, M
implies that exists an open subset Q C M such that « € Int (0,,02) C W
and w : M — R upper barrier with respect to x and  with height
C := 2maxy; |g|.

Defining

v(p) := w(p) + g(z) + ¢, p € Q,

we claim that v < v in Q.

From the continuity of § we may find k¢ such that g(p) < g(z) + &/2
for all p € 0, N Q, k > kg. Moreover, we may choose ko such that
Qe NQ # 0. Set Vi, := QN Qg, k > ky. We note that up < v in V.
Indeed, this inequality holds on

oV, = (8Qk n Q) U (69 N Qk).

On 09, N Q is due to the choice of kg; on 9 N Qy it holds because
w > max|g| on 0L, which implies that w > wug, by the comparison
principle. Also the comparison principle implies that uy < v in V. Since
it holds for all k& > kg, we have u < v on 2.

Tt is also possible to define v_ : M — R by v_(p) := g(x) — e — w(p) in
order to obtain u > v_ in 2. We then have

lu(p) — g(x)| <&+ w(p),
for all p € 2 and hence

limsup |u(p) — g(z)| < e.
p—x

The proof is complete, since € > 0 is arbitrary. O

Theorem 6.1 brings up the problem of when the Hadamard manifold M
is regular at infinity. The following definition, introduced in [18], turned
out to be a key concept.
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Definition 6.1. Let M be a Hadamard manifold. We say that M satisfies
the strict convezity condition (SC condition) if, given x € 9 M and a
relatively open subset W C 0so M containing z, there exists a C? open
subset 0 C M such that x € Int (0,Q) C W, where Int (0,,€2) denotes
the interior of 05 in dso M, and M\ Q is convex.

Informally speaking one may say that, as it happens with strictly convex
bounded domains of the Euclidean space, M satisfies the SC condition
when one can extract from M a neighborhood of any point of 9., M such
that what remains is still convex.

Lemma 6.2. Let M be a Hadamard manifold with sectional curvature
Ky < —k? < 0 and satisfying the SC condition. Assume that

Q [u] = div (aﬁgjbvu) =0 (6.5)

with a € C° ([0,00)) N C! ((0,00)) satisfies
a(0) = 0,ad'(s) > 0 for all s > 0; (6.6)
there exist ¢ > 0 and 6 > 0 such that a(s) > s, s € [0,0]. (6.7)

Then M is reqular at infinity with respect to Q.

Proof. Let C > 0 and z € W C 9 M be given. Since Q [—u] = —Q [u]
it is enough to prove the existence of barriers from above at x. Since M
satisfies the SC condition, there exists a C? open subset 2 of M such that
z € Int (0s2) C W and such that M\ Q is convex. Let s : Q@ — R be the
distance function to 9. Since M \ Q is convex and Ky < —k?, k > 0,
we may apply comparison theorems (see Theorems 4.2 and 4.3 of [3]) to

obtain the estimate
As > (n— 1)k tanh ks. (6.8)

On the other hand, since @’ > 0, a has an inverse function =1 € C* ([0, a))
where o = supa < oo. Set

a(2C)
cosh" 1k’

Since 0 < ccosh!™™kt < o for all t > 0 we may define a function
g:[0,00) = R, g€ C?((0,00)), possibly with g(0) = oo, by
g(s) == a ' (c cosh'™" kt) dt. (6.9)

S

Without loss of generality, we may choose ¢ small such that a () < c.
Then, since
ccosh’ ™" 0 = ¢ > a(6)
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and lim; 4 ccosh! ™™kt = 0 there is 7 satisfying
ccosh' ™™kt = a (0).
Since for t € [0,a ()] we have a=*(t) € [0, 4] it follows from (6.7) that
t=a(a™'(t) = a ()

and hence a='(t) < t'/9 for t € [0,a (5)]. Therefore

T +o0
g(s) < / a~(ccosh™™" kt)dt —|—/ a~(ccosh™™" kt)dt
0 T
400 1
<a le)T + / (ccosh' ™" kt)adt

T

1 +oo kt
<a l(e)T+ (20)a / e adt =a"t(c)T + o)t
T q

for all s > 0. Furthermore,
1
g(0) > / a ! (ccosh' " kt)dt > a *(ccosh' " k) = 2C
0

and lim,_, o g(s) = 0. Therefore we define v : Q@ — R as
v(p) := g(s(p)),
and will prove that Q(v) < 0. We have
Vou(p) = ¢'(s(p))Vs(p) = —q ! (c cosh!™" ks(p)) Vs

and then
|V =|g'(s)| = a™* (ccosh' ™" ks) .

Also Vv/|Vu| = —=Vs. Combining the previous expressions, we obtain

Q] = div (~a(g(5)]) Vs)
=div (—a(a™" (c cosh' ™" ks)) Vs)
= div (—c cosh'™" ksVs)
= —(1 —n)ck (cosh™" ks) (sinh ks) (Vs, Vs) — ¢ (cosh' ™" ks) As
< (n —1)ck (cosh™" ks) (sinh ks)
— (n—1)c (cosh' ™" ks) k (tanh ks) = 0,

and hence, by Lemma 3.1, v is a supersolution on €.
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To finish with the proof, define the global supersolution w € C° (ﬂ) N
% (M) by

[ min{v(p),C} ifpeQ
“’(p)_{c g ifzeﬂ\g,

which is of course an upper barrier relative to x and 2 with height C. [
As a consequence of Theorems 6.1 and 6.2 we obtain

Theorem 6.3. Let M be a Hadamard manifold with sectional curvature
satisfying Ky < —k? < 0. Assume that M satisfies the SC condition
together with the conditions (6.6) and (6.7) of Lemma 6.2, and that Q
satisfies conditions (a) and (b) of Theorem 6.1. Then the asymptotic
Dirichlet problem (6.2) is solvable for any g € C° (0o M).

Theorem 6.4. We assume that the operator

a(|Vul)

Q [u] = div Yl

Vu

satisfies the following conditions (i) and either (ii) or (ii’):
(i) There are numbers p > 1 and a € (0,1) such that a(s) = sP~LA(s)
with A € CH* ([0,00)) N C%2 ((0,0)) and

02520 {A(s),min{l,p -1} + Sﬁés) } >0

for any o >0
(it) There are numbers >0, v > 0 and so > 0 such that with
sA'(s)
A(s)
B(s) :=max {1,1+b(s)}

b(s) :=

there holds
B(s)™ (1 +b(s) = B ()] 5) = v
for s > sg.
(ii’) There are numbers € > 0, v > 0 and so > 0 such that

(—sb/'(s) — (1 +¢)(1+b(s)))s*> >~

for s > sq.

Then, if the Cartan-Hadamard manifold M has sectional curvature
Ky < —k? for some number k > 0 and satisfies the SC condition
(Definition 6.1), the asymptotic Dirichlet problem

Qul =0 on M
U0 M = g
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has a unique solution u € C° (ﬂ) N CY (M) which, for each relatively
compact subdomain Q C M belongs to CY*(Q) with X > 0 possibly
depending on Q. In case p = 2 in (i) above the solution wu is classical,

ie., ue C** (M).

Proof. We observe that the uniqueness follows immediately from
Proposition 3.1. For the existence part, choose a fixed point of M, say o,
and, given k£ > 1, let Q be the geodesic ball of M centered at o and with
radius k. Since M is a Cartan Hadamard manifold €, is a C%® domain
for all k£ and, from the Hessian comparison theorem, €2 is a convex and
hence a mean convex domain for all & > 1 (Theorems 4.2 and 4.3 of [3]).
Conditions (a) and (b) in Theorem 6.1 are satisfied as follows from the
Theorems 5.8 and 5.10. The conditions 6.6 and 6.7 of Lemma 6.2 clearly
hold by assumption (i). Thus, Theorem 6.4 is an immediate consequence
of Theorem 6.3. O

6.2 Final comments

Let M be a Hadamard manifold. If dim M = 2 and the sectional curvature
of M satisfies K4 < —k2, k > 0, then, since any two points at infinity of
M can be connected by a geodesic, it trivially follows that M satisfies the
SC condition. In arbitrary dimensions it is proved in [18] that if Ky < —k?
and either M is rotationally symmetric (see [3]) or the sectional curvature
of M decays at most exponentially then M satisfies the SC condition.
The SC condition also holds in Hadamard manifolds where the sectional
curvature may go to zero with a certain rate, but assuming stronger
assumptions on the decay of the curvature. The asymptotic Dirichlet
problem can be solved in some of these manifolds by using barriers at
infinity others than those of Lemma 6.2 (see [6]).

We finally should remark that in dimensions greater than or equal to 3
just an upper bound for the sectional curvature of M is not enough for the
solvability of the asymptotic Dirichlet problem in M. Indeed, Ancona [1]
and Borbely [2] construct examples of 3—dimensional Hadamard manifolds
with curvature less than or equal to —1 such that if an entire harmonic
function extends continuously to the asymptotic boundary then it is
constant. Holopainen extended Borbely’s example to the p—Laplacian [12]
and in [13] the authors constructed similar counter-examples of manifolds
for a class of partial differential equations that includes the p—Laplacian
and minimal surface equation. Therefore, in these manifolds, because of
Theorem 6.3, the SC condition is not satisfied.
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