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Malliavin calculus and

normal approximations
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Abstract. The goal of these notes is to introduce the basic elements of
Malliavin calculus and to discuss its applications to quantitative normal
approximations. The basic differential operators, the derivative and the
divergence, are first introduced in the framework of the finite-dimensional
Euclidean space equipped with the standard normal distribution. Later,
we study these operators on the Wiener space and their relation with
Wiener chaos expansions and the Ornstein-Uhlenbeck semigroup. Chapter
2 is devoted to the application of Malliavin calculus, combined with Stein’s
method, to derive estimations of the total variation distance in normal
approximations. These estimates are applied, in Chapters 3 and 4, to the
Breuer-Major theorem for stationary sequences and to spatial averaging of
stochastic partial differential equations, respectively.
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Chapter 1

Malliavin calculus

Motivated by a probabilistic proof of Hérmander’s hypoellipticity theorem
(see [13]), Malliavin introduced in the 70’s a calculus of variations with
respect to the trajectories of the Brownian motion. This calculus was
further developed by Bismut, Kusuoka, Stroock, and Watanabe [3, 12, 28,
30], among others. The Malliavin calculus is a differential calculus on a
Gaussian probability space. Its main application has been to establish the
existence and smoothness of densities of functionals of Gaussian processes.
In combination with Stein’s method, the Malliavin calculus has been
recently used to derive quantitative results on normal approximations.
Basic references for Malliavin calculus and its applications to normal
approximations are [16, 19, 20].

1.1 Finite-dimensional case

Consider first the finite-dimensional case. That is, the probability space
(Q, F, P) is such that Q = R", F = B(R") is the Borel o-field of R”, and P
is the standard Gaussian probability with density p(z) = (2%)*”/26"“2/2.
In this framework we consider two differential operators. The first one is
the derivative operator, which is simply the gradient of a differentiable

function F': R” — R:
oF OF
DF=|—,...,— ).
(81‘1 317” >
The second differential operator is the divergence operator and is defined
on differentiable vector-valued functions u: R™ — R™ as follows:

n

S(u) =Y <u1: - gz?) = (u,z) — divu.

i=1 v



6 David Nualart

We denote by CZ’f (R™;R™) is the space of functions f : R™ — R™ which
are k times continuously differentiable and their partial derivatives up to
order k are bounded by C(1 + |z|V) for any 2 € R™ and for some real
number N > 0. That means f and its partial derivatives up to the order
k have polynomial growth.

It turns out that ¢ is the adjoint of the derivative operator with respect
to the Gaussian measure P. This is the contents of the next proposition.

Proposition 1.1.1. The operator § is the adjoint of D; that is,
E((u, DF)) = E(Fé(u))

if F e CL(R") and u € C)(R™;R™).

Proof. Integrating by parts, and using dp/dz; = —x;p(z), we obtain

>
Z ( - /n ngz (x)dz + FUi%p(:ﬂ)dx)

i=1 R

= /n Fo(u)p(z)de.

/ (DF,upp(a)da

This completes the proof. O

1.2 Malliavin calculus on the Wiener space

1.2.1 Brownian motion and Wiener space
The Wiener space is a probability space (2, F, P) where
e 0 =C([0,T)) is the space of continuous functions w: [0,7] — R.

e F is the Borel o-field B(f2) for the topology of the uniform
convergence. One can easily show that F coincides with the o-field
generated by the collection of cylinder sets

C={weQ:w(t) €A, ...,w(t) € Ai}, (1.1)

for any integer k > 1, Borel sets Ay,..., Ay inR,and 0 <t < --- <
t <T.

e P is the Wiener measure. That is, P is defined on a cylinder set of
the form (1.1) by

P(C) = / Piy (X1)Pty—t, (X2—21) -+ Pry—ty_, (Tp—Tp—1) dzq - - - day,
A1>< Ak
(1.2)
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where p;(z) denotes the Gaussian density p;(z) = (2rt)~1/2e=2"/(21),
zeR, t>0.

The canonical process, defined by B;(w) = w(t), is a Brownian motion.
That is, B = (Bt)e[o.7] is a stochastic process satisfying the following
properties:

(i) By =0.

(ii) Forall 0 <t < --- < t, <T the increments By, — By, _,,..., B, —
By, are independent random variables.

(iii) If 0 < s < t < T, the increment B; — By is a Gaussian random
variable with mean zero and variance ¢ — s.

Properties (i), (ii), and (iii) are equivalent to saying that B is a Gaussian
process with mean zero and covariance function

I'(s,t) = min(s,t). (1.3)

The existence of Brownian motion can be proved in the following way: The
function I'(s,t) = min(s, ¢) is symmetric and nonnegative definite because
it can be written as

T
min(s,t) = / 1[0,51 (T)l[O,t] (’I“)d?“, s,t e [O,T]
0

Then, for any integer n > 1 and real numbers aq, ..., a,,
n n T
Z a;a; min(t;, t;) = Z aiaj/ 1[o,ti](7")1[o,tj](7')d7"
irj=1 irj=1 0

T,/ n 2
= / (Z ai1[07ti](r)> dr > 0.
0 Ni=1
Therefore, by Kolmogorov’s extension theorem, there exists a Gaussian
process with mean zero and covariance function min(s,¢). Moreover, for

any s < t, the increment By — B, has the normal distribution N(0,¢ — s).
This implies that for any natural number k& we have

2k)!
= (5~ B") = 5o
Therefore, by Kolmogorov’s continuity theorem, there exists a version of
B with Holder-continuous trajectories of order « for any v < (k — 1)/(2k)
on the interval [0,T]. This implies that the paths of this version of the
process B are y-Holder continuous on [0, 7] for any v < 1/2.
The mapping P defined by (1.2) on cylinder sets can be uniquely
extended to a probability measure on F. This fact can be proved as a
consequence of the existence of Brownian motion on [0, 7.

(t — s)k.
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1.2.2 Wiener integral

We next define the integral of square integrable functions with respect to
the Brownian motion, known as the Wiener integral. We consider the set
&p of step functions

n—1
= Z a’j]-(tj,tj+1](t)7 te [OvT]v (14)
j=0
where n > 1 is an integer, ag,...,ap—1 € Ryand 0 =tg < --- < t, <T.

The Wiener integral of a step function ¢ € & of the form (1.4) is defined
by

T
/‘ptdBt Zaj Bt1+1_ j)'

The mapping ¢ — fOT 0¢dBy from & C L2([0,T]) to L?(Q) is linear and
isometric:

T 2 n—1 T
E((/ sotdBt)):Zaiam—tj): / it = lolaor,
=0

The space & is a dense subspace of L2([0,T]). Therefore, the mapping

T
© — / gOtdBt
0

can be extended to a linear isometry between L?([0,77]) and the Gaussian
subspace of L?(Q) spanned by the Brownian motion. The random variable

fOT ¢1dBy is called the Wiener integral of ¢ € L?([0,7]) and is denoted by
B(p). Observe that it is a Gaussian random variable with mean zero and
variance [|¢]|%2 (o 77)-

1.2.3 The derivative operator

Let B = (B¢):e[0,r] be a Brownian motion on the Wiener space (£, F, P).
Set $ = L%([0,T]), and for any h € $, consider the Wiener integral

B(h) = /OT h(t)dB,.

The Hilbert space $) plays a basic role in the definition of the derivative
operator. In fact, the derivative of a random variable F': Q@ — R takes
values in §), and (D;F);c[o,7 is a stochastic process in L?(Q;9).
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We start by defining the derivative in a dense subset of L?(Q2). More
precisely, consider the set S of smooth and cylindrical random variables of
the form

where f € Cp°(R™) (f is infinitely differentiable and, together with all its
partial derivatives, it has polynomial growth) and h; € $.

Definition 1.2.1. If F € S is a smooth and cylindrical random variable of
the form (1.5), the derivative operator DF is the $)-valued random variable
defined by

DF = B(h1),...,B(hy))hi(t).
(= 3 g (B Bl ()
For instance, D(B(h)) = h and D(By,) = 1{g4,], for any ¢, € [0, 7).

The derivative operator can be interpreted as a directional derivative.

Consider the Cameron-Martin space H' C Q, which is is the set of
functions of the form ¢ (t) = [; h(s)ds, where h € §. Then, for ant

h € $, (DF, h)s is the derivative of F' in the direction of [ h(s)ds:

T .
d
(DF,h)g = / hiDiFdt = —F (w + e/ hsds> le=0-
0 de 0

For example, if F' = B;,, then

. t1
F <w + 6/ hsds> =w(t1) + 6/ hsds,
0 0

so, the directional derivative fgl heds coincides with (DF,h)g because
DtF = 1[O,t1](t)-

The operator D defines a linear and unbounded operator from S C
L2(Q) into L2(2;9). Let us now introduce the divergence operator.
Denote by Si the class of smooth and cylindrical stochastic processes
u = (ut)sefo,7) of the form

up = Xn:thj(f)a (1.6)

where F; € S and h; € 5.

Definition 1.2.2. We define the divergence of an element u of the form
(1.6) as the random variable given by

6(u) = ZFjB(hj) — > (DFj, hj)s. (1.7)
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In particular, for any h € $) we have 6(h) = B(h).
As in the finite-dimensional case, the divergence is the adjoint of the
derivative operator, as it is shown in the next proposition.

Proposition 1.2.1. Let FF € S and u € Sg. Then
E(Fé(u)) = E(DF,u)g).

Proof. We can assume that F = f(B(hq)...,B(hy)) and

u= Zgj(B(hl)-“aB(hn))hja

where hq,...,h, are orthonormal elements in $). In this case, the duality
relationship reduces to the finite-dimensional case proved in Proposition
1.1.1. O

We will make use of the notation Dy F = (DF,h)g for any h € $ and
F € S. The following two properties are immediate consequence of the
definitions and their proof is left as an exercise:

Heisenberg commutation relation: For ay u € Sg and h € 9,

Di(6(u)) = 6(Dnu) + (hy u)s, (L8)

Factorization: For any F' € S and u € Sy
0(Fu) = Fo(u) — (DF,u)g. (1.9)
The following proposition provides a formula for the covariance of two
divergences:

Proposition 1.2.2. Suppose that u,v € Sg. Then, we have
E(6(u)é(v)) = E((u,v)5) + E[(Du, D*v) ge2] (1.10)

where

<Du, D*’U>_\~9®2 = Z Dei <u, €j>_r3DeJ <’U7 €i>yj,
i,j=1

and (e;)i>1 is a complete orthonormal system in ),

Property (1.10) can also be written as

E(5(u)d(v)) = E (/OT utvtdt) +E (/OT /OT DsutDtvsdsdt)
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Proof of Proposition 1.2.2. To show property (1.10), using the duality
formula (Proposition 1.2.1) and property (1.8), we write

5(u)))
oD, <6<u>>)

E((w)s() = E({v

IS

= E

WK

Il
_

E

(
(i (v, €;)
(; IR (s 50 )

(2

B((u,0)g) + E S Defmes D, (i)

2,j=1

uMg

This completes the proof. O

1.2.4 Sobolev spaces

The next proposition will play a basic role in extending the derivative to
suitable Sobolev spaces of random variables.

Proposition 1.2.3. The operator D is closable from LP(2) to LP(£2;$)
for anyp>1.

Proof. Assume that a sequence Fy € S satisfies, for some p > 1,

L() L(Qy))

7

Fy 0 and DFy
as N — oo. Then n = 0. Indeed, for any u = ZN_IG hj € Sg such
that G;B(h;) and DG, are bounded, by the duality formula (Pr0p081t10n
1.2.1), we obtam

E((n.uls) = lim E((DFy,u)s)
= lim E(Fyé(u)) = 0.

This implies that n = 0, since the set of u € Sy with the above properties
is dense in LP(Q; $) for all p > 1. O

We consider the closed extension of the derivative, which we also denote
by D. The domain of this operator is defined by the following Sobolev
spaces. For any p > 1, we denote by D'? the closure of S with respect to

the seminorm
T p/2 1/p
/ (D, F)?dt )) .

0

17l = (B0FP) + 5 (
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In particular, F belongs to D"? if and only if there exists a sequence
F,, € § such that
£, 29 F and DE, "% DR,

as n — oo. For p = 2, the space D'2 is a Hilbert space with scalar product
T
(F,G)12 = E(FG) + E ( / DtFDtGdt>.
0

In the same way we can introduce spaces DV (§) by taking the closure of
Sg. The corresponding seminorm is denoted by || - [|1,p,6-

1.2.5 Chain rule
The Malliavin derivative satisfies the following chain rule.

Proposition 1.2.4. Let p: R — R be a continuous differentiable function
such that |¢'(x)| < C(1 + |z|%) for some a > 0. Let F € DYP for some
p>a+1. Then, o(F) belongs to D9, where ¢ = p/(a+ 1), and

D(p(F)) = ¢'(F)DF.

Proof. Notice that |p(z)] < C'(1 + |z|**1), for some constant C’, which
implies that ¢(F) € L%(Q) and, by Hélder’s inequality, ¢'(F)DF €
L1(Q; ). Then, to show the proposition it suffices to approximate F
by smooth and cylindrical random variables, and ¢ by ¢ * «,,, where «,, is
an approximation to the identity. O

1.2.6 Domain of the divergence in L?(2)

We next define the domain of the divergence operator. We identify the
Hilbert space L%(€;$) with L2(2 x [0,T7).

Definition 1.2.3. The domain of the divergence operator Dom § in L*(Q)
is the set of processes u € L2(Q x [0,T)) such that there exists a constant
cy Satisfying

[E(DF, u)5)| < cul| Fll2

for all F € DY2.

By Riesz theorem, if w € Domd, there exists a random variable
§(u) € L2(R) satisfying

E({(DF,u)g) = E(0(u) F),

for any F € D%2. Observe, that by the duality formula in Proposition
1.2.1, Sy € Dom ¢ and for u € Sg, §(u) is given by (1.7).
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Notice that § is a linear operator such that E(§(u)) = 0. Moreover, § is
closed; that is, if the sequence u,, € Dom§ satisfies

2 . 2
Up PO and 0(up) s G,
as n — 0o, then u belongs to Domd and §(u) = G.

From Proposition 1.2.2 it follows that D'2($)) C Dom § and for u,v €
DY2(§) C Dom § (1.10) holds, which implies

E(5(u)?) <E (/OT ufdt) +E (/OT /OT(DSut)2dsdt> = |lull} 2.5-

Properties (1.8) and property (1.9) can be extended to random variables
in suitable Sobolev spaces. More precisely, property (1.8) holds if
u € DY2($H) and Dpu € Domd and property (1.9) holds if F € D2
Fu € L?(Q;9), u € Dom §, and the right-hand side is square integrable.

1.2.7 Iterated derivatives

We can also introduce iterated derivatives and the corresponding Sobolev
spaces. The kth derivative D*F of a random variable F' € S is the k-
parameter process obtained by iteration:

n

f

ak:
T (B(h), . B(ha)hiy (1) -+ i (1),
ig=1 " vk

For any p > 1, the operator DF is closable from LP(Q) into LP(£; %),
and we denote by D*P the closure of S with respect to the seminorm

10/2))1/17

For any k > 1, we set DP® = M5o,DFP, D2 := N> DF2 and
D> = ﬁklek’O". Similarly, we can introduce the spaces D¥P($)).

k

1Pl = (EOFP) + (2

j=1

/[0 | (Dh PPt
s J

1.2.8 Continuity of the divergence

The following theorem is a consequence of Meyer’s inequalities:

Theorem 1.2.4. For any p > 1 and u € DYP(§),

E(l0(u)") < ¢ (E(|Dull§gs) + E(ullf)) -
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A proof based on the boundedness in LP(R) of the Hilbert transform
was given by Pisier [26]. We can introduce the iterated divergence and it
coincides with the adjoint of the iterated derivative:

E(0%(u)F) = E((u, D" F)gen).

The above estimate can be generalized as follows: for any integer £ > 1
and real p > 1, we have

k
E(|8*(w)P) < cpe _ BUID Ul oinrn)- (1.11)
£=0

This means that §* is continuous from D¥P($H®*) to LP(Q) for p > 1.

1.2.9 The divergence as a stochastic integral

The Malliavin derivative is a local operator in the following sense. Let
[a,b] C Ry be fixed. We denote by Fi, ) the o-field generated by the
random variables {Bs — By, s € [a, ]}.

Lemma 1.2.5. Let F be a random variable in DV2NL%(Q, Flap), P). Then
DyF =0 for almost all (w,t) € Q X [a, b]°.

Proof. If F belongs to SN L?(42, Flap), P) then this property is clear. The
general case follows by approximation. O

The following result says that the divergence operator is an extension of
1t6’s integral. For any ¢ > 0 we denote by F; the o-algebra generated by
the null sets and the random variables {Bs, s € [0, t]}.

Theorem 1.2.6. Any process u in L*(2 x [0,T]) which is adapted (for
each t > 0, uy is Fy-measurable) belongs to Dom d and 6(u) coincides with
Ito’s stochastic integral

T
(S(U) = / UtdBt.
0

Proof. Consider a simple process u of the form

n—1
Uy = Z 5Lt 15441 (1),
§=0

where 0 < tp < t; < --- < t, <T and the random variables ¢; € S are
Fi,-measurable. Then (u) coincides with the It6 integral of u because,
by (1.9),

n—1

n—1 tit1 n—1
6(“’) = Z ¢47(Btj+1 - Btj) - Z/t Dt(bjdt = Z ¢j<Btj+1 - Btj)7
j=0""% 7=0

Jj=0
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taking into account that D.;¢; = 0 if ¢ > ¢; by Lemma 1.2.5. Then
the result follows by approximating any adapted and square integrable
process by simple processes, and approximating any ¢; € L?(2, F; ;» P) by
JFi;-measurable smooth and cylindrical random variables. O

If w is not adapted, §(u) coincides with an anticipating stochastic integral
introduced by Skorohod (see [27]). Using techniques of Malliavin calculus,
Nualart and Pardoux [21] developed a stochastic calculus for the Skorohod
integral.

If w and v are adapted then, for s < t, Dyvs = 0 and, for s > ¢, Dsu; = 0.
As a consequence, property (1.10) leads to the isometry property of 1td’s
integral for adapted processes u,v € DV2(§):

E(5(u)6(0)) = E ( /0 ! utvtdt>.

If u is an adapted process in D*2(§)) then, from property (1.8), we obtain

T T
Dt</ Usst) = us + / Dt’LLSdBS, (112)
0 t

because Dyug, =0 if ¢t > s.

1.2.10 Clark-Ocone formula

Let B = (Bt)ie[o,r) be a Brownian motion on the Wiener space (€, F, P),
equipped with its Brownian filtration (F;).c[0,7). The next result expresses
the integrand of the integral representation theorem of a square integrable
random variable in terms of the conditional expectation of its Malliavin
derivative.

Theorem 1.2.7 (Clark—Ocone formula). Let F € D2 N L%(Q, F, P).
Then F admits the following representation:

T
F =E(F) +/ E(D,F|F,)dB,.
0

Proof. By the It0 integral representation theorem, there exists a unique
adapted process u € L?(Q x [0,T]) such that F € L?(Q, F, P) admits the
stochastic integral representation

T
0

It suffices to show that u; = E(D,F|F;) for almost all (w,t) € Q x [0,T].
Consider an adapted and square integrable process v. On the one hand,
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the isometry property yields

E(é(v)F):/O E(vsus)ds.

On the other hand, by the duality relationship (Proposition 1.2.1), and
taking into account that v is adapted,

E(3(v)F) = E ( /O ' vtDtht> _ /0 B (o (D FIF) it

Therefore, u; = E(D:F|F;) for almost all (w,t) € Q x [0,7], which
concludes the proof. O

Consider the following simple examples of the application of this
formula.

Example 1.2.8. Suppose that F = B}. Then D F = 3331[07,5] (s) and
E(D,F|F,) = 3E((B; — Bs + B,)?|Fs) = 3(t — s + B2).
Therefore
t
B} :3/ (t — s+ B2)dBs. (1.13)
0

This formula should be compared with It6’s formula,
) t t
B} = 3/ B2dB, +3/ Bgds. (1.14)
0 0

Notice that equation (1.13) contains only a stochastic integral but it is not
a martingale, because the integrand depends on t, whereas (1.14) contains
two terms and one is a martingale. Moreover, the integrand in (1.13) is
unique.

Example 1.2.9. Consider the Brownian motion local time (LY );>0,zeRr-
For any e > 0, we set

pe(z) = (27‘(6)71/267902/(25).
We have that, as € — 0,

t 2
F. = / pe(Bs — z)ds " L2, (1.15)
0
Applying the derivative operator yields

¢ ¢
D.F. = / p.(Bs — x)D, Bsds = / p.(Bs — x)ds.
0 r
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Thus
t
B(D,F|F) = [ BB, ~ B+ B, — )| 7 )ds

t
:/ p/€+S—T(B7' —a:)ds

As a consequence, taking the limit as € — 0, we obtain the following integral
representation of the Brownian local time:

¢
Ly =E(LY) —|—/ o(t —r, B, —x)dB,,
0

where

o(r,y) = /Orp’s(y)ds-

1.2.11 Isonormal Gaussian processes

So far, we have developed the Malliavin calculus with respect to Brownian
motion. In this case, the Wiener integral B(h) = fOT h(t)dBy gives rise to
a centered Gaussian family indexed by the Hilbert space $ = L2([0, T]).
More generally, consider a separable Hilbert space $ with scalar product
(-,V%. An isonormal Gaussian process is a centered Gaussian family
Hi = {W(h),h € $H} of random variables defined in some probability
space (Q, F, P), satisfying

EW(h)W(g)) = (h, 9)s,

for any h, g € $. Observe that H; is a Gaussian subspace of L*(Q).

The Malliavin calculus can be developed in the framework of an
isonormal Gaussian process, and all the notions and properties that do
not depend on the fact that $ = L2([0,7]) can be extended to this more
general context.

1.3 Multiple stochastic integrals. Wiener
chaos

In this section we present the Wiener chaos expansion, which provides
an orthogonal decomposition of random variables in L?(Q2) in terms of
multiple stochastic integrals. We then compute the derivative and the
divergence operators on the Wiener chaos expansion.
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1.3.1 Hermite polynomials

David Nualart

Consider the probability space (R,B(R),~), where v = N(0,1) is the

standard Gaussian probability on R with density

1 ,
p(z) = e 2, xR

V2m

Recall the basic differential operators:
e Derivative operator:  Df(z) = f'(x).

e Divergence operator:  df(z) = zf(x) — f'(z).

They satisfy the following Heisenberg’s commutation relation for f €

C2(R):
(DS — 6D)f = f.

Define the Hermite polynomials as follows. Hy(x) = 1, and for n > 1

put H,(z) = 0™1. In particular, for n = 1,2,3, we have

Hi(z) = d0l=z
Hy(z) = dx=2>-1
Hi(z) = 6(z*—1)=2"—3z.

The Hermite polynomials satisfy the following properties:

1. Formula for the derivative:

H;n = mHm_1

In fact, using induction and the Heisenberg commutation relation, we can

write

H! = D(6™1) = (D&)(6™ 1) =6D(™ 1) 4+ 6™ 11

= 5DHm,1 + Hm,1 = 5(m — ].)Hm,Q + Hm,1 = mHm,l.

2. Recursion formula:

Hyi1(z) = 2Hy(x) — H, () = xHp(x) — mHp—1(2).

3. The sequence of normalized Hermite polynomials {\/%Hn, n > 0} form

a complete orthonormal system of functions in the Hilbert space L2(RR, 7).
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Proof. For n,m > 0, we can write

n! fn=m

/RH,L(:E)Hm(:E)p(x)dx = {O 0 % m (1.16)

Indeed, using the properties of Hermite polynomials, we obtain
/ H,(x)Hp,(x)p(z)de = /Hn(x)dml(m)p(x)dx
R R
= /H;l(x)dm*ll(x)p(x)dx
R
= n/ H,_1(x)Hp—1(x)p(z)de.
R
Then, we obtain (1.16) by iteration.
To show completeness, it suffices to prove that if f € L2?(R,v) is
orthogonal to all Hermite polynomials, then f = 0. Because the leading

coefficient of H,(x) is 1, we have that f is orthogonal to all monomials
™. As a consequence, for all ¢ € R,

it _ = (Zt)n 2z n(z)dr =
[ 7@t pae =350 [ s =o

Notice that we can commute the integral and the series because

o0

M z)|p(z)de = [ ™| f(2)|p(x)dz
S [ S [ els@pta)a

< | [ Pep@de [ elp@d| < .
/ [ biare]

Therefore, the Fourier transform of fp is zero, so fp = 0, which implies
f = 0. This completes the proof. O

4. Series expansion: For each a € R, we have the following series
expansion, which will play an important role

n

o0 a a2
> —Hy(x)=e™" 7. (1.17)
= n!

Proof of (2.7): Taking into account that H, = §™1 and that 6™ is the
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adjoint of D", we obtain

ea'” = Z f'<€a ;Hn>L2(R,"/)H’n($)

Finally,

1
e’ 1 = — ”**dxfe
< >L2(R7’7) \/%/]R
and (1.17) holds true.

1.3.2 Multiple Stochastic Integrals

Recall that B = (By)¢cjo,7] is a Brownian motion defined on the Wiener
space (0, F,P). Let L%([0,7]") be the space of symmetric square
integrable functions f: [0,7]" — R. If f:[0,7]" — R, we define its
symmetrization by

f(tla" = |Zf 1)7"'7t0'(n))7

where the sum runs over all permutations o of {1,2,...,n}. Observe that

I fllz2qo.mymy < £ lz2(o,)m)-

Definition 1.3.1. The multiple stochastic integral of f € L%([0,T]™) is
defined as the iterated Ito stochastic integral

n = n'/ / / f tl, .o n dBtl dBtn.

Note that if f € L2([0,T]), I1(f) = B(f) is the Wiener integral of f. If
f € L2([0, 7)) is not necessarily symmetric, we define

L(f) = In(f)-

Using the properties of Itd’s stochastic integral, one can easily check
the following isometry property: for all n,m > 1, f € L*([0,T]"), and
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g € L*([0,T)™),

0 if n # m,

o _ (1.18)
n!<f,g>L2([0’T]n) if n =m.

Next, we want to compute the product of two multiple integrals. Let
f € L([0,T]") and g € L2([0,T)™). For any r = 0,...,n A m, we define
the contraction of f and g of order r to be the element of L?([0, T+ ~2")
defined by

(f Oy g) (t17"'7tn—7“751a"'75m—7“)

= / fltr, oo tnery @1, )G (81,0 oy Se—r, X1, « -« Ty )dTy - - - Ay
(0,77

We denote by f ®, g the symmetrization of f ®, ¢g. Then, the product of
two multiple stochastic integrals satisfies the following formula:

Li(f)Im(9) = Tfr! <”) <m> Lnvm-o2:(f ©r g). (1.19)

r T
r=0

The next result gives the relation between multiple stochastic integrals
and Hermite polynomials.

Proposition 1.3.1. For any g € L*([0,T)), we have

B(g)
L.(g%") = ||g|I% H"<>
(9°") = llgll 2z (0.1 Tolee 0

where g™ (t1, ..., t,) = g(t1) - g(tn).

Proof. We can assume that ||g||z2(o,7)) = 1. Fix a € R and set

t t
1
M; = exp (a/ gsdBs — faQ/ gf,ds) .
0 2 0

One one hand, we have, using (1.17),

T 2 s n T
My = eafo gsdBs—3a = Z %Hn </ gtdBt> .
n=0 0



22 David Nualart

On the other hand, using It6’s formula, we obtain

T
Mr = 1+ [ aM.g.dB,
0
T s
= 1—|—a11(g)—|—a2/ gs/ M,g,dB,
0 0
T s T s
— 1al(g) +a? / o / gudB, +d® / 95 / M,g,dB,
0 0 0 0
- >
T L 7!
Comparing both expansions yields the desired result. O

1.3.3 Wiener chaos expansion
The next result is the Wiener chaos expansion.

Theorem 1.3.2. Every F € L?(2) can be uniquely expanded into a sum
of multiple stochastic integrals as follows:

F)+ > I(fa),
n=1

where f, € L%([0,T]").

For any n > 1, we denote by H,, the closed subspace of L?(Q2) formed
by all multiple stochastic integrals of order n. For n = 0, Hg is the
space of constants. Observe that H; coincides with the Gaussian space
{B(f), f € L?([0,T))}. Then Theorem 1.3.2 can be reformulated by saying
that we have the orthogonal decomposition

L2(Q) = &pZoHa-

Proof of Theorem 1.3.2. 1t suffices to show that if a random variable
G € L?() is orthogonal to &3 ,H,, then G = 0. This assumption implies
that G is orthogonal to all random variables of the form B(g)*, where
g € L*([0,T]), k > 0. This in turn implies that G is orthogonal to all the
exponentials exp(B(h)), which form a total set in L?(2). So G =0. O

1.3.4 Derivative operator on the Wiener chaos
Let us compute the derivative of a multiple stochastic integral.

Proposition 1.3.2. Let f € L2([0,T|"). Then I,(f) € D%? and
Dy (f) = nln-1(f(-,1)).



Chapter 1. Malliavin calculus 23

Proof. Assume that f = ¢®", with ||g|[z2or) = 1. Then, using
Proposition 1.3.1 and the properties of Hermite polynomials, we have

Dl (f) = Di(Hn(B(9))) = H,,(B(9))D(B(g)) = nH,1(B(g))g(t)
= ng(t)-1(g°""Y) = nL_1(f(,1)).

The general case follows using linear combinations and a density argument.
This finishes the proof. O

Moreover, applying (1.18), we have
T T
E ( / (thn(f))th> =t [ B0
0 0
T
= n2(n — 1)! / O -

= nn!HfH%z([o,T]")
B (1.20)

As a consequence of Proposition 1.3.2 and (1.20), we deduce the
following result.

Proposition 1.3.3. Let F € L*(Q)) with Wiener chaos expansion F =
Soo o In(fn). Then F € DY2 if and only if

2
E(IDF[5) = > nnll fullfs oy < oo,

and in this case -
DF =3 nlu i (falt)).
n=1

Similarly, if k£ > 2, one can show that F' € D*2 if and only if

>l fallZe oy < 00,

n=1

and in this case
o

Df 4. F Zn—l (n =k D)y (fal b1y 1)),

where the series converges in L2(Q2x [0, T]*). As a consequence, if F € D>2
then the following formula, due to Stroock, allows us to compute explicitly
the kernels in the Wiener chaos expansion of F":

fn= %E(D”F). (1.21)
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Example 1.3.3. Consider F = B3. Then

filt)) = E(Dy,B}) =3E(B})11(t1) = 31,1 (t1),
fa(ti,ts) = 3$E(D? ,,BY) = 3E(B1)1p1(t1 V t2) =0,
fa(ta,t2,t3) SE(D}, 4, 4,BY) = Lpoay(t1 Vb2 V t3),

and we obtain the Wiener chaos expansion

1 t1 ta
B} =3B, +6 / / / dBy,dBy,dBy,.
0 0 0

1.3.5 Divergence on the Wiener chaos

We now compute the divergence operator on the Wiener chaos expansion.
A square integrable stochastic process u € L?(2x [0, T) has an orthogonal
expansion of the form

U = Z In(fn(7t))a
n=0
where fo(t) = E(u;) and, for each n > 1, f,, € L?([0, T|"™) is a symmetric
function in the first n variables.

Proposition 1.3.4. The process u belongs to the domain of § if and only
if the series

n=0

converges in L2(£2).

Proof. Suppose that G = I,,(g) is a multiple stochastic integral of order
n > 1, where g is symmetric. Then

B(0.DG)) = [ E(a(fuaC)nda(ot0)de

T
= n(n_l)'/o <fn—1('vt)vg('at)>L2([0,T]n—1)dt

= nfu1,9)12(0,117) = "{fa—1,9) L2077
= E(L(fu-1)In(9)) = E(Ln(fn-1)G).
If w € Dom §, we deduce that
E(6(u)G) = E(In(fn-1)G)

for every G € H,,. This implies that I,,(f,_1) coincides with the projection
of §(u) on the nth Wiener chaos. Consequently, the series in (1.22)
converges in L?(Q) and its sum is equal to §(u). The converse can be
proved by similar arguments. O
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1.4 Criterion of differentiability

Proposition 1.4.1. Let (F,,)p,>1 be a sequence of random variables in
DYP, p > 1, that converges to F in LP()) and is such that

sup E(||[DF,[|) < oc.

Then F belongs to D*P and the sequence of derivatives (DF,),>1 converges
to DF in the weak topology of LP(€); $).

Proof. We will present here the proof in the case p = 2, based on Wiener
chaos expansions, the proof in the general case being more involved.

The assumptions imply that there exists a subsequence (Fyx))x>1
such that the sequence of derivatives (DF,))r>1 converges in the weak
topology of L?(£2;$) to some element o € L?(;$). By the duality
formula, we have

E({a,h)5G) = lim E((DF,,h)G)

= lim E(F,)3(Gh))
= E(F§(Gh)).
Let F =>7" (I,(fn). Then,
Y Bl (ful ), )5 G) = Y E(D(Lu(fa)), )5 G)
n=1 n=0
= S E(L(£,)5(Gh))
n=0

= E(Fo(Gh)) = E({a, h) 5 G),

which implies that the series Y oo nl,_1(fn(-,)) converges in L*(Q;9)
and its sum is a. Therefore, F' € DV2 and DF = a. This completes the
proof. O

As a consequence we can prove the following chain rule for Lipschitz
functions:

Proposition 1.4.2. Let ¢ : R™ — R by a function such that

lp(z) — ¢(y)| < K|z -y

for any x,y € R™. Suppose F = (F',...,F™) is such that F7 € D2,
Then, o(F) € DY2 and there exists a random vector G = (G,... ,G™)
bounded by K, such that
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Proof. First, show the result when ¢ € C'(R™). In this case, G/ =
0;¢(F). Then, we approximate ¢ by ¢ * €, where ¢, is an approximation
to the identity and use the criterion for differentiabiilty. O

1.5 Ornstein-Uhlenbeck semigroup

In this section we describe the main properties of the Ornstein—Uhlenbeck
semigroup and its generator. We then give the relationship between the
Malliavin derivative, the divergence operator, and the Ornstein—Uhlenbeck
semigroup generator.

1.5.1 Mehler’s formula

Let B = (Bj);e[0,r] be a Brownian motion on a the Wiener space (2, F, P).
Let F' be a random variable in L?(Q) with the Wiener chaos decomposition

F =300 In(fn); fn € LI([0,T]").

Definition 1.5.1. The Ornstein—Uhlenbeck semigroup is the one-
parameter semigroup (Ty)i>o0 of operators on L*(Q) defined by

F)y=> e ™I,(fn).
n=0

An alternative and useful expression for the Ornstein—Uhlenbeck
semigroup is Mehler’s formula:

Proposition 1.5.1. Let B’ = (Bj})i>0 be an independent copy of B. Then,
for anyt >0 and F € L*(), we have

T,(F)=E(F(e"'B+ V1 —e2tB)), (1.23)

where B’ denotes the mathematical expectation with respect to B’.

Proof. Both T; in Definition 1.5.1 and the right-hand side of
(1.23) give rise to linear contraction operators on L2?(Q2).  Thus,
it suffices to show (1.23) for random variables of the form

F = exp(AB(h) — 1)\?), where B(h) = fOT htdB;, h € £, is an element
of norm one, and A € R. We have, using formula (1.17),

E/ <exp (et/\B(h) +V1—e2AB'(h) — ;v))

= exp (e‘t)\B(h) -1 —QW) Ze‘”t H, (B(h)) = T}F,
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because

P =Y 2 H (B)
n=0

and H,(B(h)) = I,(h®") (see Proposition 1.3.1). This completes the
proof. O

Here are two important consequences of Mehler’s formula:
1.) The operator T is nonnegative, that is, F' > 0= T3 F > 0.

2.) The operator T; is a contraction in LP(Q) for any p > 1:
1T Fllp < 1 Flp-
Indeed, using Jensen’s inequality, it follows that, for any p > 1,
E(|T,(F)I") = E([E'(F(e "B + V1 — e=2B"))I")
SEE(|F(e™" B+ V1 - e 2B')")) = E(|FI?).

1.5.2 Hypercontractivity

The Ornstein—Uhlenbeck semigroup has the following hypercontractivity
property.
Theorem 1.5.2. Let F € LP(Q), p > 1, and q(t) = e*'(p — 1) + 1 > p,

t>0. Then
IT:F gy < 1F]lp-

As a consequence of the hypercontractivity property, for any 1 < p <
¢ < oo the norms || - ||, and || - ||; are equivalent on any Wiener chaos H,,.
In fact, putting ¢ = €?(p — 1) + 1 > p with ¢ > 0, we obtain, for every
FeH,,
e N llg = ITeFllg < 11,

which implies that
g—1 n/2
17l < (21) 1l (124)

Moreover, for any n > 1 and 1 < p < 0o, the orthogonal projection onto
the nth Wiener chaos J,, is bounded in LP(Q)), and

(p—D"2F|, ifp>2,

1.25
(b= ) "2F], it <2, (1.29)

H%ﬂbﬁ{

In fact, suppose first that p > 2 and let ¢t > 0 be such that p — 1 = e?*.
Using the hypercontractivity property with exponents p and 2, we obtain

[T Fllp = €™ |1 T2 TnFllp < €™ [ TnFll2 < e[| Fllz < e[| F|lp.
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If p < 2, we have

[JnFllp = sup E((J.F)G) <|[F|, sup [J.Glly < entHFHPv
IGllq<1 IGllq<1

where ¢ is the conjugate of p, and ¢ — 1 = e2.

1.5.3 Generator of the Ornstein-Uhlenbeck semigroup

The infinitesimal generator of the Ornstein—Uhlenbeck semigroup in L?(12)
is the operator given by

LEF = limw,
t10 t

and the domain of L is the set of random variables F' € L?() for which
the above limit exists in L?(Q2). It is easy to show that a random variable
F =5 L.(fn), fa € L2([0,T]™), belongs to the domain of L if and
only if

Z 2| Ln(fa)ll3 < 003
n=1

and, in this case, LF =% >° | —nl,(f,). Thus, Dom L coincides with the
space D22,

We also define the operator L~!, which is the pseudo-inverse of L, as
follows. For every F € L?(Q), set

o0
LF = —Z
n=1

Note that L~! is an operator with values in D?2 and that LL™'F =
F —E(F), for any F € L*(Q2), so L™! acts as the inverse of L for centered
random variables.

The next proposition explains the relationship between the operators D,
6, and L.

In(fn)-

S|

Proposition 1.5.2. Let F € L?(Q). Then, F € Dom L if and only if
F e DY? and DF € Dom § and, in this case, we have

0DF = —LF.

Proof. Let F = %> I,(fn). Suppose first that F € D*? and DF €
Domd. Then, for any random variable G = I,,,(¢,,), we have, using the
duality relationship (Proposition 1.2.1),

E(GSDF) = E((DG,DF)g) = mm!{gm, fm)r2(0.177) = E(GmIn(fm)).
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Therefore, the projection of § DF onto the mth Wiener chaos is equal to
mIy,(fm). This implies that the series Y- | nl,(f,) converges in L?(f2)
and its sum is 6 DF. Therefore, FF € Dom L and LF = —§DF.

Conversely, suppose that F' € Dom L. Clearly, F € D%2. Then, for any
random variable G € D? with Wiener chaos expansion G = >~ I,(gn),
we have

E((DG,DF)g) =Y nn!gn, fa)r2(0.11%) = —~E(GLF).
n=1

As a consequence, DF belongs to the domain of § and éDF = —LF. O

The next proposition shows that the operator L behaves as a second-
order differential operator.

Proposition 1.5.3. Suppose that F = (F1,... F™) is a random vector
whose components belong to D**. Let ¢ be a function in C*(R™) with
bounded first and second partial derivatives. Then, (F) € Dom L and

m aZQQ
[“)xiaxj

o
a.’IJZ'

L(p(F)) = (F)(DF',DF’)¢ + Z (F)LF".

ij=1

Proof. By the chain rule (see Proposition 1.2.4), ¢(F) belongs to D2 and

Dp(F)) =Y S (F)DF"
i=1 "

Moreover, by Proposition 1.5.2, ¢(F') belongs to Dom L and L(¢(F)) =
—0(D(¢(F))). Using the factorization property of the divergence operator
yields the result. O

In the finite-dimensional case (2 = R™ equipped with the standard
Gaussian law), L = A —z-V coincides with the generator of the Ornstein—
Uhlenbeck process (X;):>0 in R™, which is the solution to the stochastic
differential equation

dX,; = V2dB, — X,dt,

where (By):>0 is an n-dimensional Brownian motion.

1.5.4 Second integral representation

Recall that L is the generator of the Ornstein—Uhlenbeck semigroup.

Proposition 1.5.4. Let F be in DY with E(F) = 0. Then the process

u=—DL'F
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belongs to Dom & and satisfies F = §(u). Moreover u € L*(Q; §) is unique
among all square integrable processes with a chaos expansion

= I,(f,(t)
q=0

such that fq(t,t1,...,tq) is symmetric in all ¢ + 1 variables t,tq, ..., t,.

Proof. By Proposition 1.5.2,
F=LL'F=—-§DL'F).

Clearly, the process u = —DL™'F has a Wiener chaos expansion with
functions symmetric in all their variables. To show uniqueness, let
v € L*(;9) with a chaos expansion v; = Y -2 I;(g4(t)), such that the
function g4(¢,%1,. .. ,t,) is symmetric in all ¢ + 1 variables ¢,¢1,...,t; and
such that (v) = F. Then, there exists a random variable G' € D2 such
that DG = v. Indeed, it suffices to take

oo

Z 1 Iy11(9q9)-

q=

We claim that G = —L~'F. This follows from LG = —§DG = —§(v)
—F. The proof is now complete.

oo

It is important to notice that, unlike the Clark—Ocone formula,
which requires that the underlying process is a Brownian motion, the
representation provided in Proposition 1.5.4 holds in the context of a
general Gaussian isonormal process.

1.6 Existence and regularity of densities

Let F = (F!,...,F™) be a random vector such that F* € D2 for
i = 1,...,m. We define the Malliavin matrix of F as the random
symmetric nonnegative definite matrix

vr = ((DF*, DF7)§)1<i j<m. (1.26)

In the one-dimensional case, yp = ||DF ||% The following theorem is a a
basic criterion for the existence of a density.

Theorem 1.6.1. If detyrp > 0 a.s. then the law of I is absolutely
continuous with respect to the Lebesgue measure on R™.
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This theorem was proved by Bouleau and Hirsch using the co-area
formula and techniques of geometric measure theory, and we omit the
proof. As a consequence, the measure (detyr x P) o F~! is always
absolutely continuous; that is,

P(F € B,detyp >0) =0,
for any Borel set B € B(R™) of zero Lebesgue measure.

Definition 1.6.2. We say that a random vector F = (F*',...,F™) is
nondegenerate if F* € D%2 fori=1,...,m and

E((detyr)™?) < o0,
for allp > 2.

The following theorem is the basic criterion for the smoothness of
densities.

Theorem 1.6.3. Let F = (F,... F™) be a nondegenerate random vector
such that F* € D® for all i = 1,...,m. Then the law of F possesses an
infinitely differentiable density.

As an example of application of the above criterion, let F' = X;, where
(Xt)t geo is a diffusion process on R™

d
dXt = b(Xt)dt + ZO’k(Xt)dBf, XO = Xg-
k=1

Theorem 1.6.4. Suppose that the coefficients b,or : R™ — R™ are
infinitely differentiable with bounded partial derivatives. Then, X] € D>
forallt >0 and j =1...,m. If, in addition, the Lie algebra spanned by
{o1,...,04} at x = xo is R™, where o, = >, Ulica%u then for anyt >0
(detyx,)™' € Np>2LP(Q) and, by Theorem 1.6.3, the density p,(z) of X,
is C*.

Notice that p;(z) satisfies the Fokker-Planck equation

0] . B
(8t+‘c >pt0a

where
1l i O T 0
L= 2 i]zz:l(o.o- ) 8:@8% + i1 b 3&02 '

Then, p; € C*° means that % — L* is hypoelliptic (Hérmander’s theorem).
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Malliavin-Stein’s
approach for normal
approximations

2.1 Stein’s method for normal approxima-
tions

The following lemma is a characterization of the standard normal
distribution on the real line.

Lemma 2.1.1 (Stein’s lemma). A random wvariable Z such that
E(|Z]) < oo has the standard normal distribution N(0,1) if and only if,
for any function f € C}(R), we have

E(f(2) - £(2)2) = 0. (2.1)

Proof. Suppose first that Z has the standard normal distribution N (0, 1).
Then, equality (2.1) follows integrating by parts and using that the density
p(x) = (1/+/27) exp(—2x2/2) satisfies the differential equation

P () = —ap(a).

Conversely, let () = E(e*?), X € R, be the characteristic function of Z.
Because Z is integrable, we know that ¢ is differentiable and ¢'(\) =
iE(Ze*?). By our assumption, this is equal to —A@(A). Therefore,
©(A\) = exp(—A?/2), which concludes the proof. O

If the expectation E(f/(X) — f(X)X) is small for functions f in some
large set, we might conclude that the distribution of X is close to the

32
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normal distribution. This is the main idea of Stein’s method for normal
approximations and the goal is to quantify this assertion in a proper way
(see, for instance, [6]).

To implement this idea, consider a random variable Z with the N (0, 1)
distribution and fix a measurable function h: R — R such that E(|h(Z)]) <
00. Stein’s equation associated with h is the linear differential equation

fu(@) =z fu(x) = h(z) —E(h(Z)), x€R. (2.2)

Definition 2.1.2. A solution to equation (2.2) is an absolutely continuous
function fy such that there exists a version of the derivative f; satisfying
(2.2) for every x € R.

The next result provides the existence of a unique solution to Stein’s
equation.

Proposition 2.1.1. The function

x
i) = [ (hly) ~ BR(2))e "y (2:3)
— 00
is the unique solution of Stein’s equation (2.2) satisfying
. 712
lim e 2 f(z) = 0. (2.4)

Proof. Equation (2.2) can be written as

222 4 (2?2 — h(z) —

e/ (72 fiu(w)) = h(z) — E(h(2)).

This implies that any solution to equation (2.2) is of the form
) =24 12 [ (i)~ B((2))e " 2,

— 00

for some ¢ € R. Taking into account that

x

lim [ (h(y) ~ E((Z))e" 2y =0,
z—+o0 o
the asymptotic condition (2.4) is satisfied if and only if ¢ = 0. O

Notice that, since [, (h(y) — E(h(Z)))e’y2/2dy =0, we have

o0

/ " (h(y) — E(W(2)))e " dy = — / (h(y) — E(h(Z)))e ¥ /2dy. (2.5)

— 0 T
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Proposition 2.1.2. Let h: R — [0, 1] be a measurable function. Then the
solution to Stein’s equation fr given by (2.3) satisfies

™

il < /5 and file <2 (26)

Proof. Taking into account that |h(x) — E(h(Z))| < 1, where Z has law
N(0,1), we obtain

s

o0
| fu(2)] < ewZ/Q/ eV Rdy = [
o] 2
because the function z — /2 f\:lj e*yQ/Qdy attains its maximum at z = 0.

To prove the second estimate, observe that, in view of (2.5), we can
write

i) = hie) = EG(2) +ae? [ (1) ~B2))e 2y

— 00

= W)~ E0(2) — 5 [ ()~ B(2))e

x

for every x € R. Therefore

fh(@)] <1+ \m|em2/2/ e~V 2y = 2.

||

This completes the proof. O

2.1.1 Total variation and convergence in law

Let F,, be a sequence of random variables defined in a probability space
(Q,F, P).

Definition 2.1.3. We say that F, 5F if Elg(Fn)] — Elg(F)] for any
g: R — R continuous and bounded.

We know that F,, 5 F if and only if P(F, < z) —» P(F < z) for any
point z € R of continuity of the distribution function of F'.
The total variation distance between two probabilities vy and v5 on R
is defined as
drv(vi,v2) = sup |vi(B) —r2(B)].
BeB(R)
Then, the convergence dry (Po F, 1, Po F~1) — 0 is strictly stronger that

the convergence in law F), 5F By an abuse of notation we will write
dTv(F, G) for dTv(P o F_l, Po G_l).
Using Stein’s method, we can prove the following result.
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Proposition 2.1.3. Let v be a probability on R. Then,

/ 6 (2) — 2d(@)w(de)|
R

dry(v,7) < sup
PEF TV

where
P
Frv =16€ C®): oo < |/ 310 I < 2)
and ~y denotes the standard normal distribution.

Proof. Let h : R — [0,1] be a continuous function and let ¢ be the
solution to the Stein’s equation associated with h, that is,

h(z) — E[W(Z)] = ¢},(x) — x¢n(2).
Integrating with respect to v yields

/R v /R hiy| = ’ /R (64 (x) — 2 (2)v(da)

IN

sup
PECT(R):[|lloo <4/ F 19|00 <2

/ 16/ (2) — 2(a)]v(dz)|
R

This inequality holds for any h : R — [0, 1] measurable, because we can
approximate h by continuous functions almost everywhere with respect to
the measure v + . Taking h = 15, we obtain the result. O

2.2 Stein meets Malliavin
Let (B¢)ejo,7) be a Brownian motion defined on the Wiener space (€2, F, P).
The following results connects Stein’s method with Malliavin calculus.

Theorem 2.2.1. Suppose that F € D%? satisfies F = &(u), where u
belongs to the domain in L? of the divergence operator 6. Then,

dry (F, Z) < 2E[[1 — (DF, u)s]],
where Z is a N(0,1) random variable.

Proof. Using the duality relationship between the operators D and § and
chain rule, we can write

E[F¢(F)] = E[0(u)¢(F)] = E[(u, D[¢(F)])s] = E[¢'(F)(u, DF)g].
Therefore,

E[¢'(F)] - E(Fo(F)]|

[E[¢'(F)[1 — (DF,u)s]]
2E[|1 = (DF,u)5]]

IN

for any ¢ € Zrv. This concludes the proof in view of Proposition
2.1.3. O
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Consider the following example. Suppose that F' = fOT usdBg, where u
is an adapted measurable process in DV2(§). Then,

T
DoF =y + / DyuydB,,
t

T [ T
(u, DF) g = ||ul3 —|—/ (/ Dtusst> udt.
0 t

As a consequence,

and

T T
drv(F,Z) < 2E(]1—|ul3]) +2E (‘/ (/ DtuSdBS> uydt
0 t

T s 2 %
E/ (/ utDtusdt> ds
0 0

These computations lead to the following result.

)

< 2B (11— ull§]) +2

Proposition 2.2.1. A sequence F,, = fOT ué")st, where u(™ is an
adapted and measurable process such that u(™ € DY2($), converges in
total variation to the law N(0,1) if:

(i) Hu(”)H% — 1 in LY(Q) and

2
(ii) EfOT (fos ugn)Dtugn)dt) ds — 0.

Ezxample: The previous proposition can be applied to the following process:

u,E”) = V2nt" exp(By(1 —t))111(2).

In Theorem 2.2.1 we can take u = —DL™!F, because
F=LL 'F=-6DL7'F
and, we obtain
dpy(F,Z) < 2E[|1 — (DF,—~DL ' F)g]].

Suppose that E[F?] = 02 > 0. Then, we can derive the following
inequality:

2
dry(F,07) < ;Eﬂaz — (DF,u)g]].



Chapter 2. Malliavin-Stein’s approach 37

Indeed,
dry(F,oZ ) = sup |P(F € B)—P(cZ¢€ B)|
BEB(R)
= sup |P(c™'Feo'B)-P(Zco 'B)
BEB(R)
2
< SE[lo® — (DFu)s]
Moreover,

E[(DF,u)s] = E[§(u)F] = E[F?] = 0®,

and we obtain

dry (F,02) < %x/Var((DR mS) (2.7)

2.2.1 Normal approximation on a fixed Wiener chaos

For random variables on a fixed Wiener chaos we can prove the following
result.

Proposition 2.2.2. Suppose F € H, for some q¢ > 2 and E(F?) = o2.

Then,
2
drv(F,07Z) < ﬁq/\/ar (||DFH%)

Proof. Suppose that F' = I,(f), where f € L2([0,T]7). We have

DF = ql,1(f(-, 1)),

and F' = §(u), where

w = Iya(f(-8) = ZDiF,

Therefore,
1
(DF,u)5 = gllDFH%
and it suffices to apply (2.7). O

The next result states the equivalence between the variance of || DF||3
and the default in the moment of order 4.

Proposition 2.2.3. Suppose that F' = I,(f) € Hq, ¢ > 2. Then,

var (IDFI3) < Co D @R —30%) < (g~ 1)var (IDFIR).
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Proof. This proposition is a consequence of the following two formulas.
The first formula is the next one:

q
Var (| DF3) Zr 2 (%) Co 2B e 29

Proof of (2.8): We have D\F = ql,_1(f(-,t)), and using the product
formula for multiple stochastic integrals we obtain

T
IDFIE = ¢ [ La(iCo)ae
0
K q—1 2 ~
= QZZT!< , >I2q—2r—2(f®r+1f)
= QZ ( )Izq o (f&0 f)

e+ S 1) ( 1) Logor(F01). (2.9)

r=1

Then, (2.8) follows from the isometry property of multiple integrals.
The second formula is the following one:
q—1

4
E[F?] — 30% = 221"(1"!)2 (7‘{) 2q =21 f@r fll30q2n - (2.10)
r=1

Proof on (2.10): Using that —L™'F = éF and L = —6D we can write

E[FY] = E[F x F*| =RE[(=0DL 'F)F? =E[(-DL'F, D(F?))g]
“E[(DF, D(F*))5] = “B[F*| DF ). (2.11)

By the product formula of multiple integrals,

g—1 2
F2 = 1,0 = /300 + > (q) hen(fE).  (212)
r=0

Then (2.10) follows from (2.11), (2.12), (2.9) and the isometry property of
multiple integrals. O

2.2.2 Fourth Moment theorem

Stein’s method combined with Malliavin calculus leads to a simple proof
of the Fourth Moment theorem:
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Theorem 2.2.2 (Nualart and Peccati [22], Nualart and
Ortiz-Latorre [23]). Fiz ¢ > 2. Let F, = I,(f,) € Hq, n > 1 be
such that

lim E(F?) = o2

n—oo

The following conditions are equivalent:
(i) F, 5 N(0,0?), as n — .
(i) E(FY) — 30*, asn — .
(iii) |DF,||3 — qo? in L*(Q), as n — co.
(iv) Foralll<r<gq-—1, f, ® fn — 0, as n — oo.

This theorem constitutes a drastic simplification of the method of
moments.

Proof. First notice that (i) implies (ii) because for any p > 2, the
hypercontractivity property of the Ornstein-Uhlenbeck semigroup (see
(1.24)) implies

sup | Ful, < (p = 1)% sup | Ful, < oo.
n n

The equivalence of (ii) and (iii)) follows from the previous proposition,
and these conditions imply (i), with convergence in total variation. The
fact that (iv) implies (ii) and (iii) is a consequence of || f,&; fy||5e@q—2m <
|frn @r frllge@a—2m. Let us show that (ii) implies (iv). From (2.12) we get

q 4
B = 3 002(7) - 2l fal oo

r=0

r

q—1 4
- q -
(2q)!||fn®fn||_%®2q + Z(T')Q ( ) (2(] - 2T)!||fn®rfn||?§®(2qur)
r=1
+H@)? [l -
Then, we use the fact that (2q)!|\fn®fn||%®2q equals to 2(¢!)?|| fall§, plus a
linear combination of the terms || f, ®; an%@(zqum with 1 <r <qg-—1,

to conclude that

”fn Qr anYJ®(2<1*2“") —0, 1<r<gqg-1
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2.2.3 Multivariate Gaussian approximation

The next result is as multivariate extension of the fourth moment theorem.

Theorem 2.2.3 (Peccati and Tudor [25]). Let d > 2 and 1 < ¢4 <
-+ < qq. Consider random vectors

Fn = (F’Ii??F;li) = (IQ1(f71)7"'7qu(f7(zi))7
where fi € L2([0,T]%). Suppose that, for any 1 <i <d,

lim E[(F!)?] = o2,

n—oo

Then, the following two conditions are equivalent:
(i) F, A N4(0,%), where ¥ is a diagonal matriz such that X;; = o2.
(ii) For everyi=1,...,d, F! A N(0,02).

Note that the convergence of the marginal distributions implies the joint
convergence to a random vector with independent components.

2.2.4 Chaotic Central Limit Theorem

For general random variables, we can show easily the following chaotic
central limit theorem.

Theorem 2.2.4 (Hu and Nualart [9]). Let F,, = 2211 I(fgn), n>1.
Suppose that:

(i) For allq>1, q!qu,nHQL‘Z([o,T]a) — 07 asn — oo.
(i) For allg>2and 1 <r <q—1, fgn ®r fgn = 0 asn — oco.
(iti) q!l| fq.nll?® < 8q, where 37 64 < 00.

Then, as n tends to infinity

F,5 N(0,0?), where o?= ZO’?.

Assuming (i), condition (ii) is equivalent to (ii)’: lim, e E(I;(fy.n)*) =
303, q > 2. This theorem implies the convergence in law of the whole
sequence (I;(fg.n),q > 1) to an infinite dimensional Gaussian vector with

independent components.
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Central limit theorems for
stationary sequences

Suppose that (X,),>1 is a sequence of random variables, defined in

some probability space (Q,F, P), which are independent and identically

distributed, with zero mean and finite variance E[X?] = o2. Then, the

classical central limit theorem says that

1 < C 9
— Y X 5 N(0,0%).
\/ﬁkzl

That means, for any a < b,

1 | 2 10g?
lim Pla< =Y Xp<b|=[ ——=e /% dur.
(o Sme) = [
In this section we will apply the Malliavin-Stein’s method to establish
quantitative versions of the central limit theorem, where the independence

property is replaced by stationarity and we consider random variables
which are functionals of a given Gaussian process.

3.1 Breuer-Major theorem

Recall that v denotes the standard normal distribution and H, is the g-th
Hermite polynomial. A function g € L?(R,~) has Hermite rank d > 1 if

g9(x) = ZCqu(x)a ca # 0.
q=d

For example, g(x) = |z|? — [, |z[Pdy(z), p > 1, has Hermite rank 2.

41
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Let & = (& )kez be a centered stationary Gaussian sequence with unit
variance. Set p(v) = E[p&,] for v € Z.

Theorem 3.1.1 (Breuer and Major [4]). Let g € L*(R,v) with
Hermite rank d > 1 and assume

> oK)

keZ

Then,

3

g(&r) 5 N(0,0?),

Bl
7

as n — oo, where

o2 — Z mlcmZp (3.1)

keZ
Note that |p(k)| < 1, so
2N amt Yy ekl = gl ey Y (k)1
m=d kEZ kEZ

Proof. From the chaotic Central Limit Theorem, it suffices to consider the
case g = c,H,, ¢ > d. There exists a sequence (ey),>1 in $ = L*([0,T))
such that for each j, k > 1,

{ersej)n = p(k = 7).

The sequence (B( k))k>1 has the same law as (§x)r>1, and we may replace
Fo= S S0, Hy(&) by

Z _I (fqn)
k:

S\

where fq, = Zk LeP9. We can write

»Ql\')

q!”fqm”%@q =

Z k—3j q—Q'CQZP ( >1{ vl<n}s

vEZ

and by the dominated convergence theorem

E[Gh] = !l fanl3ea = dlc) Y p(v)? = 0.
VEZ
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Applying the Fourth Moment Theorem, it suffices to show that for r =
1,...,9—1,

n

2
c . .
fq,n Qr fq,n = gq Z ,D(k —j)re];@(q ) ® 6?@ ) 0.
k,j=1

We have

o
:[Q‘Q =

[ s (k=) pli—0)" p(k—1)""p(j— )"~

.9,k =1

Using |p(k — §)"p(k — 1)97| < |p(k — )| + |p(k — 1)|, we obtain

1 fom ®r famlloean < 2¢5 ) 1pR)|" | 0715 Y ()"

kEZ li|<n

@

l7]<n

Then, it suffices to show that forr=1,...,¢—1,

nTHE ST o) 0.

li|<n

This follows from Hoélder’s inequality. Indeed, for a fixed 6 € (0,1), we
have the estimates

r

TS p(i)]” < nT i (2[nd] + 1) (le ) <ed' i,

li|<[nd] iez
and
YT @< YD @)
[nd]<|i|<n [nd]<|i|<n

The first term converges to zero as ¢ tends to zero and the second one
converges to zero for fixed § as n — oc. O

3.1.1 Convergence in law in C([0,T])

In the framework of the Breuer-Major theorem, we are interested in the
convergence in law in the space C([0,T]).
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Definition 3.1.2. Let Y, := (Y,(t))icjo,1) be a sequence of continuous
stochastic processes. We say that this sequence converges in law to a

continuous process Y if for any continuous and bounded function ¢ :
C([0,T]) — C([0,T]), we have

lim E(p(Y5)) = E(e(Y)).

n—oo

A basic ingredient to show convergence in law in an infinite dimensional
space is the notion of tightness.

Definition 3.1.3. A sequence of probabilities (vp)n>1 on C([0,T)]) is tight
if for any € > 0 there exists a compact set K. C C([0,T]) such that

sup v, (K?) <e.
n>1

By the Arzela-Ascoli theorem, a set of functions K C C([0,T]) is
compact if and only if :

(1) supex teo,r [7(t)] < 0.

(ii) K is an equicontinuous set: For all € > 0 there exists 6 > 0 such that
for all x € K,
|s —t] <6 =|z(s) —z(t)] <e.

This leads to the folliwing criterion for tightness on C([0,T]):

Proposition 3.1.1. Consider a sequence of continuous stochastic
processes Yy, = (Yn(t))icpo,r) defined in a probability space (2, F, P) and
set

v (B) == P(Y, 1(B)),

for any Borel set in C([0,T]). The sequence v, = P oY, ! is tight if
(i) sup,;>1 P(|Yn(0)| > a) = 0 as a1 co.

(i) For some o> 1 and p > 1.

E[[Yn(t) = Yu(s)[] < cft — s,

It is well known that proving convergence in law in C([0,T]) requires
showing convergence of the finite-dimensional distributions and proving
tightness. This is the contents of the next theorem.

Theorem 3.1.4. Let Y, = (Y (t))ico,r] be a sequence of continuous

stochastic processes. Then Y, converges in law to a continuous process
Y if:
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(i) The finite-dimensional distributions of Y, converge in law to those
of Y. That is, for any 0 <t; < --- <ty <T, we have, as n — oo,

(Ya(tr), .. Yaltar)) 5 (Y (1), .., Y (tar)

(ii) The sequence of laws v, = P oY, ! is tight.

In view of Proposition 3.1.1, a sufficient condition for (i) is:
sup,>1 E(|Y, (0)[7) < oo and

E[[Yn(t) = Ya(s)[P] < cft — 5|7,

for some o > 1 and p > 1,

3.1.2 Functional version of the Breuer-Major theorem

In the framework of the Breuer-Major theorem, define Y,, as the continuous
process on [0, T] obtained by linear interpolation from

N

Y, (N/n) = Z N=1,2...

k
The following result is a functional version of the Breuer-Major theorem.

Theorem 3.1.5 (Nourdin and Nualart [14]). Let & = (£,)nez be a
centered Gaussian stationary sequence with unit variance and covariance
p. Let g € L3(R,~) with Hermite rank d > 1. Suppose that:

(1) Ypez lp(R)|* <
(i) g € LP(R,~) for some p > 2.
Then, as n — oo,
z
(Yn(t))te[O,T] = 0B,

where B is a Brownian motion, the convergence holds in law in C([0,T])
and o is defined in (3.1).

When the random variables &, are independent, this is the classical
Donsker theorem: The random walk converges in distribution to the
Brownian motion.

Remark: Chambers and Slud [5] and Ben-Hariz [1] proved the functional
version of the Breuer-Major theorem under the following condition on the
rate of the convergence of the coefficients:

(i) mlc2, < Ca™, m>d,
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for some C' > 0 and a < 1.
By the hypercontractivity property, (ii’) implies that g € LP(R,~) for
2<p<é+1. In fact,

> leml 1Hmll po g q

lgllLe@y) <
m=d
oo
< S lenl(p— 1% Vimd
m=d
oo
< VO (alp-1)% < co.
m=d
The converse is not true. For instance, the function g(z) = |z| — \/g

belongs to LP(R, ) for all p > 2 and its Hermite coefficients satisfy

) 2(2m)! 2

B\ = P em — 12 ™ G~ /e

Proof Theorem 3.1.5. For the convergence of the law of Y, to the law of
oB in C([0,T]), we need:

(A) Convergence in law of the finite-dimensional distributions: this
follows again from the Fourth Moment Theorem. Here we only need
g € L*(R,~) and condition (i).

(B) Tightness: This follows from the moment estimate:
1Yo (t) = Ya(s) ooy < clt — 5|2, (3.2)

for some p > 2, which is proved using techniques of Malliavin
calculus.

Notice that when g = Z%z 4 CmHy,, by hypercontractivity,

1Yn(t) = Ya(s)llLr@) < eaplYn(t) = Yu(s)lL2()

and condition (ii) is not needed.
The proof of the moment estimates (3.2) will be done in several steps:

Step 1: Embedding the sequence (§k)k>1 in the Wiener space.
Recall that £ = (£,)nez is a centered Gaussian stationary sequence with
unit variance and covariance

p(k‘) = E[€n§n+k}7 keZ.
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Consider a sequence ej, € L?([0,T]) such that for each j,k € Z,

T
p(j — k) = (ej, er) L2 (jo,1) =/ ej(s)er(s)ds.
0

Then,

law

(Er)kez = (Blek)) ez -
So, we can assume that & = B(eg) = fOT er(s)dBs.

Step 2: Shift operator.
Let g € L?(R,~) be a function of Hermite rank d > 1 and expansion

g(x) = Z cmHm ().

m=d

For any 1 < k < d, consider the function g; defined by
gi(z) = Z mHm—1(x).
m=d

From H,, = 6*H,,_, we deduce that

5kgk(ac) = g(z).

Step 3: Representation of g(&;) as an iterated divergence.
We have

9(&) = 6%(ga(&)e).
Proof:

o0

9(&) = Z CmHm (&)

m=d

Then, for every m > d, using that multiple stochastic integrals are iterated
divergences, we obtain

Hy (&) = Hin(B(e:)) = I (e™) = 6™ (e™)
=4 (6m_d(el®(m7d))el®d) = ¢ (Im_d(e;@(mid))e;@d)
= 5d (Hm—d(gi)e;@d) .

Step 4: Regularization property of the shift.

Lemma 3.1.6. If g € LP(R,~) for some p > 2 with Hermite rank d, then,
foranyi€Z and k=1,...,d, gi(&) € DFP.



48 David Nualart

Proof. Suppose d = 1. We have

DL Hy (&) =~ Hpy(6)es =~ Hy 1 (€

This implies
g1(&)e; = —DL'g(&).

The result follows from the equivalence in LP of the operators D and

(—L)Y/? (Meyer inequalities):

(HD2L g(fz)”Lz (o, T]z)) < E(|g(&:)[P)-

Step 5: Proof of tightness using Malliavin calculus.

Assume s = J:? <t= N2. We can write, using the continuity of the

iterated divergence (see (1. 11))

Na
HYn(t)—KL(s)HLv(m:% G
i=N1+1 LP(Q)
Z 5 (ga(&)e??)
i=Ni+1 LP(Q)
d 1 No
<cpay —— NG > D*(gal&)ed?)
k= i=Ni1+1

Lr(Q;L2([0.T]kt4)

d Ny

= a0 || D (DM€, DY 0aE))) e oy 0~

k=0 i,j=N1+1
Notice that, from Lemma 3.1.6,

SUPE[|‘Dk(gd(§z))||L2([OT |<oo, 0<k<d

because E[|g(&;)|P] < co. As a consequence, deduce

1/2
N /

IYal) = Vel <C [ 3 Joli =)

§,j=N1+1
Finally, the change of indices (3,j) — (i,7 + h) leads to

N2

=Y Ieli— s e ST ) = i - )

i,j=N1+1 h€EZ

This completes the proof of the moment estimates.

1/2

L5
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3.1.3 Rate of convergence

Recall that (£x)kez is a centered Gaussian stationary sequence with unit
variance and covariance p(k) = E[{,&u1k], k € Z. Let

F, = \/lﬁkz_:lg<§k)’

where g has Hermite rank d > 2 and Y, ., |p(k)|¢ < co. Then, we know
that

B L n -
Fn = \/ﬁkz::lg(gk)_}N(O’GZ)7

where 0% = Y7 2 m!>, ,p(k)™. Assume o2 > 0. Define 02 =

m=d ~“m
Var(F,,) and consider the normalized sequence
F,
Ty = —2.
On

We are interested in the rate of convergence to zero of dry (Z,, Z) where
Z ~ N(0,1). A basic estimated is given by the following proposition (see
(1.17)).

Proposition 3.1.2. Suppose that F € DY? satisfies F = 6(u), where u
belongs to Domd and E[F?) = 1. Then, if Z ~ N(0,1),

dTv(F,Z> §2 Var(DF,u>_6.

We will discuss here only the case of Hermite rank d = 2. Consider
the particular function g(z) = Ha(z) = 22 — 1. With the assumption
&x = Bley), we can write

1 oo 1 ¢
Zy = onx/ﬁ;[B (ej) —1] = Jn\/ﬁgé(B(ej)ej).

So, Z,, = §(uy,), where

j=1
Then,
2 n
DZ, =
n on HZB(ej)eJ
j=1
and
2 & o
<DZn7un>f) = no?2 B(GZ)B(BJ)[)(’L _.7)
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As a consequence

Var((DZ,, un)s)

n

4 N
=——7 D Cov(Blei)Blei,), Blew,)Blei,))plin — i2)plis — ia)
N §1,i2,i3,i4=1

n

= % > [plin = is)plia — ia)p(in — iz)plis — ia)

™ d,i2,03,04=1
+ p(i1 — i) p(iz — i3)p(i1 — i2)p(iz — 2'4)}
=V +v®,
Both summands are similar and can be treated in the same way. Focusing

only on the first summand, we make the change of variable i1 — is = kq,
i3 — 14 = ko and i; — i3 = k3 and we obtain

C
Vil <= . |<Z_l N lp(k1)p(ka) p(ks)p(ka + ks — k).

Set pn(k) = |p(k)|[1{jkj<n}- Then, by Hélder’s inequality,

C
v < —{pns (o x pu) % pu) (2

Q

< g”ﬂn”ew(z)”(ﬂn * Pn) * Pn||e4(z)-

Applying Young’s convolution inequality, yields

yy < €
)

C 4
”anZ/?’(Z) < " Z lp(k)|? . (3.3)

|k|<n

Therefore in the case g = Hs we have proved the following estimate

2

dry (Zn, 7) < fﬁ LGIE

[k|<n

To handle the case of a general function g, let us recall the definition
of the Sobolev spaces in the context of the one-dimensional Gaussian
analysis. For any m > 1 and p > 2, D™P(R,~) is the class of functions
g € LP(R,~) which are m times weakly differentiable and g(*) € LP(R, )
forall1 <k <m.
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Theorem 3.1.7 (Nourdin, Nualart and Peccati [15]). If g € D'
has Hermite rank 2, then

(NI
(M

drv(Zn, Z) < “ Z lo(k)] +£ Z lp(k)|?

(3.4)
Vi iz Vi iz

Nualart and Zhou [24] proved this result assuming g € D** and using
Poincaré inequality and integration by parts. The proof for g € D* is
based on Gebelein inequality.

Some ingredients of the proof of Theorem 3.1.7: We can represent g(B(e;))
as

9(B(ei)) = 0(g1(B(ei))er),

where g1(z) =Y _°_, ¢ Hy—1(x). With this representation, we can write
Zn = 6(uy), where

and

Then, we can use two different approaches:
(i) If g € D**, we can use Poincaré inequality:
Var((DZy,u)s) < E[|D((DZ, u)5)II5];

and apply twice the duality between D and ¢ (see Nualart and Zhou
[24]).

(ii) Another option is to write

1

n2od

Var((DZn, un)s) =

X Z Cov (g'(B(eir))g1(Bleiz)), ¢'(Bleis))g1(Blei,))) plis — iz)plis — ia),

(3.5)

and use Gebelein’s inequality (Theorem 3.1.8 below) to estimate the
covariances.
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Theorem 3.1.8 (Gebelein inequality). Let 1 and o be subspaces of
9 and denote by By and By the restrictions of B to $1 and $o, respectively.
Consider centered and square integrable functionals F;(B;), i = 1,2. Then,

|E[F1(B1)F2(B2)]| < sup (@1, 2) 5
P1ENT,P2€92,|lp1la=|lp2ll5=1

x /Var(F;(B;))Var(Fy(By)).

Applying Gebelein’s inequality in (3.5), we have

n

Var(DZunbe) = o S0 ol — in)plis — )

11,12,i3,44=1
x max{|p(iy —i3)|, |p(ir — ia)], |p(iz —i3)], |p(iz — i)}
3

<O etk = < 3 1o

n
kil <n,i=1,2,3 |k <n

This gives the rate

(N

drv(Zn, Z) < 57»1 l};ﬂ lp(R)[ |

which was proved by Nourdin, Peccati and Yang in [18]. The proof of (3.4)
is more involved (see [15]]).

Ezample: Suppose that g(xz) = |z|P — E[|Z|?], for any p > 1. Consider
the particular case where p(k) ~ k=% for some « > 0. Then, condition
> ez p(k)? < 0o means o > 3, and the rate is

1 .
n-z ifa>1
1
~z24/1 ifa=1
dry(Zn, Z) < C x " 2Vio8 Ba=
n-z if o €[5,1)
nt—2 ifa e (%, %)

For functions with Hermite rank d > 3, Nualart-Zhou [24] proved that
for g € D?*4=24(R, ), we have the estimate

drv(Zn, Z) < Cin ™2 Z lp(k)| Z |o(k)|?
[k|<n |k|<n

2

el SNV I ISP

Ik|<n lk|<n

(S
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where Cy = 0 if ¢ = Hy. The proof is based on Poincaré inequality,
integration by parts and the Brascamp-Lieb inequaity, stated in the next
theorem, which is a generalization of Holder and Young’s convolution
inequalities.

Theorem 3.1.9 (Brascamp-Lieb inequality). The following inequality
holds true

N N Pj
> o wac=cTL(Sow™ )
kezM j=1 Jj=1 \keZ
where p;j(x) > 0, v; are nonzero vectors in RM | and the p; satisfy:
. N
(i) X251 pj =M,
(it) Forany I C{1,...,M}, > . ;p; < dim(Span{v;,j € I}).

As an application we can easily derive the estimate (3.3):

4
> Iplky)p(ka)p(ks)p(ky — ko + ks)| < C | D [p(k)[3
[k1l,|k2|,|ks|<n |k|<n
Indeed, in this case M = 3, N = 4, v; = (1,0,0), v = (0,1,0),
vz = (0,0,1) and vq = (1,—1,1). The p; must satisfy:
p1+p2+p3+ps=3,

and for all j # k, p; <1 and p; + pi < 2. Choosing p; = %7 we obtain the
bound (3.3).

3.1.4 Optimal rate of convergence

By means of an intensive application of the Malliavin-Stein’s method,
Nourdin and Peccati obtained the following optimal rate of convergence in
total variation for random variables in a fixed chaos.

Theorem 3.1.10 (Nourdin and Peccati [17]). Assume E[F?] =1 and
F belongs a fized Wiener chaos of order d > 1. Then,

cB(F) < dry (F, Z) < CO(F),
where ®(F) = max(|E[F3]|,E[F*] — 3).

In the framework of the Breuer-Major theorem, this yields (see Biermé,
Bonami, Nourdin and Peccati [2]):

dry (2, 2) ~ = | D 1ot (3.6)
|k[<n
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if g= Hy and

2
C1
dTV(F’VHZ) ~ g Z |p ‘d ! Z |p(k)2
lkl<n [kI<n
3

C2 2d
+ — Z |P(k)| 3 l{d even}

n
Ik|<n

for g = Hy, d > 3.

Nualart and Zhou [24] proved (3.6) for g of rank d = 2 in D%¥(R, ).
We conjecture that the estimate holds when g € D*3¥(R,v). The
main ingredient in the proof of this result is the following theorem that
generalizes Theorem 3.1.10 to the case of random variables that do not

belong to a fixed chaos.
We will make use of the notation D, F' = (DF, u)g.

Theorem 3.1.11. Assume F = §(u) € D>? with v € Domd and
E(F?) = 1. Then if Z ~ N(0,1),
dry(F,Z) < (8+V32r)Var((DF,u)s) + V21 |E(F?)]
+ V32r E(|D2F|?) + 4 E(|D3F|).
Proof. Let h : R — [0, 1] be a Borel function. Using Stein’s equation, there

exists an absolutely continuous function fj, such that || fi]leo < \/g and
I falloe < 2, satisfying

= [E(h(F)) — E(h(Z))| = [E(f,(F) = F fi(F))].-
Applying duality yields
I =[E(f,,(F)(1 - (DF,u)g))].
Taking into account that E((DF,u)g) = E(F?) = 1, we have
I = E((fo(F) = E(f(2)))(1 = (DF,u)s)) |-
We apply Stein’s equation associated with ¢ = f; to obtain
I=[E((fo(F) = Ffo(F)(1 — (DF,u)g))|.

where || f,lloo < 44/7/2 and ||f]||cc < 8. We continue to apply duality in
order to get
I = [E(fy(F)(1—DuF) — (u,D(fo(F)(1 ~ DuF)))s)|
= [E(fL(F)(1—DuF)*) +E(f,(F)D.F)|
< 8E[(1 = DuF)’] + [E ((fo (F) = E(fo(2)DLF) | + [E(f,(2))E(D F)]
= L+L+1;.
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For the term I, we have
I, = 8Var((DF,u)g).

For the term I3, taking into account that
1 1
B(D2F) = B((u, DF)53(u)) = 5B((u, DF?)q) = JE(F?),

we obtain
I3 < 2/7/2|E(F?)]|.

Finally, for the term I, applying Stein’s equation associated with ¢ = f,
yields

I, = |E((fj,(F)— Ffy(F))DF)|
E (f},(F)(D2F — D,FD2F))| + |E (f4(F)D3F)],

IN

where fy satisfies || fy |l < 164/7/2 and [|f}[|oc < 4. Finally,

E(|D2F - D,FD2F|) < = (E(|D2F)*)+E(|]l — D,F[?)).

| =

The proof is now complete. U

3.2 Fractional Brownian motion

The fractional Brownian motion (fBm) BH = (B[?);>( is a zero mean
Gaussian process with covariance

1
E(BEBE) = Ry (s,t) = 3 (32H + 27—t — s|?H).

H € (0,1) is called the Hurst parameter.

The covariance formula implies E(Bff — BH)2 = |t — 5?2, As a
consequence, for any v < H, with probability one, the trajectories
t — B (w) are Holder continuous of order ~:

\BtH(w) — Bf(w)| <Gyr(w)t—s]7, s,tel0,T].

1., . .
For H = %, Bz is a Brownian motion.

Properties of the fractional Brownian motion:

1) The fractional Brownian motion has the following self-similarity
property. For all a > 0, the processes (a=BE),>y and (B}?);>0 have
the same probability distribution (they are fractional Brownian motions
with Hurst parameter H).
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2)  Unlike Brownian motion, the fractional Brownian motion has
correlated increments. More precisely, for H # %, we can write

pln) = E(BI(BIL — BI) = 1 ((n+ 1) + (n— 1?7 — 20"

~ H(2H — 1)n?1~2,
as n — oo.
(i) If H > 3, then p(n) >0 and Y-, p(n) = oo (long memory).
(iii) If H < £, then p(n) < 0 (intermittency) and Y-, |p(n)| < oco.

3) The fractional Brownian motion has finite %—variation: Fix T > 0.

Set t; = % for 1 < ¢ < n and define AB{f = B{j — B{il. Then, as
n — 0o,

n

1 L%2(Q ,a.S.
ST jaBfE P e,
i=1

where ¢y = E[|BH|7].

Proof. By the self-similarity, >."" | [AB# |# has the same law as
T n N
EZ|BZH - B, |7
i=1

The sequence (B — B ,);>; is stationary and ergodic. Therefore, the
Ergodic Theorem implies the desired convergence. O

3.2.1 Fractional noise

Let & = B — BT |. The sequence (&)>1 is Gaussian, stationary and
centered with covariance

1
pn(k) = 5 (K + 1128 [ — 12— 2[k2H).

We have p(k) ~ H(2H — 1)k*1=2 as k — co. Then, for any integer d > 2
such that H < 1 — 5=, we have

24
S Ip)l < oo.
vEZ

By the Breuer-Major theorem, that if g € LP(R,~), p > 2, has Hermite
rankdandH<1—2—1d
1 Lt B
7n > 9(AB") 5 oy B,
k=1

where 0%, = > c2m!Y, ., pu(k)™ and B is a Brownian motion.
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3.2.2 Asymptotic behavior of the the g-variation of
the fBm

For a real ¢ > 1, set ¢, = E[|Z|?], where Z ~ N(0,1). By self-similarity
and the Ergodic Theorem, the normalized p-variaton satisfies

1
nf’HlDBH BELP £~ Z|B£f BIL P %% ¢,
k=1 k 1

Then, if H < 3, using that |z|P — ¢, has Hermite rank 2, the Breuer-Major
theorem leads to the following Central Limit Theorem:

Lnt)

1
Z[ »i|B - B I\P—cp} 5 oy,B.

f

We can also deduce from the previous results, the following rate
of convergence of the quadratic variation. The sequence Z, =
2oy [(BE = B ,)? — 1], with Var(Z,) = 1, satisfies:

n-z if H€(0,%)
dry(Zn, Z) ~ cg x {n~3(logn)? if H =2
nSH-3 if He (% %)
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Spatial averaging of
SPDEs

4.1 Stochastic heat equation

Consider the one-dimensional stochastic heat equation

ou 19%u O*W

- _ -~ - >
ot~ 2922 T Wagy TER 120,

with initial condition ug(x) = 1, driven by a space-time white noise g:gﬁ.
We assume that o is a Lipschitz function such that o(1) # 0.

The space-time white noise is formally defined as a Gaussian centered
family of random variables {W(A4),A € B(R; x R),|A| < oo} with

covariance given by

E[W(A)W(B)] = |An B.

Writing W (A) = W(14), we can extend W to $ = L*(R, x R), in such a
way that

W(h) = /R h{t)W (dr, o)

is an isonormal Gaussian process on §). Moreover, W (s,t) = W ([0, s] x
[0,t]), s,t > 0 is a two-parameter Brownian motion.

4.1.1 Stochastic integration

For any t > 0, let F; be the o-algebra generated by {W(A),A €
B([0,t] x R)}. A random field v = {u(t,z),t > 0,z € R} is adapted if
u(t,z) is Fi-measurable for each ¢ > 0 and € R. We can define the

58
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It6-Walsh stochastic integral of adapted and measurable processes u such
that

/ E(u?(t, z))dtdz < oo,
R+ xR

in such a way that the following isometry property holds:

E

/ u(t, z)W(dt,dx) = / E(u?(t, x))dtdz.
Ry xR Ry xR

Suppose that § is the divergence operator in the framework of the
Malliavin calculus for the isonormal Gaussian process {W(h),h € $H}.
Then, If v € L2(2 x Ry x R) is a square integrable adapted random field,
v belongs to the domain of ¢ and é(v) coincides with the It6-Walsh integral
of v:

= [ ospWids.dy).

4.1.2 Mild solution

The following is the fundamental result on the existence and uniqueness
of a mild solution to the stochastic heat equation.

Theorem 4.1.1 (Walsh [29]). There is a unique mild solution, which is
an adapted random field u such that for all p > 2,

sup sup E[|u(t, z)|P] < oo,
TER 0T

and u satisfies the integral equation:

u(t,z) =1+ / / Pr—al — y)o(u(s, y)W (ds, dy),

where py(x) = \/% exp(—2%/2).
Moreover, we have

sup E(lu(t,x) — u(s,y)[") < Cryp(|s — t7* + v — y|P/?).
t€[0,T]

4.1.3 Malliavin differentiability of the solution

We will first show that the random variable u(¢, ) belongs to the space
D'? and obtain bounds for the p-moments of the derivative.

Proposition 4.1.1. For each (t,z) € Ry x R, u(t,x) € DY for all p > 2
and the derivative Ds yu(t,x) satisfies
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(i) Dsyu(t,z) =0 if s >t and for s < t:

ptfs(
t
</

where X(r, z), (r,z) € Ry xR, is an adapted and bounded process.

D, u(t,z) = x,y)o(u(s,y))

Yo (
/Rpt_T(x, 2)X(r, 2)Ds yu(r, 2)W(dr, dz)

(i1) For allt € [0,T], and p > 2,
[1Dsyult, 2)llp < Crppi—s(z —y)

for almost all (s,y) € [0,t] x R.

Remark: If the coefficient ¢ is of class C! with bounded derivative,
then X(r, z) = o’ (u(r, 2)).

Proof. The proof will be done in several steps:

Step 1:  Consider the Picard approximations defined by ug (¢, z) = 1, and
for each integer n > 0 set

un+1(t,x) =1 +/0 /Rpt—s(x - y)a(un(s,y))W(ds,dy) (41)

We know that, for each p > 2,

lim E(fun(t, x) — u(t, z)|") = 0.
and also sup,, Sup;¢(o,7] SUPcr E(lun(t,z)|P) < oo.
By induction we will show that for each (¢,z) € [0,T] x R and for each
p> 2, uy(t,r) € DHP and

[1Ds,yun(t, 2)|lp < Crppi—s(x = y). (4.2)

for almost all (s,y) € [0,¢] x R.

Suppose that the induction hypothesis holds for all integers less than
or equal to n. By the chain rule for Lipschitz functions (see Proposition
1.4.2), for each (¢,z) € [0,T] x R, o(u,(t,z)) belongs to D? and there
exists a random variable 3,, bounded by the Lipschitz constant of o, such
that

D(o(un(t,z))) = X Duy(t, x).

If o is continuously differentiable, then 3, = ¢/(u, (¢, x)). Then, applying
the properties of the divergence operator (see (1.12), we deduce that
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fg S pi—s(@ — y)o(un(s,y))W(ds,dy) is in DYP and

Dy yu,H_l (t,x)

D,y </ /pt (@ = 2)o(un(r,2))W(dr, dz)>
=pi—s(x —y)o(un(s,y)) / /pt (# — 2)2, Dy yun (r, 2)W (dr, dz)

Now, let us estimate the L? norm of Dj ,u,41(t, z).

E (| Ds yunt1(t, z)|?) < SUPEUU(un(r» 2P )pe—s(x —y)

+E( p)

The Burkholder-David-Gundy inequality yields, with a constant cp,
P
p/2
< chLip(0)’E ( pt (@ — 2)|Ds yun(r, 2)|*dzdr )
1/2
< BLip(o ( / [ = DD dzdr) |
where Lip(o) denotes the Lipschitz constant of o. Therefore, the preceding
displayed computation yields that

pt (@ — 2)35,Ds yun (r, 2) W (dr, dz)

Pt—r(x — 2)E5Ds ytin (1, 2) W (dr, dz)
R

||D9 yun+1(t ‘T)Hp SKTppt 9(

+c2L1p / /pt - 2)|| D ytin (r, z)|| dzdr,

where

Krp :=sup sup o (un(s,9))llp < oo.
n (s,y)€[0,T]xR?

By iterating this inequality, yields

| Ds,ytn+1(r, Z)”;Za
<K’% ppz s(z - y)

k—1
+C2L1p Z/A /Rk : HpT] - 7n](Z] 1— 2j)dzi—1dri_1 + Ry,
k—1(s,t) j=1
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with the convention ro = t, 290 = x, 1,1 = s and 21 = y. Here dz;_1
means dzy - - - dzi—1 and Ag_1(s,t) denotes the simplex {s <rp_1 < -+ <
r1 < t}. The residual term R, taking into account that «(0,z) = 1, can
be expressed as

R, = C?)Llp(o')20'2(]_)/ / Hp%j—lfﬁ‘ (ijl — zj)dzndrn,
Ay (s,t) n j=1

with the same conventions as before. Then, using the fact that

2
prfs(z) - mp —
and

Apxx—wm@—zmyzpﬁxx—a,

we have for the integrals of the product of heat kernels above,

/ / Hpij_l—rj (zj—1 — zj)dzpdry,
Ay (s,t) n j=1
1
/ " / H Ti—1 = 15) " 2D(r;_—r;)/2(2j—1 — 2;)dzndr,
A S " i—=1

J

—Cn(t — 5)"F F((%Lﬂ)pt;s (z—y)
2
1\n+1
—aw_@ﬂkﬁ”ﬁﬂ@—m.
2

This allows us to complete the proof of (4.2).

Step 2:  We know that w,(t,z) converges in LP(£2) to wu(t,z). The
estimate (4.2) implies that

sup E(|| Duy, (t,z)[) < oo.

By Proposition 1.4.1, this implies that u(t,z) belongs to D*P. Applying
the operator D to the equation satisfied by u(¢,z) we deduce point (i).

Step 3: Finally, it remains to show that the estimate (4.2) holds
for w(t,z). This follows from the fact that Du,(t,z) (by choosing a
subsequence) converges in the weak topology of LP(£2;$) to Du(t,z). O
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4.2 Space averages

Fix t > 0. We are interested in the asymptotic behavior as R — oo of the

random variable R
/ u(t, x)dx
-R

Because the process x — u(t,x) is stationary and the covariance decays

fast, we expect a central limit theorem to hold for these space averages.
The mean of this variable is given by

R
E / u(t,z)dr | = 2R.
-R
Notice that

/Z u(t,x)d — 2R = /Ot/R (/Zpt—s(x - y)dx) o(u(s,y))W(ds, dy).

Set B
Tr(s,y) = /7Rpt—s(x — y)da.

Notice that fr(s,y) <1 and

/ P25, y)dy = / / Dol — Y)pos (@’ — y)dada’dy
R R J[-R,R]2

[~ R,R)?
< 2R. (4.3)

Then, using the isometry property of the stochastic integral we can
compute the variance o%:

oh = / / (/_Zpts<x—y)dx>2E[o<u<s7y>>2]dyds

¢
~ [ &) [ sats.iuds
0 R
t
= /8(5)/ Pot—s)(x — 2")dzda'ds
0 [-R,R]?

¢
~ 2R/ E(s)ds,
0

as R — oo, with £(s) = E[o(u(s,y))?].
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Fix ¢t > 0 and set

1 R
Fr=— / u(t,z)dx — 2R | .
OR —R

The main result is the following quantitative version of the central limit
theorem.

Theorem 4.2.1 (Huang, Nualart and Viitasaari [10]). Let Z ~
N(0,1). Then there exists a constant C, depending on t, such that

C
dTV (FRaZ) S ﬁ7
where Z ~ N(0,1).
Proof. The main ingredient of the proof is the following result (see (2.7): If
Fr € D'2 satisfies E[F3] = 1 and Fr = 6(vg), where vg € Domd. Then,

dTV(FR7 Z) S 2\/\/VBJI‘(<DF‘R7 UR>5:J).

We can write

FR = 5(UR),
where 1
UR(87 y) = EU@L(S? y))fR(Sa y>1[0,t] (S)

Moreover,

1 R

Dy Fr=— / Dy yu(t, z)dz | 110.4(s).

OR —R

Therefore,

(DFR,vR) % / // (s,y)o(u(s,y))Ds yu(t, z)dedyds.
UR R R]
We know that u(t,z) € DYP for all p > 1 and for s < t,
Dsyu(t, z) =pi—s(z — y)o(u(s,y))
/ /pt r(x — 2)X(r, 2)Ds yu(r, z)W(dr,dz) ,
where X(r,z) is an adapted random field bounded by the Lipschitz

constant of o. If o € C!, then %(r,2) = o' (u(r,2)). This produces the
decomposition

<DFR,1}R

UR/ /fR (s,y)o” (u(s,y))dyds
+§/0 /RfR(s,y)a(u(s,y)) (/st/IRfR(r,z)Z(r,z)Ds,yu(r,z)W(dndz)) dyds.

(4.4)
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We have

\/Var((DFR,UR>5) < V2(A; + A),

where

=

M= / t ( / A5, (s, Cov (02<u<s,y>>702<u<s,y’>>)dydy') s

/(/ Trnls,0) s,y //fmz |

E [a(u(s,y))a(u(s,y/))EQ(r, 2)Ds yu(r, z)Ds yru(r, z)} dzdrdydg/) ds.
Estimation of Ay:  Using
sup sup o (u(s, y))ll L) < K (1),
y€ER s€[0,1]
|%(r, 2)| < Lip(o),

”Dsfyu(rv Z)HL“(Q) < Cpr—s(z - y),
and fr(s,v)fr(s,y’) <1 we obtain

¢ ¢ 3
Ay < ¢ / / / / fa(r, 2)pr—s(z — Y)pr_s(z — 9 )dzdrdydy’ | ds.
R Jy r2Js JR

Integrating 3/, y over R, and using (4.3) we obtain

C t</t ) )é C
As < — r,z)dzdr | ds < —.
Y VAV VR

Estimation of Ay: By Clark-Ocone formula for two-parameter processes,

o (u(s,y)) = Elo? / | BID, (o s )W ().
Then,
Cov(o 02< <s /)
/ / 2(u(s,))) | FEIDy, . (0 (uls, ') )] dedr.

Applying the chain rule we have

Dy2(0*(u(s,y))) = 20(u(s,y))Z(s,y) Dr.2u(s,y)
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and
[E[Drx (0% (u(s, )| F ][], < 2Ka(t)Lip(o) || Dy zuls, y)ll, -

This produces the estimate
|Cov (o (uls, ), o> (uls,y")))]

< 4Lip(0)2K2(t) / / 1D, -u(s, ), | Drotu(s, )|, dedr
0
< C/‘ /ps,r(z —Y)ps—r(z —y')dzdr
0 R

= C/ D2s—2r (Y — y')dr.
0

Therefore,

Nl=

C t s
A< 4 (/ / f(5,9) [ (5,9 )p2s—2r (Y — y')drdydy’> ds
0 0 R2

ot 2
SE/O </0 /R2 fR(S’y)fR(svy/)p%2r(y—y')drdydy/> ds.

We have, by the semigroup property, integrating in y and 1/,
/ fr(5,9) fr(5, Y )p2s—2r (y—y')dydy' = / pau—2r(v—a')dzda’ < 2R,
R2 [~ R,R)?

which yields,
A <

ER

This completes the proof. O

4.2.1 Functional Central Limit Theorem

The following result is a functional version of the central limit theorem for
space averages.

Theorem 4.2.2 (Huang, Nualart and Viitasaari [10]). Set £(s) =
Elo(u(s,y))?] for any s > 0. Then

<\/1R (/i u(t, )de — 2R> ) . - (/Ot @d&)te[m ,

as R tends to infinity, where B is a Brownian motion and the convergence
is in law on the space of continuous functions C([0,T]).
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Proof. The proof will be done in two steps.

(i) Proof of tightness: — Tightness is a consequence of the estimate:

E (‘/_I;u(t,x)dm - /_1; u(s, z)dx

forany 0 < s<t<T and any p > 1.

> < C(T)R%(t —s)%.

(ii) Convergence of the finite-dimensional distributions: ~ We use the
following result:

Proposition 4.2.1. Let F = (FM ... F("™) be a random vector such
that F& = §(v®) for v € Domé, i = 1,...,m. Assume F() € D2 for
i=1,...,m. Let Z be an m-dimensional Gaussian centered vector with
covariance matriz (C; j)1<i j<m. For any C? function h : R™ — R with
bounded second partial derivatives, we have

m

m . .
E(h(FR)) = E(R(2))] < S 17"l > E[(Ci; — (DF®),00))5)2],
ij=1
where 02
" o
1" | QA oy ()|

Fix points 0 < t; < --- < t,, < T and consider the random variables

R
@ _ 1 /
Fy = u(t;, x)dx — 2R |,
" VR<R (ti,2) )

for i =1,...,m. We can write Fz({i) = 5(1)%)), where
0 1 R
vy (s,y) =1 vs—/ _s(x—y)o(u(s,y))dz.
R (5,9) [o,tz]( ) R _Rptl ( y)o(u(s,y))

Set Fr = (FI(;),...,FI(%m)) and let Z be an m-dimensional Gaussian
centered vector with covariance

) ) ti/\tj
Ci,j = E[Z’LZJ} = 2/ g(?")d’l",
0

where we recall that £(r) = E[o(2(r, x))?].
Then, applying the previous proposition,

m

() ~ ()] < 51y | 3 | (Coy — (OFF o))

ij=1
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It suffices to show that for each i, j, (DF}(;) (j)>yj converges in L?(Q2), as
R tends to infinity to C; ;. This follows from the expression

<DF}({ ) R YJ_ R/ /fR t7,7s Yy fR t]78 y) ( (s,y))dyds

41 / / Falts, s, )o(u(s,y))

t;
X (/ /fr(ti,r, 2)X(r, 2)Ds yu(r, z) W (dr, dz)) dyds,
s R
with the notation fgr(t,s,y) = fprt_s(x,y)dx. O

4.2.2 Spatial colored noise
Consider the stochastic heat equation

ou 1 .
i §Au +o(u)W,

on R} x R? with initial condition u(0,z) = 1. The function o is Lipschitz
continuous and we assume that o(1) # 0.
The noise W (t,z) is a centered Gaussian random field with covariance

E[W (t,2)W (s,y)] = do(t — s)y(z — ),

where v : RY — R U{oo} is nonnegative definite and the Fourier transform
of ~ is a tempered measure p, that satisfies Dalang’s condition:

p(ds)
< o0
Lt
We define formally the noise as a Gaussian centered family of random
variables

W = {W(QO)’QO € Cgo([ovoo) X Rd)}7

with covariance
BWVOW )= [ [ olsaiplstc - pdsdyds
:/o | Fols OF els Onlde)ds

where F¢ refers to the Fourier transform in the space variable. Let $)g be
the closure of C§°(R?) under the inner product

()3 = [ elahilune —)dudy = [ Fol FR@m0).
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Then, the Gaussian family W can be extended to the Hilbert space
9 = L*(R4,9o), in such a way that {W(g),g € L*(Ry;90)} is an
isonormal Gaussian process.

From Dalang [7] there is a unique mild solution, which is an adapted
random field u such that for all p > 2,

sup sup E[|u(t, z)|P] < oo,
z€R 0<t<T

and u satisfies the integral equation:

u(t,z) =1 +/O /Rpt,s(:c —y)o(u(s,y))W(ds,dy),

where py(z) = (2mt) =Y/ 2e~l=1*/2t

Consider the spacial averages

FR:/ u(t, z)dz,
Br

where Br = {z € R? : |z| < R}. Chen, Khoshnevisan, Nualart and Pu
(work in progress) proved that if [,,~v(z)dx < oo, then, for all ¢ > 0,

1
dry <UR/B [u(t, ) — 1] dz, Z) < CR™%2
R
where 0% = Var(fBR [u(t,z) — 1] dz). Moreover, as R — 400,
0% ~RY [ Cov(u(t,z),u(t,0))dz.

Rd

For the Riesz kernel y(z) = |z|7?, with 0 < 8 < min(d,2), that is not
integrable, we have the following result.

Theorem 4.2.3 (Huang, Nualart, Viitasaari and Zheng [11]). For
allt > 0, there exists a constant C = C(t, 8), such that

drv (1/ [u(t,x) — 1} dz, Z) < CR P2,
Br

OR

where 0% = Var(fBR [u(t,z) — 1] dx). Moreover, as R — 40,

¢
o~ (kﬂ/o 7% (s) ds> R21-8,

where 1(s) = Elo(u(s, y))] and kg := [z |v1 — 22| Pdz1dzs.
1
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In [11]], the authors have also obtained a functional version of the above
central limit theorem. That means, as R — +o00, we have

(Rg_d /BR [u(t,z) — 1] dx)te[O,T] - (\/%/ot n(s)dBS)te[O,T] 7

where B is a Brownian motion and the convergence takes place on the
space of continuous functions C([0,T]). If o(z) = =, then the first chaos
dominates (non-chaotic behavior). This is not true for space-time white
noise and o(x) = x.

4.2.3 Stochastic wave equation

Consider the stochastic wave equation on on Ry x R

?u 9w .
72 = gz TOWW,

I 2 . .
where W = gfgz and W is a two parameter centered Gaussian process
with covariance

E W (6, 2)1W (5,)] = (5 A 2)5 (2 + s 2 = ")

where H € [1/2,1). That is, W is a Brownian motion in time and a
fractional Brownian motion with Hurst parameter H is space.

We assume the initial conditions «(0,z) = 1 and g—;fu(o, xz) =0 and o is
Lipschtiz. There is a unique mild solution such that

1 t
uta) =145 [ [ Ly gotutsn)Wids.dy).
0

R
Fgr(t) := i </_Ru(t,m)dx - 2R> ,

where 012% = Var ( ff”R u(t, :c)d:c) Then, we can prove the following version

Set

of the central limit theorem for spatial averages.

Theorem 4.2.4 (Delgado, Nualart and Zheng [8]). Let Z ~ N(0,1).
Then there exists a constant C, depending on t, such that

dry (Fr(t),Z) < CRT1,

It is also possible to show the following functional central limit theorem.
Set 1(s) = E[o(u(s, )] and £(s) = E[o*(u(s,y))], 5 > 0.
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Theorem 4.2.5 (Delgado-Nualart-Zheng [8]). As R tends to infinity,

(JIE (/Zu(t,x)dx - 2R>>t€[O7T] — (/Ot(t —5) 25(8))st>te[O,T] ;

(ii) If H € (1/2,1),

(R—H (/_1; u(t, z)dx — 2R> ) o — (\/E/Ot(t ~ S)n(s)st)te[o,T] ;

where B is a Brownian motion and the convergence is in law in C([0,T]).

We would like to point out that in (ii) the first chaos dominates when
o(x) =x.
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