SOCIEDADE BRASILEIRA DE MATEMATICA ENSAIOS MATEMATICOS
2021, Volume 36, 1-51
/ \ doi.org/10.21711/217504322021 /em361

The maximal subgroups of the
symmetric group
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Abstract. In this survey paper I will talk about the classification of the
maximal subgroups of the symmetric group of degree n, which can be
divided into three main categories: intransitive, imprimitive and primitive
maximal subgroups. The O’Nan-Scott theorem and its proof will be
discussed. The content of this paper was inspired by two courses I gave, one
was a minicourse given in December 2018 in the University of Campinas
(state of S.Paulo, Brazil) during the brazilian Escola de Algebra 2018, the
other was an online PhD course given in November 2020 for the University
of Padova (Italy). This paper is structured as lecture notes, in particular
it contains exercises for the reader.
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Chapter 1

Introduction

The symmetric group of a set € is the group Sym(Q)) consisting of the
bijections Q@ — Q. If Q = {1,...,n} for some positive integer n then the
group Sym(€2) is commonly denoted by S,, and it is called the symmetric
group of degree m. The purpose of this survey paper is to collect the
essential information that is known about the maximal subgroups of 5,,.
A subgroup G of S, is typically classified according to its action on .
Such action can be of three main types: intransitive, meaning that G
stabilizes a nonempty proper subset of {2, imprimitive, meaning that G
acts transitively and stabilizes a nontrivial partition of €, and primitive,
meaning that G acts transitively and does not stabilize any nontrivial
partition of Q. We will discuss the proof of the fact that the maximal
intransitive and the maximal imprimitive subgroups of S, are indeed
maximal subgroups of .S,, and we will discuss primitive maximal subgroups
by stating and proving the O’Nan-Scott theorem. The material is taken
from different sources, which are cited throughout the paper and can be
found in the bibliography.



Chapter 2

Basic notions about group
actions

All group actions we consider are on the right, and this includes our
notation for functions, so that the common expression f(x) will rather be
denoted by (x)f or zf. G acts on X by the rule X x G — X, (z,g9) — zg
if and only if the following is a group homomorphism:

v:G—=Sym(X), g~ g, vy =29 VrelX.

The kernel of this homomorphism is the kernel of the action and the action
is called faithful if it has trivial kernel. The (G-)orbits of the action are
the sets
Og(x) ={zg : g€ G}, r e X.

The action is called transitive if there is some z € X such that Og(z) = X
(i.e. there is only one orbit). This is equivalent to saying that, for any
xz,y € X, there exists g € G with xg = y. The stabilizer of x € X, also
called point stabilizer, is

G, =Stabg(z) ={g€ G : zg=2} <G.

Clearly, the kernel of an action equals the intersection of the point
stabilizers.
We list some relevant group actions.

1. The (transitive) action of right multiplication of G on X = G. All
the stabilizers, and therefore the kernel, are trivial.

2. The conjugation action of G on a subset X of G closed under
conjugation. The stabilizer of x € X is its centralizer,

Ca(z)={9€ G : gr=ug}.

6



Chapter 2. Basic notions about group actions 7

Clearly 2 € Cg(x). If this action is transitive, X is called a conjugacy
class of G. If X = G then the kernel of this action is the center of
G,
Z(@G) = m Ca(z)={9€G : zg=gzxVzeG}.
zeG

Also, in this case the image of the homomorphism G — Sym(G) lies
inside Aut(G) and therefore, by the isomorphism theorem, G/Z(G)
is isomorphic to a subgroup of Aut(G).

3. The conjugation action of G on the family J# of all subgroups of
G (or any family of subgroups of G closed under conjugation). The
action is (H,g) — HY := g1 Hg. The stabilizer of H for this action
is denoted by

Ne(H)={g€G : g~ Hg=H}
and it is called the normalizer of H in G. Of course, H < N¢g(H).

4. The (transitive) action by right multiplication of G on X = {Hg :
g € G}. The stabilizer of Hg is HY and the kernel of this action is

Hg = ﬂ HY.
geG

Hg is called the normal core of H in GG, hence this action is faithful
if and only if Hg = {1}, which we express by saying that H is “core-
free”. The isomorphism theorem applied to G — Sym(X) implies
that G/Hg is isomorphic to a subgroup of S,,, where n = |X| =
|G : H|. I will refer to this fact as the generalized Cayley theorem,
because it is a generalization of the classical Cayley theorem saying
that any group G is isomorphic to a subgroup of Sym(G) (choose

H={1}).

Exercise 2.1. Let G be a finite group and consider the natural action of
Aut(G) on G — {1}. Show that this action is transitive if and only if G
is an elementary abelian group, that is, a group of the type C," for some
prime p and some integer n > 1.

Assume G acts on X and on Y. These two actions are called equivalent
if there exists a bijection f : X — Y which is compatible with the action of
G, in other words (xg)f = (xf)g for every x € X, g € G. Two equivalent
actions are essentially “the same action”.

Counting principle (Orbit-Stabilizer theorem): if G acts
transitively on X and 2 € X then |X| = |G : Stabg(z)|. More precisely,
there is a bijection between the set of right cosets of H = Stabg(x) and



8 Martino Garonzi

X sending Hg to xg. This bijection is actually an equivalence of actions.
In particular | X| divides |G].

This means in particular that all the transitive actions of G are
“intrinsic”: they can be completely recovered from a point stabilizer. More
specifically, if G acts transitively on X and o € X then the action of
G on X is equivalent to the action of right multiplication of G on the
set {Hg : g € G} where H = Stabg(«) is the stabilizer of a. So
studying the transitive actions of G is equivalent to studying the subgroups
of G, and studying the faithful transitive actions of G is equivalent to
studying the core-free subgroups of G. For example, the trivial subgroup
{1} corresponds to the regular action of G on itself.

Another consequence of the counting principle is that every element
x € G has precisely |G : Cg(z)| conjugates in G, and every subgroup
H < G has precisely |G : Ng(H)| conjugates in G.

The action of G on X is called semiregular if the point stabilizers are
trivial, and it is called regular if it is semiregular and transitive. By the
counting principle if G acts regularly then |G| = | X|. The typical regular
action is given by a group acting on itself by right multiplication. Another
example of a regular action is that of the Klein 4-group

K = {1,(12)(34), (13)(24), (14)(23)} < Sy

acting naturally on {1,2,3,4}. More in general if G is a semidirect product
H x N then the action of N of right multiplication on the right cosets of
H is regular.

An important example is the following. If G acts faithfully on X and N
is a normal subgroup of G whose induced action on X is transitive then the
centralizer Cq(N) acts semireqularly. Indeed if g € Cg (V) is such that
xg = « for some x € X then since every element of X has the form zn for
some n € N we have xn = xgn = zng therefore g fixes all the points in
X, so g =1 because the action of G is faithful.

Exercise 2.2 (Burnside Lemma). Let f, be the number of fized points of
g € G acting on X. Then the number of orbits of the action is ﬁ dec fq-
For example, if G acts semiregularly then the number of orbits is | X|/|G|,
since fi = |X| and fy =0 for every 1 # g € G. Therefore if the action is
regular (semiregular and transitive) then |G| = | X|.



Chapter 3

The symmetric group

Let S, be the symmetric group on n letters.

It is well-known that if n > 2 and n # 4 then the alternating group
A,, is a simple group that has index 2 as a subgroup of S,,. Moreover
A, is nonabelian if n > 5. This easily implies that if n # 4 the normal
subgroups of S, are {1} < A,, < S,, and the normal subgroups of Sy are
{1} < K < A4 < 84 where K = C5 x Cy is the Klein group.

In particular A, is the unique subgroup of S,, of index 2, for every n > 3.
Therefore A, is characteristic in S,,, meaning that ¢(A,) = A, for every
v € Aut(S,): this follows from the above since |S,, : Ap| = |Sn 1 p(4n)]
for every ¢ € Aut(S,).

A few words about Sy, the symmetric group of degree 4. The normal
subgroups of Sy are {1} < K < Ay < S4 where K is the Klein group,
that is, K = {1,(12)(34), (13)(24), (14)(23)}. The Sylow 2-subgroups of
Sy are dihedral groups of order 8 and they have index 3 in S4. In particular
they are maximal subgroups (any subgroup of prime index is maximal).
Considering the natural action of Sy on {1,2,3,4}, the point stabilizers
Stabg, (i) = {g € Sy : ig = i}, are maximal subgroups of Sy of index 4,
isomorphic to S3. The only subgroup of Sy of index 2 is A;. The maximal
subgroups of Sy are precisely the following: the 3 Sylow 2-subgroups, the
point stabilizers and the alternating group Aj.

Proposition 3.1. Let n > 3 and let G be S,, or A,. If H < G and
H # A, then |G : H| > n unlessn =4 and H is a Sylow 2-subgroup of G.
In particular the point stabilizers of G acting naturally on {1,...,n} are
mazimal subgroups of G.

Proof. Let m = |G : H|. G acts transitively (hence non-trivially) by right
multiplication on X = {Hz : x € G}, which is a set of size m, this gives
a homomorphism ¢ : S,, — S;;, whose image is a transitive subgroup of
Sm. Let K = ker(¢) and note that K < H. Since H # A,, we have m >3

9
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so|G:K|=|G:H||H:K|>|G: Hl =m2>3. The case n < 4 can be
done by hand. If n > 5 the unique proper nontrivial normal subgroup of
Sp has index 2, so K = {1}. Tt follows that |S,| = n! divides |Sy,| = m!
hence n < m.

This implies that the point stabilizers are maximal subgroups because
they have index n (by the counting principle, since G acts transitively on
{1,...,n}) and if n = 4 the point stabilizers have order 6 hence they are
not contained in any Sylow 2-subgroup. O

We will now list some facts about the symmetric group, which are
elementary, in the sense that they can be proved in a few lines in a
self-contained way. Recall that the derived subgroup of a group G is the
subgroup generated by the elements of the form zyz~1y~! (commutators)
for z,y € G. It is equal to the smallest normal subgroup N of G such that
G/N is abelian. The Frattini subgroup of a group G is the intersection
of the maximal subgroups of G. The cycle structure of a permutation
o € S, is the increasing sequence of the lengths of the disjoint cycles
whose product is o.

1. The center of S,, and the center of A,, are trivial for n > 4.
2. The derived subgroup of S,, is A,,.

3. The derived subgroup of A, is {1} for n € {2,3}, it is the Klein
group if n =4 and it is A, if n > 5.

4. The Frattini subgroup of S, and the Frattini subgroup of A, are
trivial.

5. In the symmetric group S,, two elements are conjugate if and only if
they admit the same cycle structure.

Lemma 3.2. Let 0 = (1...n) € S,,. The centralizer of o in Sy, is (o).

Proof. Tt is clear that (o) < C' = Cg, (0), so to conclude it is enough to
show that |C| = n. The number of conjugates of ¢ in S, is |S, : C| =
n!/|C|. On the other hand, the conjugates of ¢ in S, are precisely the
n-cycles, and their number is (n — 1)!, since when constructing an n-cycle
we may fix the first element and permute the rest in all possible ways (note
that for example (1234) = (2341) = (3412) = (4123)). We deduce that
n!/|C| = (n — 1)! hence |C| = n. O

Exercise 3.3. Find Cs, (z) where z = (1,2,...,n — 1) and z =
(1,2)(3,4,...,n). [Proceed as in the lemma: first, find the order of such
centralizer, then deduce its structure.]
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Exercise 3.4. Let x € S, be a product of b disjoint 3-cycles. Prove that
|Cs, ()] = 3% - b! - (n — 3b)!.
[Count the conjugates of x and apply the counting principle.]

For the record, if = is the element in the above exercise, the structure
of Cg, () is (C501Sp) x Sp—sp (for the definition of wreath product see
Section 8). The base C} is generated by the cycles in the decomposition
of z, the permutational part S, permutes the 3-cycles around and S,,_3p
contains those permutations whose support is disjoint from the support of
z. This idea can be generalized to any permutation.

Exercise 3.5. Using wreath products (see Section 8), describe the
structure of the centralizer in S, of any element of S, in terms of its
cycle structure. More explicitly, prove that, if x € S, has in the cycle
decomposition k; cycles of length I;, i = 1,...,t, n = 22:1 kil;, with
l1,...,l; pairwise distinct, then

t
Cs, (z) = HCli LSk, -
i=1

Lemma 3.6. Letn > 5. The alternating group A,, cannot act nontrivially
on less than n points.

Proof. Assume A, acts nontrivially on X, and let m := |X|. Assume
m < n by contradiction, so that m < n — 1. The action of A, on X
gives a homomorphism A,, — Sym(X) = S,, with kernel not equal to A,.
Since A, is a simple group, such homomorphism is injective, therefore
nl/2 = |A,] < |Sym(X)| = m! < (n —1)l. This implies that n < 2, a
contradiction. O

Exercise 3.7. Let n > 5. Prove that if S,, acts nontrivially on m points
and m < n, then the orbits of this action have size 1 or 2.

Exercise 3.8. Prove that if A and B are subgroups of a finite group G
then |AB| = |A|-|B|/|ANB|. Moreover AB < G if and only if AB = BA.
In particular, if A< Ng(B) or B < Ng(A), then AB <G.

We will now discuss the subgroups of S,, of index n. The following proof
is inspired by [17, Lemma 2.2].

Theorem 3.9. If n # 6 then the unique subgroups of S, of index n are
the point stabilizers. Moreover Sg has two conjugacy classes of subgroups
of index 6.
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Proof. In the case n < 10 we will skip the proof. Now assume n > 11. We
first prove that the subgroups of A, of index n are precisely the n point
stabilizers.

Let H be a subgroup of A,, of index n, so that |H| = |A,|/n = (n—1)!/2.
First observe that H = A,_;. Indeed A, acts nontrivially (hence
faithfully, since A,, is a simple group) on the set X of the n right cosets
of H by right multiplication and this gives an injective homomorphism
v : A, — Sym(X), moreover ¢(H) is contained in the stabilizer in Sym (X)
of H, which is isomorphic to S,,_1, however |p(H)| = |H| = |An—1| hence
©(H) has index 2 in the stabilizer of H, which is a symmetric group, hence
H= QD(H) = Anfl.

Fix an isomorphism f: A,,_1 — H < 5,,.

If z is a 3-cycle in A, _; then f(z) is also a 3-cycle. To prove this, let
K < A,,_1 be the pointwise stabilizer of the set of points moved by x. Then
K is isomorphic to A, _4 and it is centralized by z, so f(K) = A, _4 is a
subgroup of S,, centralized by the element y = f(z) of order 3. Assume by
contradiction that y is not a 3-cycle. Note that y is a product of pairwise
disjoint 3-cycles y = ¢;1...¢, where 1 < b < n/3. Since f(K) centralizes
y, it acts by conjugation on {c1,...,¢p} and this action must be trivial
by Lemma 3.6 since f(K) 2 K =2 A,_4,n—4>5and b<n/3 <n. It
follows that f(K) centralizes all of the elements ¢y, ..., ¢p, in particular it
centralizes cico. By counting the conjugates of ¢1cq in S, and by applying
the counting principle, we see that the centralizer Cg, (cic2) has order
18(n — 6)!. Since |f(K)| = (n —4)!/2 and f(K) < Cg, (c1¢2), we obtain
that (n —4)!/2 < 18(n — 6)!. This is a contradiction since n > 11.

Ifi,5€{1,...,n—1} —{1,2} then f((127)), f((125)) are 3-cycles and

Ay = ((124), (127)) = F(((124), (125))) = (f((124)), £((125)))-
We know that f((12i)), f((125)) are 3-cycles and they generate a group

isomorphic to Ay, therefore there exist a,b, x3,...,x,_1, pairwise distinct
elements of {1,...,n}, such that f((12i)) = (abx;)*! for i = 3,...,n — 1.
Such elements generate the stabilizer of the one element j € {1,...,n}

fixed by all of them, therefore f(A,_1) = A, N Stabg, (j) = Staby, (j) =
Ap_1.

Now let H be a subgroup of S,, of index n, in other words |H| = (n—1)!.
If H < A, then n = |S, : H =[S, : A,| - |4An : H| = 2|4, : H|,
hence |A,, : H| = n/2, and this contradicts Lemma 3.6 since A,, would
act nontrivially by right multiplication on the n/2 right cosets of H.
Therefore H £ A,, and, since |S,, : A,| = 2, this implies that HA,, = S,.
Therefore n! = |S,| = |HA,| = |H|-|A,|/|HNA,| and, using the fact that
|H| = (n—1)!, we find that |A, : HN A,| = n. By the previous discussion
we deduce that H N A,, is a point stabilizer in A,, say H N A, = SNA,
where S = Stabg, (j). Let L = (H,S) be the group generated by H and
S. Since L contains S and S is a maximal subgroup of S,,, either L = S or
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L=3S, If L=Sthen H <S8 hence H = S since H and S have the same
order. We are left to show that L # S,,. This follows from the fact that
the intersection H N A,, = SN A,, has index 2 in both H and S, therefore
it is a normal subgroup of L.

The group S5 acts by conjugation on the set of its 6 Sylow 5-subgroups
and this action is faithful. This gives an injective homomorphism ¢ : S5 —
S with transitive image H = (S5). It follows that H & S5 has index
6!/5! = 6 in Se and it is not a point stabilizer because it is transitive. It is
possible to show that apart from point stabilizers this is indeed the only
other class of subgroups of index 6. O

Observe that if G is any group then the set Aut(G) of automorphisms
of G is a group with composition. We have a natural homomorphism
¢ : G — Aut(G) given by g — 7, where v, takes z to 29 = g~ 'zg. The
image ¢(G) is a normal subgroup of Aut(G) and it is usually denoted
by Inn(G): it is the group of inner automorphisms of G. The quotient
Aut(G)/Inn(G) is denoted by Out(G) and it is called the group of outer
automorphisms of G. Clearly, ker(yp) = Z(G) is the center of G, therefore
»(G) =2 G/Z(G) embeds into Aut(G). In particular, if Z(G) = {1}, then
G embeds into Aut(G); in this particular case we will often think of G as
a subgroup of Aut(G). For instance, the symmetric group S, of degree
n > 3 embeds into Aut(S,).

Theorem 3.10. If n > 3 and n # 6 then Aut(S,) = S, = Aut(4,).
More specifically, every automorphism of A, or Sy, is given by conjugation
by an element of S,,. Moreover Ag has index 4 in Aut(Ag).

Proof. In this proof we assume n > 5, so that A,, is simple. The smaller
cases can be done by hand.

The group Aut(S,,) acts naturally on the set of subgroups of S,, of
index m, which, being n # 6, are all the n point stabilizers. Since
an automorphism that fixes all point stabilizers must be the identity,
this action is faithful, hence we obtain an injective homomorphism ¢ :
Aut(S,) — Sp. On the other hand, being Z(S,) = {1}, the canonical
conjugation homomorphism S,, — Aut(S,) is injective, and this implies
that |.S,,| < | Aut(S,,)|, therefore ¢ is a group isomorphism. In other words
every isomorphism S,, — S, is given by the conjugation by an element of
Sh.

Using the isomorphism Ag = PSL(2,9), it is possible to find the
structure of Aut(Se).
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Allt(AG)

PN

Mo Se PGL(2,9)

N7

6
Out(Ag) = Aut(Ag)/Inn(Ag) = Cy x Cs. O

Exercise 3.11. Prove that A, is the unique subgroup of S, of index 2
without using the fact that A, is a simple group for n > 5. [If N is a
subgroup of S, of index 2 then it must contain Q = {2*> : x € S,}.]

Exercise 3.12. Let O C Q = {1,...,n} and let G := Stab(O) = {g €
Sn : Og = O}. Prove that G = Sym(0O) x Sym(Q2 — O).

Exercise 3.13. Prove that, if S is a nonabelian simple group, then
Aut(Aut(S)) = Aut(S). Deduce the structure of Aut(A,). [Let N be
the image of S inside G = Aut(S); prove that Cq(N) = {1}.]



Chapter 4

The maximal subgroups
of 55

If P is a property of a group action (for example transitive, semiregular,
regular), a subgroup H of G = S, is called P if its natural action on
Q={1,...,n} is P. We will use the word “intransitive” to mean “not
transitive”. Observe that if H < S, is intransitive then it has more than
one orbit on 2, and letting O be one of them, H is clearly contained in
Stab(O) ={g € G : Og =0} = Sym(0) x Sym(Q2 — O). This is called a
“maximal intransitive subgroup” of S,,. Note that a maximal intransitive
subgroup is maximal among the intransitive subgroups. We are not saying
that it is maximal in S,,. As we will see, such a subgroup is indeed maximal
unless O] = |2 — O|.

Let G = S5. We want to determine the maximal subgroups of G.
Observe first that the only normal subgroups of G are {1}, A5 and G
(as is the case for all symmetric groups of degree at least 5) and As is the
only subgroup of G of index 2. We claim that the only maximal subgroups
of G are As, the point stabilizers, the intransitive subgroups of type S3 x So
and the normalizers of the Sylow 5-subgroups.

Let M be a maximal subgroup of G. Suppose first that 5 does not divide
|M|. Then M acts intransitively hence it is one of Sy, S3 x S3. We may
now assume that 5 divides |M|. M contains a Sylow 5-subgroup P of G.
Suppose 3 divides |M|. Then |G : M| divides 8 hence |G : M| € {2,4,8}.
If |G : M| = 4 then the natural action of G on the 4 cosets of M implies
that G is isomorphic to a subgroup of Sy, a contradiction, since |Sy| < |G].
If |G : M| = 8 then |M| =15 and M is cyclic (every group of order 15 is
cyclic), but S5 has no elements of order 15. We deduce that |G : M| = 2
hence M = As. Now assume 3 does not divide |M|. Then |M| = 52"
with n € {0,1,2,3}, now by Sylow theorem P < M so M < Ng(P) hence
M = Ng(P).

15



16 Martino Garonzi

Note that what we proved is that if M is a maximal subgroup of S5 then
one of the following occurs: M = A5, M is maximal intransitive, or M is
the normalizer of a Sylow 5-subgroup. Since there are no containments
between any two of these groups, they are precisely all the maximal
subgroups of Sj.

The normalizer Ng(P) is a semidirect product Cs x Cy and it is
isomorphic to AGL(1,5) = Fs x GL(F%), the affine group of dimension
1 over F5. Observe that Aut(F5) = U(F5) = Cy.

Exercise 4.1. Find all the mazimal subgroups of S4 and of As.



Chapter 5
Imprimitivity blocks

Let G be a subgroup of S, acting on Q@ = {1,...,n}. The number n
will also be called the degree of G. As we have seen, it may happen that
G stabilizes a non-empty proper subset of 2, in which case G is called
intransitive. But there are other relevant things that G can stabilize,
namely partitions. A partition of Q is a family P = {Bj,..., Bx} of non-
empty proper subsets of 2 such that ByU...UB =Qand B;NB; =0
whenever ¢ # j. We say that G stabilizes the partition P if B;g € P
for every ¢ € G and for every i € {1,...,k}. An example of stabilized
partition is given by the G-orbits, and such partition is not {Q} if G is
intransitive, however we already know this kind of partition. Assume now
that G is transitive and that it stabilizes a partition P = {By,..., By}
Then it is clear that G acts on P, by (B;,g) — B;g, and this action is
transitive: if B;,B; € P and © € B;, y € B; then there exists g € G
such that zg = y, so y € B;g N B;. But B;g and B; are members of the
partition P, so the fact that B;g N B; # @ implies that B;g = B;. Since
the right multiplication by g € G is a bijection B; — B,;g, we deduce that
all of the members of P have the same size. Moreover, if B is one of them,
then either BN Bg = {) or B = By, for every g € G.

An imprimitivity block, or simply block, for the action of G is a non-
empty subset B of € with the property that B¢ = B or BgNB = 0
whenever g € GG. In particular any orbit of G is a block. Observe that
Q2 is a block, and {w} is a block for every w € Q. The blocks Q, {w} are
called trivial blocks. Also, {w} is an example of block that, in general, is
not an orbit. It is easy to show that if B is a block then Bg is a block
for all g € G. Assume now G acts transitively on . If B is a block for
G then P = {Bg g € G} is a partition of €, moreover |B| = |Bg| for all
g € G hence a = |B| divides |Q2] and the partition P consists of b = |Q2|/|B|
blocks. In particular n = |Q] = ab, so if the block B is nontrivial then n
cannot be a prime number (see for example our discussion of S5 above).

17
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The set of translates {Bg : g € G} is called a block system of G.

The transitive group G is said to be primitive if it does not admit any
nontrivial block, and imprimitive otherwise.

Since the orbits are in particular blocks, in the definition of primitive
group the assumption that G is transitive is not needed unless n = 2, in
which case the trivial group inside S5 does not have any nontrivial blocks
on {1,2}.

One easy fact we have just proved is that every transitive group of prime
degree is primitive. An easy example of primitive group of prime degree p
is given by ((1...p)) acting on {1,...,p}. The dihedral group of degree p
is also primitive (this will be an easy consequence of Proposition 5.2).

Easy example: consider ¢ = (123456) and G = (o) < Sg, as a
permutation group of degree 6. Since o2 = (135)(246) and o° =
(14)(25)(36), it is clear that G admits precisely two nontrivial block
systems, namely {{1,3,5},{2,4,6}} and {{1,4},{2,5},{3,6}}. As the
following picture shows, the cycle (123456) acts as a 2-cycle on the first
block system and as a 3-cycle on the second.

)
——
\__/

Exercise 5.1. Using this idea, observe that the cyclic group {(1...n))
acting on {1,...,n} is primitive if and only if n is a prime number.

Note that the maximal imprimitive subgroups of S,, are precisely the
stabilizers of the partitions of {1,...,n} such that all the parts have the
same size. Indeed, every imprimitive group is contained in the stabilizer
of the associated block system.

The following proposition shows that whether a group G < Sym(2) does
or does not stabilize a nontrivial partition of {2 can be detected looking at
the subgroups of G containing a point stabilizer.

Proposition 5.2. Suppose n > 2 and G < S, acts transitively on
Q=A{1,...,n}. G is primitive if and only if the point stabilizer M = G,,
(for any o € ) is a mazimal subgroup of G.

In particular, S,, and A,, in their natural actions are primitive groups.

Using the orbit-stabilizer theorem, this implies that studying the
(faithful) primitive actions of a group G is equivalent to studying its (core-
free) maximal subgroups. This allows to give an abstract definition of
primitive group: see section 9.2.
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Proof of Proposition 5.2. Assume that n > 2 and G < S, acts transitively
on ). If B is a block for G then the setwise stabilizer of B,

Gy :={9€G : Bg= B},

acts transitively on B. Indeed if «, 8 are elements of B then, since G acts
transitively on €, there exists ¢ € G such that ag = 8. In particular
ag € BN Bg. Since B is a block, this implies that Bg = B, which means
that g € G{B}.

Observe that if B is a block containing « then Gy contains G,,. Indeed
if g € G, then @« € BN Bg hence B = Bg since B is a block.

Assume that M = G, is maximal in G. Since M = G, < G(p;, either
Gy = M or Gigy = G. If G(py = M = G, then, since G(py acts
transitively on B, we deduce that B = {a}. If G{p} = G then, since G
acts transitively on 2, we deduce that B = 2. This proves that G acts
primitively.

Conversely, assume that M = G, is not maximal in G. We prove that
G is not primitive. Since M is not maximal in G, there exists K with
M < K < G. The set

B={ak : ke K}
is a nontrivial block for G. First, note that if k € K — M then o # ak € B
hence |B| > 1, and if ¢ € G — K then ag ¢ B since otherwise we could
write ag = ak for some k € K, equivalently gk~' € G, = M < K and
this would imply g € K. Now we prove that B is a block. If g € G and
ak € BN Bg, for some k € K, then there is some t € K with ak = atg
so tgk~! € G, = M, this implies that ¢ € t"'Mk C K and therefore
Bg = B. O

We also record an important property of the normal subgroups of a
primitive group.
Proposition 5.3. Let G < S,, whose natural action on Q = {1,...,n}

is primitive. Let {1} # N < G. Then the natural action of N on Q is
transitive.

Proof. Let O = aN C ) be the N-orbit of a € €. We need to show that
O = Q. We claim that O is a block for the action of G on Q. If g € G
and 8 € O N Og then there exist ni,ne € N such that § = an; = anag.
If an € O then

an = omggnl_ln = ansg -gnl_lng_1 -g € aNg = Og,

this proves that O C Og hence O = Og. So O is a block for G. Since G
acts primitively, either |O| = 1 or O = Q. Since N is nontrivial and G acts
faithfully, O = aN contains at least two elements, so O = (). O

Exercise 5.4. If G acts transitively on Q with point stabilizer A and B
is a subgroup of G then B acts transitively if and only if AB = G.
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Multiple transitivity and
Jordan’s theorem

The material of this section is taken from Wielandt’s book [16].
Let G act faithfully on a set 2, in other words G < Sym(£2). Set n := |Q].
Let 1 < k < n. We say that the action of G on Q (or G itself) is
k-transitive if the natural action of G' on the set

Or() = {(z1,...,2%) €QF + x; #a; Vi#j}

is transitive. G is called sharply k-transitive if the natural action on O(2)
is regular. For example S, in its natural action of degree n is sharply n-
transitive and sharply (n — 1)-transitive.

Since |Q| =n(n—1)--- (n—k+1), if G is k-transitive then |G| is divisible
by n(n —1)---(n — k+ 1), and it equals such number if G is sharply k-
transitive. In particular the only n-transitive permutation group of degree
n is Sy, the only (n — 1)-transitive permutation group of degree n is S,
and the only (n — 2)-transitive permutation groups of degree n are A4,, and
Sh.

Example: the normalizer in S5 of a Sylow 5-subgroup of Ss is sharply
2-transitive of degree 5.

Clearly, if G is k-transitive for some k& > 2 then it is also (k—1)-transitive.

Lemma 6.1. If2 <k <n and G is k-transitive then it is primitive.

Proof. By the above remark it is enough to prove this for k£ = 2. Assume
that G is 2-transitive and let B be a block for the action of G such that
2 < |B| < |]. Let a, € B be distinct. Since B # € there exists
v € Q— B. Since G is 2-transitive there exists g € G taking the pair (a, f)
to (a,7), in other words ag = «, Bg = ~y. Therefore a € B N Bg, however
B # Bg being v € Bg— B. This contradicts the fact that B is a block. O

20



Chapter 6. Multiple transitivity and Jordan's theorem 21

Exercise 6.2. There exist several primitive groups that are not 2-
transitive. [Consider groups of prime degree.]

Assume G is transitive and let 1 < k < n. Then G is k-transitive if
and only if there exists o € € such that the stabilizer Stabg(«) is (k —1)-
transitive on  — {a}, and in this case this holds for every a € Q by the
transitivity of G.

Lemma 6.3. Assume G is transitive on Q, U < G and A C Q 1is
an U-orbit. Denote by U® the image of the natural homomorphism
U — Sym(A). If U2 is primitive on A and || < 2|A| then G is primitive
on (.

Proof. Let o € A. Let B be a block for G. We will show that either
|B| =1 or B= Q. Since G is transitive, if x € B there exists g € G with
xg = a, therefore a € Bg. Now By is a block for G, and if we show that
either |[Bg| = 1 or Bg =  then we would have that either |B| = 1 or
B =, which is what we want, so we may assume « € B.

We claim that ANB is a block for U. If u € U and 5 € (ANB)N(ANB)u,
then 8 € B N Bu so, being B a block for G, B = Bu. It follows that
(AN B)u=Aun Bu = AN B being A a U-orbit.

We deduce that A N B is a block for U2 as well, being contained in A.
Moreover o € AN B. Since U is primitive on A, either AN B = A or
ANB={a}. If AN B = A then A C B, in particular |B| > |A| > n/2,
but |B| divides |2] = n and this implies that |B| = n, in other words
B=Q.

Assume now that ANB = {a}. If g € G then AN By is either empty or
it is a block for U”. This is proved exactly as in the above proof that ANB
is a block for U. By the primitivity of U2 on A, either |[AN Bg| < 1 or
AN Bg=A. In the second case the same argument as before proves that
Bg = Q = B, so we may assume that |A N Bg| < 1 for every g € G. Since
Ugeq Bg = €, this implies that there are at least [A[ sets of the form By,
however the number of such blocks is a divisor of n and |A| > n/2, hence
there are precisely n such blocks, and this can only happen if |B| =1. O

If A C Qand H < G then we will denote by Ha the intersection
(Nsca Stabg (z), that is, the pointwise stabilizer of A in H.

Corollary 6.4. Assume G is transitive on Q and let A, T' be subsets of Q2.
Assume G = (C, D) where C < Gq_r acts primitively on T, D < Gq_a
acts primitively on A. Then G is primitive on €.

Proof. Since G = (C, D) is transitive and C,D do not move anything
outside ' U A, we deduce that ' U A = Q. Similarly, since C stabilizes
I and D stabilizes A, the fact that G = (C, D) is transitive implies that
I'NA # @. These two facts imply that either |A| > n/2 or |T'| > n/2.
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Since C' acts primitively on I', we have that I' is a C-orbit, similarly A is
a D-orbit. Therefore G is primitive by Lemma 6.3. O

Note that if A is a proper subset of @ and o € A then )
block for G. Therefore, if G is primitive, then

() Ag={a}.

Agda

weAg Agis a

This can be phrased by saying that if a, 5 € A are distinct then there
exists g € G such that ag € A, Bg € A.

A group G acting primitively on  is called 2-primitive if the stabilizer
G acts primitively on Q — {a} for every a € Q.

Also, note that if H < G < S, and H is primitive, then G is primitive
as well.

Proposition 6.5. Assume G is primitive on Q and Q = I' U A where
F'NnA=2,1< | <|Q,1<IAl <|Q. If Ga is transitive on T,
then G is 2-transitive on ). Moreover, if Ga is primitive on I, then G is
2-primitive on 2.

Proof. Induction on |A|. The case |A| =1 is trivial, since by assumption
G is transitive on © and G is transitive on I'. Now assume |A| > 1.

Case 1. 2|A] < |Q]. Since |A| > 1, there exist o, 8 € A with o # f.
Since G is primitive, there exists g € G such that a € Ag, 5 € Ag. Since
2|A| < |92 = n, we deduce that [I'| > n/2 hence I' NT'g # &. Since G is
transitive (resp. primitive) on I' and g~'Gag is transitive (resp. primitive)
on I'g, the group H := (Ga,g 'Gag) is transitive (resp. primitive, by
Corollary 6.4, being g7'Gag = Gay) on T'UTg. Let A := ANAg, the set
of elements of A fixed by H, in particular H < Gx, so Gy is transitive
(resp. primitive) on T UTg = © — A. We have 1 < |A| < |A] being
a € Aand B¢ A. We may therefore apply induction and deduce that G
is 2-transitive (resp. 2-primitive).

Case 2. 2|A| > |€]. Since |T'| > 1, there exist a, § € T with a # /3. Since
G is primitive, there exists g € G such that a € 'g, § ¢ I'g. Then I'NT'g
is non-empty (it contains ) and again the group H := (Ga,9 'Gag)
is transitive (resp. primitive) on I' UTg. Since 2|A| > ||, we have
2|T'| < |9 and this implies that T'UTg # Q. Moreover, since I' # I'g, the
set T' is properly contained in T'UTyg. Setting A := AN Ag, we find that
Q—A=TUTIgand 0 < |A] < |A|. We may therefore apply induction
and deduce that G is 2-transitive (resp. 2-primitive). O

Theorem 6.6 (Jordan). Assume G is primitive on Q, Ga 1is primitive on
Q—A=Tandl1<|T|=m<n=|Q|. Then G is (n —m + 1)-transitive.
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Proof. Induction on |A| = n — m. The case |A| = 1 is trivial since by
assumption G is primitive on I'. Now assume |A| > 1. Proposition 6.5
implies that G is 2-primitive, hence if § € A then Stabg () acts primitively
on Q — {d}. Since Q — {0} equals the disjoint union I' U (A — {0}) we
may apply induction and deduce that Stabg(d) is (n — m)-transitive on
Q2 —{d}. Since this holds for every § € A, we deduce that G is (n —m+1)-
transitive. O

Corollary 6.7. Let G < S, act primitively on Q@ = {1,...,n}. If G
contains a transposition then G = S,,. If G contains a 3-cycle then G = A,
orG=25,.

Proof. Let g be a 2-cycle or a 3-cycle in S,, and assume g € G. Let I" be
the set of points moved by g and A = Q —T'. Clearly, |T'| € {2,3} and Ga
acts primitively on I', since ¢ € Ga and (g) acts primitively on I' since
IT| is a prime number. Theorem 6.6 implies that G is (n — 1)-transitive
if || =2, and G is (n — 2)-transitive if |I'| = 3. In the first case |G| is
divisible by n!, hence G = S,,, in the second case |G| is divisible by n!/2,
hence G = A,, or G = 5,,. O

This easily implies that the maximal imprimitive subgroups of §,, are
maximal subgroups of S,,. Indeed a proper subgroup properly containing
them would be primitive and would contain a 2-cycle (moving two elements
of a block).

A similar argument can be used for A,, using 3-cycles (being the 2-cycles
odd permutations) but it is more tricky since there could be blocks of size
2. Actually, in the case of the alternating group A,, the maximality of
the maximal imprimitive subgroups holds for n # 8. The imprimitive
subgroup AgN (S215Sy) is properly contained in the affine group AGL3(2):
see [10].

More in general, it is possible to prove the following.

Theorem 6.8. Let G < S,, act primitively on Q = {1,...,n} and assume

G contains a p-cycle for some prime p such that p < n—3. Then G = A,
orG=25,.

Exercise 6.9. If G is a solvable 4-transitive permutation group then
G = Sy. Hint: show that any minimal normal subgroup N is regular
and study the conjugation action of a point stabilizer on N (N is a vector
space over a field with p elements, p prime, and the conjugation action of
the point stabilizer on N — {1} is 3-transitive and linear).
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Maximal intransitive
subgroups

A subgroup of S, is called maximal intransitive if it is maximal among
the intransitive subgroups of S,,. We saw that the maximal intransitive
subgroups of S, are of type G = Stab(O) where O is a non-empty proper
subset of Q = {1,...,n}. Such subgroups are of type S, x S, where
0<a=10]<n,b=n—a=1|2-0|, a+b=n. We study the maximality
of G inside S,,. If G is not maximal then it is properly contained in K < S,
which therefore is transitive on . If K is primitive then it contains a 2-
cycle, moving 2 elements of O or of O := Q — O, and Jordan’s theorem
implies that K = .S,,.

Suppose now that K is imprimitive, let B be a nontrivial block for
K. Then B is a nontrivial block for G, therefore B N O is either empty
or a block for GY and BN O is either empty or a block for G°. Since
GO = Sym(O) is primitive on O and G = Sym(O) is primitive on O,
we deduce that either |[BN O] < 1 or BN O = O, furthermore either
|IBNO|<1lor BNO =0.

Assume BN O = {a}, BN O = {B}, then B = {a,3}. If there exists
v € O — B then g = (ay) € G and Bg = {8,7}, a contradiction, and
similarly O — B = @, so Q = B and n = 2, this contradicts the fact that
B is nontrivial.

Assume BN O = {a}, B 2 0. Then B = {a} U O, however this is a
contradiction because, since B is a nontrivial block, there exists § € O— B,
hence there exists g € G such that ag = 8 (being GY = Sym(O)) so
Bg = {B}UO is not disjoint from B and not equal to B.

We are left with the case in which one of BN O and B N O is empty,
say BNO = @. Then B = O. Since K is transitive, there exists k € K
that takes an element of O to an element of O, hence Bk C O. But then
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Bk = BkNO is a block for G = Sym(O), of size at least 2, hence Bk = O.

This proves that if O is a proper subset of Q2 and G = Stab(0) < Sym(f2)
is not a maximal subgroup then |[©2| > 2 and |O| = |O|. In other words
G has type S, x S, with 2a = n. Indeed, such subgroup is not maximal
if n > 2: it is contained in an imprimitive wreath product S, ¢ S, the
stabilizer of a partition with two parts of size a, which, as we will see in
the next section, is a maximal subgroup of So,.



Chapter 8

Maximal imprimitive
subgroups

If H and K are two groups and K < S,,, then HwrK = H{ K denotes the
wreath product between H and K, i.e., the semidirect product H™ x K,
where K acts on H™ by permuting the coordinates. More specifically
m € K acts on H" by

(@1, ey )™ = (Tpg1ye ey Tpp—1).

This may look strange but it is necessary to have a well-defined action on
the right, indeed defining ¢; = ;-1 we have t;;—1 = Tjr 1,1 = Tj(zr)—1
hence

((1‘1, e ,wn)w)r = (mlﬂ—l, e ,xnﬂ.—l)T = (3317717,717. .. ,:vn7717771)
= (1'1(7‘.7.)—1, ces ,xn(w)-l) = (1’1, e ,{En)m—.

Recall that exponentiating by 7 means conjugation (7~ tgn).

Note that if K < S, then |H ! K| = |H|"|K]|, so for example |S, 1 Sp| =
al®b!.

If a,b > 1 and ab = n, then the full wreath product S, ! S, embeds
into .S,, as an imprimitive subgroup. To see this it is enough to check that
Sa 1Sy acts faithfully and imprimitively on the set {1,...,a} x {1,...,b},
which is a set of size ab = n, by the rule

This is an action since

(Z'7j)(l'l7---7$b)0‘(y17~--7yb)7' _ (Z’7j)(9ﬂ1y1a7---7wbyba)07’ — (ixjyjijT),

(Y15090) T
(GG, gy} (i, )T = (i, o).

26



Chapter 8. Maximal imprimitive subgroups 27

This action is imprimitive admitting B; = {1,...,a} x {j} as a block
system, j = 1,...,b. Indeed,

The block system consists of b blocks of size a. Also, it is easy to see that
this action is faithful. Therefore S, .S, embeds into S,; as an imprimitive
subgroup.

Actually S, ¢ Sp is a maximal imprimitive subgroup, meaning that it
is not properly contained in any imprimitive subgroup of S,,. Moreover,
every maximal imprimitive subgroup is of this type. This can be proved
using the following result, which is due to Frobenius.

Theorem 8.1 (Embedding Argument). Let H be a subgroup of the finite
group G, let x1,...,x, be a right transversal for H in G, and let & be any
homomorphism with domain H, say & : H — X. Then the map

f: G—=&H)Sy,

T (g(xlxxfﬂl), . ,§(xnx;v;;))7r,

where ™ € S, is the unique permutation that satisfies v;x € Hxiy for
alli=1,...,n, is a well-defined homomorphism with kernel equal to the
normal core of ker & in G, in other words ker f = (ker§)g.

Proof. Since x; € Hx; the permutation corresponding to the identity is 1
hence f(1) = 1. Now let ,y € G and assume mimc; € H, xiy:tz;l € H for
alli € I ={1,...,n}, then applying the second to im we find xiﬂyxi_wlT cH

for all i € I, so zzyx; = (vivw; ') (x; yz;,t) € H. Tt follows that the

1T
permutation corresponding to xy is 77 and

flay) = (Emizyr;L))iernt = (E(wiwa;, NE(Tinyr,-))iernT

= f(2) 7 E(@inyain,)iernt = f(2) - (E(wayai))ierm = f(2)f(y).

f(z) = 1if and only if the permutation 7 corresponding to x is the identity
and x;zx; b € ker(€) for all i € I, in other words = € x; ' ker £, for all
i € I. Since ker £ < H, the conjugates of ker £ in G are precisely the groups
x;  (ker €)x; for i € I. This proves that ker f = (ker¢)g. O

Now assume G < S, acts transitively and imprimitively on Q =
{1,...,n}. This means that there is a nontrivial imprimitivity block B for
G,let a = |B|. Let H = G(py = {g € G : Bg = B}, the setwise stabilizer
of B. Observe that G acts transitively on the set of blocks {Bg : g € G}
with H as point stabilizer, so |G : H| equals the number of translates
of B, call it b. Since the translates of B partition 2 we have ab = n.
Of course we have a homomorphism & : H — Sym(B) = S, induced
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by the action of H on B. By Theorem 8.1 we deduce a homomorphism
f:G — &H)VSy < S, 1S, with kernel the normal core of ker(¢) in G.
Observe that if h € ker(£) then h fixes B pointwise, and if h € ker(£)? then
ghg™! € ker(€) so h fixes Bg pointwise. This implies that (ker(¢))e = {1}
hence f is injective. This means that G embeds in the wreath product
Sa 1Sy, on the other hand such wreath product embeds in S,, as an
imprimitive subgroup with blocks of size a. This proves that the stabilizers
in S,, of the partitions consisting of b blocks of size a (i.e. the maximal
imprimitive subgroups of S,, with blocks of size a) are isomorphic to wreath
products S, 1.S,. Similarly, the maximal imprimitive subgroups of A,, with
b blocks of size a are isomorphic to the intersection between A,, and the
maximal imprimitive subgroups of S,, with b blocks of size a, in other
words, with abuse of notation, they are of the form A, N(S,1S) (and not
Ag L Ay, careful!).

Also, in the previous argument, we may restrict the codomain of f to
E(HNK where K is the image of the homomorphism G — S, corresponding
to the transitive action of G on the b blocks. £(H) and K could be called
“components” of G. Therefore we can always embed any imprimitive
group G into the wreath product of the so-called “primitive components”
of G. Specifically, we start with a block B whose setwise stabilizer acts
primitively on it (that is, a “minimal block”), meaning that the setwise
stabilizer H := Gypy acts primitively on B, then we apply the above
construction giving G < {(H ) K with K < Sy, transitive of degree b, and
we repeat the process with K if K is imprimitive, otherwise we stop. This
gives an embedding fo G in the so-called iterated wreath product

G<P 1P Ps1...1 P,

where the notation is X1 Y1 Z := X1 (Y1 Z). The groups Py, ..., Py are
primitive groups which are called the primitive components of G.

For example the dihedral group of order 8 (inside S4), D = ((1234), (24))
acts imprimitively on {1,2,3,4} having B = {1,3} as a block. The above
argument shows that D embeds into C3 ! C5 and this actually shows that
D and C5 C5 are isomorphic (they have the same order).

We will see that if @ > 5 then S, 1.5} is also a primitive group (abstractly)
with the so-called product action (see section 9.3) but the degree of
primitivity is much larger: a®. This falls into a broader concept which
is the following: the primitive groups of degree n, other than A, and S,
are “small”: their order is less than 4", as proved by Praeger and Saxl in
1980 building up on results of Wielandt [12]. More work in this direction
was done by several authors in [5, 8, 13, 11]. The first result of this type
was proved by Bochert in [3].

Note that we are in the position to clearly understand the maximal
subgroups of Sg. We have the alternating group Ag, the maximal
intransitive subgroups S7 X S5, So x S; and the maximal imprimitive
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subgroups S9! S3, S31.5:. We have seen that S5 acts on its 6 Sylow
5-subgroups and this action is primitive because, as we have seen, the
normalizer of a Sylow 5-subgroup of S5 is maximal in S5. Therefore Sy
embeds in Sg as a primitive subgroup, which is maximal in Sg because
it has index 6. So Sg has one class of primitive maximal subgroups
isomorphic to Ss. This is the list of all the maximal subgroups of Sg.

Exercise 8.2. Let n = p* be a prime power. The iterated wreath product
P = CLiCul. . 2C)y of k copies of C), is isomorphic to the Sylow p-subgroups
of Sp,.

Exercise 8.3. Let n = mp® with m not divisible by p. Let Q@ ={1,... ,n}
and let P be a Sylow p-subgroup of S, . Show that

e The action of P on () is transitive if and only if m = 1.

e The action of P on ) is primitive if and only if m =k = 1.
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Primitive maximal
subgroups

9.1 Characteristically simple groups

Recall that if G is a group then a subgroup N of G is called characteristic if
N? = N for every ¢ € Aut(G) and in this case the notation is N <.G. For
every g € G, the map v, : G — G, 279 := 29 = g~ 'zg is an automorphism
of G, therefore if N <. G then N <G.

Note that if A <. B <G then A I G because v,4|p € Aut(B) for every
ge€aq.

G is called characteristically simple if its only characteristic subgroups
are {1} and G. Obviously, every simple group is characteristically simple.

A subgroup N of a group G is called a minimal normal subgroup of G if
N # {1} and whenever L < N, LG, either L = {1} or L = N. Note that
every minimal normal subgroup of G is characteristically simple. Indeed,
if L <. N then, since N <G, L is normal in G, hence L = {1} or L =N
by minimality of N.

Proposition 9.1. If S is a nonabelian simple group the normal subgroups
of S = S x --- x S are its subproducts, in other words, the subgroups
Ty x --- x T, where T; is either {1} or S, for every i € {1,...,n}. In
particular, the minimal normal subgroups of S™ are its factors.

Proof. Let N be a normal subgroup of S™ with a nontrivial element
g = (s1,...,8,) and suppose s; # 1. Then conjugating with (z,1,1,...,1)
we find that N contains all the elements g, = (s§,s2,...,8,), so that
N 2 g9t = (tz,1,1,...,1) where t, = [x7',51] = 2 'syzs; ', Since S
is a nonabelian simple group, its center is trivial, in particular s; & Z(.9),
hence there exists © € S such that ¢, # 1. The conjugacy class of an
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element always generates a normal subgroup, so since S is a nonabelian
simple group and t, # 1, the conjugates of ¢, in S generate S. Since N is
normal in S™, this implies that N contains S x {1} x ... x {1}. The same
argument shows that N contains the i-th factor of S™ whenever s; # 1,
and proves the claim. O

Proposition 9.2. Let G be a finite group. G is characteristically simple
if and only if there exist a (possibly abelian) simple group S and a natural
number n such that G = S™.

Proof. If S is a simple group and n is a natural number then G = S"
is characteristically simple. To see this, note that if S is abelian then
S =2 (), for some prime p and Aut(G) = GL(n,p), the group of invertible
n x n matrices with coefficients in F,, where we may see C} as the
additive group of the field with p elements F,,, being F,-linearity automatic
from additivity. Since GL(n,p) acts transitively on the nonzero vectors,
C," is characteristically simple. If S is nonabelian, the fact that S™ is
characteristically simple follows from Proposition 9.1 and the fact the
symmetric group of degree n acts as a group of automorphisms of S
by permuting the coordinates, so the subproducts are permuted around.
See the exercises.

Now assume G is characteristically simple. If N is a minimal normal
subgroup of G then N7 is a minimal normal subgroup of G for every
f € Aut(G). Since G is characteristically simple,

(N7 : fe Aut(@)) = G.

We claim that any subgroup of G which is generated by some number
m of subgroups of type N/ is a direct product of some of them. We
proceed by induction on m. Assume that H < G is generated by m > 1
subgroups of type N/, say N/t ... Nfn where f1,..., fm € Aut(G). Let
K := (N/i : i >2). By induction K is a direct product of some N/i. Since
K <G and N7t is a minimal normal subgroup of G, if Nt N K # {1} then
N/t < K hence H = K and the result follows. If instead N/t N K = {1}
then H = N/t x K and we are done.

We deduce that G is a direct product of some of the N/i. Since each Ni
is a minimal normal subgroup of G, they are all simple. Setting S = N/t
we have Nfi = §f1 ' fi = § for all i. O

Exercise 9.3. Let M be a maximal subgroup of a finite solvable group.
Prove that M has prime power index (Hint: by induction on |G|; let N be
a minimal normal subgroup of G, if M > N then work in G/N and use
induction, otherwise observe that N is characteristically simple).

Exercise 9.4. Let G be a finite group. If |G| > 3 then Aut(G) # {1}.
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Exercise 9.5. Let G be a finite group. Then G is elementary abelian if
and only if the natural action of Aut(G) on G — {1} is transitive.

Exercise 9.6. Let T be a nonabelian simple group. Prove that
Aut(T") = Aut(T) 1 Sp.

[Use the embedding argument with H = Nauypny(R) and § : H — Aut(R)
the homomorphism induced by the natural action of H on R, where
R =T x {1} x --- x {1}. Note that |G : H| = n, where G = Aut(T"),
since G acts transitively on the n factors of T™ and H 1is the stabilizer of
one of the factors.]

9.2 Primitive groups: structure

When studying the structure of primitive groups it is useful to give a
“permutation-free” definition, using Proposition 5.2.

Definition 9.7 (Primitive group - abstract definition). We say that a
finite group G is primitive of degree n if it admits a maximal subgroup M
of index n whose normal core is trivial, i.e. Mg = {1}. In other words,
M is a core-free maximal subgroup.

Such a group G can be seen as a permutation group of degree n by
means of its right multiplication action on Q@ = {Mz : z € G}. The
corresponding homomorphism v : G — Sym({2) is injective because its
kernel is Mg = {1}, and the permutation group v(G) = G on § is primitive
in the sense that it has no nontrivial blocks. Note that this is precisely
the situation we are in when we consider a group G < Sym(2) (inclusion
homomorphism, injective) acting primitively on €.

Now we will analyze the structure of primitive groups by discussing
Baer’s theorem, which indicates that primitive groups can be divided in
three main types, called type I, type II and type III. We start with the
following very useful fact.

Lemma 9.8 (Dedekind’s modular law). Let A, B,C be subgroups of G
and assume A < B. Then A(BNC) = BN AC.

/

A /

BN
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Proof. The inclusion C is trivial since A C B and BNC C C C AC, being
1 € A. Now assume b € BN AC and write b = ac where a € A, c € C.
Then ¢ = a='b € B since a € A C B and B is a subgroup, therefore
¢ € BN C and this implies that b = ac € A(BN(C). O

Recall that the socle of a finite group G, denoted by soc(G), is the
subgroup of G generated by the minimal normal subgroups of GG. Clearly,
if soc(@G) is a minimal normal subgroup of G, then it is the unique minimal
normal subgroup of G. A group admitting a unique minimal normal
subgroup is usually called monolithic. Note that there are monolithic
groups that are not primitive, for example the cyclic group Cy.

Recall the following important fact.

Proposition 9.9 (Frattini argument). If G is a finite group, N <G and P
is a Sylow subgroup of N then Ng(P)- N = G. In particular, the Frattini
subgroup of G is nilpotent.

Proof. If ¢ € G then, being N < G, we have P9 < N hence PY is a
Sylow subgroup of N. By Sylow’s theorem, there exists n € N such that
P9 = P, so that gn=! € Ng(P), therefore g € Ng(P) - N. This proves
that G = Ng(P)-N. If N is the Frattini subgroup ®(G) of G then P must
be normal in G, otherwise Ng(P) - N would be contained in a maximal
subgroup of G. This implies that all Sylow subgroups of N are normal in
N, hence N is nilpotent. O

Using this, it is easy to see that a monolithic group G is primitive if
and only if its socle is not contained in the Frattini subgroup of G. In the
following result, primitive groups of type I and II are monolithic, while
primitive groups of type III are not.

Theorem 9.10 (Baer). Let G be a finite group. Then G is primitive if and
only if there exists a proper subgroup U of G such that UN = G whenever
N is a nontrivial normal subgroup of G. Now assume this is the case, and
let M be a core-free mazimal subgroup of G. If N is a nontrivial normal
subgroup of G then Ca(N)N M = {1}, moreover either Cq(N) = {1} or
Ca(N) is a minimal normal subgroup of G. Furthermore, precisely one of
the following conditions holds.

1. N = soc(G) is an abelian minimal normal subgroup of G
complemented by M. In this case G is called affine or primitive

of type I.

2. N = soc(G@) is a nonabelian minimal normal subgroup of G
supplemented by M. In this case G is called primitive of type II.

3. G admits precisely two minimal normal subgroups A, B and N =
soc(G) = A x B. Moreover A and B are nonabelian, A = Cg(B),
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B =Cg(A), M complements both A and B in G and A= ABNM =
B. In this case G is called primitive of type III.

Proof. If G is primitive and M is a core-free maximal subgroup of G
then M does not contain any nontrivial normal subgroup of G and
M < MN < G for all N <G, therefore MN = G for all {1} # N <G.
Conversely if G is a finite group and the proper subgroup U of G satisfies
UN = G whenever N is a nontrivial normal subgroup of G then let M
be a maximal subgroup of G containing U. We have Mg = {1}, because
otherwise, since Mg <G, we would have G = UM¢g < M, a contradiction.
So G is primitive.

Now let G be primitive and let M be a core-free maximal subgroup of
G.

If N is a nontrivial normal subgroup of G then Cg(N) is the kernel
of the conjugation action G — Aut(N), hence Cg(N) < G, therefore
MNCq(N)<M, so M is contained in the normalizer No(MNCg(N)). But
N is also contained in such normalizer, hence G = MN < Ng(MNCg(N))
which implies that M N Cg(N) < G. Since Mg = {1}, we deduce that
MNCg(N)={1}. If Cq(NN) # {1} then, since G is finite, there exists a
minimal normal subgroup X of G contained in Cg(N). Since Mg = {1}
we have XM = (. By Dedekind’s law

Cg(N) :Cg(N)ﬂGZOg(N)ﬂXMZX(CG(N)ﬂM) =X.

This implies that C(N) is a minimal normal subgroup of G.

If G admits three distinct minimal normal subgroups A, B, C then B,
C are contained in Cg(A) being ANB = {1} and AN C = {1} and
this contradicts the fact that Cg(A), if nontrivial, is a minimal normal
subgroup of G. This proves that G admits at most two minimal normal
subgroups.

Assume first that G contains only one minimal normal subgroup, call it
N. Since M is a core-free maximal subgroup, M N = G. If N is nonabelian
then G is a primitive group of type II. Assume now that NV is abelian. Then
N < Cg(N) and, since Cg(N) is a minimal normal subgroup of G, we
deduce that C(N) = N. This implies that M NN = M NCq(N) = {1},
in other words M is a complement for IV in G hence G is a primitive group
of type L.

Finally assume that G contains precisely two minimal normal subgroups,
A and B. Clearly N = soc(G) = A x B. The fact that ANB = {1} implies
that A < Cg(B) and B < Cg(A), so since Cz(A) and Cg(B) are minimal
normal subgroups of G, we deduce that A = Cg(B) and B = Cg(A). In
particular A and B are nonabelian. Moreover M N A = M NCqx(B) = {1}
and M NB=MnNCg(A) ={1}, so M complements both A and B in G.
By Dedekind’s law,

A(ABNM)=ABNAM = ABNG = AB,
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B(ABNM)=ABNBM = ABNG = AB,

therefore
A2 A/JANB=Z AB/B=B(ABNM)/B=2 ABN M,

B=B/ANBXAB/A=AABNM)/A= ABN M.
It follows that A= ABNM = B. O

It is worth noting that the two minimal normal subgroups of a primitive
group G of type III, although isomorphic, are not G-isomorphic, in other
words no isomorphism between them is compatible with the conjugation
action of GG. The reason is that G-isomorphic normal subgroups of G must
have the same centralizer.

Exercise 9.11. What are the primitive groups with nontrivial center?

Exercise 9.12. For which values of n is the dihedral group Da, (of order
2n) primitive?

It follows from Baer’s theorem that primitive groups of type I are of the
form F} x M where M is an irreducible subgroup of GL(F}). If ¢ is any
prime power, the full affine group Fy x GL(Fy) is denoted by AGL(Fy) or
AGL(n, q).

We will now describe the primitive groups of type II.

Proposition 9.13. Let G be a finite group. The following are equivalent.
1. G is primitive of type II.

2. There exists a minimal normal subgroup N of G such that Cq(N) =
{1}

3. There exists a nonabelian minimal normal subgroup N of G such
that, up to isomorphism, N < G < Aut(N), where N is embedded in
Aut(N) via the natural conjugation action N — Aut(N).

Proof. By Baer’s theorem, (1) implies (2). If (2) holds then the conjugation
action G — Aut(N) has kernel C¢(N) = {1}, so (3) follows. If (3) holds
then any element of the centralizer C(N) is an automorphism of N fixing
N pointwise, hence C¢(N) = {1} and (2) follows.

We are left to prove that (2) implies (1). The Frattini subgroup of G is
nilpotent, however N is not nilpotent being a direct product of nonabelian
simple groups. Since every subgroup of a nilpotent group is nilpotent,
this implies that there exists a maximal subgroup M of G not containing
N. In particular N is not contained in the normal core Mg of M in G.
The intersection N N Mg is normal in G and contained in N, so since
N is a minimal normal subgroup, N N Mg = {1}. This implies that
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Mg < Cg(N) = {1}, hence Mg = {1}. Moreover, N is the unique
minimal normal subgroup of GG since any other minimal normal subgroup
would be contained in Cg(N) = {1}. This proves that G is primitive of
type II. O

A finite group G is called almost-simple if it is primitive of type II and
its socle is a simple group, which is therefore nonabelian. Equivalently, G
admits a nonabelian simple normal subgroup S such that C(S) = {1}.
Equivalently, there exists a nonabelian simple group S such that S <
G < Aut(S). Of course, every nonabelian simple group is in particular
almost-simple. An easy example of an almost-simple group which is not
simple is the symmetric group S,, for n > 5, its socle being the nonabelian
simple group A,. Actually, as we have seen, if n % 6 then S, is the full
automorphism group of A,,.

Proposition 9.14. Let G be a finite group. Then the following are
equivalent.

1. G is primitive of type II.

2. There exists an almost-simple group X with socle S and a transitive
group K < S, such that G is isomorphic to a subgroup of X | K
containing S™ and the restriction of the natural projection G — K
18 surjective.

Proof. Assume (2) holds. Let S = soc(X), a nonabelian simple group.
Then N = S™ is a minimal normal subgroup of G since S is simple
and K acts transitively on the components. We are left to check that
Ca(N) = {1}. If ¢ € Cg(N) then of course the permutational part of
g is trivial since g must fix all the direct factors of N. So ¢ has type
(x1,...,2m) and z; is an element of X centralizing S, so since Cx (S) = {1}
we deduce that z; = 1 for all 4.

Assume (1) holds. Let N =Ty x...xT,, be the socle of G, where the T}’s
are pairwise isomorphic nonabelian simple groups. Denote by R the first
factor, R:=Ty x {1} x ... x {1}. Let H := Ng(R) and C := Cg(R) < H.
Note that since R = Tj is a nonabelian simple group, RN C = {1}.
We claim that X := H/C is an almost-simple group with socle RC/C.
Clearly RC/C' is a normal subgroup of H/C and RC/C =2 R/RNC = R
is nonabelian simple. We are left to show that Cp,c(RC/C) is trivial.
Assume that h € H is such that hC centralizes RC/C, in other words
hCrC = rChC for all r € R, then h='r~thr € RNC = {1} forallr € R
and this implies that h € C| in other words hC' = C.

We now apply the embedding argument to the natural homomorphism
& H — Aut(R). Note that ker(§) = C, £&(H) = H/C = X and the
conjugates of C in G are precisely the centralizers of the direct factors of
N, therefore an element belongs to the normal core ker(€)¢ if and only if
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it centralizes all of the factors, in other words ker({)g = Cq(N) = {1}.
The group K is the image of the homomorphism G — S,, given by the
conjugation action of G on the direct factors of N, which is transitive being
N a minimal normal subgroup of G. 0

In particular, from this proposition it follows that we have a whole family
of examples of primitive groups of type II which are not almost-simple: all
the wreath products X ! K where X is an almost-simple group and K is a
transitive group of permutations of degree at least 2. For example S, 1.5,
is of this type when n > 5, m > 2. Moreover, we deduce that primitive
groups of type II are strongly related to wreath products of this type. An
example of primitive group of type II which is not almost-simple and not a
wreath product is the following, for all m > 2, where X is an almost-simple
group with socle S.

{(x1,..., ;)T € XU1Sm : 21 =... =2, mod S}.
We will now describe the primitive groups of type III.
Proposition 9.15. Let G be a finite group. The following are equivalent.
1. G is primitive of type III.

2. There exist a nonabelian minimal normal subgroup N of G and a
subgroup M < G complementing both N and Ca(N).

Proof. (1) implies (2) by Baer’s Theorem. Now assume (2) holds. Since
NN M = {1} we deduce N N Mg = {1}, hence Mg < Cg(N). Since M
complements Cg(N), we deduce that Mg = {1}. We claim that M is a
maximal subgroup of G. Assume that M < S < G. Then SN N < S and
SNN is normalized by Cg (), therefore SNN<Co(N)S > Co(N)M = G,
therefore S N N < G. Since N is a minimal normal subgroup of G not
contained in S, we deduce that SN N = {1}. Therefore

M=~ M/MANN2~MN/N=G/N=SN/N~S/SANx~S

hence |M| = |S|. Since M and S are finite and M < S, this implies that
M = S. This proves that M is a core-free maximal subgroup of G, so G
is primitive and therefore G is primitive of type III being N a nonabelian
minimal normal subgroup of G with nontrivial centralizer C¢(N) # N. O

Note that if G < Sym(Q) is primitive of type III then both minimal
normal subgroups A, B of G act regularly on 2, in particular |A| = |B| =
|2|. Indeed, the fact that G is transitive and AM = G = BM imply that A
and B act transitively, and we have seen that the centralizer of a transitive
normal subgroup is semiregular, hence A = Cg(B) and B = Cg(A) are
regular.
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In particular, primitive groups of type I and III admit precisely one
primitivity degree, which equals the order of one of their minimal normal
subgroups.

Let X be a primitive group of type II with socle L. Then

G:={(z,y) e X xX : 2L =yL}

is a primitive group of type III. This follows from the above proposition:
Lx{1} is a minimal normal subgroup of G and the subgroup M := {(z,x) :
z € X} < G complements both L x {1} and Cq(L x {1}) = {1} x L.

Exercise 9.16. Let S be a nonabelian simple group. Prove that S has at
least 2 primitivity degrees.

Exercise 9.17. Let X be an almost-simple group. Prove that X x X is
primitive if and only if X is simple.

9.3 Primitive actions: O’Nan-Scott

See also [1, General remarks and notation 1.1.40], [6, Chapter 4], [17, Pages
26, 27] and [15, Chapter 7]. The notation for this section is the same as
in [1].

We want to study the primitive actions of a primitive group. This
amounts to studying the point stabilizers, in other words, we want to
study the core-free maximal subgroups of a given primitive group and
their indeces, which are precisely the primitivity degrees of G. Note that
a group G may have several primitivity degrees, for example the simple
group A has maximal subgroups of index 5 (the point stabilizers) and
maximal subgroups of index 6 (the Sylow 5-subgroup normalizers).

Another example is given by the symmetric group S,, acting naturally
on the set §2 consisting of subsets of {1,...,n} of size k, where k is a fixed
number with 1 < k£ < n. This action is clearly faithful and transitive
of degree |Q| = (") The point stabilizers are precisely the maximal

k
intransitive subgroups Sy X S,_k, therefore such action is primitive if

k #mn/2.

Before stating the O’Nan-Scott theorem, we need to talk about the
product action. Consider the wreath product G = S, 1 S,,. We have seen
that it admits a faithful imprimitive action of degree nm. Consider now
the product action of G, that is, the action of G on {1,...,n}™ given by

(ah s 70’777/)(0-1””707”)71— = (a’lﬂ'*lalﬂfh cee 7a‘m7'r*10-m7r*1)'

It is clear that this is a faithful transitive action. Moreover the stabilizer
of (i,4,...,4) is isomorphic to Sy,—1 1 Sp.

For the following observe that if A, B are subgroups of GG such that AB
is a subgroup of G then |AB: A|=|B: AN B|.
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Lemma 9.18. Assume that n > 5 and let S, act naturally on T' =
{1,...,n}. Then the product action of G = S, 1 Sm on T'™ is primitive.

Proof. Since n > 5, Proposition 9.14 implies that G is a primitive group
of type II. We are left to show that M := 5,115, is a core-free maximal
subgroup of G. It is clearly core-free because A} is the unique minimal
normal subgroup of G and M does not contain it. We need to show that
M is a maximal subgroup of G.

Let K := (Sp—1)™ < B := (S,)™. We claim that M = Ng(K). The
inclusion M < Ng(K) is clear since K < M. Now

BN Na(K) = Np(K) = Ngp(5,"1) = (Ns, (Sn-1))" = 5,01 = K,

since S,_1 is maximal and not normal in S,. It is clear that the
permutational factor S,, is contained in Ng(K), therefore G = BS,, <
B - Ng(K) hence G = B - Ng(K). Therefore

|G : Na(K)| = |B- Ng(K) : Ng(K)| = |B: BN Ng(K)|
=|B:K|=|B:MNB|=|BM: M|=|G: M|

Since M < Ng(K), it follows that M = Ng(K).

Let H be a maximal subgroup of G containing M. We claim that
H = M. This follows if we can show that H N B = K. Indeed, assuming
HnNB =K, since HNB<H we have that that H < Ng(HNB) = Ng(K)
and Ng(K) # G being K not normal in G. Since H is maximal in G, we
deduce that H = Ng(H N B) = Ng(K) = M. Therefore it is enough to
show that H N B = K. The inclusion H N B D K is clear.

We are left to prove that K C H N B. Write B= By x ... x B, and

R, ={1} x...x{1} x B; x {1} x ... x {1}

fori € {1,...,m}. G acts transitively onI" = {Ry, ..., R;,} by conjugation
with kernel equal to B. Since H > M and G = BM, we have G = BH,
hence H acts transitively on I'. Let m; : B — R; be the canonical
projections, i € {1,...,m}. Fix 4,5 € {1,...,m} and let h € H be such
that Rl = R;. Composing the conjugation by h, v, : HN B — H N B,
with the canonical projection we find a surjective homomorphism
HnB -~ HnB "% (1 B)

whose kernel is ker(m;|gnp). The isomorphism theorem implies that
Wi(HﬂB) = Wj(Hﬁ B)

Since 7;(K) = S,,—1 is a maximal subgroup of B; £ S,, and K < HN B,
we have m;(K) < m;(H N B) < B; therefore either m;(H N B) = m;(K) or
m;(H N B) = B;. In the first case

0Bl < [ Im(H 0B = [ Im(E)| = (n — 1™ = |K]

i=1 i=1
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hence HN B = K being HN B > K.

Now assume that m;(H N B) = B; for all i € {1,...,m}.

Let ¢ € {1,...,m}. We claim that H N R; 9 R;. If y € HN R; then
mi(y) = 1 for every j # i. If r € R; then, being m;(H N B) = B;, there
exists * € H N B such that m;(x) = m;(r). Since z,y,r are m-tuples and
y € R;, the fact that m;(x) = r implies that r~!yr = 2= 'yx € H. This
proves the claim.

But since H N R; contains K " R; = S,,_1, HN R; is nontrivial and it is
not the alternating group A,,, hence H N R; = R;, in other words R; < H.
This holds for every i € {1,...,m}, hence B < H. This contradicts the
fact that H 2 HB = G. The proof is completed. O

We are now ready to state the O’Nan-Scott theorem. The following
formulation is taken from [17].

Theorem 9.19 (O’Nan-Scott theorem). If G is any proper subgroup of
Sy, other than A,, then G is a subgroup of one or more of the following
subgroups.

1. An intransitive group Sy X Sy, where n =k + m.

2. An imprimitive group Sy 1Sy, where n = km.

3. A primitive wreath product Sy 1 S,, where n = k™.

4. An affine group AGL4(p) = Fg x GL4(F,) where n = p?.
5

. A group of shape T™.(Out(T) x S,,) where T is a non-abelian
stmple group, acting on the cosets of a subgroup Aut(T) X S,,, where
n=|T|™ "

6. An almost-simple group acting on the cosets of a core-free mazimal
subgroup of index n.

Note that this theorem does not say that the groups listed are maximal
in S,. But certainly every maximal subgroup of S,, is of one of the types
listed.

9.4 Proof of the O’Nan-Scott theorem

This proof follows the line of [17], [1] and [9]. Set Q := {1,...,n}, let
a € Q and let U be the stabilizer of a in G. We know that U is a core-free
maximal subgroup of G.

Let G < Sym(f2) be a primitive group with socle N and let U be the
stabilizer of a point of 2, which is a core-free maximal subgroup of G. Set
K:=UNN. Then |G:U|=|UN :U|=|N : K|. Moreover K AU, so U
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is contained in the normalizer Ng(K). Since K JU, we have U < Ng(K),
and since U is maximal in G, either U = Ng(K) or Ng(K) = G. In the
latter case K < G, hence the fact that Ug = {1} forces K = {1}. This
implies that either K = {1} or U = Ng(K). We know that K = {1} if G
is primitive of type I or III, so we will discuss these cases first.

9.4.1 Primitive groups of type I

If G is primitive of type I then the socle NV of G is abelian and it is the
unique minimal normal subgroup of G, moreover N is complemented by
U, in other words G &£ N x U. The action of U on N = Fg is F,-linear,
faithful and irreducible, hence U is an irreducible subgroup of GL4(IF,).
This is the affine case. In this case, G can be embedded in AGL(IFg) which
is a primitive subgroup of S,« with point stabilizer GL4(F),).

9.4.2 Primitive groups of type III

If G is primitive of type III then the socle of G is N = A x B where
A, B are the two minimal normal subgroups of G, both nonabelian and
A= ABNU = B. We know that U is a complement of both A and B,
hence A and B act regularly on Q. The isomorphism A =2 ABNU = B
is explicited as follows. For every a € A, since G is a semidirect product
B x U, there is a unique b, € B such that ab, € U. The map f: A — B,
a — by is a group isomorphism since ajasby,ba, = a1b4,a2b,, € U for
every a,,as € A and the inverse f ! : B — A sends b € B to the unique
ap € A such that ayb € U. We can define an element o € Sym(2) as
follows. Fix w € . Every element of 2 can be uniquely written as wa
where a € A. Define (wa)o := w(af). We claim that af = o~ lac for all
a € A, proving that B = 0~ !Ac. Indeed, if z € €, then we can write
x =w(a*f) for a unique a* € A and, if a € A,

zo tao = (w(a*f))o tao = (wa*)oo taor = (wa*a)o

=w((a*a)f) = w(a”f)(af) = z(af).

Therefore A and B are conjugate in Sym(f2) via o, hence G is properly
contained in (G,0) < Sym(Q)) since A is normal in G but it is not
normalized by o. Moreover B = Cg(A)? = Cq(A%) = Cq(B) = A,
hence ¢ normalizes A x B, in other words A X B is normal in (G, o). This
implies that (G, o) is not equal to Sym(£2), since the only proper nontrivial
normal subgroup of Sym(€2) is Alt(£2) and Alt(£2) is not a direct product
of two nontrivial subgroups. This implies that the primitive groups of type
III are not maximal in Sym(€?) hence we may ignore them.
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9.4.3 Primitive groups of type II

Assume now G is primitive of type II with nonabelian socle N = T™ =
Ty X ...xTp,. Set H := Ng(T1), C := Cg(T1). We know that X := H/C
is an almost-simple group with socle isomorphic to 77 and G embeds in
the wreath product X ! K, where K < S, is the transitive group induced
by the action of G on the m direct factors of N. If m = 1 then T3 = N <G,
H =G and C = Cg(N) = {1}, therefore G = X is almost-simple and we
are in case (6) of the theorem. Assume now that m > 1. A subgroup of G
is called U-invariant if its normalizer in G contains U. For example, since
U N N is normal in U, it is U-invariant.

Lemma 9.20. U N N is a mazimal proper U-invariant subgroup of N.

Proof. 1t is clear that U N N is a proper U-invariant subgroup of N. Now
assume by contradiction that U N N < L < N where L is U-invariant.
In particular LU is a subgroup of G. We claim that U < LU < G,
contradicting the maximality of U. Indeed, if U = LU then L < U, a
contradiction, and if LU = G then L <G contradicting the fact that N is
a minimal normal subgroup of G. O

We want to show that we are in one of the following cases.

o Tuwisted wreath product type. This case is defined by the fact that
UNN = {1}, in other words G is a semidirect product N x U. The
corresponding primitivity degree is |N]|.

e Product type. U is a conjugate of Ng(R™) where R is a proper
nontrivial subgroup of 7', which is the intersection between T and
a core-free maximal subgroup of X. The corresponding primitivity
degree is [T : R|™.

o Simple diagonal type. U = Ng(A) where A is a diagonal subgroup
of T that is, a subgroup of the form

{(z,2%2,...,2%") : 2 € T} < N=T",

where ¢s,..., ¢, are automorphisms of 7. The corresponding
primitivity degree is |T|™~ 1.

e Diagonal type in product action. U = Ng(A1 X ... x A;) where [
divides m, I > 1, Ik = m and each A; =2 T is a diagonal subgroup of
T*. The corresponding primitivity degree is |T'|'(*=1).

Call 7y, ..., my, the projections m; : T™ =11 x ... x T,,, — T;. Observe
that since N is a minimal normal subgroup of G and the normalizer
Ng(U N N) is a subgroup of G containing U, either U complements N
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in G or No(UNN) = U. Define U; := m(UNN) for i = 1,...,m.
The same argument used in the proof of Lemma 9.18 shows that U; = U;
for every i,j € {1,...,m}. If Uy # T3 then, since U N N is contained in
Uy x...x U, and the latter is a proper U-invariant subgroup of N, Lemma
9.20 implies that UNN =U; x ... X Up,.

There are three possibilities for U;. In the following discussion we will
use Proposition 9.14.

Case 1. Uy = {1}.

This implies that U; = {1} for every i, so UNN = {1}. In other
words U complements N, so G = N x U and the primitivity degree is
n = |N| = |T|™. This is the so-called twisted wreath product type. We
know that G embeds in XS, where X = Ng(T1)/Cq(Th) is almost-simple
with socle isomorphic to T, in particular X embeds in Aut(T") < Sym(T).
Setting k = |T| = |T1 : U], we obtain that G embeds in Sg ! S, with
product action of degree n = k™.

Case 2. {1} < Uy < Ty.

This implies that {1} < U; < T; for every i. Since UNN =U; x...xU,,
and the U; are pairwise isomorphic, the degree of the primitive action of
G is
n=|G:U|=|UN:U|=|N:UNN|=|T":Uy x...xUp| =|T1 : U™

Let H := Ng(Th), V:=HNU = Ny(Ty) and C := Cg(Th).

We claim that U; is a maximal proper V-invariant subgroup of T3.
Assume by contradiction that Uy < R < T} and R is V-invariant. Since
UN = @G, the group U acts transitively on the m factors of N, hence
for each i € {1,...,m} there exists u; € U such that T} = T,. Set
R:=Rx R" x ... x R*. Note that U; = (UNN)NTy =UNT; hence

U=UnT)“ =UnTy"=UNT;,=UNN)NT; =U,.

Therefore U; = Uy < R%i. This implies that U N N is properly contained
in R. Since U N N is a maximal proper U-invariant subgroup of N, in

order to obtain a contradiction it is enough to prove that R is U-invariant.
Let € U. Fix ¢ € {1,...,m} and let j be such that T} = T;. Then
Rvi® < T; = Ty7, therefore R“®% < Ty. On the other hand uizuj_l
belongs to U and normalizes T7, therefore it belongs to HNT; = V. Since
R is V-invariant, we deduce that RY™; | — R, in other words R"“* = R".
This implies that R = R. This holds for every x € U, hence R is U-
invariant.

We have VCT, = H, since
HOVCT)DOVN=(HNUN=HNUN=HNG=H.

This implies that VC/C' is a core-free subgroup of X = H/C. Indeed,
since X is almost-simple, its unique minimal normal subgroup is 77C/C
and this is supplemented by VC/C since VCT; = H.
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We claim that V' is a maximal subgroup of H, which implies that
VC/C is a core-free maximal subgroup of the almost-simple group X =
H/C, therefore X is a primitive group of degree |X : VC/C|. First, note
that VC # H because if this is not the case then Ty < H = VC = CV,
therefore, being Uy # {1}, and being 77 a simple group, we have

T = (U") < (U =(UY) <U,

a contradiction. Assume the group M is such that VC < M < H, then
M NTy is a V-invariant subgroup of 73 and Uy < M NTy. If Th < M
then H = VCT; < M and H = M, contradicting our assumption. Hence
Uy < M NTy #T;. By maximality of U; as proper V-invariant subgroup
of T, we deduce that Uy = M N T}, hence

M=MNH=MNVCT, =VC(MNT,)=VCU, = VC,

being U; < V. This proves the claim.

Since Uy < VO N1y < T, Uy is a maximal proper V-invariant
subgroup of 77 and VCNTy is V-invariant, we deduce that equality holds:
U, =VCNT;. Since H=VCT;, we have

We deduce that X = H/C' is primitive of degree k = |T} : Uy| with point
stabilizer VC'/C, hence X embeds into Si. Moreover, U;C/C equals the
intersection between T3C/C and the core-free maximal subgroup VC/C
of H/C. Indeed, it is clear that U;C/C < T:C/CNVC/C, however, using
that H = VCT}, we have

o/l vesel - vl
|H/C] |H|
=Ty NVC| = |U,| = |U,C/C|.

IT,C/CNVC/C| =

Now, G embeds into X ! K where K is a transitive subgroup of S,
and X embeds into S, therefore G embeds into Si ! .S, and looking at
the point stabilizers we deduce that the action of G is equivalent to the
product action of degree k™ = n induced by S;1S,, on {1,...,k}™.

Case 8. Uy =Tj.

This implies that U; = T; for every i. For z = (t1,...,t,) € N, let the
support of x be the set

supp(z) :={ie{l,....,m} : t; #1} C{1,...,m}.

Let € be a minimal nonempty subset of {1,...,m} such that U N N
contains an element whose support is ;. Let

A:=Aqg, ={x€UNN : supp(z) C N }.
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By minimality of Q, if z € A and z # 1 then supp(z) = ;. Moreover, it
is clear that A is a normal subgroup of U N V.

Fix i € Q1. We claim that for every s € T there exists a unique g, ; € A
such that m;(gs ;) = s and that the map f; : T — A defined by f;(s) := g5
is a group isomorphism whose inverse is 7;|4. The uniqueness follows from
the fact that if g € A is such that m;(g) = s then the element gg;i1 belongs
to A and Wi(gg;il) = 1, hence gg;i1 = 1 by minimality of ;. To prove
the existence, we need to prove that m;(A) = T;. Let L; := m;(A) < T;.
Then L; # {1} by definition of ;. Since T; is a simple group, to show
that L; = T; it is enough to show that L; is normal in T;. If ¢ € T; then,
since U; = T;, there exists u € U N N with m;(u) = ¢. If x € A then,
since u € N, z and z" have the same support, hence z* € A. This implies
that m;(z%) € L; and this exactly says that ¢t~!7;(z)t € L;. Now we prove
that f; is a group isomorphism. If g € A then, letting s := m;(g), it is
clear that f;(s) = g, this proves that f; is surjective. If s,¢ € T are such
that f;(s) = f;(t) then applying m; we find s = ¢, this proves injectivity.
Since m;(g1;) = mi(1) = 1, it follows that f;(1) = g1, = 1. If s,¢t € T then
7i(9s,igt,i) = i(gst,i) = st, it follows that f;(st) = fi(s)fi(t).

We deduce that A is a diagonal subgroup of T%: indeed, setting
k.= ‘91‘7

A={(s,02(5),...,0x(s)) : s€T} <T™H,

where ¢; = m;ilao f1 € Aut(T) fori =1,...,k.

The natural action of G on the m direct factors of N gives an action
of G on {1,...,m}. We claim that £ is an imprimitivity block for this
action. Assume €; is the support of some x € UNN. If g = nu € G with
n € N, u € U, then Qs := Qf = QY is the support of y := z* € U N N.
Assume 97 N Qy # @. We claim that Q1 = Qy. Let i € Q3 N Qg, so
that m;(x) # 1 # m;(y). Since T; is simple, the conjugacy class of 7;(x)
in T; generates T; and Z(T;) = {1}. Since m;(y) # 1 there exists t € T;
such that m;(z)" does not commute with m;(y). Since U; = T;, there
exists v € U N N such that m;(v) = ¢, therefore 7;(z?) = 7;(x)*. Moreover
supp(z?) = supp(z) = ©; and m;(x¥) # 1 being 7;(z) # 1. Up to replacing
x with ¥, we may assume that m;(z) and m;(y) do not commute. If
JEQ —Qthenmj(z) # 1, m;(y) =1, and if j € Qy — Q4 then 7;(z) =1,
mj(y) # 1, therefore 7;([x,y]) = 1 unless possibly if j € Q1 N Qy, where
[,y] := 27y~ tay € UN N. This says that supp([z,y]) C Q1 N o,
therefore 1 = Q7 N Qs by minimality of €, in other words ©Q; C Qs.
Since Qg = QY. |Q1] = ||, hence 1 = Qa.

We claim that |Q] # 1. If Qq has size 1, say 1 = {i}, then there exists
an element € U N N such that m;(z) # 1 and 7;(x) = 1 for every j # 1.
Since U; = T;, for every t € T; there exists u € U N N with m;(u) = ¢,
hence UNN contains the whole conjugacy class of x, so it contains the i-th
factor, being T a simple group. Since U acts transitively on the factors, U
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contains N, a contradiction.

Assume the block system consists of [ blocks €y, ...,€;, each of size
E > 1. We have N = T*. We may consider the normal subgroups
Aq, QUNN, j=1,...,l, defined in the same way as for A, above. Note
that the group they generate is a direct product Ag, x ... x Ag, = T'.
Moreover this product equals U N N. To prove this, fix g € UN N and, for
every j € {1,...,l}, let x; € Ag, be such that there exists i = i(j) € §;
with the property that m;(g) = m;(z;). We claim that g = x1...2;.
We need to show that m.(9) = mp(z1...27) for all r = 1,...,m = kl.
Fix r € {1,...,m} and let j € {1,...,l} be such that r € Q;. By
definition of z;, there exists ¢ € Q; with m;(g9) = m;(x;), in other words
mi(h) = 1 where h = g~'z; € UNN. If z is any element of Ag, then
mi(h~'xh) = m;(x), therefore h~'xzh = x being Ag, JUNN and being the
restriction 7| Aq; Agq, — T injective. This implies that h € Cynn(Aq,),
therefore m,.(h) = 1, hence m,(g) = mr(z;) = m (21 ... 7).

We deduce that UNN = Aqg, X ... x Agq,, in particular U NN = T
Therefore

n=|G:U|=|UN:U|=|N:UNN|= |T|(k_1)l.
Now consider

Y :=T% =] T;,, H:=N¢g(Y), &:H—AuwY), C:=ker(f) =Cq(Y).

1€
Observe that H is precisely the setwise stabilizer of the block €, in
particular H acts transitively on €y (see the proof of Proposition 5.2),
therefore YC'/C' is a minimal normal subgroup of H/C.

Let A := Aq,, V := U N H. Note that since Y is a direct power of a
nonabelian simple group and A is a full diagonal subgroup of Y, we have
(AY> =Y. Now, the argument used in the proof of the case 1 < U} < T}
with U; replaced by A, T replaced by Y proves that VCY = H,
YNVC=A,YC/C is the unique minimal normal subgroup of H/C and
&(H) =2 H/C is a primitive group of type II with point stabilizer the core-
free maximal subgroup VC'/C. Moreover VC/CNYC/C = AC/C = A,
therefore H/C is a primitive group of simple diagonal type. Now an
application of the embedding argument gives that G lies inside a wreath
product H/C1S; < 5,18 where r = |T|*~! and we are in case (3) of the
theorem.

Now assume there is only one block, | = 1. Then m = k£ > 1 and
UNN =S, N=T™ In this case n = |T|™~1. Without loss of generality,
A:=UNN ={(s,...,s) : s €T} Gisa subgroup of X5, and
U = N¢g(A). Note that (z1,...,%m)7 € X 1 Sy, normalizes A if and only
if
(s,...,s)('“"“””*")Tr eA VseT,
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and this means s** = ... = s for all s € T. This implies that
-1

s"% = s for all s € T and for all 7,7 € {1,...,m} and, since the z;

are automorphisms of T', we deduce the necessary and sufficient condition

T1 =...= Xpy. This implies that
U=NgA) <{(a,a,...,a)t : a€Aut(T), 7 € S,,} = Aut(T) x Sy,
hence G = N - Ng(A) is contained in the group
{(a1,...,am)m € Aut(T)2 S, : a; =a; mod Inn(T) Vi, j},

which is an extension T™.(Out(7T') x S,,) with point stabilizer isomorphic
to Aut(T') x Sp,. We are in case (5) of the theorem, the simple diagonal
type. O

One should be careful about going “backwards” in this reasoning: for
example, if G is a primitive group of type II with socle N and A is a
diagonal subgroup of N, the normalizer Ng(A) does not need to be a
core-free maximal subgroup of G.

Exercise 9.21. Why is 60% not a primitivity degree for As1S2? Why is
60 not a primitivity degree for S5 .Ss?



Chapter 10

Not only symmetric
groups

Many properties of a group can be detected by looking at primitive
quotients. Here we use the abstract definition of primitive group: a finite
group G is called primitive if it admits a core-free maximal subgroup.
Observe that if G is any finite group and M is a maximal subgroup of G
then G /Mg is a primitive group, since the normal core of M/M¢ in G /Mg
is (M/MG)G/Z\/IG == Mc;/Mg.

Let ®(G) denote the Frattini subgroup of G, that is, the intersection of
the maximal subgroups of G. The well-known Frattini argument implies
that the Frattini subgroup of any finite group is nilpotent.

Recall that a chief factor of a group G is a quotient H/K where K IG
and H/K is a minimal normal subgroup of G/K. The chief factor H/K is
called central if H/K < Z(G/K), it is called Frattini if H/K < ®(G/K),
it is called non-Frattini if H/K € ®(G/K). A chief factor H/K is non-
Frattini if and only if it admits a supplement in G, that is, there exists
M/K < G/K such that HM = G. If H/K is an abelian chief factor of G
then it is non-Frattini if and only if it is complemented.

Let G be a finite group. Then we have the following: G is nilpotent if
and only if every non-Frattini chief factor is central, GG is supersolvable if
and only if every non-Frattini chief factor has prime order, G is solvable
if and only if every non-Frattini chief factor is abelian. Other properties
that can be detected similarly looking at chief factors are p-solvability,
p-supersolvability, p-nilpotency, where p is a prime number.

A subdirect product of a family of groups {Xi,...,X,} is a subgroup
H of X7 x...x X, such that the restrictions to H of the projections ; :
X — X, are surjective. Observe that if .4 is a family of normal subgroups
of G with trivial intersection then the canonical map G' = [[yc , G/N is
injective hence G is a subdirect product of the family {G/N : N € 4}

48
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and every chief factor of G is G-isomorphic to a chief factor of some G/N
where N € .

Recall that two groups A, B on which G acts are said to be G-isomorphic,
notation A =g B, if there is an isomorphism A — B compatible with the
action of G. For example if A and B are normal subgroups of G and G acts
on A and B by conjugation then endowing A/A N B with the canonical
conjugation action of G, we have AB/B =5 A/AN B. Since G acts by
conjugation on every chief factor of G, it makes sense to talk about G-
isomorphic chief factors.

Proposition 10.1. Let G be a finite group. Then we have the following.

1. If H/K is a non-Frattini chief factor of G then there exists a
primitive quotient of G whose socle is G-isomorphic to H/ K.

2. G/®(G) is a subdirect product of [[y;c 4 G/Mac where A is the
family of mazimal subgroups of G.

3. The prime divisors of |G| are precisely the prime divisors of the
orders of the primitive quotients of G.

In particular, parts (1) and (2) imply that properties like solvability,
nilpotency and supersolvability are recognizable looking at primitive
quotients, in the sense that they are properties P such that G satisfies
property P if and only if every primitive quotient of G satisfies property
P. This is because, since ®(G) is nilpotent, if P is any of these properties
then G satisfies P if and only if G/®(G) does.

Proof of proposition 10.1. H/K has the type S™ where S is a simple group.
If S is nonabelian then G/Cg(H/K) is a primitive group of type II with
socle G-isomorphic to H/K. If S is abelian then, since H/K is non-
Frattini and abelian, there exists a complement T/K of H/K in G/K.
Set C/K = Cr/g(H/K). Then C <G and G/C is a primitive group of
type I with socle G-isomorphic to H/K.

Part (2). Since ®(G) is the intersection of the maximal subgroups of
G, it is also equal to the intersection of the normal cores of the maximal
subgroups of G. Therefore the canonical map G — [],,c , G/Mg has
kernel equal to ®(G). The conclusion follows by the isomorphism theorem.

Part (3) follows from part (2) if we can show that every prime divisor of
|G| divides |G/®(G)|. If there exists a prime divisor p of |G| which does
not divide |G/®(G)| then ®(G) contains a Sylow p-subgroup P of G, and
since ®(@G) is nilpotent and P is characteristic in ®(G), P is normal in G,
so by the Schur-Zassenhaus theorem P admits a complement H in G. Let
M be a maximal subgroup of G containing H, then M does not contain
P, so M does not contain ®(G), a contradiction. O
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