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1 Introduction

To Errico Presutti for his constant help and encouragement.

A diffusion processes on R™ can be realized as the solution to the
stochastic differential equation

(1.1)

d&s = b(&5)dt + V2e o (€5 )dw,
=1

where b is a smooth vector field, w is a standard m-dimensional Brownian,
o is a n X m matrix field, and the parameter € > 0, that can be interpreted
as the temperature of the environment, will eventually vanish. We shall
impose conditions on b and ¢ which ensure the ergodicity of the process
€.

An additive functional {Ar}r>o of £€° is a real-valued, progressively
measurable, functional of £° vanishing at 7" = 0 and such that Ap,g =
A7 + Ag o O, where 61 denotes the translation by T. Readily, functions
of the occupation measure, i.e. functional of the form

T
ATZ/O dtf(€5),  f:R" >R, (1.2)

are examples of additive functionals. The basic question that we here
address is the behavior of additive functionals in the joint limit in which
the time window [0,7] diverges and the noise ¢ vanishes. More precisely,
we establish a large deviation principle in such joint limit. According to
the specific system modeled by (1.1) and the details of the experimental
setting, both the regimes e < T~ and £ > T~! are relevant.

According to the Donsker-Varadhan ideology [11-14], rather than fo-
cusing on a single additive functional, the large deviation principle is bet-
ter formulated for a whole family of additive functionals. This is formally
realized by analyzing the asymptotics of the empirical process and the cor-
responding large deviations are usually called at level three. Of course, the
rate function for a specific additive functional can then be obtained by
projecting the level three rate function.

To purse the joint limit 7' — oo and € — 0 there are two simple al-
ternatives. (i) By taking first the limit e — 0 the large deviations of the
empirical process can be obtained by lifting the Freidlin-Wentzell asymp-
totic [15] to the set of translation invariant probabilities on the path space.
The limit as T — oo is then achieved by analyzing the variational con-
vergence of the corresponding, T-dependent, rate function. (ii) By taking
first the limit 7" — oo the large deviations of the empirical process are di-
rectly given by the level three Donsker-Varadhan asymptotic [11-14]. The
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limit as € — 0 is then achieved by analyzing the variational convergence of
the corresponding, e-dependent, rate function. We here follow both these
alternative and show they lead to the same conclusion, the resulting rate
function being particularly simple to describe: it is the expectation of the
Freidlin-Wentzell rate function per unit of time. When the deterministic
dynamical system obtained by setting ¢ = 0 in (1.1) has not a unique
attractor, as it is the case for metastable processes, this large deviation
rate function has not a unique zero. Therefore higher order large devia-
tions asymptotics can be investigated. For these asymptotics, the order
of the limit procedure ¢ — 0 and T — oo becomes relevant. We refer
to [5,10,23,24] for the corresponding analysis in the context of reversible
processes when the limit € — 0 is taken after T — oco.

In the context of non-equilibrium statistical mechanics, a relevant ad-
ditive functional not of the form (1.2) is the Gallavotti-Cohen observ-
able [16,21,25,26]. As we here discuss, its large deviations in joint limit
in which the time window diverges and the noise vanishes can be obtained
by projection.

The analysis here performed shares common features with the one car-
ried out in [4] for the weakly asymmetric exclusion process in the hydrody-
namic scaling limit. The present setting avoids the technicalities involved
in hydrodynamic limits and the core of the argument is more transpar-
ent. On the other hand, the non-compactness of the state space requires
additional estimates.

Acknowledgments. We thank G. Di Gesu and M. Mariani for useful
discussions. We are also grateful to R. Raquépas for a discussion on the
relationship between our and his work.

2 Notation and main result

We denote by - the canonical inner product in R™ and by | - | the corre-
sponding Euclidean norm. For ¢ > 0 we consider the diffusion process on
R™ with generator L, defined on C? functions on R™ with compact support
by

L.f =eTr(aD?*f) +b-Vf (2.1)
where D2 f, respectively V£, denotes the Hessian, respectively the gradi-
ent, of f and ¢ = {a;,(:), 4,5 = 1,...,n}, respectively b = {b;(:), i =
1,... ,n}, are the diffusion matrix and the drift. We suppose that the
vector field b admits the decomposition

b=—-aVV +c. (2.2)
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Hereafter, we assume without further mention that a,V,c meet the fol-
lowing conditions in which we denote by M, the set of symmetric n x n
matrices.

Assumption 2.1.

(i) V belongs to C*(R"™), V > 0, | llim VV(z) - % = 400, and there
T|—00

exists g > 0 such that

lim {VV(x) ca(x)VV(z) — EOTr(a(x)D2V(x))} = +o0;

|| =00

(ii) ¢ belongs to C*(R™;R™) and it is bounded with bounded derivatives;

(iii) @ belongs to C?(R"™;M,,), it is bounded with bounded derivatives,
and it is uniformly elliptic, i.e., there is constant C' > 0 such that
v-a(z)v > C7v|? for any z,v € R™.

The process generated by L. and initial condition z € R™ can be re-
alized as the solution to the stochastic differential equation (1.1) choosing
o a globally Lipschitz matrix field satisfying a = oof. In the present
context, the vector field b is not necessary globally Lipschitz; however As-
sumption 2.1 implies there exists a unique strong solution to (1.1), see
e.g. [19, Thm. 3.5]. We shall denote the law of £ by P¢ that, given T' > 0,
we regard as a probability on C([0, T]; R™).

We denote by D(R;R™) the space of cadlag paths with values on R™
that we consider endowed with the Skorokhod topology on bounded in-
tervals and the associated Borel o-algebra. Given T' > 0 and a path
X € O([0,T];R"™) we denote by XT € D(R;R") its T-periodization, i.e.,

(XT)e == X4 |77 teR.

Observe that X7 is T-periodic and continuous except at the times kT,
k € Z where it has the jump of size Xg — Xp. For ¢t € R we denote by
0:: D(R;R™) — D(R;R™) the translation by ¢ namely, (6;X)s := X4,
s € R. We finally denote by Py the set of translation invariant probabilities
on D(R;R™), i.e. the set of Borel probabilities P satisfying Pof; ' = P for
any t € R. We consider Py endowed with the topology induced by weak
convergence and the associated Borel o-algebra.

Given T > 0, the empirical process is the map Rp: C([0,T];R™) — Py
defined by

1 T
RT(X) = T/O dtdgth (23)

Note indeed that, by the T-periodicity of X7, the right hand side defines
a translation invariant probability on D(R;R™).
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Our main result establishes the large deviation principle for the family
of probabilities on Py given by {P5 o R;:'} in the joint limit ¢ — 0 and
T — oo. Let us first recall the Freidlin-Wentzell functional associated
to (1.1). Given T' > 0, denote by Hy = H;([0,T]) the set of absolutely
continuous paths X: [0,7] — R™ such that fOTdt|Xt|2 < 400 and let
Ito,ry: C([0,T];R™) — [0, +00] be the functional defined by

1T » . '
Ty (X) = i/o dt[ Xy —b(Xe)] - a N (X) [ Xy — b(Xy)] if X € Hy,

+00 otherwise.
(2.4)
We regard Ijg 7] as a functional on D(R;R™) understating that It 7y(X)
is infinite if the restriction of X to [0, 7] does not belong to C ([0, T]; R™).
We then let J: Py — [0, +00] be the functional defined by

I(P) = / dP(X) Ip.1y(X). (2.5)

Observe that J is affine and, by the translation invariance of P, if J(P) <
400 then P-a.s. t — X; is absolutely continuous. In the next state-
ment we use the shorthand notation mm for either lim._,olimp_ o O
lim7_ o0 lim._,o. Analogously, lim;. . stands for either lim__,, lim; ,  or

limp_, lim__,.

Theorem 2.2. Ase — 0 and T — oo, the family {PZORF, T>0,e> O}
satisfies, uniformly for x in compacts, a large deviation principle with speed
e~ T and rate function 3. Namely, for each compact set K CC R"™, each
closed set C C Py, and each open set A C Py

o € e .
— < —
hr,ral lSllp log Pz (RT S C) lnfé j(P) ,

. . € .
% xlgf( T logP, (Ry € A) > — Fl)relg I(P) .

Moreover, the functional J is good and affine.

Referring to Section 5 for an application of this result to the asymp-
totics of the Gallavotti-Cohen observable, we next mention some of its
possible developments. While Theorem 2.2 suggests that the large devia-
tions hold whenever (¢,T) — (0, +00), the proof relies in computing first
the limit as 7" — co and then € — 0 or the converse. It thus appears that
a truly joint limit requires new methods. In the case in which the limit-
ing deterministic dynamical system obtained by setting ¢ = 0 in (1.1) has
more than a single stationary probability, as it is the case for metastable
processes, the zero level set of the functional J is not a singleton. In the
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spirit of the so-called development by I'-convergence, see e.g. [7, § 1.10], it
is then possible to investigate higher order large deviations asymptotics. In
the case of reversible diffusions, this development for the Fisher informa-
tion, i.e. the Donsker-Varadhan level two rate function for the occupation
measure, has been achieved in [10]. The corresponding analysis for finite
state Markov chains has been carried out in [5,23,24]. We emphasize
that the limits as T — oo and ¢ — 0 do not commute for the higher
order large deviations. While the present analysis is carried out for non-
degenerate diffusion processes, the problem of computing the small noise
limit of the level three Donsker-Varadhan functional can be formulated for
general Markov processes. According to (2.3), the empirical process has
been defined in terms of the T-periodization of the path. While this choice
is not relevant for the statements in Theorem 2.2, it will affect the higher
order large deviations.

3 Large time limit after small noise limit

Recalling (2.4), for T' > 0 and x € R" let I ;- C([0, T];R™) — [0, +o0]
be the functional defined by

I[OT](X) ifX():{L‘7
Tor(X) =9, 3.1
[O’T]( ) {-l—oo otherwise. (3.1)
Let also Jf, 72 Pg — [0, +0c] be defined by

(0,7 (P) := inf {1t 74(X), Rr(X) =P}, (3.2)

where we adopt the standard convention that the infimum over the empty
set is +00. Note that, for X € C([0,T];R™), if X(0) # X(T') or if X(0) =
X(T) = z, then Jo.1 (P) = 16 1 (X). In contrast, if X(0) = X(T) and
X(0) # @, Ijg (X) = 400 and Jj 7(P) may be finite if X(t) = « for
some 0 < ¢ < T'. In view of the continuity of the map C([0,T];R") 5 X —
Rr(X) € Py, the following statement follows directly, by the contraction
principle, from the Freidlin-Wentzell asymptotics [15]. The present case of
an unbounded vector field b is covered by [1, Thm. I11.2.13].

Lemma 3.1. Fix T > 0. Ase — 0 the family {]P’; oR;l, € > 0} satisfies,
uniformly for x in compacts, a large deviation principle with speed e~ and
good rate function Jﬁ)’T]. Namely, for each © € R™, each sequence x. — x,
each closed set C C Py, and each open set A C Py

sli_r% elogP; (RreC) < —glelfcjﬁ)j] (P)

lim elogP; (Rr € A) > — glelaja[co,T] (P).

e—0
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In order to achieve the proof of Theorem 2.2 we next analyze the vari-
ational convergence of the family of functionals {7~ 3?07T]} as T — oo.
With respect to the standard framework of I'-convergence, see e.g. [7], in
the present setting there is the additional dependence on the parameter =z,
for which we need uniformity on compacts.

Theorem 3.2. Fir a compact set K CC R".

(i) If a sequence {Pr} C Py satisfies limp T’lﬂﬁ)fT](PT) < 4oo for
some {xr} C K then {Pr} has a pre-compact sub-sequence.

(ii) For any P € Py, any sequence {xr} C K, and any sequence Pr — P

N
Jim I (Pr) 2 9(P).
—00

(iii) For any P € Py and any sequence {xr} C K there exists a sequence
Pr — P such that

=— 1
Th_{rio TJ[OT,T] (Pr) < I(P).

Assuming the above result, we first show that it implies the large devi-
ations of the empirical process in the limit in which first the noise vanishes
and then the time interval diverges.

Proof of Theorem 2.2 (T — oo after ¢ — 0). We start by showing that the
rate function is good. Since I 7} is lower semi-continuous, by Portman-
teau theorem, J is also lower semi-continuous. It thus suffices to show that
J has pre-compact sublevel sets. In view of the conditions in Assump-
tion 2.1, by expanding the square in (2.4) we deduce there are constants
v, C > 0 depending only on V, ¢, a such that for any X € C([0,T]; R™)

Iio. ) (X) >

N |

T
V() =V (X)) +7 [t [1Xi P+ 9V (X0 —CT. (33)

Take expectation with respect to P. The translation invariance of P and
the bound Ijg ry5)(X) < Ijom(X) + Ijp,)(0-7X) yields that for each
bounded interval [T}, T3]

/TzthtF] <C[1+3P)] (3.4

T

/ dP(X) [IVWXON2 T on

for a new constant C. By the assumptions on V' and standard criterion,
see e.g. [6, Thm. 8.2], J has pre-compact sublevel sets, as claimed.
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To prove the upper bound, we first observe that the Feller property
of the semigroup generated by L. and the continuity of Ry imply that
for each closed set C C Py the map x — PS(Rr € C) is upper semi-
continuous. Therefore, given a compact set K CC R", there exists a
sequence {zr .} C K such that

sup P, (Rp € C) =P, (Rr € C).

xT,
zeK ©

By passing to a not relabeled sub-sequence we may assume that the se-
quence {Zr.}e>0 converges to some zr € K. From Lemma 3.1 we then
deduce o

lim sup elog P} (Rr € C') < — inf J57. (P)

e=20 ek pec 1071
so that
€ 1
0 0 =~ & < — i 3 _qxT .
A, Iy g s (fr € ) < = lim Inf, 770 ()

ljﬁ)TT] (P) = 400 the right-hand side above is trivially
bounded above by — inf pec I(P). If conversely lim . inf pec T71IFT . (P) <

0,7]
+00, there exist sequences T, — oo and {Py} C C such that

If limy infpec T~

A B en®) = I 7 e (B

By item (i) in Theorem 3.2, there exists P* and a further sub-sequence,
still denoted by {P} C C, converging to P*. By the goodness of the rate
function Jig 7, P* € C, and, by item (ii) in Theorem 3.2,

. 1 e, X .
klggo ﬁj[oka](Pk) >I(P*) > lyelij(P)
which concludes the proof of the upper bound.

To prove the lower bound, observe that, again by the Feller property
of the semigroup generated by L. and the continuity of Ry, for each open
set A C Py the map z — PL(Rr € A) is lower semi-continuous. Therefore,
given a compact set K CC R, there exists a sequence {zr .} C K such
that

xlélf{ P;(RT € A) = ]P’iT’E (RT S A)
By passing to a not relabeled sub-sequence we may assume that the se-
quence {zr7.}e>0 converges to some zr € K. From Lemma 3.1 we then
deduce

. . £ > xT X
iljn(l)xlg]f(slogpw (Rre A) > ;relg j[O,T](P)
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If infpeaJ(P) = +o0, then the right-hand side is bounded below by
—inf pe 4 I(P), and the lower bound of Theorem 2.2 is proved. Conversely,
assume that infpeg J(P) < +oo. In this case, given 6 > 0, let P* € A
be such that infpec4 I(P) > J(P*) — ¢. By item (iii) in Theorem 3.2, for
{zr} C K as above there exists a sequence {Pr} converging to P* and
such that limp 7~ 1JE§JTT]( Pr) < J(P*). Since P* € A, Pr — P* and A is
an open set, Pr € A for T large enough. Therefore,

1 xrT
L lim inf 7 log 5 (Rr € 4) > = Tin 7. inf, 37 (P)

= 1 .
> — lim Tj[o T](PT) > -J(P*) > — mf J(P) — 0,

T—o0
which, by taking the limit § — 0, concludes the proof. O

To prove Theorem 3.2, we premise a density result on set of translation
invariant probability measures on D(R;R™). An element P in Py is said to
be S-holonomic if there exists a S-periodic path Y € C(R;R™) such that

1 S
p:f/ dt sy, (3.5)
S Jo

where we emphasize that we require Y to satisfy Ys = Y;. An element of
Py is holonomic if it is S-holonomic for some S > 0; it is smooth holonomic
when the path Y in (3.5) belongs to C1(R;R").

Lemma 3.3. Fiz P € Py satisfying J(P) < +oo. There exist a triangular
array {a" neN,i=1,...,n} with o) >0, >, a =1 and a triangular
array {P", neN,i=1,... ,n} of smooth holonomic probability measures
such that by setting P := Y. o' P/ we have P"* — P and J(P") — J(P).

K2

Proof. We follow the argument in [4, Thm. 4.10], see also [2] for similar
results.

The proof is achieved, by a diagonal argument, from the following
claims. Recall that P € Py is ergodic when the tail o-algebra is P-trivial.

Claim 1. Let P € Py be such that J(P) < +oo. There exist a triangular
array {a', n €N, i =1,...,n} witha? >0, > " ; o = 1 and a triangular
array {P", n € N;i=1,...,n} of ergodic probability measures such that
S alP — Pand Y., aI(P") — I(P).

This follows directly from the fact that the ergodic probabilities are
extremal in Py and J is affine.

Claim 2. Let P € Py be ergodic and such that J(P) < +oo. Then there
exists a sequence P" — P such that J(P") — J(P) and for each n the
probability P™ is holonomic.
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Recalling (2.3), to construct the required sequence set

Ap = {X € D(R;R™): lim Rp(X)=P and lim —I[o 7(X) :J(P)}.

T—o0 T—oo T
Since J(P) < +o0 then I}y 1) € L1(dP). The Birkhoff’s ergodic theorem
then implies P(Ap) = 1. Pick an element Y € Ap. By definition, the
T-holonomic probability associated to the T-periodization of Y converges
to P but, in general, its rate function does not since when T-periodizing
paths we may insert jumps. This issue is easily solved by modifying the
path Y in the time interval [T — 1,7T] in such a way that Yr = Yy and
Tﬁll[T_LT] (Y) — 0.

Claim 3. Let P € Py be holonomic and such that J(P) < +oo. Then there
exists a sequence of C'' holonomic probability measures P, € Py such that
P" — P and J(P") — J(P).

The required sequence is constructed by taking the convolution 2, * X
where 2,, is a smooth approximation of the identity and X is the continuous
periodic path associated to the measure P. O

Proof of Theorem 3.2.

Item (i). By assumption, there exist a finite constant Cy and sequences
T, = o0, x; € K, and P; € Py such that J[OT]( ) < CoT;. Fix j. By
definition of J; 0.75] (P;), there exists Y € C([0, T;]; R") satisfying Ry, (Y') =
P, I j]( ) < J‘r] j](Pj) + 1. As the rate function is finite, Y (0) = ;.

[0,T. [0,T
By (3.3) and since V > 0,

1 (5 )
EAdNW@|

g;Tijj) [C+ [OJTJ](P)]

JELESIEe; e
3.6

Since I[%’;Tj]( ) < jFOJT ](Pj) + 1 and z; belongs to a compact, the right-
hand side is bounded by a finite constant, uniformly in j.

The bound on the continuity modulus is somewhat more delicate as the
T-periodization introduces, in general, jumps. On the other hand, given
Ty < Ty and P = Rp(Y) for some Y € C([0,T];R™), the P probability of
observing a jump in the time window [T}, T»] is at most (T5 — T1)/T. For
0 >0,T; < Ty, and X € D(R;R"), introduce the continuity modulus

wal,Tg](X) = sup [X; — X,
t,s€[T1,Tz]
[t—s|<d
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By the Cauchy-Schwarz inequality, if the restriction of X to [T}, T»] belongs
to Hl([Tl, Tg]) then

TQ .
Wiy 1) (X)? <6 A dt| X%

In view of the previous observations, if P = Rp(Y) for some Y satisfying
I 1’67T} (Y) < 400 for some z € K, from Chebyshev inequality we deduce
that for each ¢ > 0

Ts — 1T (Tg—Tl)él/T -

Tt 7/ dt|Y|
T —T; Ty —T7 1

< 22 1+( 2 1)5{

1
e |4 CH+ =I5 m(P)].

IA

P(WESTI,T2] > <h)

where we used (3.3) in the second step.

By standard criterion on tightness of probability measures on D(R;R™),
see e.g. [6, Thm. 15.5], the previous displayed bound together with (3.6)
yield the statement.

Item (ii). If Jf, 7 (P) < 400 then there exists Y € C([0, T];R™) such that
P=Ry(Y)and for T > 1

T—1
B0y (P) = I 1y (V) > Loz (Y) > / dt Iy (0—,Y )
=(T-1) / dP(X) Ijp 1)(X)

where we used (3.1) in the second step and we have set

~ 1 T-1 T 1 T
Pi=_— dtbpyr = pP- dtSg,yr. (3.7
T-1/, A | /T_1 oyt (37)

Consider now P € Py and sequences {z7}, Pr — P as in the statement.

By passing to a not relabeled sub-sequence we may assume that Pr =
Ry (Y) for some Y = Y(T) € C([0,T];R"). Letting Pr be defined as in
(3.7) we then have Pr — P and

1., . T-1 [ -
lim 950 (Pr) > lim —— [ dPr(X) Ijp1)(X)

T—o0 T—o0

> /dP(X) Ijp,1)(X) =3(P)

where we have used the lower semi-continuity of Ijg 1.
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Item (4ii). In view of Lemma 3.3, it suffices to consider the case in which

P is smooth holonomic, i.e. P = S~1 fosds 0g,y for some S > 0 and some
S-periodic path Y € C*(R,R™). In particular, J(P) = S~ Ijg g (Y).

Given z,y € R™ let Y*¥ € C([0,1];R™) be the affine interpolation
between z and y, i.e. V;"¥ = x(1—t)+yt, t € [0,1]. By a direct computation
there exist C'(|z|, ly|) > 0 depending on V¢, a such that

Loy (YY) < C(J=], lyl)-
For T > 0 and a sequence {z7} C K as in the statement, let ¥ &
C([0,400); R™) be the path defined by

v yrrYo if ¢ eo,1],
LA ift>1,

and set Pr := Rp(Y). Then Py — P and for T > 1
Torr (Pr) = Iy (V) = Ty (Y*) + Tpp, 71y (Y)

so that

1I[o:r y(Y)| =9(P)

1
lim 3[0 n(Pr) < hm [T sup C(|xl], |Yo]) + T

T—oo T

by the S-periodicity of Y. O

4 Small noise limit after large time limit

By Assumption 2.1 and standard criteria, see e.g. [19, Thm. 3.7 and
Cor. 4.4], for each € > 0 the process £° that solves (1.1) admits a unique
invariant probability 7°. We denote by P%. the corresponding stationary
process, that we regard as a probability on D(R;R™). For fixed € > 0, the
Donsker-Varadhan theorem [9,11-14,30] states the large deviation princi-
ple as T — oo for the family {PZ o R;l}T>0 with rate function given by
the relative entropy per unit of time with respect to PZ.

We first introduce such rate function by a variational representation.
For T > 0, let H=(T,-): Py — [0, +00] be the functional defined by

HE(T,P) = sup /dP(X) {@(X) — log B, (e*P)}, (4.1)

where E: denotes the expectation with respect to P, x € R"™ and the
supremum is carried over the bounded and continuous functions ¢ on
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D(R,R™) that are measurable with respect to 0{X,, s € [0,T]}. Let then
He: Py — [0,400] be the functional defined by

1 1
HEP) = sup 5 9C(T,P) = lim 2 3¢(T, P), (4.2)

where the second identity follows from the inequality before [30, Thm. 10.9].
By [30, Thm.s 10.6 and 10.8], the functional H. is good and affine.

We next characterize H¢ as the relative entropy per unit of time with
respect P.. Given Ty < T5, denote by vp, 1, D(R,R™) — D([T1,T»],R™)
the canonical projection. Given two probability measures P!, P2, let
Hiry, 1) (--) be the relative entropy of the marginal of P? on the time
interval [T}, T,] with respect to the marginal of P! on the same interval,
ie.,

dP[QT1 T3]
dPL, .
(4.3)

where P[jThTQ] = Pioug!p,, j=1,2. By [9, Thm. 5.4.27], for each P € Py

j{[Tl,Tz} (P2|P1) = Ent(P[zTLTQHP[lTl,Tz]) = /dP[2TlvT2] log

o1 1
HE(P) = lim 7Ho.1] (P[P5:) = SUp 7 Hio.11(P|Pse), (4.4)

where the second identity follows by a super-additivity argument which
stems from [30, Lemma 10.3].

Recalling that g9 > 0 is the constant appearing in item (i) of Assump-
tion 2.1, the large deviation principle in the limit T — oo is then stated
as follows.

Lemma 4.1. Fiz ¢ € (0,e0). As T — oo the family {P5 o R7', T >
O} satisfies, uniformly for x in compacts, a large deviation principle with
speed T' and good affine rate function H®. Namely, for each compact set
K CcC R", each closed set C C Py, and each open set A C Py

— 1
lim — log P < — inf HE(P
A, 7 SuplosFe(Br € €) < = il 36(P)
1
N - > <(P).
TI%I; ;g}f{logﬂ”x (Rr € A) > I;Iégﬂ-f (P)
Proof. The statement follows from [30, Thm.s 11.6 and 12.5], we only need
to check that the hypotheses of those theorems are met.
Regarding the upper bound, given v € (0, 1) set
g

ue(z) := exp {gV(I)}, z € R"™. (4.5)
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We claim that Assumption 2.1 implies that u. meets conditions (1)—(5)
in [30, Pag. 34] for any ¢ € (0, () and a suitable v € (0,1). Indeed, u. > 1
and u. is bounded on compacts. Moreover, by a direct computation,

L
Wei= == = L{(1=9)VV -aVV —c- VV = Tr(@D?V)|  (4.6)

satisfies inf, W, (x) > —oo and lim|;_,o W.(2) = 400 for 7 small enough.
Even if u. does not really belong to the domain of the generator L., it
is straightforward to introduce a cutoff function ¢, : R™ — (0,400) such
that wue, := uc ¢, belongs to the domain of L. for each n € N and the
sequence {u. ,, n € N} satisfies conditions (1)—(5) in [30, Pag. 34].
Regarding the lower bound, denote by p°(t,z,-), t > 0, z € R™ the
transition probability of the Markov process £ and by « the Lebesgue
measure on R”. By standard parabolic regularity, p°(1, x, -) satisfies con-
ditions I-II in [30, Pag. 34]. O

In view of the argument presented in the previous section, the proof
of Theorem 2.2 is completed by the variational convergence of ¢ H® to J.
As the z-dependence has disappeared in the limit T — oo, the following
statement amounts to the standard I'-convergence of the sequence {e H¢},
see e.g. [7], together with the pre-compactness of sequences {P.} with
equi-bounded rate function.

Theorem 4.2.

(1) If a sequence {P:} C Py satisfies lim_e H*(P.) < +oo then it has a
pre-compact sub-sequence.

(ii) For any P € Py and any sequence P. — P

lim = He(P.) > I(P).

e—0

(iii) For any P € Py there exists a sequence P. — P such that

Tim £ 1 (P.) < I(P).

e—0

We next prove separately the three statements, each one having a pre-
liminary lemma.

Lemma 4.3. The sequence {P5.} C Py is exponentially tight, i.e., there
exists a sequence of compact sets Ky CC D(R,R™) such that

lim lim € log P5. (K§) = —oo0.

l—00 e—0
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Proof. We first show that {7} is an exponentially tight family of probabil-
ities on R™. Observe that, by ergodicity, 7¢ = limp_, o, 71 fOTdt P5(X; €
-). Recalling (4.5), for R > 0 let uff: R™ — [1, +00) be a smooth function
such that

i [ 20

if |z| < R.

In view of Assumption 2.1 and (4.6), there are R, o > 0 such that for any
e small enough L.uf < —auf so that

t
B (u'(X) < 1-a [ dsE3(ul'(x.).
0
Whence, by Gronwall’s lemma, sup, E§ (uf(t)) < 1. By changing the
value of the parameter v € (0, 1) in (4.5), this bound provides the uniform
integrability of uZ with respect to {T’l fOTdt P (X € Therefore,
by ergodicity,

/dﬂ's(l‘)u§ :Thjgclx;i/ dt]EE Xt)) <1

which, by Chebyshev inequality, yields the exponential tightness of {m¢}.

We now observe that the Freidlin-Wentzell asymptotics implies that
for each T' > 0 the family {P<}.~¢ is exponentially tight on C([0,T]; R™)
uniformly for z in compacts. Since PS. = [dn®(x)PS, the statement
follows. O

')}T>0'

Proof of Theorem 4.2, item (i). Fix T < T5. By the basic entropy in-
equality, see e.g. [20, Prop. A1.8.2], and (4.4), for any P € Py and any
event B on D([T1,Ts]; R™)

10g2 + (TQ — Tl) j‘fg(P)
log (1+ [P5-(B)] ")

P(B) <

The statement now follows from Lemma 4.3. O

As just proven, sequences {P.} with equi-bounded rate function admit
cluster points. We next show they enjoy some regularity.

Lemma 4.4. There is a constant C' > 0 depending on V, c,a such that the
following holds. If {P.} C Py is a sequence converging to P then for any
T, < Ty

e—0

/dP(X) [|VV(XO)\2 + 7 iTl /;dt Xﬁ} < 0[1 + @g%E(PE)}.
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Proof. In order to obtain the estimate on [dP(X)|VV(Xp)|?, we first
prove the following bound. There are constants v, C' > 0 such that for any
T>0

T
malogEig(eXp{Z/ AtV (X) ~a(Xt)VV(Xt)}> <C(L+T). (4.7)
e—0 € Jo
For A € (0,1) to be chosen later, let M* be the P$ martingale given by
/ VV(X,) - (dXs — b(X,)ds)

where we understand the It6 integral. Its quadratic variation is

2)\2
(M), = . ds VV(Xs) - a(Xs)VV(Xs).
0
Setting @) := Ma — (1/2)(M*)7 and recalling that b = —aVV + ¢, from
t0’s formula we get

) = ;\{V(XT) —V(Xo) + /Tdt [(1 —MVV(Xy) - a(X)VV(Xy)

— eTr(a(Xy)D*V(Xy)) — VV(Xy) - C(Xt)} }

Assumption 2.1 implies that for each o € (0,1 — \) there is a constant C,
such that for any € small enough

o) > g{ V(Xo) = Oy + (1— A — 0)/0 dtVV(X,) ~a(Xt)VV(Xt)}.

Hence, setting v := A (1 — X —0)/2,

V/TdtVV(Xt) a(X,)VV(X,) < <1>T+ [C T+ V(X))
0

e

so that, by Cauchy-Schwarz,

{E;E (e% ffdtvth)‘a(xf,)vth))}2 < TR, (e27) /dﬁe eV,

We deduce the bound (4.7) by observing that E:. (eq’%) = 1 and, as follows
from the proof of Lemma 4.3, that there exists A € (0, 1) for which

lim ¢ log /dwe ezV < 4oo.
e—0
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By the variational characterization of the relative entropy, for any P. €
Po

/dPE(X) /ontVV(Xt) - a(X,)VV(X,)

< € log EZ. (e% fOTdtVV(Xt)'“(Xt)VV(Xf)) + EfH[o,T] (P:|P:).
Y Y

If P. — P, by the translation invariance of P, Fatou’s lemma, the previous
bound, (4.4) and (4.7),

/ dP(X) YV (Xo) - a(X0) YV (Xo)
- /dP(X) % /TdtVV(Xt) La(X)VV(XY)
0

<1im [dP.(X / AV (X,) - a(X)VV (X))

e—0

C 1 1. .
< W(1+T)+viljrr(l)59{ (P.) .

As the left-hand side does not depend on €, we may choose at the beginning
a sequence € which achieves the liminf on the right-hand side. Since a is
uniformly elliptic, the first assertion of the Lemma is proved.

In order to obtain the estimate on the derivative, we next prove the
following bound. There are constants 1, v2, C > 0 such that for any 7" > 0
and any v € C'([0, T]; R™) with support in (0,7")

T
. Y1 .
Eh_r}r(l]slogEfrE (exp {?/0 dt[iy - Xy — yolve]?] }) <C1+T). (4.8

For A > 0 to be chosen later, let M* be the PZ martingale given by

t
M) = —? ; Vg - (dXS - b(Xs)ds)

whose quadratic variation is
8)\2
(M?™) Ay, / dsvg - a(X

Set @2 := M2 — (1/2)(M™)7 and recall vy = vy = 0. Integrating by parts
and using Assumption 2.1 we deduce there are constants 72, C > 0 such
that

Ao CA T
g/ dt [ty Xy —7ave]?] < <I>T+—{T+/ dtVV(Xt)-a(Xt)VV(Xt)}.
0 0
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By choosing A small enough and using ES. (eq’:}) = 1 together with (4.7)
we thus achieve the proof of (4.8) by Cauchy-Schwarz.

Pick a family {v*} of paths in C1((0,7);R") with compact support
and dense in L2((0,7);R™). Assume that v* = 0. In view of (4.8), the
variational characterization of the relative entropy, and a classical argu-
ment which allows to bound a maximum over a finite set in exponential
estimates, there exists a constant C' > 0 such that for any N € N,

T
lim [dP.(X) max /dt[@f-xt—yﬂvﬂz}
0

e—=0 kE{l,...,N}
<CO1+T) [1 + @e%s(pg)}.
e—0

Since P. — P and v!' = 0, from Fatou’s lemma we deduce

T
. 2 . €
/dP(X) ke{rrﬁ%}/o dt[oy - Xy —y2|vf|”] < C(1+T) {l—l—iljnée}( (pg)]

whence, by monotone convergence,

T
/dP(X) sup/ dt[of - Xy — 2|0 7] < Co(1+T) {1 - maﬂa(PE)}.
keNJO e—0

Since the family {v*} is dense in L2((0,7); R") this estimate implies that
P-a.s. X belongs to H1([0,T]) and, by the translation invariance of P, the
second part of the bound in the statement. O

Proof of Theorem 4.2, item (ii). For § > 0 let 15 be a smooth probability
density on R with support contained in (0,6). For X € D(R;R"™) let
15 % X € C°(R;R™) be defined by

(156 % X )y := /d825(t — 8) X,

where, by the support property of 15, we can restrict the integral to (¢—9, t).
In particular, %15 * X =25+ X. Given w € C’(R" x R™;R™) bounded, let
W5 be the R"™-valued function on R x D(R;R"™) defined by

Wis(t, X) = xs() w( (26 % X), (15 % X):),

where y5: R — [0,1] is a smooth function satisfying xs(t) = 0 for ¢t < §
and xs(t) = 1 for t > 2§. Note that, by construction, Ws(,-) is continu-
ous, bounded, and measurable with respect to the o-algebra generated by
(X, s €01
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Consider now the PZ-martingale M%¢ defined by
1 t
Mf’s = 2/ Ws(s, X) - (dXs — b(X,)ds)

0
whose quadratic variation is

2 t

(M%), = g/ ds Ws(s, X) - a(Xs)Ws(s, X).
0

Let finally ®5.: D(R;R™) — R be the 0{Xj;, s € [0,1]} measurable func-
tion defined by

1
B0 = MO — 5(M“)1

and observe that EZ (e%ﬂs) =1,z eR"

Even if ®;. is neither continuous nor bounded, by a truncation pro-
cedure whose details are omitted, see e.g. [30, Lemma 6.2] for a similar
argument, we can take ® = ®; . in the variational representation (4.1). If
{P.} C Py is a sequence converging to P, by (4.2) and the regularity of P
in Lemma 4.4 we deduce that

lim e H*(P;)

e—=0

/dP /dt Wi(t, X) - (X, — (X)) — Wi(t, X) - a(X)Ws(t, X)).

In view of Lemma 4.4 and dominated convergence, we can take the limit
as § — 0 inside the integrals on the right hand side above. We thus infer
that for any bounded w € C'(R™ x R™;R")

lim e H°(F)

> /dP(X)/Oldt [w(xt, Xp)-(Xp — b(Xy)) — w(Xt,Xt)-a(Xt)w(Xt,Xt)]

Recalling (2.4) and (2.5) we conclude, using again Lemma 4.4 and dom-
inated convergence, by considering a suitable sequence {w,} with w,
bounded for each n and converging pointwise to w* with w*(z,y) =

(1/2) a(z) ™[y — b(z)]. 0

In view of density result proven in Lemma 3.3, in order to construct
the recovery sequence in item (iii) of Theorem 3.2 it suffices to consider
the case in which P is smooth holonomic, i.e. P = S~! fosds dg.y for
some S > 0 and some S-periodic path Y € C'(R,R"). To construct the
sequence {P.} for such P, pick first U: R™ — R such that: U € C?*(R"),
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the minimum of U is uniquely attained at @ = 0, the Hessian D?U(0) is
strictly positive definite, and U = V outside some compact set K CC R".
Consider now the non-autonomous stochastic differential equation

dn; = Bg(t,nts)dt + \/%a(nf —Y:)dw, (4.9)
=1
where
be(t,x) == —a(x = Y)VU (x = Y;) +eV-alz = Y1)+ Y,  (4.10)

in which V -a is the vector field given by the divergence of a, i.e. (V-a); =
> j 0ja; ;. Note that b. is S-periodic in the first variable. Denote the law of
n°® by QZ and let ;1° be the probability on R™ whose density is proportional
to exp{—U/e}. Set finally v° := p(Yy + ) and QS. := [dve(x) QE.

174

Lemma 4.5. The probability Q%. is invariant with respect to 0s. Further-
more Q5. — dy as e — 0 and for each € € (0,e9) there exist a constant
C. such that for anyn € N and s € [0, 5]

E € € —1 %
n [0,nS] (Quf o 95 ) < n

S
+i/d@f,a(X)/0 dt [be(t, Xy) — b(Xs)] - ™ (Xe) [be(t, X¢) — b(Xy)].

Proof. By direct computation Qf. is the law of Y + ¢ where (° is the sta-
tionary process associated to the autonomous stochastic differential equa-
tion

¢ = [~ a(¢))VU(CF) + eV - a(¢))]dt + vV2e o(¢F ) duwy.

Observe indeed that (° is reversible with respect to pu®. Since Y is S-
periodic and the law of (¢ is translation invariant we deduce that QS. is
invariant with respect to fg. By the properties of U, we readily conclude
that ¢° converges to 0 in probability and therefore that Q%. — dy.

For notation simplicity, we prove the entropy bound only when s = 0.
Let M*¢ be the P, martingale given by

1

Mts ::%

/O a” M (X,)[be (5, Xs) — b(Xs)] - (dXs — b(X,)ds)

whose quadratic variation is

(M®)y := %/0 ds [b-(s, Xs) — b(Xs)] - a™ ' (Xs) [b(s, Xs) — b(Xs)].
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By Girsanov formula, for each 7' > 0

d(@i) 0,1 {

(3 1 €
a(Pe) =expyMp — (M >T}

(0,77 2

Using [29, Thm. VIIIL.1.7] we deduce

it ((Q2) .l (P o) = a3 [M5 = 30r7)] = 5 [ ()

which yields
1
360 17(Q5-) = But(vF|m) + 5 [ Q5 (0%}

In view of the g invariance of Q%., setting C. := Ent(v|n®), the
stated bound follows once we show that C. is finite. To this end, we first
obtain a lower bound on the tail of 7¢. Denote by p° the density of ¢ with
respect to the Lebesgue measure, dn® = p® dr. By Assumption 2.1 and
standard results, p® is smooth, strictly positive, and solves the stationary
Fokker-Planck equation

€ Z 61@ (aivjpg) — Zaz (bipe) =0.
i,j=1 i=1

Set v® := p®exp{yV/e} for some v > 0 to be chosen later; by direct
computation it solves
A0+t =0

where A, is the elliptic operator defined by
Av = eTr(aD*v) — (b+2yaVV — 26V - a) - Vv
and

b= g[b-VVﬂvv-avv} —Tr(aD2V)—2y(V-a)-VV =V -b+£0:d;a; ;.

As follows from Assumption 2.1, for each € € (0,&() there exist v, R > 0
such that h(z) > 0 for all z € R™ such that [z|] > R. Let now m, :=
inf{v®(z), |x| = R} > 0 and set u®* = m. —v°. Then u®(z) <0 for || = R
and, by the positivity of v*, we have u®(z) < m. for any = € R. Finally,
by the choices of v and R, for || > R the function u® solves

Acu® = A (me —v°) = —A.0° = ho® > 0.

From the Phragmeén-Lindelhéf maximum principle, see [27, Thm. 2.19], we
then deduce u®(x) < 0, for all + € R™ such that |z| > R. Hence p®(z) >
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me exp{—7V (z)/e} for |z| > R. As v°(dz) = Z ' exp{-U(z — Yy)/e}dw
with Z. the appropriate normalization, we get

Fnt(v* | /d )1 e~ U(z=Yo)/e
nt(v°|mr v ogi
Z-p(x)

o—Ulz—Yo)/e

B /IIISRdV () log = Zep*(x)

- 1 1 vy
+/|a:|>RdV (x) [log Zom. SU(x Yo) + €V((L'):|

which is bounded as V has super-linear growth as |x| — oo and U = V
outside a compact. O

Proof of Theorem 4.2, item (iii). By Lemma 3.3 it suffices to consider the
case in which P is smooth holonomic. For P and Q%. as introduced before
Lemma 4.5, set

1 S
:§/0 dSQisoes_l

that is translation invariant by the g invariance of Q.. By Lemma 4.5,
the sequence {P.} converges to P. Moreover, using also (4.4) and the
convexity of the relative entropy,

eH(P) < 4 [dt JdQE. (X) [b(t, Xe) — b(Xe)] - a=(Xo) [Be (8, Xi) — b(X2)].

Recalling (4.10), since Qj- — Jy then be(t, ) converges in QS.-probabil-
ity to Y;. As the marginal at time ¢ of Q¢. is equal to v§ := p°(Y; + -) and
U =V outside some compact, we obtain the needed uniform integrability
to infer

— 1 /5 . . .
lim e H°(P.) < E/O dt [V, —b(Yy)] - a ' (Y3) [V — b(Y2)] =9(P),

e—0

which concludes the proof. O

5 Large deviations of the Gallavotti-Cohen ob-
servable

The Gallavotti-Cohen functional has been originally introduced in the con-
text of chaotic deterministic dynamical systems as the expansion rate of
the phase-space volume and it has been shown to satisfy the so-called
fluctuation theorem [16]. The definition of this functional for stochas-
tic dynamics has been originally discussed in [21] and in more generality
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in [25,26]; we refer to [17] for a review and to [8] for an experimental check
of the fluctuation theorem.

In the present context of non-degenerate diffusion processes, introduce
the time inversion as the involution ©: C(R;R™) — C(R;R™) given by
(©X): := X_¢. Recalling that P5. denotes the stationary process associ-
ated to (1.1), the Gallavotti-Cohen functional is defined by

— d(Ps.)
€ — i 4 [07T]
Wi = Tlog d(P:-:re 0971)[

0,71

where the subscript [0, 7] denotes the restriction of the probability to that
time interval. The factor € has been inserted for notation convenience
when discussing the small noise limit ¢ — 0. Note that E’. (W[%,T]> >0
and this expectation equals, apart a factor €, the relative entropy per unit
of time of PS. with respect to PS. 0 ©~ 1.

The content of the fluctuation theorem is the following. Assume that
the family of real random variables {W[%,T]}T>0 satisfies a large deviation
principle as ' — oo and denote by s.: R — [0,400] the rate function.
Then the odd part of s, is linear, s.(q) — sc(—¢) = —eq, where the factor
€ is due to the choice of the normalization. The physical interpretation
of the fluctuation theorem is that the ratio between the probability of the
events {W§ 7 ~ ¢} and {Wj 7 ~ —q} becomes fixed, independently of
the model, in the large time {imit.

An informal computation based on the Girsanov formula shows that

—. 1
W[O,T] (X) = T

g —1 € p°(Xr)

/0 a(Xe) T h(Xy) o dXy T log 7 (Xo) (5.1)
where o denotes the Stratonovich integral and p° is the density of the
invariant measure 7°. In the case of a compact state space, the standard
route to obtain the large deviation principle for the family {W[%7T]}T>O
is the following [25]. Neglect the second term on the right hand side of
(5.1), which becomes irrelevant in the limit 7" — oo, and prove, by using
Girsanov and Feynman-Kac formulae together with the Perron-Frobenious
theorem, that the limit

T
AN = lim — logEE. (exp {)\/ a(X,) " b(X,) o dXt}), (5.2)
T—oo T 0
exists for each A € R and it can be expressed as the maximal eigenvalue of
a perturbed generator. An application of the Gartner-Ellis theorem then
yields the large deviation principle while the fluctuation theorem follows
from the symmetry A.(\) = A.(—e — X). We refer to [25, § 5] for the
informal derivation of this symmetry in the context of diffusions processes.
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As detailed in [18], the route sketched above in general fails in the
present case of non-compact space state: it is neither possible to neglect
the second term on the right hand side of (5.1) nor to prove the existence
of the limit in (5.2) for any A € R. Following [3,28,31] and recalling the
decomposition (2.2), we here define the Gallavotti-Cohen observable by

T
Wior(X) = %/0 a(X:) te(Xy) o dXy, (5.3)

namely as the work done, in the metric defined by the diffusion matrix,
by the non-conservative part of the drift. In contrast to (5.1), Wi
is an empirical observable namely, an explicit functional of the sample
path. As shown in [3,28,31], for each € > 0 the family of probabilities
on R given by {P5. o (Wjg,r))~!}rso satisfies a large deviation principle
and the corresponding rate function s. satisfies the fluctuation theorem.
The present purpose is to obtain a variational representation of this rate
function in the small noise limit € — 0. This problem has been originally
addressed heuristically in [22]. A mathematical analysis has been carried
out in [3] when the limit & — 0 is taken before the limit 7' — oo and the
limiting rate function is then expressed in terms of the Freidlin-Wentzell
rate functional. In the same scaling as in [3], we here show that the
limiting rate function is actually independent of the limiting procedure.
This analysis complements the one in [28], where the small noise limit of
the rate function for the Gallavotti-Cohen observable is carried out with a
different scaling, that can be seen as a next order asymptotic with respect
to the one performed.

Before discussing the Gallavotti-Cohen observable, we note that the
odd part, with respect to the involution ©, of the rate function J in (2.5)
is in fact expressed in terms of the functional introduced (5.3). In this
respect, the next statement can be seen as a fluctuation theorem at the
level of the empirical process.

Proposition 5.1. For any P € Py such that I(P) < 400

I(Po©~1)-1(P) :/dP(X) Wio,1(X) :/dP(X)/Odta(Xt)_lc(Xt)-Xt.

Proof. Recalling (3.4), that provides the needed integrability conditions,
the proof is simply achieved by using the decomposition (2.2) and expand-
ing the square in (2.4). Note indeed that the boundary term vanishes by
translation invariance. O

In the next statement we employ the same convention on lim. 7 and
lim_ , as the one used in Theorem 2.2.
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Theorem 5.2. Assume that |z| < C(1+ ‘VV(:E)f), x € R™, for some
constant C > 0. Then, as € — 0 and T — oo, the family of probabilities
on R given by {PS o (Wijor)) ™', T >0, e > 0} satisfies, uniformly for x in
compact sets, a large deviation principle with speed e T and rate function
s: R — [0, +00] given by

s(q) :inf{J(P), /dP(X) /Oldta(Xt)‘lc(Xt)-Xt :q}.

Namely, for each compact set K CC R™, each closed set C C R, and each
open set A C R

— € . .
lim sup 75 log P, (Wi, €C) < — inf s(q)

. . € < .
— W (= > .
hI’Iel inf IOg ]Paz ( (0,7 A) ;nf S(q)

Moreover, the function s is good, convez, and satisfies the fluctuation the-
orem s(—q) — 5(q) = .

Since, as proven in Lemma 3.3, the family of probabilities {7}.~ is
exponentially tight, the previous statement also holds when P, is replaced
by the stationary process P:..

Proof. Tt is convenient to rewrite Wiy 7y in (5.3) in terms of the Ito integral,
Wi, (X) = W[O,T] (X) + & Zp(X)

where

~ 1 T
Wior(X) := T/o a(Xy) te(Xy) - dX;

and, by Assumption 2.1, ZL(X) is bounded uniformly in 7" and X and
therefore irrelevant for the large deviations. Recalling the definition of the
empirical process in (2.3) we next observe that

[0 Wioa(X) = Wom () + 7 Z4(X) (5.4)

where Z2 takes into account the jump inserted by the T-periodization,
Z3(X) = a” N (Xr) co(X7) - [Xo — X7]-

As we assumed |z| < C(1 + |VV(z)|?), the bounds provided by (3.4)
and Lemma 4.4 imply that also T71Z2(X) is irrelevant for the large de-
viations. Therefore (5.4) expresses the Gallavotti-Cohen observable as a
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function of the empirical process. However, as W[o,u involves the Itd in-
tegral, this function is not continuous. By a truncation procedure that it
is not detailed, see [30, Lemma 6.2] for a similar argument, we can how-
ever construct a continuous, exponentially good approximation of /W/[OJ]
and deduce the large deviation principle for W[U’T] by contraction principle
from Theorem 2.2.

The convexity of the rate function s readily follows from its definition
while the fluctuation theorem is a corollary of Proposition 5.1. O
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