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Abstract. We study the hydrodynamics of the hard rod model proposed
by Boldrighini, Dobrushin and Soukhov by describing the displacement of
each quasiparticle with respect to the corresponding ideal gas particle as
a height difference in a related field. Starting with a family of nonhomo-
geneous Poisson processes contained in the position-velocity-length space
R3, we show laws of large numbers for the quasiparticle positions and the
length fields, and the joint convergence of the quasiparticle fluctuations to
a Lévy Chentsov field. We allow variable rod lengths, including negative
lengths.
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1 Introduction

Dedicated to FErrico Presutti at the occasion of his 80th
birthday with deep gratitude for his continuing guidance and
lasting insights.

Hard rods is a model of classical particles moving on the real line and
interacting through a hard core potential of diameter r. One is interested in
the dynamics of the counting function g(y, t; v), where g(y, t;v) dy dv is the
number of hard rods in the volume element dy dv at time ¢. As conjectured
by Percus [20] and later proved by Boldrighini, Dobrushin, and Soukhov
[4], under ballistic scaling the counting function becomes deterministic and
is governed by a set of coupled nonlinear hyperbolic conservation laws of
the form

Deg(y, t;v) + 0y (1 = rp(y, 1)~ (v — rp(y, t) u(z, 1)) gy, t;v)) = 0. (1.1)

Here
py,1) = / gl tv),  ulyt) = ply, 1) / dgly tv)e  (12)

denote density and mean velocity at (y,t). Further extensions and dis-
cussions can be found in [3, 9]. Exact equilibrium spacetime correlations
were computed by Jespen [13], Lebowitz, Percus [16] and Lebowitz, Per-
cus, Sykes [17]. Considerably later, fluctuation behavior was reanalysed
by Spohn [23, 24], Boldrighini, Wick [5], and Presutti, Wick [21, 22]. Note
that, in the limit r — 0, Eq. (1.1) is linear and one recovers the ideal gas
dynamics.

Hard rods have become a paradigmatic example for generalized hy-
drodynamics (GHD) and serves as a schematic illustration of more intri-
cate models as the Toda lattice [10, 25] and box-ball system [12, 8], see
[11, 26, 3, 1] for lecture notes, special volumes and reviews. In GHD one
considers integrable many-body systems in one spatial dimension. Such
systems have an infinite number of local conservation laws, which leads to
the construction of generalized Gibbs ensembles (GGE). Hydrodynamics
then assumes that locally the system is in a GGE and, on the ballistic
scale, its parameters evolve according to an equation of a similar structure

s (1.1). The central microscopic input to hydrodynamic equations is the
two-particle scattering shift, which in general depends on the two incom-
ing velocities. Hard rods have the crucial simplification that the scattering
shift is —r independent of the incoming velocities. Still, structural aspects
of GHD are well illustrated by hard rods.
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Rather than following the trajectories of mechanical particles, for hard
rods the more efficient way is to turn to the motion of quasiparticles. A
quasiparticle maintains its own velocity. When hit a slower quasiparticle
with length r the quasiparticle jumps by r and when it collides with a faster
one, it will jump by —r. Since the initial data are random, the jumps occur
at random times. Note that in the limit r — 0 one recovers the straight
line motion of an ideal gas. Quasiparticles also suggest a technique for
proof: The initial configuration is compressed so to remove the hard core,
still keeping the velocities. Then all particles evolve according to the free
dynamics. The true hard rod configuration at time ¢ is obtained by the
correspondingly reversed expansion.

In our article we report on a novel proof of (1.1) employing Chentsov
Lantuéjoul fields. We use the occasion to extend previous results in two
directions. Firstly we allow for a variable rod length. In case of an elastic
collision between two physical hard rods of length r and ', r # ¢/, the
length is attached to the particles. The method of compression/expansion
described above no longer applies and the hydrodynamic description with
such particle dynamics still remains to be studied. The other option is to
attach the length to quasiparticles. Then in a collision both velocity and
length are exchanged and the method of compression/expansion remains
intact. The second extension is to allow for a negative rod length, r; €
R. This appears unphysical at first look. However, as an example, the
scattering shift of the Toda lattice is given by 2log|vy — va|, v1,ve the
two incoming velocities. For small |v; — vo| the shift is negative, Toda
particles repel, and conventional hard rods is a good model. On the other
hand for |v; — ve| > 1 the shift turns positive which means that the two
Toda particles cross each other before separating, which is modelled by a
negative rod length.

The variable model with a finite number of positive rod sizes was first
introduced by Aizenman, Lebowitz, and Marro [2], thereby extending the
results for equilibrium spacetime correlations obtained in [17]. Very un-
expectedly, hard rods with variable rod length appears as a phenomeno-
logical model in an article by Cardy and Doyon [6] in their study of TT
deformations in relativistic and nonrelativistic integrable field theories.

Compared to the seminal work [4], we choose simpler initial conditions,
namely a non-homogeneous Poisson process in R3, where each point repre-
sents position, velocity, and rod length. Since reasonable initial measures
converge in arbitrarily small macroscopic times to a Poisson process [24],
this is not such a restrictive assumption. As crucial advantage, the proof
of the law of large numbers is transparent and almost immediate. In addi-
tion, hard rod joint positional fluctuations converge to a non-homogeneous
Lévy Chentsov field.
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In Section 2 we describe the model and state the results. In Section 3 we
introduce the ideal gas dynamics and its relation with the hard rod model.
In Section 4 we study the fields induced by line processes and their relation
with hard rods, and prove the law of large numbers and the convergence
of the positional fluctuations to the Lévy Chentsov field. Section 5 deals
with the macroscopic setup and the proof of the macroscopic evolution
theorem.

Acknowledgments. We thank Davide Gabrielli and Stefano Olla for
motivating discussions and the reviewer for very accurate comments. This
article was partially written at the Mathematical Sciences Research Insti-
tute, during the semester Universality and Integrability in Random Matrix
Theory and Interacting Particle Systems in 2021, with support of MSRI,
Simon Foundation. PAF Acknowledges support from Conicet and Agencia
del Ministerio de Ciencia y Tecnologia, Argentina.

2  Summary of main results

The segment (y,y + r) is called rod of position y and length r, for the
moment r > 0. The 3-dimensional point (y,v,r) € R3 represents a quasi-
particle at position y with an associated rod of length r traveling at speed v.
A hard rod configuration Y C R? is a locally finite set of non-intersecting
rods, that is, (y,y + ’I") n (g,g + F) = () for all (y,v,r),(y,0,7) € Y. The
evolution of a hard rod configuration is deterministic: each quasiparticle
travels ballistically at its speed until a collision: if at time t— the posi-
tions of quasiparticles (y,v,r) and (g,0,7) with v > 0 satisfy § = y + r,
then, at time ¢ each quasiparticle is shifted in the direction of the other
quasiparticle, interchanging order:

Before collision, at time t— After collision, at time ¢

(yava”ﬂ%(ga'ﬁaf) (y+ﬁv,r),(g}—r,6,7’) (21)

After collision each quasiparticle continues at its speed until the next col-
lision occurs.

The above description defines the hard rod exclusion interaction and
dynamics when there is a finite number of initial nonnegative rods. A
system including negative rods is defined in function of the ideal gas and
a related field. Let X C R? be a locally finite configuration belonging to
X, the set of configurations with finite mass flow. A point (z,v,r) € X
represents an ideal gas particle at position x traveling at speed v of “length”
r, a real number; for the moment the length is just a mark attached to the
particle. The ideal gas configuration at time ¢ € R is defined by

T X == {(z 4+ vt,v,7) : (z,v,7) € X}. (2.2)
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Let the field H[X] be the function H : R? — R defined by

H(t, z) := Z r(1{z >0, z+wt <z} —1{z <0, 24+ wt > a}). (2.3)
(z,w,r)EX

The notation [X] indicates dependency on X, when not clear from the
context. For each given t, the path (H(t,x))we]R is a jump process with
nonhomogeneous jumps, see Fig. 1. Moving ¢, the increments of the path
travel ballistically and interchange at collisions, see Fig. 2. Define also the
mass flow j[X] as the function j: R® — R given by

j(z,v,t) = H(t, z + vt) — H(0, ). (2.4)

this is the sum of the lengths crossing the segment (z + vs)o<s<¢ with
speed smaller than v minus the lengths crossing it with speed bigger than
v. We are assuming that mass is the length of the particle. Denote D, [X]
the dilation with respect to the point a, defined by

D,(z) :=x+ H(0,z) — H(0, a), (2.5)
DX := {(Da(z),v,7) : (w,v,7) € X}, (2.6)

see Fig. 1. We observe that if all rod lengths are nonnegative then D, is
invertible, otherwise D, may not be one-to-one. Denote vy, ;(x)[X] the po-

H (07 ) b 3 5
2 d | [—(J
) 6
) a T
1 a 2 b 3 5

Y

Figure 1: The upper path is a cut at time 0 of the field H associated to the
ideal gas configuration X. The horizontal positions of dots are the position
x of particles (z,v,r) € X. Blue and red vertical lines correspond to pos-
itive and negative r’s, respectively. Black horizontal segments correspond
to interparticle segments in X. The dots in the lower picture correspond
to the position y of quasiparticles (y,v,r) € Y = DoX. Red and blue
segments in the graph of H are folded backwards and unfolded forward,
respectively to obtain Y. All segments are contained in the same line, some
pieces have been shifted down to distinguish overlapping rods. Numbers,
letters and colors indicate the correspondence between segments in both
figures.
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sition at time ¢ of the quasiparticle associated to the ideal particle (z, v, r),
defined by

Yot() := Do(z) + vt + j(z,v,t) (2.7)
=z + vt + H(t,x + vt); (2.8)

the identity (2.8) is a consequence of (2.4) and (2.5). Let Y := DgX, and
define the configuration U;Y[X] by

UrY = {(you(2),0,7) : (2,0,7) € X}, (2.9)

in particular UpY = DgX = Y. When all rods are nonnegative (U;)ier is
a group of operators: Uy = Identity and Upys = U Us. Otherwise there is
no unique way to define U;Y as a function of Y.

H(t7 )
a b a Ut,Y
)
—_— ’ b Uy
H(t—, ) a -a_o
H(t
b — t) a b U._Y
a
a b D a UrY
H(t—,
=) H(t, ) l
)
H(t—, ) |" b : o
tf
) i Uy
b a a D !

Figure 2: Effect of a collision in the field H[X] and on the hard rod config-
uration Y[X]. The left and middle columns picture the field H just before
and after the collision, respectively. The right column shows the collision
in the hard rod picture. In the first row we picture a positive rod (blue)
and a negative one (red), before and after a collision. Second and third
rows: collision between rods of the same sign. The labeled a rod is faster
than the labeled b one

Let F be a set of intensities f : R® — R which are C!(R) in the
first variable and satisfy some second moment conditions, see (5.4). Let
X¢ be a Poisson process on R3 with intensity e~ f and call P and E the
probability and expectation associated to the family (X).sg. Define the
rescaled field H®[X®] by

He(t,z) :==¢ Z r(1{z>0, z+wt <z} — 1{z <0, z + wt > x}).
(z,w,r)EXE
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The rescaled quantities are the functions of X® defined by
i (z,v,t) := H°(t,z + vt) — H*(0, z), (2.10)

D (z) == x4+ H°(0,z) — H*(0, a), (2.11)

DX = {(D;(z),v,7) : (z,v,7) € X}, (2.12)

yf,’t(ac) = x + vt + H (¢, + vt), ( )

UgYs .= {(yf),t(a:),v,r) c(x,v,r) € XE}. ( )

Their expectations are denoted by

H(t,z) = EH*(t,z) = ///f(z,w,r)r(]l{z >0, z+wt<a} (2.15)

—1{z <0, z+wt > z}) dz dw dr.
j(x,v,t) = Ejf(z,v,t) = H(t,x + vt) — H(0, z), (2.16)
Yo,i(7) = By; () = x + vt + H(t,z + vt); (2.17)

the second identity in (2.15) follows from Campbell’s theorem.
The rescaled random quantities converge to their expectations, a clas-
sical result for Poisson processes, shown in the next theorem.

Theorem 2.1 (Law of large numbers). Assume f € F. Then, for each
z,v,t € R the following limits hold P-a.s.:

lim H*(t,z) = H(t,z), limj(z,v,t) =j(z,v,t), limy; ,(z) = yy:(x).
e—0 e—0 e—=0" "

Define the macroscopic dilation function D,[f] by

Da(z) := x—&—/j (//rf(z,v,r) dvdr) dz, (2.18)

The set JF includes the condition o¢(z) > 0 for all 2z, implying that D,|[f]
is invertible. Denote C,[f] its inverse and define

Uy (@) = ¥5.4(Co(q)) = g + vt +j*(Co(q), v, 1), (2.19)
Ut (q) = 0t (Co(q)) = g+ vt + §(Co(q), v, ). (2.20)

Corollary 2.2 (Quasiparticle law of large numbers). Let f € F. Then

lim uf ,(¢) = uui(q), P-as., gq,v,teR. (2.21)
e—0 )

If f(z,v,r) = 0 for r <0, then the microscopic dilation Df is invertible
and for all g,v,t € R,

Us,e() = 0,6 (C5 () =7 906(Co(9)) = wou(q),  P-aes.. (2.22)
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The random initial point ug 4(q) = D§(Co(q)) converges to Dy(Co(q)) =
q, as ¢ — 0, by (2.7) and Theorem 2.1. This choice permits us to compute
the limit when the microscopic dilation D¢ (x) is not invertible, due to
the presence of negative rods. When all rods are positive, we can take a
deterministic initial position G§(q) = ¢ because ¢ = D§(C§(q)), as D¢ is
invertible in this case. This explains the limit in (2.22).

We now discuss the convergence of the length fields. Along the paper
we denote by ¢ : R? — R a generic test function satisfying

[ e 62 442 g0t < 0

Define K[X¢], the empirical length measure at time ¢, acting on test func-
tions ¢ by

Kip:= ¢ Z ro(y,v,r) = ¢ Z T(P(Yi,t(x)vur)ﬂ (2.23)
(y,v,m) €ULYE (z,0,r) EXE

by (2.9). Let k; be the length measure defined by

Kep = ///f(:c,v,r)r@(ym(x),v,r) dedvdr, teR. (2.24)

The next result is a particular case of Theorem 4.3, proved in Section 4.
Theorem 2.3 (Law of large numbers for the empirical measure). Let
feqF, then

lim Ko = ki, P-a.s. and in Ly, (2.25)
e—0

for all t € R and test function .

Define the random field 7°[X¢] by
£ 1 g
0t 2) o= %<H (t,2) — H(t,z)). (2.26)
The positional hard rod fluctuations satisfy
(V@) — wos(@)) = (1 4 ). (2.27)
\/g v, ,

A Lévy Chentsov field associated to a distance d in R? is a centered
Gaussian process 7 : R? — R with 1(0) = 0 and covariances

1
Cov(n(a),n(b)) = i(d(o, a) +d(o,b) —d(a,b)), a,beR?  (2.28)
Here o is the origin of R%. Denote [a,b] the one dimensional segment
contained in R? with extremes a and b. The following theorem is proved
in Section 4.
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Theorem 2.4 (Positional fluctuations). Let f € F. Ase — 0, the finite
dimensional distributions of the random field n° converge in distribution
to those of the Lévy Chentsov field n : R? — R, associated to the distance

d(a,b) := ///f(m,v,r) 2 1{(z 4 vt)ier intersects [a,b]} dx dv dr.
(2.29)

As a consequence, the positional fluctuation random field converges to the
Lévy Chentsov field:

i (= (45.(0) = 904(0))) 2 (e, + or)) (2:30)

e—0 (z,v,t)EN

for any finite set N C R3.

Macroscopic evolution. Let f € F, and define

gwww%:ﬂ%@%mﬂ%%@% (2.31)
%@um:f@m@%m%%ﬂw (2.32)

Notice that gg = ¢g and that g; satisfies

Kep = /// g:(q,v,7) ro(q,v,r)dgdvdr. (2.33)
The following theorem, proved in Section 5, describes the equation for the

macroscopic hard rod evolution (g;)¢cr.

Theorem 2.5. Let f € J such that o¢(z) > 0 for all z. Then g; is the
unique solution of the Cauchy problem

0i 9t (% v, T) = _aq (gt (Q7 v, T) ’Ueﬁ(qv v, t))v (2'34)

[ (v —w)gi(q,w,r)dwdr
1— [ rgqw,r)dwdr ’

90(¢,v,7) = f(yy i (@), v, T)d%y;%(q)- (2.36)

v (g, v,t) = v + (2.35)

Furthermore, the limiting trajectory u,+(q), considered as a function of t,
satisfies the Cauchy problem

gum(q) = veﬂr(uv,t(q),v,t) (2.37)

ot
Uvo(q) =q- (2.38)
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Rods of constant length. The law of large numbers and the conver-
gence to Lévy Chentsov fields hold for general measures p on R? with
second moment conditions, as we show in Section 3 and 4. In particular,
if p(dz,dv,dr) = f(z,v)dzdvd.(dr) for fixed r > 0, then the empirical
measure converges to a measure with density g:(y,v), defined as in (2.32),
using this constant length. Substituting [rdr by the constant r > 0,
the proof of Theorem 2.5 shows that g;(y,v) is the solution of equation
(1.1) (we used the notation g(y,¢;v) in that equation). The corresponding
effective velocity is given by

rf(v—w)g(y,w)dw _ v—r [vg(y,v)dv

v (y,0,t) = v+ = .
(v v.1) L—r[ gi(y,w)dw L—r[ gi(y,v)dv

A full adaptation of all our results to the case of constant length r requires
slight modifications of most of our definitions and statements. We thank
the reviewer for pointing out this possibility.

3 Line processes and random fields

Line measures and fields. The ideal gas representation of lines is given
by the map

(z,v) = (t,z + vt)ter. (3.1)

This map is a bijection between R? and the space of straight lines contained
in R?, excluding the lines perpendicular to the t axis (¢, 7),er. An ideal gas
trajectory is seen as a line contained in R? with an orientation from past
to future time. We think of a point (z,v,7) € R? as the line (t,z + vt)ier
associated with the mark r € R.

For time-space points a,b € R?, denote [a,b] := {(1 —u)a+ub:u €
[0,1]}, the (one-dimensional) segment contained in R? with extremes a and
b and oriented a — b; the segment [b, a] occupies the same set of points
as [a, b] but has opposite orientation. Denote a = (t,, x,) and b = (¢, zp).
The “speed” v, of the segment is defined by v, := "i‘;:fj, if t; # tp, and
by v,y = £00, according to the sign of zp — x5, if t; = tp.

Denote ab the set of marked lines intersecting [a, b]:

ab := {(z,v,7) : (t,x + vt),cr intersects [a, b]}; (3.2)
ab_ = {(z,v,7) €ab:v > v}, aby == {(x,v,7) €ab:v < wvu}; (3.3)

Looking from a to b, the set ab_ contains the lines crossing the segment
from right to left and ab contains those crossing from left to right.
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Let M be the set of measures u on R® with the Borel sigma algebra
B(R?), satisfying

1
sup
—oo<a<h<oo b —a

/[ - p(dz, dv,dr) (v + 1?2 + 1) < oo. (3.4)
a,b] xR2

The second moment conditions will be necessary to construct infinite vol-
ume fields and hard rod evolutions. In particular, the space marginal of
is sigma finite.

For u € M, define the signed measure p; and the measure po by

w1 (dz, dv, dr) = r p(dx, dv, dr), (3.5)
po(de, dv, dr) := r* u(dz, dv, dr).

Define the field H = H|[u] as the function H : R? — R, given by

H(a) == p1(0at) — pa(0a-), (3.7)

where o is the origin of R2.

Chentsov Lantuéjoul fields. To each marked line (z,v,r) associate
the function H, 0 : R? — R, defined by

0 if (z,v,r) ¢0a
Hewr(@) :=qr if (z,v,r) €0a, and z >0, (3.8)
—r if (z,v,r) € 0a, and = < 0.

Considering that the line (z,v,r) splits R? into two semi planes, the func-
tion H(, , ) gives height 0 to the points of the semi plane containing the
origin, height r to the points of the other semi plane, if the line cross the
x axis at a positive value, and height —r if the line crosses the x axis at a
negative value. See Fig. 3.

Given a configuration X € X, defined in (4.2), recall the definition of
the field H = H[X],

Ha@) = Y  Huoen(@), acR% (3.9)
(z,v,r)eX

The sum is finite, as it only collects the contribution of the lines intersecting
the segment [o,al], a property satisfied by X € X. See Fig. 4 for the
evolution of ideal particles and the corresponding associated surface H. In
particular, H(o) = 0 and for a,b € R? we have
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height r

\/ height 0 ‘

height r — 77
height —r’

Figure 3: The marked lines (z,v,r) and (2/,v’,r") partition the time-
space plane in 4 cones, each one at a constant height for the field H, ,, ;) +
H( v 7y, as indicated.

Hb) ~H@) = Y r(l{(m,v,r)EE,}—l{(xm,T)EEJF}) (3.10)

(z,v,r)EX
— N(3b4) ~ N(@b). (3.11)

where N = N[X] is the length empirical measure induced by X, given by

NA) = Y rif(z,o,r) €A},  AcB(RY. (3.12)
(z,v,r)eX

Let ;© € M and let X be a Poisson process in R3, with intensity measure p.
X can be seen as a marked Poisson line process, [14]. The process H[X] is
called Chentsov Lantuéjoul field with control measure . The name comes
from the Chentsov construction of the Lévy’s [18] Brownian process with
several parameters, also called Lévy Chentsov field, defined later, and from
Lantuéjoul [15], who introduced a random field built from a Poisson line
process with random marks r € {—1,+1}.

From (3.10) and (3.7) we conclude that if X is a Poisson process with
intensity p, H = H[X] and H = H|[u|, then

EH(a) = H(a), acR% (3.13)

Law of large numbers. Let 4 € M and u as in (3.5). We construct
a family of Poisson processes (X¢).so as projections of a unique Poisson
process X C R x R, with intensity measure u(dx, dv, dr) dz, by defining

X = {(-’E;U;T> : (.’E,U,’I“, Z) € Xa 0<z< 5_1}' (314)

For each € > 0, X¢ is a Poisson process on R? with intensity measure e~ .

Let P and E be the probability and expectation associated to the process X.



Hard rod hydrodynamics and the Lévy Chentsov field 197

X X Y Uy
0 0
T o oy

Figure 4: To the left, evolution of ideal particles and the position o;. To
the right, evolution of associated quasiparticles. Interpreting the colored
trajectories as vertical steps, the right figure can be seen as a three dimen-
sional perspective of the surface H.

The rescaled length empirical measure and Chentsov Lantuéjoul rescaled
processes are given by

Nep:=¢ Z ro(z,v,r), N(A) := N°1 4, (3.15)
(z,v,r)eXe

H(@):=ec Y Hun(a) =N(ca;)— N(ca). (3.16)
(z,v,r)EXe

Proposition 3.1. Let p € M and (X).s0 be a family of Poisson processes,
as defined in (3.14). Then,

lim He(a) = H(a), P-a.s., ac€R? (3.17)

e—0
where H = H[u] was defined in (3.7).

Proof. For integer ¢ =1, X¢ is the union of e~! processes
871
X& = U Xi, Xi = A{(z,v,7): (z,v,r,2) € X,i—1<z<i}. (3.18)
i=1

By definition, X; are iid Poisson processes of intensity measure u. Hence,
denoting N; = N[X;], we have

Hs(a) = €Z(NZ(@+) — Nz(ﬁ_)) s—>—>0 Ml(@-&-) — ul(@_), a.s., (319)

by the law of large numbers for iid random variables, because the expec-
tation of N;(6aL) is py(0aL). O
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Line white noise and Lévy Chentsov field. Let p € M, and p9 as in
(3.6). Let marked line white noise with control measure pz be the random
signed measure w on B(R3) satisfying

a) for any Borel set A with us(A) < oo, the random variable w(A) has
centered Gaussian distribution with variance po(A).

b) Cov(w(A),w(B)) = u2(AN B).

Following Chentsov [7], we construct the Lévy Chentsov field n =
(n(a))acrz as a function of the white noise w. Recall that a3 is the set
of lines intersecting the segment [o, a] and define

n(a) == w(oa), a € R
By definition, the field 7 is centered Gaussian with covariances
Cov(n(a),n(b)) = Cov(w(oa),w(ob)) = puo(can ob)
= 5(12(03) + p2(0b) — p2(ab)).

To check the last identity use abU (ca Nob) = 6a Uob. We say that 7 is
a Lévy Chentsov field associated to the distance d defined by d(a,b) :=

p2(ab).
The height of the field n along any given line contained in R? is Brow-
nian motion:

Lemma 3.2 (Time changed Brownian motion). Let u € M and 1 be
the Lévy Chentsov field for the distance d(a,b) = pa(ab). The processes
(n(t, =+ vt))teR and (n(t,z))zer satisfy

law

(n(ta z + Ut) - 77(07 x))tER = (B(/J'Q(aoat))te]g s as = (83 x+ 1)8);
law —
(77(157 :C) - T’(ta O))xER = (B(IU’Q(bObﬁ))weR , by = (tv I)
Here (B(7))rer is standard one-dimensional Brownian motion.

Proof. By the definition of white noise, both processes are Gaussian, have
independent increments and their variances are given respectively by

V(n(t,z +vt) = n(s,x +vs)) = pa(35ar) = V B(pz(3sar)),
V(U@ﬂ”) _n(tvz)) :NQ(bzbz) :VB(Mz(W)) O

Field fluctuations. Under diffusive rescaling, a Chentsov Lantuéjoul
field converges to a Lévy Chentsov field. Define n° = n°[X¢], by

ns(b) — HE(b) — EHE(b)

7 , beR2 (3.20)
where H® was defined after (3.16).
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Proposition 3.3 (Convergence to Lévy Chentsov field). Let p and X¢
as in Proposition 3.1. The finite dimensional distributions of the field n°
converge to those of the field n: for any finite set N C R?

lim (7°(2))aen = (7(a))aen, (3.21)

e—0

where 1) is the Lévy Chentsov field associated with the distance d(a,b) =
pi2(ab).

Proof. Since H®(a) = N¢(0a,) — N°(0a_) and the sets 6a_ and oa, are
disjoint, it suffices to show that

1
NG
where w is white noise in B(R3) with control measure ji, in particular
w(A) is centered Gaussian with variance pz(A). To see it, recall the de-
composition (3.18) and for integer e~ ! write N*(A)[X¢] = ¢ Zf; N(A)[X],
so that N(A) is a sum of iid random variables with mean p4(A), divided

by the number of terms. The convergence (3.22) follows from the central
limit theorem and, by Campbell’s theorem, the covariances are

(N*(4) = () " w(a),  AeBRY), (3.22)

Cov(N®(A),N°(B)) = u2(ANB), A,Bec BR3), £>0. O

4 Hard rod limit theorems

When the rod lengths are all positive, the hard rod dynamics can be defined
as a group of operators (U;)ier, where U.Y is the hard rod configuration
at time ¢t. When negative lengths are allowed, U;Y can still be defined as
a family of configurations, but U; cannot be seen as an operator because
U:Y is not a function of Y. However, one can still obtain limit theorems
when the intensity measure p satisfies some conditions.

The ideal gas evolution operator T; is defined by

T X = {(z +vt,v,r) € R®: (z,v,7) € X}. (4.1)

T} is a group: Ty = Identity and T35 = T3Ts. The set of configurations X
with finite absolute mass flows is defined by

X = {XCR3: > (rl+ 1) (H{z <z, z 4wt > x4 vt}
(z,w,r)EX (42)
+1{z > 2,z + wt <z + vt}) < o0; T, ¢ ER}‘

In particular, if X € X, then X is locally finite and |m? (X)| < 0o, a < b € R.
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Positive lengths. We consider some properties of the group (Uy)icr in
the positive case. Denote the set of nonnegative length configurations by

X>o:={XeX:r>0forall (z,v,r) € X}, (4.3)
the corresponding hard rod configuration set by
Vo :={Y €Xs0: (,y+r)N (@G T+7) =0, (y,0,7),(3,0,7) € Y},

and the set of configuration with no rod containing a is denoted by

Q.)a = {Y € QJZO ta ¢ (y,y—f—?"), (y,v,r) € Y} (44)

Notice that 9), include configurations having a hard rod (with left extreme)
at a. The dilation with respect to the point a, defined in (2.5), now are
labeled with the configuration and can be expressed by

Dy.o(z) = +m5(X), (4.5)
DX = {(Dx.a(@),v,7) : (z,0,7) € X}, (4.6)

where the signed mass of X between real points a and b is

Z r1{a <z < b} ifa<bd
mb(X) := { (X 47
) — Z ri{b<zxz<a} ifa>b. (4.7)
(z,v,r)eX

Under (4.3) the map D, : X — 9, is a bijection and its inverse is the
contraction from a map C, : 9, — X, given by

Cv.a(y) ==y —mi(Y), (4.8)
CoY = {(Cv,a(y),v,7) : (y,v,7) € Y}. (4.9)

IfY € 9\ Y>o, then the map Dy , is not necessarily one-to-one, so the
inverse is not well defined.

Let Y € 9, and denote u, +(y)[Y] the position at time ¢ of a quasipar-
ticle with arbitrary finite length inserted at time zero in y, with speed v,
defined by

uv,t(y) = y + vt +J(ya ’Ua t)[CyY] Y € Q‘)ya (410)

where net mass flow j(x,v,t)[X] was defined in (2.4). The quasiparti-
cle travels deterministically at speed v between collisions and jumps by
r when it is crossed by a slower size r quasiparticle, and by —r, if the
crossing quasiparticle is faster, see Fig. 5 for a simulation the trajectory
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Y+t

T;CyY

T .uY.r.T(y)

Figure 5: The upper picture shows an ideal gas evolution and the ideal
trajectory of a particle (y,v,0). To the left we see the length associated
with each trajectory. The lower picture shows the trajectory u,:(y)[Y]
associated with this configuration, and the quasiparticle trajectories.

of a quasiparticle. The flow jo, vy is finite for the ideal gas configuration
C,Y € X, see (4.2). The hard rod configuration at time ¢ is defined by

UY = {(uv,t(y),v,r) C(y,v,1) € Y}. (4.11)

In this definition we used that Y € 9), for all (y,v,r) € Y. We leave to
the reader the proof of the following lemma.

Lemma 4.1 (Group of operators). The family (Uy;)ier operating on >o
is a group: UgY =Y and Upy Y = U UsY forY € D>o.

It is convenient to express Uy in terms of the ideal gas dynamics. Let
S, be the shift operator defined by

S X :={(y + a,v,r) : (y,v,r) € X}. (4.12)

For Y € 9)p, denote the position of a zero length zero speed quasiparticle
starting at the origin, by

O [Y] = Uo,t(O) = j(070,t) [C()Y}, Y e QJ(). (413)
Lemma 4.2. AssumeY € Q)g. Then,
UY = SotDoTtCQY, Y e Vo- (414)

Sketch proof. This lemma is proved in [4]; we give an idea of the proof.
If there is no rod crossing the origin in the interval [0,¢], o, = 0 and for
each (z,v,7) € X, the mass of the configuration 7;X between the origin
and x + vt is the mass of X in (0, ) plus the net flow j(z,v,t), implying
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(4.14) holds. On the other hand, when a particle (Z,9,7) € X cross the
origin in that time interval, it shifts the configuration DoT:X by 7 sign(?),
while U;Y is not shifted by these crossings. The operator S,, in (4.14)
compensates these effects. O

The condition Y € ) could be dropped at the price of a more involved
definition of o;. We will take Y = DgX which automatically belongs to
2o, avoiding that problem.

Remark on negative lengths. When X € X\ X5 we can still define
D, X by using (2.5). Give an ordered label to the particles in X, as we did
in the Introduction: let X = {(x;,v;,7;) : i € Z}, such that z; < x;41 for
all . The dilated configuration Y = DoX = {(y;,vs,7;) : i € Z}, where
yi = Do(x;) satisfies the condition

Yi + 70 < Yir1s i €Z, (4.15)

even when r; < 0. Assuming yo+7r9 < 0 < ¥, define the compression map
ColY] by

Caly) =vi— ., ml{0o<j<i}. (4.16)

(yj,v,m)EY

Hard rods and Chentsov Lantuéjoul fields. For X € X, the mass,
dilation and flow in terms of field differences are:

m?(X) = H(0,b) — H(0,a), a,bcR, (4.17)
Dx o(x) =2+ H(0,2) — H(0, a), (4.18)
ix(z,v,t) = H(t,z + vt) — H(0, ), (4.19)

where H = H[X] is defined in (3.10). The position at time ¢ of the quasi-
particle associated to (z,v,r) is given by

Yot (€)[X] := uy ¢ (Dx,0(2)) [DoX]
=+ H(0,z) + vt + H(t,z + vt) — H(0, z) (4.20)
=z + vt +H(t, z + vt), (4.21)

in particular yo ¢(0) = H(¢,0) = o;. If Y = DgX, (4.11) and (4.21) give

UY = {(yvu(z),0,7) : (z,0,7) € X}. (4.22)
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Assume p € M, let X be a Poisson process with intensity measure p and
H = H[X]. Recall the macroscopic field H[u] defined in (3.7) and define
the macroscopic dilation Dy[p] and flow j[u], by

Do(z) :=x +EH(0,2) =2+ H(0,x), (4.23)
Jj(x,v,t) ;== EH(t,z + vt) — EH(0,2) = H(t,x + vt) — H(0,z). (4.24)
From (4.20) and (4.19) we have

Yot (1) := By, () = Do(x) + vt + j(z,v,1) (4.25)
=z +ot+ H(t,z + vt). (4.26)

Law of large numbers. Let X° be a Poisson process with intensity
measure ¢~y and denote the rescaled positions

Yo.0(2) 1= eyu e (@)[X], (4.27)
Di(z) ==z +emiX®. (4.28)

Proof of Theorem 2.1. This is a corollary to Proposition 3.1, by taking
w(dx,dv,dr) = f(x,v,r)dx dvdr. Using the identities (4.19), (4.21), (4.25)
and the law of large numbers (3.17) for H%, we have

lim j° =7 P-a.s.
lim | (z,v,t) = j(z,v,t), a.s
- _ .
lim g (2) = yoe(z),  P-as.
lim Dt (z) = Dy(z), P-as. O
e—0
Hard rod hydrodynamics. Let p € M and X® be a Poisson process

in R? with intensity measure e~'u. Let Y€ := DoX¢. Recall the hard rod
length empirical measure at time ¢, starting with Y€,

Kip=¢ Z ro(y,v,r)=¢ Z ro(ys (z),v,r),  (4.29)

(y,v,r)EULYE (z,v,r)EXe

by (4.22). Denote

Kip i= ///u(dm,dv,dr)rgo(yv’t(ac),v,r). (4.30)
Theorem 4.3 (Law of Large Numbers). Let the test function ¢ be
o(y,v,7) = d(v,r) 1{y € [a,b]}, v,r €R. (4.31)

where ¢ : R? — R is some bounded non-negative function and a < b € R.
Then,

lim Kfp = ki, P-a.s. and in Ly. (4.32)
e—0
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Proof. We first show the nonnegative length case, and afterwards sketch
the general case. Assume X € X>( and denote

Ajp:=¢ Z ro(yoi(2),v,7). (4.33)
(z,v,r)EXE

Since Af¢p is of the form €37, ) cx- ¢((z,v,7)), Proposition 3.1 implies
e g
;1_{% Al o = Ko, P-a.s. (4.34)

because EAfp = k. To show that |K§p — Afp| converges to zero, write

Kig—Aip|<c Y ro(o,n)|Ly:, @) € [} ~1{yoe(a) € [a,1]}]

(2,0, EXE
<e > Ersé(v,r) (L{z € I[x; 4 (a), 204 (a)]}
e + 1{z € I[x; ;(b), 20 (D)]}),  (4.35)
where Iz, 2] := [z A 2,2V Z], and
X5 o (2) = inf{z : y5 ,(z) > 2}, (4.36)
Ty (2) = inf{z : yy(z) > 2}. (4.37)

Take a’ < a < a”. Since y; ,(x) — Yy ¢+(x) and both y; ,(x) and y, (x) are
non decreasing functions of x, we have x;, ,(z) — 2, +(z) for each z € R and
consequently, for sufficiently large €, z, (a") < % ,(a) < @, (a”). Since
the same domination holds for z, ;(a), we have

gi_r}(l)s Z ré(v,r) Iz € I[x; (a), z,:(a)]} (4.38)
(z,v,r)EXE
< . / "
= 3&%5( Z) r$(v,7) Lz € [z0,4(a), 20.0(a")]} (4.39)

= /// pldz, dv,dr)r ¢(v,r) 1{z € [xyi(a’), x4t (a”)]}. (4.40)

The same argument works for the expression involving b in (4.35). Taking
limits @’ 7 a, a’ \ya, b’ /' band b’ \ b, and the fact that p € M and ¢
is uniformly bounded, we get that (4.35) goes to zero a.s..
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To show the convergence in Ly, use (4.35) to get

EKie — Adp| <Bs > ro(wr) (e € 11 (@), mu(a)}

(z,v,r)EXE
+ 1w € 15, (), 20, (O)]}) (4.41)
= ///u(dx,dv,dr)r ¢(v,r) (P(x € Ix; ,(a), zy t(a)])
+ P € 1156, (), 204 (0)])), (4.42)

where the identity follows from the Slyvniak-Mecke theorem [19]. The
expression (4.42) converges to zero by bounded convergence and the fact
that x§ ,(2) = z,,¢(2) as..

To show the general case r € R, multiply each term of the sum (4.38)
by 1{r > 0} +1{r < 0} obtaining two sums. To conclude, apply analogous
monotonicity arguments to each of the sums. O

Positional fluctuations.

Proof of Theorem 2.4. In view of (4.21), we have
1 1

NG (y;t(x) - yw(ac)) = 7 (Hf(t, z+vt) — EH(t, 2 + vt)), (4.43)

which converges to the Lévy Chentsov field, by Proposition 3.3. Observe
that the covariances are constant in € and given by

Cov (y2(2), () = 2E((v.(2) = ) (v (8) — ia(@) ) (4.44)

= %(Mz(@) + p2(ob) — Mz(ﬁ))a (4.45)

where a := (t,z + vt), b := (£, % + t). O

5 Macroscopic dynamics

Admissible functions. In order to find partial differential equations
and stochastic differential equations for the hydrodynamic limit solutions,
in this section we assume that the measure p € M is absolutely continuous
with density f € F, defined as follows.

Measurability of all functions is assumed. Define the set of dominated
macroscopic densities as follows.

L= {fy :R? = Ry : //(v2 +r2+ 1) y(v,r)dvdr < oo}, (5.1)
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Fy = {f :R® = Rxg : f(,v,7) € CY(R), and (5.2)
max{”f('vvvr)”om ”a:rf('vvvr)”m} < ’7(”7T)7 (1),7’) € R2}'

Define the mass and momentum functions of f € UyccFy by

of(z) = //rf(a:,v,r)dvdr, Cr(w) == //Urf(sc,v,r)dvdr, (5.3)

respectively. By the Dominated Convergence Theorem, oy and (; are
in C'(R). Moreover, if f € F,, then, ||o¢|| and |||/ are bounded

above by [|7]|1 and, ||¢¢||c and [|(¢]|c are bounded above by [[vry(v,7)]|:.
Define

F = {fe U Fyof(x) >0, for allxeR}. (5.4)
yeLl

The condition o > 0 is necessary to have invertible dilation operators.

Dilation and contraction. Define the subset of dilated macroscopic
densities as

G .= {fGH’: [lofloe < 1}.

Let f € F, g € G and a € R. Define the dilation and contraction functions
Diyo:R—=R,Cyq : R—=R, by

b b

Ds.a(b) =0 +/ of(x)dx, Cg,a(b) :=b— / oq(y)dy, a,beR.
a a

Define the dilation and contraction operators D, : ¥ —+ G, C, : § — F by

f(Dya(y),v,7) 9(Cyal@),v,7)

Daf(ya v, T) = Wy Cag(l',U,T') = —1 . (55)

1—04(Cg.a(2))
Notice that D' = C, and that the derivatives are

d d

oy Pra(@) =1+ 04(z), @Cg,a(y) =1—04(y). (5.6)

In particular, %nga(y) > 1 —||loglloe > 0. Thus, both functions are

diffeomorphisms, the former is a dilation and the latter is a contraction.
The dilation and contraction operators conserve mass. For f € F,

g € Gand a,b,c € R, we have

Dy.alc) c Cg,a(c) c
/ o (y)dy = / of(x)da, /C oe.y(@)dz = / oo(y)dy.
b b

Dj,a(b) g.a(b)
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This follows considering the change of variable z = D;i(y) for the first
identity and y = C; | (z) for the second one. Along the way, one can verify
the following identities

0D.f(Dr.a(2)) = %

OC.g (Cg,a(y>) = %

The shift operator S, applied to f € F or g € G is given by
Sof(z,v,r) = f(x —a,v,r). (5.7)

Proposition 5.1. Let a, g and p € R.

1. IffeF and g = qf,thean—quandgeg

1 Ifge§ and f:=Cyg; then Cyq = D7

2. The operators Dy and C, are inverses of each other.

3. Withb:=p— D;}I(p — a), the following diagram commutes.

3&9
4L
F—579

4. With ¢ := Cg,g4,4(p+a) —p, the following diagram commutes. (Since C,
is a bijection with inverse Dy, we can express c as function on F, by the
formula c(f) = Cs,p,74(p+a) —p.)

I
()

%
&

&
W @

“W

Proof. 1. By the definitions, Cy 4(Dy.4(q)) = C44(¢) = ¢. On the other
hand, by the chain rule and the definitions,

dilz(cgaq 0 Dy q(2)) |z:z = ((diicg,q(z)) |Z—Df q(r)) ((%Dﬁq(z)) |z:z>

= (1 — Ug(Dﬁq(l‘ )(1 +oy l‘))

= (1= Tt +osto) -
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To show that g € § we compute its mass function:

og(y) = op,(y)

://quf(y,v,r)dvdr
-/ 1+af v(zg))d“dr

_ o1 (D} 4(y))
14+07(D;,(y)

and so ||o,||e < 1 follows from the fact than for every y, o,(y) < 1.
1’. The proof is analogous to the one before.

2. Let us prove that C; o Dy is the identity operator in F. Let f € J, and
let g := D, f. Then, by the first statement, for every (z,v,r) € R? we have
that

CqoDyf(z,v,7) =Cyg(z,v,7)
1—04(Cqq(x))

_ g(Df,q(x)v v,7)
04(Df,q(2))

_ flz,v,7)
(1+04(@) (1= 04(Dya(2)))

= f((l’,'l),?")

as claimed. Analogously it can be shown that D, o C, is the identity in §.

3. We want to show that S,D,f(z,v,7) = D,Spf(z,v,7), (z,v,7) € R>.
By definition, this is equivalent to

f(D;;(y_a)7U7T) o f(D;;(y) —b,v 7“)

oD, (y—a) 110D, () D) (58)
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So it suffices to show D} (y —a) = D;;(y) —b=:¢®. But ¢ =
D]T;_b(y —b), by definition. Hence, it suffices to prove that y — a =

®
q® + qu of(x)dx. The identity holds for y = p, by definition of b. Tak-
ing the derivative w.r.t. ¢®), we obtain 1 + of (¢®) on both sides.

4. Tt reduces, analogously to the proof of the third statement, to verify the

equality Cg_,llj(y— c) = Cgalg)q(y) —a, which certainly holds for y = p+c. O

Remark 5.2. In particular, we have Cyy.S, D, = S, and Dyy.S., =
S.D,, for all z and z € R.

Time evolution. Define the ideal gas evolution operator T; : ¥ — F by
Tif(z,v,7) = foT_(x,v,7) = f(x — vt,v,7r). (5.9)
This operator is a bijection with inverse 7_;. Notice that 7; conserves F:

feFifand only if Ty f € F.
For f € F define the (macroscopic) mass flow

v z+(v—w)t oo
j;{(x,v,t) = / / / r f(z,w,r)drdzdw (5.10)
—0o0 J T — o0

Jr (v, t) == / / / r f(z,w,r)drdz dw, (5.11)
v z+(v—w)t J —oco
Jr(z,v,t) = j;‘(w,v,t) —Jjy (@, v,t). (5.12)

The flow j;r(m, v,t) gives the mass crossing the trajectory (s,z +vs)eqo,q

with speeds less than v, when the initial density is f, and n (z,v,t) col-
lects the faster mass crossing the same trajectory. The net flow j; is the
difference of those. If f € J, for some v € £, then

v oo
|j;r(33,v,t)| < / / |v —w]| [t]|r] y(w, r) drdw < oo, (5.13)
—0o0 — 00

by definition of £. Analogously [j; (2, v,t)[ < co. We conclude that
7 (@0, 8)] < 00, |jf(x,v,t)| <oo, feF, xv,teR. (5.14)
Define the hard-rod evolution operator U; : G — G by

Urg(y,v,7) := So, Do TiCog(y, v, r) (5.15)
Ot 1= jCog(Oa Ovt) (516)
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As in the microscopic case, DyT;Cog is the macroscopic hard rod evolution
as seen from a zero-speed, zero-length quasiparticle (0,0,0), added at the
origin at time 0, and o, is the position of this quasiparticle at time ¢. The
shift by o; is performed in order to obtain the hard rod evolution of g (as
seen from the origin).

For every g € G, we define the macroscopic position at time ¢ of a hard
rod (g,v,r), as the bijection ug,; : R = R

Ug,0,t(q) =g+ vt + je,q(q,v, ). (5.17)
Notice that this does not depend on the length 7.

Lemma 5.3 (Quasiparticle evolution). Let g € § and (q,v,t) € R3. Then
Ug vt : R = Ris a diffeomorphism and, for every (p, w) € R2, the following
formulas hold.

' Cq,p(q)+uvt
Ug,v,t(q) = Cgp(q) + vt + je,q(p, w,t) + / oTic,e(x)dz (5.18)
ptwt
d
jqug’v’t(Q) = (1 - Ug(‘])) (1 + Uﬂcpg(cg,p(Q) + Ut))- (5-19)

Proof. Since Cqg(x,v,7) = Cog(z — g+ Cy,4(q),v,7), a change of variables
give us the following alternative formulation. Note that the function we
integrate is different and does not depend on gq.

Cg,a(q)+(v—d)t
Je,q(q,v,t) Z/T// Cog(x,w,r)dx dw dr. (5.20)
c

9,a(q)

Then,

ug,v,t(q) =q + ot + qug(qa v, t)

Cg,p(Q)"F(U—w)t
= q—i—vt—l—/r// Cpg(z, W, r)dx di dr
Cy.p(a)

P
=q+vt+/r/</ Cpg(z,w,r)dz
Cg,p(a)

p+(w—w)t
+ / Cpg(z,w,r)dx
p

Cy,p(@)+(v—w)t
+/ Cpg(z,w,r)dzx | dwdr.
pH(w—w)t
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Now, the first integral, together with the term ¢, is equal to Cg4,(g).
The second integral is equal to je,4(p,w,t). Finally, by the change of

variable y = x + wt, we can see that the third integral is equal to
pcj’l‘;t(qut 07.¢,g(x)dx. The formula for u,, ¢ follows, from which we can
deduce the formula for its derivative as it is done below.

Denote ¢ == C,4 ,(¢) and compute

d dg d , [att
Gatoen@ =@+ ([ one,(w)as)
ptwt
dg d , [att dg
= Iq(Q) + a4 (/pmt Uﬂcpg(ﬂf)dx) ?q(Q)
d(j d G+ut
=@+ 2 ([ onctis))
ptw
= (1=04(9)) (1 + 07c,9(q + v1)). =

Corollary 5.4 (Monotonicity and smoothness). For every g € G and
every (v,t) € R2, the function Ug vt 18 increasing and smooth.

We still need some previous lemmas before facing the proof of the
existence and uniqueness theorem for the hydrodynamic equation. The
following one is the macroscopic counterpart of (4.14).

Lemma 5.5 (Evolution formula). Let g € G. Then, forp,q,v,w,t € R,

g(ug,mt(q)v v, T)diqugi,v,t (q) = Sappﬂ-wtﬁcpg(qv v, T)a (5'21>

where a = je,q(p,w,t).

Proof. Let us write f = Cpg, § = Cg,p(ug_,},7t(q)) and u = ug,¢ By
Lemma 5.3, we have that

d _ d -
" @= (@u(fﬂ)bzu—l(q)) (5.22)

-1

_ (1 —a, (u71(q)))—1 (1 +ons(d+ vt))
We claim that

D7, s prwt(q+0t) = q — a. (5.23)
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Indeed, first we see that, by the involved definitions,

+oo +oo  pp+(v— w)t
Jrsv,t) = jr(p,w,t) / / / (z, W, r)dx d dr

(w— w)t

p+vt
- / o721 (2)de = D7 pan(p + 0) — (p + ).
ptwt

From the last equation, together with Lemma 5.3, we see that (5.23) holds
for ¢ = u(p). Second, taking the derivative w.r.t. ¢ on (5.23), applying the
chain rule and using (5.22), we get

d

. d dq
jqpﬂf,p+UJt(q +vt) = (%Dﬂf,p+wt(Q)) ’

q:q+vtd7q(Q)
d —1
9= f(q) d ug v t(Q)

= (1 +ornr(¢d+ Ut)) (dich,p(Q))

— (1+a7;f(d+vt)) (1—Ug<U;771Jt( )))dcf] g})t(q)
=1
—d%(q— )

Thus equation (5.23) holds, as claimed. Finally, by definition of §, we have
that u~'(¢q) = C, 3(q). Using this identity, together with equations (5.22)
and (5.23), we get

. d g(C 5(@),v,1))
glu (q)’v’r)dqu @)= (1—0y(Cy, )(1+a7; (G +vt))

i@
(1+ Uth((j + vt))

~ Tif(G+otv,r)
 (L+or (G +vt)

prwt Tef (DT, fp+wi (G + vt),v,7)
= Dp+wtTef(q = a,v,7)
= SaDp+wiTef(q,v,7)
= SaDptwit TeCpg(g,v,1). O
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Corollary 5.6 (Alternative evolution formula). We have

_ d _
utg(qv v, T) = g(ug,ql;,t(Q)a v, T) diqugﬂl),t (Q) (524)

Lemma 5.7 (Group property). The family (Us)ier is a group: Uy =
Identity and Upys = Ulds, for t,s € R.

Proof. Tt is clear that Upg = ¢g. Let t and s € R. We want to prove
that UUrg = U sg. Let us choose (p,w) € R? arbitrarily. Let a =
Je,g(Dyw,t), b= Je, .\ wirattig(P + Wt + a,w,s) and ¢ = je,q(p,w,t + s).
From their definitions, it can be proved that ¢ = a + b. Now, we compute

Usutg = (Sb,Dp+w(t+s)+a7;Cp+wt+a) (Utg) (by Lemma 55)
= (Spr+w(t+s)+a7;Cp+uzt+a) (Sa,Dp-l—wt,ECpg) (by Lemma 55)

= Spr+w(t+s)+a7; (Cp+wt+a SaDp+wt) ﬁcpg

= SuDptw(t+s)+a (TSSQ)’ECPQ ( by Remark 5.2)
= Sy(Pptaw(t+s)+aSa) (TsTe)Cpyg (S and T commute)
= (SbSa)Dp+w(t+s)7§+SCpg ( by Remark 5.2)

= (Sa+b),Dp+w(t+s)7;+SCpg
= (SattPptuw(t+s) Tr+sCp9)
=Upysg. (by Lemma 5.5) O

The next lemma shows the equivalence between the definitions (2.33)
and (5.15) of g;.

Lemma 5.8 (Equivalence). Let f € F, g := Do f, g+ := So,DoTiCog and
Yrwe(x) :=Dyo(x) + vt + jr(x,v,t). Then,

/// da dv dr f(2,0,7) 1 @y 7.0a(x), v,7) = /// dq dv dr gi(q,v,7) 7 5(q, v, 7).

Proof. Lighten notation by writing y,: = yf.,: and uys = Ug,e, and
recall ¥y, (2) = uy,((Do(z)). Changing variables x = yv_% (¢), we have

d d

_ _ d _
% (9)dg = —Cg0(uy 1(q)) dg = (1 — o4(uy;(q)) dfquv}(q) dq,

d =
T aq
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by (5.6), and

// dzdvdr f(x,v,7) 1 o(yp(x),v,7)
d 4

- / / / dgdvdr (@), 0.7) il 0.m) (1= g1 0) (@

- / / / dg dv dr £(CyousHq),v,7) T 9(g,v,7) (1 — 0y (uz 3 (a)) d%u;xq)

_ d _
— [[[ dadvarg(u @) o) retaon) it by (655)
= // dqdvdrgt(q,v,r)Tcp(q,v,r), by (5.21).

In the second identity we used that (2.16) implies yv_%(q) = Cg70u;’%(q).
Indeed, yy, () = wyt(Dfo(2)), where uy ¢ =ty is defined in (5.17). O

Proof of the density evolution theorem. Recall the definition of o
and ¢y in (5.3) and denote

og(q,t) = 0g,(0)  Co(a,t) = 0g,(q)- (5.25)

Proof of Theorem 2.5. We first prove that g; = U, g satisfies the evolution
equation. It is clear that ¢ satisfies the initial condition. Now, by the
group property of Lemma 5.7, it suffices to verify the differential equation
at time ¢t = 0. More precisely, for the general case t = t;, we could satisfy
the differential equation for ¢ = 0 and the initial condition U, g, using the
function Uylsg = Uy sg. Then simply by shifting its time dependence we
would get that U, g satisfies the differential equation for ¢ = s.

Let us write u(q,v,t) == ug4,,(q) and u(q,v,t) == u;iyt(q) =: . Now,
first we compute, using the chain rule,

1 =04(¢q) =0y (u(ﬂ(q,v,t),v,t)) = ((%u(gj,v,t)) (&ﬂl(q,v,t)).
Then 9,u(q, v,t) = (ﬁqu@,v,t))fl. Next,
0=20(q) = 0O (u(ﬂ(q,v,t), v,t)) = (@u(g),v,t)) (8tﬁ(q,v,t)) + Oru(g, v, t).
Then

Oru(g,v,t)

dvi(q,v,t) = T Dguld, v,1)
q y Uy

whenever dgu(y,v,t) # 0, which is always the case. Thus, evaluating at
t =0, we get
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8qﬁ(q,v,t)‘tzo =1
at'a(Qavat)‘t:O =- (1—04(q / / v —w)g(q,w, 7)dw dr

8q8t1l(q,v,t)|t:0 = —0, ( 1 —oy(g / / v —w)g(q, w, 7)dw dr)

Then, for the time derivative of the proposed solution g at time ¢t = 0, we
finally get

atgt (Qa v, 7") ‘t:O

= <8t(g@vvvr)aqﬂ(q’v’t)))

t=0

= (Oug (3, v.1)0vlq, v,00,q.0,0))| _ 9(5v.7) (200,q.0,1))

qg@,v,r)( v— (1= 0,(q / /vf 9(g, w, r)dwdr))
+g(gj,v,r)( Jq ( 1—-04(g / /v— 9(q,w, r)dwdr))

= —v09(j,v,7) — O (g(yw r)(1—oy(q) "

/ / (v —w)g(q,w, r)du}dr)

-1

t=0

= —vaqgt(q,v,r)‘tzo 0 (gt(y,v r (1 —oq(q,t))

/ /v— w)ge (g, w, r)dwdr)‘ .
t=

which is precisely the differential equation, at time ¢ = 0, of our Cauchy
problem (2.34).

Now we prove uniqueness. Let us suppose that h; is another solution
to the Cauchy problem. First, let us note that (first multiplying by r and
then) integrating (w.r.t. r and v) the differential equation of the Cauchy
problem (2.34), we get the following integral version

6tUh(Q7 t) + 6th (Qa t) = 07 (526)

which is a continuity equation, expressing the conservation of mass law,
and will be used later. Secondly, let us define the evolving effective velocity
field associated to h as the function

7 [(v—w)h(q,w,7,t)dwdF
]-*O—h((b )

v,eff(q,v,t) =+
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Note that we have the following equivalent formulation,

eff Gl Ch (qa t)
v ,U,t) = —————~. 5.27
h (q ) 1— Uh(q, t) ( )
which, in particular gives
eff eff v—-w
t) — )= —.
v (y7v7 ) v (y’w7 ) 1 _ U(y) t)
Now we can consider the following Cauchy problem

(jh,q,v = UZH(Qh,q,v (t)’ v, t) (528)
4h,q,v (0) =4q

Since h is in G, for every v € R we have that v$f(-,v,-) and 9,5 (-, v, )
are in C2(R?). Then, by the general theory of ODEs, for each (¢,v) € R?,
there exists a global solution to the problem (5.28). Let us define

Uh,v,t(Q) ‘= Gh,qv (t),

which is a diffeomorphism. The rest of the proof consists of showing, for
every (q,v,7,t) € R3 x R>q, that the following two formulas hold.

(5.29)

h(gq,v,r,t) = g(uﬁ),t(q), v, r)diqu;,lv’t(q),
Up,v,t = Ugw,t

which gives uniqueness. We split the proof in three parts.

Part 1: We claim that, for all p,w,q,v € R, the following holds.

Chep(0)((t)) = Co,p(q) + (w = v)t = p(t) +p =0, (5.30)

where hy == h(-,-,t,-), p(t) = qnpw(t) and ¢(t) = qn q.(t) for every ¢t € R.
This equation clearly holds for ¢ = 0 and, applying the Leibniz integral
rule to compute its time derivative, and taking into account the continuity
equation (5.26) and identity (5.27), we get the following result.

q q(t)
= jt(/p op(z)dr — " on(z,t)dz + (w —v)t + q(t) — p(t) +p — q)

q(t)
= p()on(p(t),t) — 4(t)onla(t),t) — / Oop(z,t)dr +w — v +4(t) — p(t)
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q(t)
= /(t) 0uCn (2, t)dz + w — v+ 4(t) (1 — on(q(t), 1)) — p(t) (1 — on(p(t),t))

=(nlg(t),t) — Gup(®),t) + w — v
+ v (q(t), v, 8) (1= onlq(t), 1)) — v (p(t), w, £) (1 — on(p(t), 1))
= Cu(q(t),t) = Cu(p(t),t) +w —wv
0= enta0.0) - 0 - n0.0)
= Culq(t),t) — (), t) +w — v+ v — Culg(t),t) — (w — Cu(p(t), )

:07

where we used (5.26), (5.28) and (5.27) to see the third, fourth and fifth
identities, respectively. Thus equation (5.30) holds, as claimed.

Part 2: We claim that, for every q,v,r,t € R, the following holds.

d
h(unv,t(q), v, 7, t);qUh,q),t(Q) =g(g,v,7), (5.31)
Cowye = Sa()TeCq9; (5.32)

where ¢(t) == up,(¢) and a(t) = q(t) — ¢ — vt.

Indeed, regarding the first equation, we see that it holds for t = 0
and we compute the time derivative of the LHS applying the chain rule as
follows. Write u instead of up, , ¢ to lighten notation and get

) (h(u(q, v,t), 0,7, ) dgu(q, v, t))
=0, (h(u(q,v,t),v,r, t))aqu(q,v,t) + h(u(g, v,t), v, 7, 1) 2 dqu(q, v,t))
- (8th(u(q,v,t),v,r, t) + 0gh(u(q, v, 1), v, 7, t)c')tu(q,v,t))ﬁqu(q,v,t)
+ h(u(g,v,t),v,r,t)0,0u(q,v,1)
= (Ouh(a(t), v,7,1) + Bgh(a(), 0,7, )05 (u(q, v, 1), v,1) ) Dyulg, v, )
+ h(q(t), v, t)d, (U,Cff (u(q, v, 1), v, t)) (because ¢ = v°f)
= (Ouhla(), v, 7,) + yh(a(t), v, r, 037 (a(t), v, ) ) pula, v,

+ h(q(t),v,r, t)aqvfff (q(t), v, t) Oqu(q,v,t)
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= (ath(q(t), v,7,t) + 04 (h(q(t), v, 7, t)vst (q(t),v, t)))aqu(q, v, t)
0,

since h is a solution to the Cauchy problem (2.34). Thus the first equation
holds. Regarding the second equation, which is specifically the following

h(c;:iq(t) (x),w,r,t) g(C;; (Jc +(v—wit+q-— q(t)),w, T)

1= 0n(Cyl iy (@)st) 1= 04(Cog(x + (v —w)t + ¢ —g(t)))’

we first note that, since the composition Cy, ()0 unw .t : R — R is a diffeo-
morphism, we can replace x in the equation above by Cy, 4(1)(Un,v,t(q)) =
Ch,q(t)(q(t)). After doing this change of variables, and applying the equa-
tion (5.30) with ¢ = p, we see that the resulting equation is

hig(t),v,mt) _ g(g,v,7)
1—on(q(t),t) 1—04(q)’

which, we claim, is equivalent to the already proved first equation:

d B 1-— Ug((J)
——Up () = T(q(t),t).

dq
Indeed, this equation holds for ¢ = 0 and, before taking its time derivative,
we note that

(5.33)

—04Gn(0:t) (L — on(q,t)) + 040n(a,t) (v — Cn(a:1))

aqviﬂ (q,v,t) = (1 (q t))2 (5.34)
— Onl\4,
_ =046 (9, t) + Dyon(a, v (g, v, ) (5.35)

1-— Oh(qat) ’

which follows directly from (5.27). Now, the time derivative of the (con-
veniently rearranged) expression (5.33), gives

01 (0gula v, ) (1 = on(a(t),1) = (1 = 0y(a)))
= 0 (Bgu(,v,6)) (1 = ona(t),£)) + Dgula, v, )0, (1 = onla(t). 1))
= 9, (v (a(®), v.) ) (1 = oua(0), )
+ Ogula, v.t)(~00n(a(t), 1) = dyon(a(t), Hu(g,v,1))
= 9qvi" (a(t), v, 1)0qulg, v, 1) (1 — on(q(t), 1))
+ 0gula, v,1) (9,6 (a(t). 1) — Dy (alt) DU (a(t), 0,1)) =0,
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where the last two identities follow from (5.26) and (5.35), respectively.
Thus the equation (5.33) holds, as claimed.

Part 3: We prove (5.29). The first equation in (5.29) follows from
(5.32) and using (5.33). To show the second line in (5.29), use (5.32) to
get

vf‘;ﬂ(q(t),v,t) =v+ /r/(v —w)Cqyh(q(t), w,r,t)dw dr

=+ /r /(v —w)TiCqg(q + vt, w, r)dw dr

=v+ 8tjg(Q7v’t)7

by definition of j,. Then integrate in ¢ and use (5.28) to get
t
q(t) —gq= / v (q(s),v, s) ds
0

t
= / (v+ 04jg(q,v,5)) ds
0

=t + jg(qv v, t) - jg(Qa v, 0)
= vt + jy(q,v,t)
= Ug,v,t(q)-

We proved g .+(q) = un,v+(¢) up to a constant. O
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