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Introduction

Given a (real or complex) vector bundle E over a manifold M, a basic point
is to know how trivial the bundle is. This is equivalent to asking how many
sections F admits that are linearly independent everywhere (over R or C).
Of course this all makes sense also in the holomorphic category.

For instance, it is known that every continuous vector field on $? must
have singularities and therefore, in particular, the tangent bundle 752
is not trivial. From Poincaré-Hopf’s theorem one may deduce that every
odd-dimensional sphere does admit a vector field with no singularities, i.e.,
a trivial 1-dimensional subbundle.

Chern classes of complex vector bundles can be defined in various ways
and they are obstructions for constructing linearly independent sections.
These are powerful invariants with plenty of applications in topology and
in differential and algebraic geometry. In fact these are now fundamen-
tal concepts for instance in string theory, Chern—Simons theory and Gro-
mov—-Witten invariants.

The theory of Chern classes for singular varieties, initiated by M. H.
Schwartz [50], D. P. Sullivan [54], R. MacPherson [29], and continued
by J. P. Brasselet (see for instance [8]), W. Fulton [20] and others, keeps
growing fastly and it is now a rich theory that can be regarded from several
points of view and has deep connections with several areas of mathematics.
There are various notions extending to the singular case the classical Chern
classes of complex manifolds, having each its own properties and interest.

The classes introduced by M. H. Schwartz are an extension for stratified
singular varieties of the usual Chern classes regarded as obstructions for
constructing linearly independent sections of vector bundles. The classes
introduced by MacPherson proved affirmatively a conjecture stated by
Deligne with ideas by Grothendieck, somehow motivated by Sullivan’s
work for the Stiefel-Whitney classes. MacPherson’s construction actu-
ally assigns a “theory of homology Chern classes" to each constructible
function on a compact complex algebraic variety X; these classes are
natural. Then Brasselet and Schwartz showed in [11] that Schwartz’
and MacPherson’s construction for the constructible function 1x actu-
ally coincide up to Alexander duality isomorphism; hence these are named
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Schwartz-MacPherson classes, that we denote ¢2*. On the other hand the
Fulton classes cf™ are defined using the classical Segre classes in algebraic
geometry. All of these can be regarded in the singular homology or in the
Chow group in the algebraic case (see [4]).

In the 1990s P. Aluffi, studying which schemes can arise as singular
schemes of hypersurfaces in complex manifolds, realized that it was impor-
tant to compare the Schwartz-MacPherson and the Fulton classes. This
same issue, comparing the ¢o™ and c¢f™ classes, also arose at almost the
same time and by different reasons in the work of Parusinski-Pragacz,
Yokura and Brasselet-Lehmann-Seade-Suwa. In [40, 41, 42, 43] this ap-
pears in relation with the generalized Milnor number and the topology
of degeneracy loci of sections of vector bundles. In Yokura’s work this
appeared in [62, 61] while looking at Chern classes in bivariant theory
(cf. Brasselet’s work [6]), searching for a Verdier-Riemann-Roch type
theorem for the MacPherson classes of singular varieties. On the other
hand this comparison of the ¢ and cf™ classes was a natural contin-
uation of Brasselet-Schwartz’ theorem showing that the MacPherson and
the Schwartz classes coincide (up to Alexander duality). Seade and Suwa
proved [52, 55| that in the case of compact local complete intersections
with only isolated singularities, the difference ¢Z™ — ¢ is, up to sign, the
sum of certain numerical invariants called Milnor numbers, that spring
from the local study of the geometry and topology of the critical points
holomorphic map-germs. Then, looking for an extension of Parusinski’s
generalized Milnor number to the case of complete intersections naturally
led the authors of [10] to comparing the Schwartz-MacPherson and the
Fulton classes.

The Milnor Fibration of holomorphic maps introduced in [36] is a fun-
damental object for the study of the local topology of complex hypersur-
faces. When the map-germ has an isolated critical point one has the as-
sociated Milnor number, which is the most important numerical invariant
associated to an isolated complex hypersurface singularity. This invariant
was extended by Hamm [23] to isolated complete intersection singularities.
The literature about the Milnor number is vast and we refer for instance
to [27, 51] for recent accounts of the subject. It is a topological invari-
ant, easily computable and it determines the homeomorphism type of the
Milnor fiber.

When considering non-isolated complex hypersurface singularities there
are two important viewpoints extending the Milnor number: one is local
and mostly due to work by Lé D. T., B. Teissier and D. Massey, who in-
troduced in [30, 32] the notions of Lé cycles and Lé numbers. These spring
from the theory of polar varieties developed by Lé and Teissier, with roots
in ideas by René Thom. There is a Lé cycle (and number) in each complex
dimension from 0 to that of the singular set; these encode deep information
about the singularity germ and they determine the homeomorphism type
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of the local Milnor fiber (see for instance [32, 33]). The other viewpoint is
global and is due to A. Parusinisky who introduced in [39] the notion of a
generalized Milnor number: this is an integer associated to each connected
component of the singular set of a complex hypersurface in a compact
complex manifold. There are several interpretations of that invariant by
Parusinisky-Pragacz and by other authors.

If X is a complete intersection in a compact complex manifold M, then
the difference 2™ — cI™* between the total Schwartz-MacPherson and the
Fulton class has support at the singular set X ;,,. Hence, when X4
consists of isolated points, these classes coincide in all dimensions greater
than 0, and as mentioned before, in dimension 0 the difference is the sum
of the local Milnor numbers. It is thus natural to call ¢Z™ — cI'* the total
Milnor class of X. There is one Milnor class in each dimension, from 0
to that of X4, and in dimension 0, for hypersurfaces this coincides with

Parusinsky’s generalized Milnor number.

Milnor classes are interesting invariants, which are defined globally but
have support at the singular set. What information these classes encode
is not yet understood and little is known about their geometry.

In this work we present and review all these concepts and survey our
work and contributions with Roberto Callejas-Bedregal, our dear friend
and co-author who passed away in April 2021. So this article is dedicated
to his memory. Chapters 5 and 6 concern our articles [14, 15]. We also
refer to [16] that was being written by the three of us when Roberto passed
away.

We begin this article by presenting some concepts about complex vector
bundles over manifolds, highlighting the role of the tangent and cotangent
bundle and the local Poincaré-Hopf index theorem, which is the paradigm
of Chern classes (see [12] for a thorough account on the subject and [8] for
a recent expository article that includes an interesting account on the birth
of Chern classes; see [16] for an account on the relations with the Milnor
number). The next chapter defines the Chern classes of vector bundles
as elements in the cohomology of the base space, using first algebraic
topology. Then, following Fulton’s book [20], we use algebraic geometry
tools to describe these classes as elements in the Chow group.

Chern classes of complex manifolds are associated to their tangent
bundle, and in chapter 3 we present different notions extending these con-
cepts to singular varieties. We highlight the Schwartz classes, MacPherson
classes and Fulton classes, and following an important observation that we
learned from J.-P. Brasselet, we notice that each of these is associated to a
way of extending the tangent bundle over the singular set. In chapter 4 we
describe Milnor classes and their basic properties. In chapter 5 we plunge
into the geometry of these classes, focusing on our articles with Callejas-
Bedregal; we present the concept of global Lé cycles and their relationship
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with local Lé cycles, introduced by D. Massey, and study their relations
with Milnor classes, following [14, 15].

In [14] we use work by Schiirmann and Tibar for affine varieties [49],
to show that Massey’s concept of Lé cycles can be globalized to projective
hypersurfaces and, surprisingly, the information encoded in those classes
is equivalent to the information encoded in the Milnor classes, since the
global Lé classes determine the Milnor classes and conversely.

In [15], somehow inspired by [46], we first get Verdier-Riemann-Roch
type formulae for the total classes ¢?™(X) and cf*(X), and use these
to prove a surprisingly simple formula for the total Milnor class when X
is defined by a finite number of local complete intersection Xi,..., X,
in a complex manifold, satisfying certain transversality conditions. As
applications, we obtain a Parusinski-Pragacz type formula and an Aluffi
type formula for the Milnor class, and a description of the Milnor classes
of X in terms of the global Lé classes of the X;.

Most of the work on Milnor classes in the literature is for hypersurfaces,
the complete intersection case being much harder (cf. [10, 34]). The case
of varieties which are not complete intersection is far more difficult and it
is not even clear what the definition of Milnor classes should be, since there
are several possible candidates that coincide for complete intersections.



Chapter 1

Preliminaries on complex
vector bundles

Let (M, 7) be a topological space and {U;};c; be a family of non-empty
open subsets of M, where the U; are an open covering of the space M. Let
also be given a collection of maps Vi € J, ¢; : U; = W; C R™, where ¢; is
a homeomorphism. Hence all W; are open in R™ and the transition maps

Vi =¢j0¢; 1 i(U;NU;) CR™ — ¢;(U; NU;) CR™
are also homeomorphisms.

Definition 1.1. A pair (U;, ¢;) is called a coordinate chart of M and a
collection (U;, ¢;);c is called an atlas of M. Since the transition maps 1;;
are all continuous, one says that M is a topological manifold (of dimension
n). A topological manifold M is called a (real) differentiable manifold if
the transition maps 1;; are differentiable. Since @[Jj;l = 1);;, this implies
that the transition functions are diffeomorphisms.

Let (M,U) be a real differentiable manifold with atlas U = (U;, ¢i)ics
of (real) dimension 2n and assume that M is connected (as topological
space):

ViU = Wi CR?™, 4y : (Ui NU;) € R*™ — ¢;(U; NU;) € R*™,

where W, C R?" is open and 1j; is differentiable. We identify C" with
R?” using the standard identification:

(21, 2n) = (Re(z1), Im(z1), ..., Re(zn), Im(zy)).

Denote Uj; := ¢;(U; NU;). Then v;; : Uj; C C* — C™ becomes a complex
map on the open set Uj; C C™.
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Definition 1.2. The above real differentiable manifold (M,U) is called a
complex manifold if the maps 1);; are biholomorphic Vi, j € J.

Definition 1.3. Let M be a complex manifold of dimension n and N C M
be closed. N is called a complex submanifold of M if V y € N, there is
a coordinate chart (U, ¢) of M with ¢ : U — W C C", W open, y € U
such that ¢(U N N) = W N (CF x {0}), for some 0 < k < n, where k is the
dimension of N.

Using the Implicit Function Theorem and the Constant Rank Theorem,
one can show that:

A subset N in a complex manifold M of dimension n is a complex
submanifold of dimension k if and only if it can locally be written as the
zero set of locally holomorphic functions for which the Jacobian matrix
has maximal rank. Hence for all ¥ € N, there is an open neighborhood U
of y in M (we may choose U sufficiently small such that (U, ¢) is a chart

at y) and there are holomorphic functions f; : U - C, i = 1,...,n—k
such that
UNN = ﬂ {0}
i=1
and .
rank (‘W(@) =n-kVzeUNN. (1.1)
j i,

Let X in C" be defined by p holomorphic functions g1, ..., gp. A point
zp € X is called a singular point of X if the rank of the Jacobian matrix
of the g; at zg is not maximal and X is called regular if it does not contain
singular points.

Let f : C* — C be a holomorphic function and consider its vanishing
set V(f) = f~1(0). Note that f being holomorphic, thus continuous, V(f)
is closed in C™, but until now it is not yet a submanifold of C™. This occurs
if and only if

wrad 1) = (521 L) 20, vz e Vi)

In fact, since f is globally defined and V(f) is the zero set of the
holomorphic function f, we can take U = C", thus V(f) N C" = f~1(0).
So by (1.1) it is necessary and sufficient to show that the Jacobian matrix
associated to f has maximal rank on the set V(f). But there is only one
(globally defined) function, so n — k =1 and

rank J(f)(z) =14 J(f)(z) #0 < grad f(z) 0,V € z € V(f).

Hence if V(f) is a submanifold of C", then V(f) is smooth.
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Let M and E be complex manifolds and let 7 : E — M be a surjective
differentiable map that is a family of vector spaces (over C), i.e., 7~ 1(m)
is a vector space over C for all m € M.

Definition 1.4. A triple (w, E, M) as above is called a complex vector
bundle if there is a differentiable atlas for M with open covering {U; };cs
such that for all i € J, one has that 7|,-1(y,) : 7Y (U;) — U, is isomorphic
(as a family of vector spaces) to the standard trivial family p; : U; x
C" — U; (first projection), where 7 is said to be the rank of this vector
bundle. If £ and M actually are complex manifolds, the above atlas for
M is holomorphic and the projection p is holomorphic, then we say that
(m, E, M) is a holomorphic vector bundle.

The concept of a vector bundle can also be described in the context of
schemes (see [20, B.5.5]).

For short, we say that E is a vector bundle over M if we mean that
m: E — M is a vector bundle.

Example 1.5. Let M be a complex manifold of dimension n, p € M and
let (U, ) be a chart at p in M. The tangent space of M at p is defined
by T,M := d¢(p)¢_1((:"). It is easy to see that this definition does not
depend on the chart at p. We know that T,M is a n-complex dimen-
. o 0 :
sional vector space and a basis is given by {|p7 ey |p} (partial
021 Ozn,

derivatives evaluated at p).

The cotangent space of M at p, T; M, is the dual space of the tangent
space of M at p.

The tangent bundle TM := |_| T, M with projection-map m : T, M —

pEM

M, w(vp) = p, is a vector bundle of rank n.

In a similar way we have the cotangent bundle 7™ M.

Definition 1.6. Let E be a vector bundle over M. A holomorphic map
s: M — E is called a (global) section of E if mo s = idg.

Example 1.7. Sections of the tangent bundle T'M of a complex manifold
M are nothing but holomorphic vector fields on M: £ : M — TM, £(m) =
Um € Ty, M. Similarly the sections of the cotangent bundle T* M are the
differential 1-forms.

Definition 1.8. A vector bundle E over a manifold M is trivial if it is
isomorphic to a product M x C¥ where k > 1.

Notice that this is equivalent to saying that F admits k sections that
are lineraly independent everywhere.

Example 1.9. For instance, the spheres S' and S3, and more generally
every Lie group G has trivial tangent bundle. To show this just take a basis
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of the tangent spaces of G at the identity and translate it using the group
multiplication. Similarly, every complex Lie group has holomorphically
trivial tangent bundle.

As an introduction to the next chapters, we now define the Euler class
of a manifold using the Poincaré-Hopf index: this is the paradigm to follow.
Consider a real m-dimensional compact smooth oriented manifold M with
no boundary, and a vector field v on M regarded as a section of its tangent
bundle TM. Assume v has a finite number of isolated singularities (zeros),
and let these be z1,...,z,. We use this information to construct from it
a canonical cohomology class Eu(M) € H™(M;Z), called the Euler class
of M, whose Poincaré dual is the homology class of the cycle

ZIndPH(MZCi){xi}»

T

where Indpp(v,x;) is the Poincaré-Hopf index of v at z;, and this is
the Euler characteristic x(M), by Poincaré-Hopf’s theorem. We remark
that the cohomology class Eu(M) is independent of v, but the cochain we
construct to represent it does depend on the choice of v.

Let (K) be a triangulation of M such that the singularities of v are
vertices, (i.e., they are in the 0-skeleton). Now take the barycentric sub-
division of (K), denote it (IA( ). We use this to construct a cell decom-
position dual of (K) that we denote (Dg): to each simplex o in (K) we
associate a cell d(o) which is the union of all simplexes in (K) whose closure
meets o exactly at its barycenter 6. For a vertex z; € K () its dual cell has
dimension m and it is the union of all simplexes in (K) that have z; in its
closure. Now define an m-cochain as follows: to each m-cell in (D) which
is dual to a singularity x; of v, we associate the local Poincaré-Hopf index
Indpp(v,z;) of v at x;; to all other m-cells we associate 0, and we extend
this to m-chains by linearity. We get a cochain with integer coefficients,
which actually is a cocycle, because there is no m + 1 chain. By definition,
its cohomology class is the Euler class of M, Eu(M). The Poincaré duality
says that x(M) is the evaluation of the class Eu(M) on the fundamental
class [M], i.e., H™(M;Z) " Ho(M;Z), Eu(M) N [M] = x(M).

Clearly this class is the Poincaré dual of x (M), the Euler characteristic
regarded as an element in Ho(M;Z) = Z, since x(M) equals the total index
of v.



Chapter 2

Chern classes of vector
bundles

Chern classes of vector bundles play a central role in geometry and topol-
ogy. In the case of (almost) complex manifolds, by definition their Chern
classes are those of its tangent bundle.

There are several alternative ways to define the Chern classes of vector
bundles; see for instance [17, 36, 53, 20, 12] for accounts on the subject.

2.1 Algebraic Topology viewpoint

Now we define the Chern classes of a complex vector bundle E over a
compact space K that is the geometric realization of a simplicial complex,
also denoted K, of real dimension 2m. We remark that everything we say
in this context works similarly if we replace K by a CW-complex with a
cell decomposition. We assume the complex dimension of the fibers of F
is k. The topological definition is the one given by N. Steenrod [53], using
obstruction theory.

Definition 2.1. A complex r-field for E, r < k, on a subcomplex L of
K is a set v") = {v1,...,v,} of r continuous sections of E defined at all
points in L. A singular point of v(") is a point where the vectors (v;) fail to
be linearly independent. A non-singular r-field is also called an r-frame.

The Chern class c?(E) € H?*¢(K), where ¢ = k—r+1, is the first possi-
bly non-zero obstruction for constructing an r-frame of E. Let us explain
this. Let W, be the Stiefel manifold of complex unitary r-frames in C*.
Notice that we will use complex r-frames which are not necessarily unitary,
but this does not change the results, because every frame is homotopic to
a unitary one. We know (see [53, §25.7.]) that W, is (2k — 2r)-connected

13
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and its first non-zero homotopy group is mag_2,4+1(Wr k) = Z. The bundle
of complex r-frames on F, denoted by W,.(E), is the bundle associated
with F whose fiber over x € K is the set of all complex r-frames in the
fiber E, over x (it is diffeomorphic to W, ;). In the following, we fix the
notation g =k —r + 1.

We use the standard stepwise process in obstruction theory to construct
this class, similarly to the way we constructed the Euler class of a manifold.
Recall that a map X — Y between topological spaces extends to the cone
of X if and only if it is nulhomotopic; and a p-simplex ¢ is homeomorphic
to the cone over Jo.

Let 0 be a p-simplex in K. If the section v(") of W,(E) is already
defined over its boundary do, it defines a map :

(™

do ~SP~1 2 Wr(E)ly ~U x Wy g LAEN Wik,

thus an element of m,_1 (W, k). If p <2k —2r + 1, this homotopy group is
zero and therefore the section v(") can be extended to o without singularity.
This means that we can always construct a section v(") of W,.(E) without
singularity over the (2¢ — 1)-skeleton K (24—1).

If p=2k—r+1) = 2¢q, we meet a possible obstruction. The r-
frame on the boundary of each 2¢-simplex ¢ defines an element, denoted
by Indpy(v(™, o), in the homotopy group Tog—1(Wr k) = Z. The inte-
ger Indpy (v, ) is the (Poincaré-Hopf) index of the r-frame v(") on o.
Similarly to the above case of the Euler class, this defines a cochain

v € C*K;maq-1(Wrk))

by setting v(o) = Indpy(v(™), o) for each 2¢g-simplex o and then by ex-
tending it linearly. This cochain is actually a cocycle ([53, §41.4.]).

Definition 2.2. The cohomology class of the obtained cocycle is the ¢-th
Chern class of the bundle E, ¢4(E) € H*(K;Z).

Given a complex vector bundle E over K, of fiber dimension k, and its
Chern classes defined as above, the total Chern class of F is:

c(E) = 1+c'(E) +---—|—ck(E)

This is an element in the cohomology ring H*(K,Z), and actually this is
a unit, which therefore has an inverse. This will be used in the sequel.
The class one gets in this way is independent of the various choices
involved in its definition.
Ezxample 2.3. Note that if K is a simplicial complex whose geometric re-
alization is a manifold M of complex dimension m and if F is its tangent
bundle T'M, then the top Chern class ¢"*(TM) coincides with the Eu-
ler class of the underlying real tangent bundle Tr M, so Chern classes
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are a natural generalization of the Euler class. That is, ¢™(TM) is the
primary obstruction to constructing a never-zero tangent complex vector
field on M, where primary means the first possibly non-zero obstruction.
Then ¢™~Y(T'M) is the primary obstruction to constructing two tangent
C-linearly independent vector fields on M and so on; see for instance [36].

We notice also that if the manifold M is compact and has no boundary,
then the Poincaré duality isomorphism carries the Chern classes into the
homology of M. These are the homology Chern classes, which will also be
used in the sequel.

2.2 Algebraic Geometry viewpoint

In this section we follow Fulton’s book [20] and define Chern classes of
vector bundles over algebraic varieties as operators in the Chow group. In
order to do so, we first introduce some necessary background from algebraic
geometry, giving references to specific concepts. We refer to Griffiths and
Harris book [22] for a different approach.

Let X be a variety (over C) of dimension n, with Ox the structure
sheaf, and denote by Oy, x the local ring of X along a subvariety V. Let
R(X) be its field of rational functions and R(X)* the multiplicative sub-
group of its non-zero elements. See [20, B.1.1 and B.1.2.].

For a (k + 1)-dimensional subvariety W of X and a rational function
r € R(W)*, the divisor of r is the k-cycle on X denoted [div(r)] and

defined by:
[div(r Z ordy (r

where the sum runs over all codimension one subvarieties V' of W and
ordy is the order of vanishing of r. If we write r = a/b with a,b € Oy x,
then ordy (r) = ordy (a) — ordy (b), where ordy (a) and ordy (b) denote the

V. X

lengths of the Oy, x-modules O( y- an nd Ob) , respectively.

Definition 2.4. A k-cycle on X is a finite formal sum > n;[V;] where
the n; are integers and the V; are k-dimensional subvarieties of X. The
group of k-cycles in X, Z; X, is the free abelian group generated by the
k-dimensional subvarieties of X; to a subvariety V of X corresponds [V] €
ZpX. A Weil divisor on X is an (n —1)-cycle on X; the Weil divisors form
the group 7,1 X.

A k-cycle « is rationally equivalent to zero, written o ~ 0, if it is
the divisor of a rational function. That is, if there are a finite number of
(k + 1)-dimensional subvarieties W; of X, and r; € R(W;)* such that:

a= Z[div(ri)] .
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The cycles rationally equivalent to zero form a subgroup Rati X of Z;X.
The Chow group A X is the group of k-cycles in X modulo rational equiv-
alence:

AkX = ZkX/Rath.

For each affine open set U of X, let K(U) be the total quotient ring
of the coordinate ring A(U). This determines a presheaf on X, whose
associated sheaf is denoted IC. Let K* denote the (multiplicative) sheaf
of invertible elements in K and O* the sheaf of invertible elements in
O = Ox. A Cartier divisor D on X is a section of the sheaf K*/O*. A
Cartier divisor is determined by a collection of affine open sets U; which
cover X, and elements f; € IC(U;), such that f;/f; is a section of O* over
U;NU; (see [20, BA4.1.]).

Consider now a line bundle L over an algebraic variety X. For any
k-dimensional subvariety V' of X, the restriction of L to V', L|y, is isomor-
phic to Oy (C) for some Cartier divisor C' on V, determined up to linear
equivalence [20, §2.2]. The divisor [C] determines an element in the Chow
group Ai_1(V), which we denote by ¢;(L) N [V]. That is:

This is extended by linearity to algebraic cycles by a +— ¢1(L) N a, and
defines a homomorphism:

cinN —: Zk(X) — Ak_l(X).

In fact one has (see [20, 2.5.(a)]) that if « is rationally equivalent to zero
on X, then ¢;(L) N = 0. Hence one has a well-defined homomorphism:

c1n —: Ak(X) — Ak_l(X) .

This defines the Chern class of the line bundle L. In fact if V' is non-
singular, c¢; is the usual Chern class, defined before by other means, re-
garded in homology via cap product with the fundamental cycle.

Remark 2.5. The Chern class so defined satisfies various important prop-
erties (see [20, Proposition 2.5]), in particular:

1. (Commutativity) If L, L’ are line bundles on X, and « is in Z;(X),
then, one has in A;_o(X):

ci(L)N(ei(LYNna) =ci (L) N (er(L) Na).

2. (Additivity) If L, L’ are line bundles on X, and « is in Zj(X), then,
in Ax_1(X) one has:

(Lol )Nna=c(L)Na+c(L)Na,
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and
ca(LY)Na=—c (L) Na,

where LV is the dual bundle.

It follows that if Lq,..., L, are line bundles on X, then arbitrary polyno-
mials in their Chern classes act on A, X. If P is a homogeneous polynomial
of degree d in n variables, then

P(Cl(Ll)a IR Cl(Ln)) Na

is defined inductively in Ap_4(X). In particular, and this will be used
in the sequel, for a line bundle L on X and a € Ax(X), c1(L)? N« is an
element in Aj_4(X) defined inductively by ¢1(L)*Na = ¢ (L)N (e (L) N
).

A morphism f : X — Y is proper if it is separated, and universally
closed, i.e., for all Y/ — Y, the induced morphism from X xy Y’ takes
closed sets to closed sets. (see [20, B.2.4.])

If f: X — Y is a proper morphism of algebraic varieties, then for any
subvariety V' of X, its image f(V) is a closed subvariety of Y, and one has
an induced embedding of the field of rational functions R(f(V)) into R(V).
As noticed in [20, Appendix B.2.2], this is a finite field extension if V' and
f(V) have the same dimension; in this case we denote by [R(V) : R(f(V)]
the degree of that field extension. Set:

[R(V): R(f(V)] if dimV = dim f(V),
deg(V/(V)) = { 0 if dim V > dim £(V).

We then define the push-forward of V' by f as:

fulV] = deg(V/F(V)IF(V)] -

This extends linearly to the push-forward homomorphism of cycles (see for
instance [20, 1.4]):
f* = ZkX — ZkY .

Now recall that a homomorphism A — B of rings is flat if every exact
sequence of A-modules remains exact after tensoring over A with B. And
a morphism f : X — Y between algebraic varieties is flat if for every p € X
the induced map in the local rings

Ip: Ovsp) = Oxp,

is flat. Flatness is an open generic condition, and its failure occurs where
the map exhibits a type of “discontinuity”. For instance, performing a
blow up at a point exhibits a fiber where the dimension “jumps” and we
have no flatness there. A flat morphism f : X — Y always has a relative
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fiber dimension, say n. In fact if Y is non-singular and X is Cohen-
Macaulay, then flatness is equivalent to saying that the fibers have constant
dimension.

Given any subvariety V of Y, set:

Fvi=1F vl

Notice that f~1(V) is a subvariety of X of pure dimension dim Y +n. This
extends by linearity to the pull-back homomorphism of cycles:

]M< : ZkY — Zk+nX~

We now have all the ingredients we need to define the Segre classes,
and therefore Chern classes, which are their inverses.

Let E % X be a holomorphic vector bundle of rank r over a complex
variety X. Let P = P(F) be the projective bundle of lines in E, and let
O(1) = Og(1) be the canonical line bundle on P(E). For each i, define a
homomorphism in the Chow group of X by:

Sz(E)ﬂ — A X — A X k>,
by the formula
si(E)Na = p.(c(0(1) ) Np*a),

where p* is the flat pull back from A, X to Agi,.P. Then (c;(O(1)" %) N
p*a) is the iterated first Chern class homomorphism from Ay, P to Ax_; P,
and p, is the push-forward from Ay_;P to Ap_; X.
Here the s;(F) are regarded as endomorphisms of the Chow group A, X,
with products being compositions that commute, so there is no ambiguity.
The total Segre class of the vector bundle E over X is:

sS(B)=1451(E)+s2(E)+... .
Consider the formal power series

se(B) =Y si(E)t' =1+ s1(E)t+ sa(E)* + ...,
i>0

define the Chern polynomial c;(E) = Z (Bt = 141 (E)t+ca(E)t4+. ..
i>0
to be the inverse power series. Explicitly,

c1(E) = =s1(E), ca(E) = Sl(E)2 —s2(E), ...,
ci(E) = —s1(E)ck—1(E) — s2(E)ck—2(E) — ... — sp(E) .
Then the total Chern class of E is:
¢(E)=14c(E)+ca(E)+...+c(E),
where ¢ (E) =0, for all k& > r.
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Remark 2.6. Each k-dimensional complex variety V has a cycle class
cl(V) € Ha,(V), where H, denotes homology with locally finite supports
(Borel-Moore homology). If V is a subvariety of an n-dimensional complex
manifold X, then Hop (V) = H?>"~2%(X, X — V), by Alexander duality.

For a (cellular) tube 7 around V in X, i.e., the union of (closed) cells
(D) which are dual of (K)-simplexes situated in V' (see [8, Section 5.4.2]),
the Alexander isomorphism is the resulting composition:

Hop(V) = H?"72F(T,0T) = H>72H(T, T\V) = H> (X, X\V).

Alexander duality is a duality theory initiated by J. W. Alexander in
1915. It applies, in particular, to studying the homology of the complement
of a subspace in a manifold. This follows, for instance, by a standard
combination of Poincaré duality and excision. We refer to the literature
for its definition; in particular the reader may look for it in [5].

The resulting homomorphism from cycles to homology passes to alge-
braic equivalence. This yields a cycle map

ol s A (X) = Ho(X)

for complex schemes X, which is covariant for proper morphisms, and
compatible with Chern classes of vector bundles.

Example 2.7. Let X be a singular variety in a complex manifold M. Then
one has the Nash blow up X 5 X that we briefly describe in section
3.2, and the corresponding Nash bundle 7" — X. The corresponding to-
tal Chern class ¢*(T) is an element in the cohomology of X. This is a
pseudomanifold that has a fundamental cycle [X] (see [5]). Then taking
the cap product of ¢*(T') with [X] we get elements in the homology of X,
which can be pushed forward by v,, the induced homomorphism, to the
homology of X. These are by definition the Mather classes of X, that will
appear in the sequel.

Ezxample 2.8. If X is a non-singular submanifold of a complex manifold
M defined by a regular section s of a holomorphic bundle E over M, then
the restriction E|x is isomorphic to the normal bundle of X and by the
usual properties of Chern classes, the total Chern class of X is:

(TX)=c*(TM|x)-c*(E|x)"'.

If we now consider a holomorphic bundle F over M and a regular section

s which defines a singular complete intersection X, then we no longer have

a tangent bundle T'X, but we can still define cohomology classes by:
cn(X) = (TM|x) - ¢ (Elx) ™"

Taking the cap product of these classes with the fundamental cycle [X] we

get the Fulton classes mentioned below.
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Chern classes for singular
varieties

When looking at singular varieties, there is no longer a tangent bundle.
A point for defining Chern classes is what plays the role of the tangent
bundle at the singular set. There are several candidates, as for instance

(in the sequel we say more about each of these):

e One may consider a singular variety X embedded in a complex man-

ifold M equipped with a Whitney stratification adapted to X and
consider stratified vector fields. This leads to the Chern-Schwartz
classes.

One has the Nash bundle 7' that somehow extends over the singular
set the tangent bundle of the regular part of X. This leads to the
Mather classes. And considering the Mather classes with “appro-
priate weights” given by the local Euler obstruction one arrives to
the MacPherson classes. These satisfy the important functoriality
properties predicted by a conjecture of Deligne and Grothendieck.

If X is defined by a regular section of a complex vector bundle E over
M, then one has its virtual tangent bundle of X, TX := TM|x—E|x
and its total Chern class is determined by the Chern classes of TM|x
and F|x. This leads to the Fulton and the Fulton-Johnson classes
of X. These classes actually are defined for every algebraic variety
in a complex manifold by means of the Segre class.

So there are different notions of Chern classes extending to singular
varieties the classical notion for complex manifolds.

20



Chapter 3. Chern classes for singular varieties 21

3.1 Schwartz classes

The first generalization of Chern classes to singular varieties is due to M.-H.
Schwartz [50]. These classes are the primary obstructions for constructing
stratified frames on a singular variety X in a complex manifold (cf. [12]).
Let us recall this.

We consider a compact complex analytic n-dimensional variety X em-
bedded in a complex m-manifold M endowed with a complex analytic
Whitney stratification {X,} adapted to X (see for instance [58, 59, 60]).

Adding the stratum M \ X we obtain a Whitney stratification of M.
Let us denote by TM|x the restriction to X of the tangent bundle of M.
A stratified vector field v on X means a continuous section of TM|x such
that if x € X, then v(z) € T(Xa).

Definition 3.1. Let L be a subspace of M which is a union of strata. A
stratified r-field (or frame) v("™) = {vy,...,v,} on L is an r-field (or frame)
on M, defined at the points in L, consisting of stratified vector fields.

A basic ingredient in the work of M. H. Schwartz is what she called
“radial extension”. The idea is simple though there are technical difficul-
ties that we shall omit. See [12] for a more detailed exposition of this
construction. First we describe the local process, then we say a few words
about the global process.

Let v, be a vector field in a neighborhood of a point =z € X, with
possibly a singularity at z. By the local topological triviality of Whitney
stratifications (see [57, 21]), there is a product neighborhood W = A x U,,
of x in the ambient space, where U, is a neighborhood of = in X,, A is a
small disc in the ambient manifold, transversal to X, at z and VNW is
a product (AN X) x U, . We may assume that z is the only one possible
singularity of v, in U,. Denoting by p; : W — A and py : W — U, the
projections on the two factors of the product, we have a decomposition

TW = piTA & p;TU,.

On the one hand, the pull-back piv, is a continuous vector field on W,
which is “parallel” to v,. It is stratified, since it is tangent to the fibers of
p1. On the other hand, let A be equipped with the induced stratification
and let va be a stratified vector field on A, which is singular at « and it
is radial in the usual sense, (i.e., pointing outwards in all directions of A).
Then pjva is a stratified vector field on W since it is tangent to the fibers
of po and va is stratified. It is thus radial in each slice A x {¢} for ¢ in
U,. The local radial extension of v, in W is the following:

Definition 3.2. The local radial extension of v,, denoted by v, is the
stratified vector field defined on the neighborhood W as the sum:

v = PIUA + PaUG-
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A fundamental property of the local radial extension is that v has no
singularity along the boundary of W, it is pointing outward W along its
boundary, and if v, has a singularity at x with index Indpgy (v, z; Xa),
then the local radial extension v of v, has x as unique singular point in
W, and one has

Indpp (v, 2; W) = Indpy (va, ; Xa)- (3.1)

Recall that if S, is a small sphere in W around z, then the (local)
Poincaré-Hopf index of v at x, here denoted Indpy (v, z; W), is the degree
of the Gauss map v/||v|| from S; into the unit sphere in R™.

Definition 3.3. (cf. [25, 52, 19]) The radial (or Schwartz) index of v at
x e W is:
Ind;aq (v, 2; W) =1+ Indpg (v, 2; W) .

The local radial extension allows to define the global radial extension.
For this we filter X by the dimension of the strata as follows:

X=X1g=X,DX,1D-DXqy, DD Xq, DXa, D Xa,

where X, are the (not necessarily connected) strata and X, is the lowest
dimensional stratum. The radial extension is defined by induction on the
dimension of the strata, starting with X,,. In the first step one considers a
vector field v,, with isolated singularities on X, which is compact. One
performs the local radial extension around X,, in a tube 7 (X,,), union
of neighborhoods W as above (see [5] for the construction of these tubes).
The vector field v is pointing outward 7 (X,,) along its boundary and the
singularities of v in 7(X,,) are exactly those of vy, in X,,. The vector
field v extends to the next element in the above filtration since the X, are
complex manifolds. We iterate this process and we arrive to the following
theorem of M. H. Schwartz (see [12] for details):

Theorem 3.4. ([12, Thm 2.3.1]) Let X be a complex analytic variety in
a complex manifold M, and let (Xo)aca be a complex analytic Whitney
stratification of M adapted to X. Then there exist stratified vector fields
on a neighborhood of X in M constructed by radial extension as above,
and every such vector field v satisfies:

(1) Given any stratum (Xo), the total Poincaré-Hopf index of v on the
tube T(Xq) is x(Xa)-

(2) v is transverse, outwards pointing, to the boundary of some suitable
small reqular neighborhood of X in M.

(3) The Poincaré-Hopf index of v at each singularity x is the same if we
regard v as a vector field on the stratum that contains x or as a vector field
in a neighborhood of x in M. Hence the total Schwartz (or radial) index
of v on X is x(X).
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Now we are ready to define the Schwartz classes of the compact com-
plex analytic singular variety X in a complex manifold M. Let n,m be
the complex dimensions of X and M, respectively. We endow M with
a Whitney stratification adapted to X and consider a triangulation (K)
of M compatible with the stratification, i.e., that each open simplex is
located in one and only one stratum. We denote by (D) a cellular decom-
position of M dual to (K). If a 2¢-cell of (D) meets X, then it intersects
X transversally. To define the Schwartz classes one considers particular
stratified r-frames v("). A key-step is:

Theorem 3.5. ([12, §10.3, p.175]) Let n,m be, respectively, the complex
dimensions of X and M, and we equip M with a complex analytic Whitney
stratification adapted to X, a triangulation K for which every stratum is
a union of open simplexes, and its dual cell decomposition (D) in M. Let
U be a compact regular neighborhood of X in M obtained as a union of all
cells in (D) which intersect V.. Then, for every r = 1,...,n, there exist
stratified r-fields v(") on the skeleton (D)9 NU, g = (m —r 4+ 1), such
that:

o If we write v") = (v"=Y v,), where v"=Y) denotes the (r — 1)-field
consisting of the first (r — 1) vector fields in v"), then v("=Y) is non-
singular on (D)9 and it is constructed by parallel translation of a
non-singular r-frame on (D)4~ (using Whitney (a)-property).

o The last vector field v, is constructed by radial extension and the
singularities of v\") are the singularities v,.

o v(") has only isolated singularities on (D)9, and these are all in X ;

Given U and v("), with r = 2m —2¢+1, a neighborhood of X in M and
a frame as in Theorem 3.5, we have that the only singularities of v(") are
the singularities of v,.. These are all contained in X. One has a Poincaré-
Hopf type local index for the frame at each singularity, which is the index
of v,. This can also be regarded as an element in the homotopy group of
the Stiefel-Manifold maq—1 (W, m) = Z. We then get an integer associated
to each 2¢ in U, given by the local index of the frame. By linearity this
gives rise to a 2g-cochain which actually is a cocycle that represents a class
in H2(U,U \ X).

Definition 3.6. The Chern-Schwartz class, or simply the Schwartz class,
¢t (X) of X is class in H*(U,U\) & H?1(M, M \ X) determined as above
(by an r-frame as in Theorem 3.5). We have Schwartz classes from dimen-
sions m (for r =1) tom —n+1 (for r = n).

It is known that the classes so obtained depend only on X and not on
the stratification, nor on the triangulation.
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Notice that the usual Chern classes are defined using arbitrary frames
and here we are using stratified frames obtained by radial extension, which
is the original way of defining these classes. Yet, we know from [12] that
one can use arbitrary stratified frames. The key point is defining an ap-
propriate index, a way of counting the contribution of each singularity of
an arbitrary stratified field. Let us recall this.

We have the following definitions 10.1.3 and 10.1.4 from [12]:

Definition 3.7. We say that v(") is normally radial at a, if for each
stratum Xg having a, in its closure and for each sufficiently small tube
T-(X4) around X, in M, one has that each component vy, ..., v, of v(")
is transverse (pointing outwards) to the intersection X5N7:(X,). We say
that v(") is actually radial at a, if it is normally radial and it is also radial
in its stratum.

So the framings constructed by radial extension are homotopic to nor-
mally radial frames but they may not be radial.

We need to define the local Schwartz index for arbitrary (stratified)
frames; this is similar to the definition of the radial index in (3.3). Let v(")
be an r-frame defined on the boundary of a (D)-simplex o of dimension
2m — 2r + 2, whose barycenter is a point a, € X, C X. We extend v(") to
a stratified frame on all of o\ {a,}. By construction, the simplex o meets
transversally all the Whitney strata Xg containing X, in their closure.
Let vr(;é be a stratified radial frame around a,. We define the difference

between v(") and vg()i at a, as follows. Consider sufficiently small spheres
Se, S in M, e > £ > 0, centered at a,, and consider the frame v(") on
Sc NN X and vg()i on S NoNX. We use again the Schwartz’s technique
of radial extension to get a stratified r-frame w(™) on the intersection of ¢
with the cylinder

C =[(XNB.)\ (XN B.)

in X bounded by K. =S. N X and K., = S, N X, having finitely many
singularities in the 1nter10r of C. At each of these singular points its index
in the stratum, Indpg(w™,C' N o), equals its index in the ambient space

M. The difference of v(") and vgé is defined as:
A", v =3 Indpr(w™,C No),

where the sum on the right runs over the singular points of w(" in C
and each singularity is being counted with the local index of w(" in the
corresponding stratum. As in the work of M.-H. Schwartz, we can check
that this integer does not depend on the choice of w(")

Definition 3.8. The Schwartz (radial) index of a stratified r-field v(") at
Ay € X is:
Indgen (v, 005 X) = 1+d(0™,07)) .

s Urad
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As before, a stratified r-frame v("), r > 1, which is non-singular on
(D)(?m=2r+1) and has isolated singularities on (D)?™~27*2 defines a co-
chain in the obvious way, and this cochain is actually a cocycle. One
obtains a relative class

AU, 0U;v") € H*(U, U\ X) = H*I(M, M \ X), (3.2)

where U is a regular neighborhood of X in M. One has [12, Theorem
2.14]:

Theorem 3.9. Given X C M as before, equipped with a Whitney strat-
ification adapted to X and a compatible triangulation (K), let (D) be its
dual cellular decomposition and denote (D)7 the union of all cells of di-
mension j. If v(") is a stratified r-frame, v > 1, which is non-singular
on (D)2m=2r+1) and has isolated singularities on (D)™ =22 then the
Schwartz indices of v\"), defined as in 3.8, determine a class cA(X;0M) €
H24(M,M \ X), 2q = 2m — 2r + 2, and this cocycle represents the cor-
responding Schwartz class of X, independently of the choice of the frame
v(") obtained by the Schwartz’s radial extension procedure.

The proof is immediate from the definitions and properties of Schwartz
index.

Remark 3.10. In short, this theorem is telling us that the Schwartz class
cL.(X) of a singular variety X of dimension n in a complex manifold M
is the primary obstruction for constructing a stratified r-frame of TM|x.
Unlike the classical case, now the cell decomposition must be dual to a
triangulation of X compatible with a Whitney stratification adapted to X.

3.2 MacPherson’s classes

In his paper [54] in the famous 1969 Liverpool singularities symposium,
D. P. Sullivan discusses the existence of homology Stiefel classes for real
analytic varieties. In the last page he explains that Deligne outlined a
general conjectural theory of Chern classes for singular varieties based on
ideas of Grothendieck and Hironaka’s theorem about resolution of singu-
larities. Nowadays this is known as the Deligne-Grothendieck conjecture,
and it was proved by MacPherson in [29] by a different way. Let us say a
few words about this.

A constructible set in a complex analytic variety X is a set obtained
from its subvarieties by finitely many of the usual set-theoretic operations:
unions, intersections and differences. A Z-valued constructible function
on X is a function ¢ : X — Z for which X has a finite partition into
constructible sets so that ¢ is constant on each set. Or equivalently, there
exists a complex analytic Whitney stratification of X such that ¢ is con-
stant on each stratum. One has [29, Proposition 1]:
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Proposition 3.11. There is a unique covariant functor ¥ from the cat-
egory V of compact complex algebraic varieties to the category of abelian
groups Ab, whose value on a variety X is the group F(X) of constructible
functions ¢ : X — 7 on X such that for every map f : X — 'Y the function
fe: F(X) = F(Y) satisfies :

fe(Lw)(p) == x(f ()N W),

where Ly is the characteristic function of subsets W C X, defined by
Iw(z) =1 forx € W and 1w (x) =0 for x ¢ W, and x denotes the usual
Euler characteristic.

MacPherson then proves the Deligne-Grothendieck conjecture:

Theorem 3.12. There exists a natural transformation from the functor
F to homology, which for manifolds assigns to the constant function 1 the
Poincaré dual of the total Chern class.

Explicitly, to any constructible function o on a compact complex alge-
braic variety X we can assign an element c,(«) in H,(X) satisfying:

1. f*c*(a) = C*f*(Oé);
2. cu(a+ B) = cua) + c.(B);

3. If X is non-singular of complex dimension n, then ¢, (1 x)=c"*(X)N
[X] where ¢"~*(X) is the total cohomology Chern class of TX and
[X] the fundamental class of X.

Definition 3.13. The total Chern-MacPherson class cM¥ (X) of any com-
pact complex algebraic variety X is ¢, applied to the constant function 1
on X. More generally, for a constructible function @ on X, the homology
class ¢, (o) is the total Chern-MacPherson class of the constructible func-
tion. For simplicity, we shall often call this the MacPherson class of the
constructible function «; and call ¢,(1x) the MacPherson class of X.

MacPherson’s proof of Theorem 3.12 uses three important ingredients;
one of these is the local Euler obstruction Euyx of an complex variety
(ct. [29]).

Let (V,0) be a reduced, pure-dimensional complex analytic singularity
germ of dimension n in an open set U C C™. Let G(n,m) denote the
Grassmanian of complex n-planes in C™. On the regular part Vies of V'
there is a map o : Vieg = U x G(n,m) defined by o(z) = (2, Ty (Vieg))-
The Nash transformation V of V is the closure of Im(c) in U x G(n,m).
It is a complex analytic space endowed with an analytic projection map

vV sV

which is a biholomorphism away from v~ (Viing) -
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Now consider the tautological bundle over G(n,m), the bundle where
the fiber at point P € G(n,m), is the set of vectors v in the n-plane P
and denote by 7 the corresponding product extension bundle over U x
G(n,m). We denote by 7 the projection map of this bundle and let T" be
the restriction of T to ‘7, with projection map 7. B

We notice that given such a variety X, its Nash transform X is defined
in the obvious way, that springs from the local definition. Similarly one
has a bundle T over X defined as above.

Definition 3.14. The bundle T over the Nash transform X of X is called
the Nash bundle of X (both, in the local and global cases).

Given (V,0) as before, an element of T is written (z, P,v) where z € U,
P is an n-plane in C™ based at z and v is a vector in P. So we have maps:

TV LY.

Notice that v is a biholomorphism over the regular part Vieg := V\Vsing
and the Nash bundle over v=!(V;g) is isomorphic to the tangent bundle.

Let us consider a complex analytic Whitney stratification (V) of V
(see for instance [58]). Adding the stratum U \ V we obtain a Whitney
stratification of U. Let us denote by TU|y the restriction to V of the
tangent bundle of U. A stratified vector field v on V means a continuous
section of TU|y such that if © € V,, NV then v(z) € T, (V,). By Whitney
condition (a) one has the following lemma in [11]:

Lemma 3.15. Ewvery stratified vector field v on a_subset A C V has a
canonical lifting to a section ¥ of the Nash bundle T over v='(A) C V.

Now consider a stratified radial vector field v(z) in a neighborhood of
0 in V, i.e., there is ¢ such that for every 0 < ¢ < eg, v(z) is pointing
outwards the ball open ball in C™ centered at 0 of radius ¢, B., over the
boundary S, := 0B..

The following interpretation of the Euler obstruction is given in [11].
We refer to [29] for the original definition using 1-forms.

Definition 3.16. Let v be a radial vector field on V NS, and v the lifting
of v on vV NS,) to a section of the Nash bundle. The local Euler
obstruction (or simply the Euler obstruction) Euy (0) is defined to be the
obstruction to extending v as a nowhere zero section of T over v=* (VNB.).
This is an integer, actually a class in H2" (v=1(V NB.),r~(VNS.)) = Z.

The second ingredient used by MacPherson is the Mather class that we
now introduce; the third is the so-called graph construction in the algebraic
context. We remark that the analyticity of the graph construction was
proved by M. Kwiecinski [26] and therefore MacPherson’s theorem and
proof work in the complex analytic category.
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Let X be a complex analytic variety of dimension n, let X 5 X beits
Nash transformation and let T' — X be the Nash bundle. Then one has the
usual Chern classes of T' defined as above, ¢;(T) € H*(X). The variety X
is singular in general, but since it is complex analytic, it is automatically a
pseudomanifold (see for instance [5]) and therefore there is a fundamental
class [X] € Hy,(X) and a Poincaré homomorphism H*(X) — Ha,_, (X).
Composing this with the homomorphism in homology induced by the pro-
jection v, we get classes in the homology of X: these are the Mather
classes, introduced in [29] (see Example 2.7):

Definition 3.17. The Mather classes of X, cé\/[“(X), are the Chern classes
of the Nash bundle of X, carried to the homology of the Nash transform
X by the Poincaré homomorphism, and then pushed forward to the ho-
mology of X by the homomorphism induced by the projection. The total
Mather class is ¢M%(X) = v, (¢(T) N [X]). More generally, to any algebraic
cycle >~ n;V; in X, where the n; are integers and the V; are irreducible
subvarieties of X, we can associate its Mather class:

e Tm15) = (7).

where ¢; is the inclusion of V; in X.

MacPherson’s next step is writing a formula that expresses c.(a) as
the Mather class of an associated algebraic cycle. For this he proves [29,
Lemma 2]:

Lemma 3.18. There exists an isomorphism T from the group of algebraic
cycles in X to the group of constructible functions on X defined by:

T(>n5) ) = > niBuy, (v)

where Euy, (p) is the local Euler obstruction of V; at the point p € X.
Then MacPherson proves ([29, Theorem 2| and [20, Example 19.1.7]):

Theorem 3.19. ¢, := cMeT ™! satisfies the requirements for c. in Theo-
rem 3.12.

Then ¢cM2T~1(1) is the (total) MacPherson class of X that we denote

by ¢MP(X). Notice that one actually has a total MacPherson class ¢M ¥ (a)

for every constructible function o on X, and we know from [29] that one
has:

MyX) = MP(Euy), (3.3)

where Fux is the local Euler obstruction of X, which is a constructible
function.
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Recall that in the previous section we defined the Schwartz classes
of a singular analytic variety X of dimension n embedded in a complex
manifold M of dimension m. Brasselet and Schwartz proved in [11] that
these classes coincide with MacPherson’s classes c.(1lx) via Alexander
duality isomorphism H™ *(M, M \ X) — H.(X).

In fact the theorem in [11] makes this statement precise and gives an
explicit cycle representing the MacPherson class. Let us recall this.

We endow M with a Whitney stratification adapted to X and consider
a triangulation (K) of M compatible with the stratification. We denote
by (D) a cellular decomposition of M dual to (K). Recall that if a 2¢-
cell d,, of (D) meets X, then it is dual to a 2(m — ¢)-simplex o, of (K)
contained in X. We recall too that to define the Schwartz classes one
considers particular stratified r-frames v("). These have no singularity on
the (2¢ — 1)-skeleton of (D), where ¢ = m — r + 1, and (at most) isolated
singularities on the 2¢-cells d,. At each such cell, the frame v(") has a
Poincaré-Hopf type index at the corresponding singularity &, which is the
barycenter of o, also barycenter of d,, that we may denote by I(v("),5,);
of course this index is 0 if there is no singularity of v(") in that cell. Then
we have the following theorem of Brasselet and Schwartz:

Theorem 3.20. The Alezander duality isomorphism H™* (M, M\ X) —
H,(X) carries the Schwartz class c¢§.(X) € H*(M,M \ X) to the Chern-
MacPherson class ¢cMP(X) € H,(X). In fact, the MacPherson class
MB(X) is represented in Hy(.—1)(X) by the cycle:

Z I(’U(T),aa) "Oa

. CX

where the sum runs over all the simplexes o, of dimension 2(r — 1) which
are contained in X, and 1(v("),5,) is the (Poincaré-Hopf) index in the
dual cell of each such simplex o4 of a stratified vector field v(™) constructed
by radial extension.

Hence, from now on we denote the classes so obtained in homology by
M (X) and call them the Chern-Schwartz-MacPherson classes of X, or
simply Schwartz-MacPherson classes.

Remark 3.21. Brylinski, Dubson and Kashiwara [13] showed that the
MacPherson classes of a singular variety can be studied by means of D-
modules. In fact the micro-local viewpoint, through the theory of La-
grangian cycles, has proved to be very important and fruitful to study
these characteristic classes (see for instance [45, 47]).

Remark 3.22. In this section we defined the Mather and MacPherson’s
classes of singular varieties X as elements in the homology of X. We
remark however that the construction of Chern classes of vector bundles
as the inverse of the Segre classes, shows that if X is algebraic, then the
Mather and the MacPherson classes actually live in the Chow group of X.
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3.3 Fulton classes

Consider first the case where the singular variety X is a complete inter-
section in some complex manifold M, defined by the zero set of a regular
section of some holomorphic complex vector bundle E over M.

In this case, there is a morphism ¢ : X — M that is local complete
intersection, as in [20, B.7.6.]. If M = CP™, X is a complete intersection
if the number of generators of the ideal of X is exactly the codimension
of X.

Then F plays the role of a normal bundle Nx M (see [20, B.7.1.]) and
one has the virtual tangent bundle:

7X :ZTM‘X—E|X

an element in the Grothendieck group of complex vector bundles on X.
The total Chern class of 7X is well-defined and this is:

(X)) :=c(TM|x)-c*(BE|x)™".

The equivalence between these and the usual Chern classes is discussed in
[20, Ch. 19].

Cap product with the fundamental class [X] carries these Chern coho-
mology classes into the homology of X: in this particular case, these are
the Fulton classes of X.

This definition works in general, for varieties that may not be complete
intersection, using the Segre class, which for bundles is the inverse of the
Chern class.

The Segre classes extend to the more general setting of (algebraic)
cones over an algebraic variety (or scheme). This includes several familiar
examples, including all vector bundles. And it also includes many other
important families. One of these is the normal cone C' = CxY of a closed
subvariety X in a variety Y. Let us say a few words about this.

As a motivation, recall first that in algebraic geometry one studies
algebraic sets, i.e., subsets of K™, where K is an algebraically closed field,
that here we take to be the complex numbers K = C. The algebraic sets
are by definition the common zeros of a set of polynomials in n variables.
If X is such an algebraic set, one considers the commutative ring R of all
polynomial functions X — C. Since K = C is algebraically closed, the
maximal ideals of R correspond to the points of X, and the prime ideals
of R correspond to the irreducible subvarieties of X.

Let us now forget this information for a moment and consider an arbi-
trary commutative ring R, and define its spectrum, denoted Spec(R), to
be the set of all prime ideals. For any ideal I of R, define V; to be the set
of all prime ideals that contain I, and we equip Spec(R) with the Zariski
topology by defining the closed sets to be

{Vi |1 is an ideal of R} .
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Coming back to the previous example where R is the ring of polynomial
functions X — C, the spectrum of R consists of the points of X together
with elements corresponding to all subvarieties of X. The points of X
are closed in the spectrum, while the elements corresponding to subvari-
eties of positive dimension have a closure consisting of all their points and
subvarieties.

Therefore the topological space Spec(R) somehow is a refinement of the
algebraic space X with its Zariski topology. By studying spectra of rings
instead of algebraic sets, one can generalize concepts of algebraic geometry
to non-algebraically closed fields and beyond, eventually arriving to the
concept of schemes, due to A. Grothendieck.

There is a relative version of this concept (actually a functor) called the
relative or global spectrum. If X is an algebraic variety and we are given a
quasi-coherent sheaf A of Ox-algebras, there is a scheme Specy (A) and a
morphism f : Specy (A) — X satisfying certain important properties (see
[24, §5]). This allows us, among other things, to define key concepts for
this presentation: The normal cone and the Segre class of a subvariety X
in a variety Y.

Definition 3.23. The normal cone to X in Y, C' = CxY is defined by:

C = Spec( i 3"/3"“)

n=0
where J is the ideal sheaf defining X in Y (see [20, B.6.1.]).

When X and Y are non-singular, this corresponds to the usual normal
bundle. More generally, if the embedding of X in Y is regular, the normal
cone is the vector bundle on X corresponding to the dual of the sheaf J/32,
and it is also called the normal bundle of X (see [20, B.7.1.]).

Definition 3.24. The (total) Segre class of X in Y, denoted s(X,Y), is:

s(X,Y) =Y p. (cr(O(1)) N [P(CxY)]) € A X,
i>0

where P(CxY) is the projectivized normal cone, p the projection from
P(CxY) to X and O(1) is the dual tautological bundle of CxY @ 1 (see
20, B.6.3.)).

In case X is regularly embedded in Y, then the normal cone is a vector
bundle and [20, Proposition 4.1] implies that the Segre class s(X,Y) is
the cap product of the total inverse Chern class of the normal bundle with
[X]. By Poincaré homomorphism, that is:

s(X,Y) =c(NxY) ' n[X]. (3.4)
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The following result [20, Corollary 4.2.2] gives a beautiful and useful
characterization of the Segre class. This could be taken as a definition
of the Segre class of X in Y with no need of introducing the previous
concepts:

Proposition 3.25. Let X be a subvariety of a compact variety Y, and let
Y be the blow-up of Y along X. Let X C'Y be the exceptional divisor and
n: X — X the projection. Then the total Segre class of X in'Y 1is:

S(X,Y) =) ne(er(0(1) N[X]) .

i>0

We remark that all terms in this formula make sense in the complex
analytic category, so we can take this as the definition of the Segre class
in that setting.

Observe that if X is a complex submanifold (i.e., non-singular) of a
complex manifold M, then one has a C'* splitting of the tangent bundle
of M restricted to X:

TM|x =TX @& NxM

where the latter is the normal bundle. By general properties of Chern
classes (see for instance [36]) this implies:

c(TM|x) =c"(TX) -c"(NxM)

regarded in the cohomology of X. Notice too that TM|x,TX and Nx M
are all complex vector bundles and in the Grothendieck group K(X) of
vector bundles on X we have:

[TX]=TM|x — NxM.

Now following Fulton [20, 4.2.6], let X be an algebraic variety embed-
ded in a compact algebraic manifold M, and consider the class:

cFYX) = e"(TM|x) N s(X, M) € A (X).

This class is independent of the choice of embedding, and if X is a local
complete intersection in M, then one has the virtual tangent bundle of X:

TvirX = TM|X — NxM

a well-defined element in the corresponding Grothendieck group K(X),
and one has:

cFU(X) = (TM|x) o(Nx M) N [X] = ¢ (T X) N [X] € Au(X).

*
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Definition 3.26. Let X be an n-dimensional complex algebraic variety
embedded in a compact algebraic manifold M. Then the class:

X)) = (TM|x) N s(X, M) € A (X),
is called the total Fulton class of X.

By the above comments, if X is a local complete intersection in M,
this is the cap product of the Chern class of the virtual tangent bundle
with [X]. By definition:

LX) =1+ (X)) + .o+ e (X)),
with ¢f'*(X) € A;(X). The various ¢/ (X) are called the Fulton classes
of X.

If X and M are complex analytic, not necessarily algebraic, the above

definitions hold in the homology of X.

Remark 3.27. If X is regularly embedded in M the Fulton class coincides
with another class called the Fulton-Johnson class denoted by cf'/(X),

*

which uses the conormal sheaf Nx M of X in M, i.e., if J is as in Definition
3.23, Nx M =7/73%
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Milnor classes

So far we have discussed the Schwartz-MacPherson and the Fulton classes
of singular varieties. It is natural to ask how these are related, and that is
the topic we explore in this chapter.

Let X be an n-dimensional complex variety embedded in a compact
manifold M.

Definition 4.1. The total Milnor class of X is, up to sign, the difference
between the total Schwartz-MacPherson and Fulton classes:

M(X) = (1) (F*(X) — SM (X)) . (4.1)

This is the sum of the corresponding Milnor classes M, (X) in all (even)
dimensions. Milnor classes are defined globally on X, yet one has (see
[43, 10, 55, 3]) that these classes have support in the singular set Xging
and therefore they vanish in dimensions higher than that of Xgi,,.

Milnor classes appeared first implicitly in [1, 2] and [41]. The actual
name of Milnor classes was coined by various authors at about the same
time (see [9, 10, 62, 43]).

The genesis of the name is related to an important invariant associated
with germs of holomorphic functions.

Consider a holomorphic function f : (C"*1, 0) — (C,0) with a critical
point at 0. Let B, be an open ball in C**! centered at 0 of radius € > 0
sufficiently small and let N(g,8) = f~1(dD;) N B, for 0 < § < &, where
0Dy is the boundary of the disc in C of radius § > 0 and centered at O.
Then,

f:N(,6) — 0Ds = S

is a locally trivial fibration. The fiber F; = f~1(¢) N B. with ¢ € dD; is
called the Milnor fiber of f and denoted by F.

One knows from [35] that F; has the homotopy type of a CTW-complex
of middle dimension n. Furthermore, if f has an isolated critical point at 0

34
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then Fy actually has the homotopy type of a bouquet of spheres of middle
dimension n, Fy ~ \/# S™. One has:

Definition 4.2. If the map f has an isolated critical point, say at 0, then
the number p above is the Milnor number of f at 0.

Example 4.3. Let f be the complex polynomial:

f20, 0 2n) = 284222
Then f has a unique critical point at 0 and it is an exercise to show that
the Milnor fiber is diffeomorphic to the total space of the unit tangent
bundle of the n-sphere S™. Hence the Milnor number is 1.

In general one has (see [35, Theorem 7.2] that if f has an isolated
critical point, then its Milnor number equals the multiplicity:

. OTL
u(f) = dlmc—(ﬁ .fl’oaw .

Ozp’ ' Ozn

ao
n

Thus, for instance, if f is the Pham-Brieskorn polynomial z5° +- - - z
a; > 2, then (see [35, Thm. 9.1]):

n(f) = (ao—1)- (a1 —1)-... (an — 1),

It is well-known (see, e. g., [12, 3.2.1]) that if f has an isolated critical
point at 0, so that V = f~1(0) is a hypersurface with an isolated singular-
ity, and v is a vector field on V with an isolated singularity at 0, then the
Milnor number of f is, up to sign, the difference between the radial and
the GSV indices of v, which are two invariants extending for singular vari-
eties the classical Poincaré-Hopf index. This is at the core of the following
theorem [52, Theorem 2.4] and its corollary below.

Theorem 4.4. Let X be the zero locus of a reqular section s of a holomor-
phic complex vector bundle E of rank k > 1 over a compact complex mani-
fold M of dimension n+k; assume the singular set of X consists of isolated
points, say x1,...,%.. Then the Fulton and the Schwartz-MacPherson
classes in Hy(X) differ by the sum of the local Milnor numbers:

XY = M0+ ()Y
i=1

The proof of Theorem 4.4 is via Chern-Weil theory, using the virtual
index of vector fields, which is a localization of the top Fulton class (cf [56]).
It was first proved by Suwa in [55] that the Milnor classes are localized at
the singular set, and therefore the theorem above yields:
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Corollary 4.5. With the hypotheses of Theorem 4.4, the total Milnor class
of X 1is the sum of the local Milnor numbers:

M(X):Z/M-

So Milnor classes are a generalization of the classical Milnor number
to compact varieties X with arbitrary singular set.

This led Parusinski to extending the notion of Milnor number to non-
isolated hypersurface singularities. We refer to [39] for details on the orig-
inal definition.

We now recall another way to view this invariant, given in [40], which
is responsible for an important characterization of the Milnor classes of
hypersurfaces.

We first call to mind the classical Gauss-Bonnet theorem. This says
that if M is a compact m-dimensional complex manifold with tangent
bundle T M, then its topological Euler characteristic can be expressed as:

xon= [«

where 2 is an m — form representing the top cohomology Chern class.

As pointed out in [40, Section 5], if £ is a holomorphic line vector
bundle over M and s is a section transverse to the zero section, so its
zero set Z is a non-singular hypersurface in M and its normal bundle is
isomorphic to L]z, then the Gauss-Bonnet theorem yields:

xm=AMQAMwWﬂ

where ¢() denotes the total cohomology Chern class. If we now drop the
hypothesis of s being transversal to the zero section, then its divisor Z is a
hypersurface in M with singular set the points of non-transversality with
the zero section. In this setting, Parusinski’s generalized Milnor number
can be regarded as being (up to sign) the correction term coming from the
singular set in the above formula:

u(2):= (-1 (u2) - [

M

c1(L) - e(M) - c(c)—l) .

If Z has only isolated singularities then the formula above implies that
1(Z) is the sum of the usual Milnor numbers at the singularities of Z.

In [42] the authors give a formula for the invariant p(Z) in the vein of
[41], describing the generalized Milnor number in terms of a local invariants
of the singularities of Z and Chern-Schwartz-MacPherson’s classes. For
this, consider a complex analytic Whitney stratification S = {S} of Z
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with connected strata, such that Z,, is union of strata; let vs be the
function defined on each stratum S as follows. For each x € S, let F, be
a local Milnor fibre, and let x(F,) be its Euler characteristic. Then

pw; Z2) = (=1)" (x(F) — 1),

is the local Milnor number of Z at x. This number is constant on each
Whitney stratum, so we denote it by pg. Then g is defined inductively
(starting with the strata S of largest dimension) by:

Ys=ps— >, s (4.2)
S'#£S,5'D8
Then [42, Theorem 4] says:
Theorem 4.6.
W2) =Y 5 [(ee) e ).
Ses s

Yokura conjectured (unpublished; cf. [62]) that Theorem 4.6 could be
extended to a theorem concerning all Milnor classes. This was proved by
Parusinski and Pragacz in [43]:

Theorem 4.7. If M is an n-dimensional compact complexr manifold, and
Z is a hypersurface in M, then its total Milnor class can be expressed as:

M(2) = 35 (e(L1,) 7 N (i5,2)-*M (5) |
Ses

where ig , : S < Z is the inclusion.
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Lé classes

Lé cycles are analytic cycles encoding deep information about singularity
germs f : (CV,0) — (C,0) and allow describing the topology and diffeo-
morphism type of the local Milnor fibres. These were introduced by D.
Massey in [32].

In the affine context, we have the description by Schiirmann and Tibar
in [49] about the Schwartz-MacPherson classes of a complex algebraic
proper subset X C C¥ using algebraic cycles. Motivated by this de-
scription the definition of affine Lé cycles appears and they are a global
extension of Massey’s local Lé cycles. These are generalized to the com-
pact projective setting via projective Lé cycles. The explanation of the
relationship between the affine and projective Lé cycles can be seen in
[37].

Then, we consider the class of Lé cycles globalized to projective hy-
persurfaces and we show that the information encoded in those classes
is equivalent to the information encoded in the Milnor classes, since the
global Lé classes determine the Milnor classes and conversely.

5.1 Local Lé cycles

Let us recall first the definition of Lé cycles and Lé numbers of germs of
complex analytic functions introduced by D. Massey in [30] (see also [32]).

Let U be an open subset of C"*! containing the origin, h : (U,0) —

(C,0) the germ of an analytic function, z = (zg,- - , 2,) a linear choice of
coordinates in C"*! and ¥(h) =V (37};7 e %) the critical set of h. To

define the Lé cycles we need to define the relative polar cycles first, which
are associated to the relative polar varieties:

38
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Definition 5.1. For each k with 0 < k < n, the k-th local polar variety
Fﬁyz is the analytic space V/ ((,?7’:, ce %) /X (h).

Hence the analytic structure of Fﬁ,z does not depend on the structure
of ¥(h) as a scheme, but only as an analytic set. At the level of ideals, Fﬁj,z

consists of those components of V/ ((?7’1’ ceey %) which are not contained

in the set ¥(h). Massey denotes by [F’fm] the cycle associated with the
space Fi,z (see [32, p. 9]).

Definition 5.2. For each 0 < k < n, the k-th local Lé cycle Aﬁ’z of h with
respect to the coordinate system z is the cycle:

Moo= [tizov (50)] - [k

2k
If a point p = (po,--- ,pn) € U is an isolated point of the intersection
of A, with the cycle of V' (2o —po,---,2k—1 — pr—1), then the k-th Lé
number )\Z’Z(p) is the intersection number at p :

/\i,z(p) = (Aﬁ,z V(20 —Dpo,-- -, 2k—1 —pk—1))p-

It is proved in [31, Theorem 7.5] (see also [32, Theorem 10.18]) that
for a generic choice of linear coordinates, all the Lé numbers of h at p are
defined and they are independent of the coordinates choice. Hence, these
are called the generic Lé numbers of h at p and they are denoted simply
by X (p)-

Furthermore, the generic L& numbers of h are constant along the strata
of any Whitney stratification of V' (h) (see [32, Thm 10.19]).

An important feature of the generic Lé numbers is that they allow to
describe a handle decomposition of the Milnor fiber F}, , of h at p. In fact,
Massey proved in [32, Theorem 3.3; Theorem 10.3] the following;:

Theorem 5.3. Let U be an open subset of C"1, let h : (U,0) — (C,0)
be a germ of an analytic function, let s denote dimg3(h), and let z =
(20, ,2n) be a generic choice of linear coordinates in C"*1. Then the
local Lé cycles are a collection of analytic cycle germs NAZ in X(h) at the
origin such that each Azﬁ,z 1s purely i-dimensional and properly intersects
V (20,...,2i—1) at the origin, and for all p € ¥(h) near 0 we have that

1. If s <n —2, then F},p is obtained up to diffeomorphism from a real
2n-ball by successively attaching /\Z_Zk(p) k-handles, where n — s <
k<n;

2. If s=n—1, then F, , is obtained up to diffeomorphism from a real
2n-manifold with a homotopy-type of a bouquet AZ;l(p) circles by

successively attaching )\Z;k(p) k-handles, where 2 < k < n.
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8. The reduced Euler characteristic of the Milnor fiber of h at p is given
by

L (Fhp) = x (Fp) — 1= S (=" 2, (1),
i=0

Massey gives an alternative characterization of the local Lé cycles of a
hypersurface singularity, which leads to a generalization of the Lé numbers
that can be applied to any constructible complex of sheaves. From this
more general viewpoint, the case of the Lé numbers of a function h is
just the case where the underlying constructible complex of sheaves is the
sheaf of vanishing cycles along h. Let us explain this. We assume some
basic knowledge on derived categories, hypercohomology and sheaves of
vanishing cycles as described in [18].

If X is a complex analytic space then D2(X) denotes the derived cat-
egory of bounded, constructible complexes of sheaves of C-vector spaces
on X. We denote the objects of D%(X) by a notation of the form F*.
The shifted complex F*[l] is defined by (F*[l])" = FI** and its differen-
tial is dﬁ] = (=1)!d**!. The constant sheaf Cx on X induces an object
C% € Db(X) by letting C% = Cx and C% = 0 for k # 0.

If h: X — C is an analytic map and F'* € D%(X) then we denote the
sheaf of vanishing cycles of F'® with respect to h by ¢, F*®.

For F* € D4(X) and p € X, we denote by H* (F')p the stalk coho-
mology of F'* at p, and by x (£*), its Euler characteristic. That is

X (F*), => (=1)F dime #* (F*),,.
k
We also denote by x (X, F'*) the Euler characteristic of X with coethi-
cients in F'®, i.e.,

N (X, F*) = 37 (= 1) dime BE (X, F?),
k
where H* (X, F*) denotes the hypercohomology groups of X with coeffi-
cients in F'°.
When F* € DY(X) is S-constructible, where S is a Whitney stratifica-
tion of X, we denote it by F* € D%(X). We would like to point out the
following result which appears in [18, Theorem 4.1.22]:

X(X F®) = X (F$)x(S),
SeSs

where x (F§) = x (F')p for an arbitrary point p € S.
Let M be a complex manifold. For a complex analytic subspace X of
M, we denote its conormal space by Ty M. That is

T% M := closure {(p, 0) €ET*M |p € Xyeg and 0| = O},



Chapter 5. L& classes 41

where T M is the cotangent bundle of M and X, is the regular part of
X. The following definition is standard in the literature:

Definition 5.4. Let X be an analytic subspace of a complex manifold M,
{54} a Whitney stratification of M adapted to X and p € S,, a point in X.
Consider g : (M, p) — (C,0) a germ of holomorphic function such that d,g
is a non-degenerate covector at p with respect to the fixed stratification,
that is, dpg € T§ M and dpg ¢ T5-M, for all stratum 5" # S,. And let N
be a germ of a closed complex submanifold of M which is transversal to
Sa, with N NS, = {p}. Define the complez link I, of S, by:

ls, :=XNNNBs(p)N{g=w}

for 0 < |w| < 0 < 1 and B;(p) is the ball is with center p and radius 6.
The normal Morse datum of S, is defined by:

NMD (S,) := (X NNNBs(p),ls,),
and the normal Morse index 1 (Sq, F*) of the stratum is:
7 (Sa, F*):=x(NMD(S,),F*),

where the right-hand-side means the Euler characteristic of the relative
hypercohomology.

By the result of M. Goresky and R. MacPherson in [21, Theorem 2.3] we
get that the number 1 (S,, F'*) does not depend on the choices of p € Sy, ¢
and N. Notice that by [18, Remark 2.4.5(ii)], it follows that

N (Sa,F*) =x(XNNNBs(p),F*)—x(ls,. F*).

Lemma 5.5. Let F* € D%(X) with S = {S.} a Whitney stratifica-
tion of X. Letp € S, and g : (M,p) — (C,0) be a holomorphic func-
tion germ such that dpg is a non-degenerate covector at p € S, with re-
spect to the fixed stratification. Set d = dim X,d, = dim S, and m, =

(—1)d-da—1y <¢9‘NF|°N) , where ng‘N F“N is the sheaf of vanishing cycles
P

of F\.N with respect to g| ,p € So and N is a germ of a closed complex

submanifold which is transversal to S, with N NS, = {p}. Then

My = (=1)37 % (S, F*).

Proof. By [18, Equation (4.1), p. 106] we have that
H? (¢9F°)p ~ Hit+! (Be(p) NX,B.(p)NX ﬂg‘l(g),F'), for 0 < [¢] <
€ < 1. Hence

X (¢9‘NF"N)p = X (B(p) "X NN, B(p) N XN NNg (), F*),

and therefore m,, = (—1)4~%an (S, F*). O
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Remark 5.6. Everything we have defined so far for a constructible com-
plex of sheaves is defined by J. Schiirmann and M. Tibar in [49] for con-
structible functions, and the two are equivalent constructions. In fact,
given F* € Db(X), we have naturally associated the constructible func-
tion on X given by

Bp) = x(F*),-
Moreover, the converse also holds (see [48]), i.e., given any constructible
function 8 on X there is F* € D2(X) such that

Blp) =x (F*),.

In particular, for any constructible function 5 on X we have that

1(Sa; 8) = x (X NN N Bs(2), 8) = x (s, 8) - (5.1)

Let X be an analytic germ of an d-dimensional space which is embedded
in some affine space, M := C"*!, so that the origin is a point of X.
Consider a bounded, constructible sheaf F'®* on X or M.

For a generic choice of linear coordinates z = (zo,...,z2,) for C"*!
Massey in [31, Proposition 0.1] proves that there exists analytic cycles
Af., in X which are purely i-dimensional, such that A%. . and
V (20 — po, - - ., zi—1 — pi—1) intersect properly at each point p= (po, . .., pn)
€ X near the origin, and such that

d

X (F°), = Z(—l)d_i (Ao .- V(20 = Pos- -5 21 _pifl))lf
i=0

Moreover, whenever such analytic cycles A%. . exist, they are unique.
:

z
Massey also sets )\%.’Z(p) = (A%.’Z V(20— poy.--y2i—1 — pi,l))p and
calls it the i-th characteristic polar multiplicity F'*. When 5(p) = x (F'*) »
we also denote Af. , by Aj .

In [32, Corollary 10.15] was proved that for a generic choice of lin-

ear coordinates z = (20, ...,2y,), if we let L be the i-dimensional linear
subspace V (zo, ..., 2n—;) then,
A= maPe (S2) = > (1) (S, F*) Pi (Sa) - (5.2)

where Py (STY) is the absolute affine k-dimensional polar variety, with re-
spect to the flag given by the L’ above, as defined by Lé and Teissier in
[28]. We are going to define these affine polar varieties later on.

Remark 5.7. By [32, Remark 10.5, Remark 10.7] it follows that if we have
h: (U,0) — (C,0) with U an open neighborhood of the origin in C**!, if
X = 3(h) is the critical set of h, with d = dimg X and if we let

P =(onCyy) ., [n—dl,

lsn)
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then for generic linear coordinates z, for all ¢ and for all p € X near the
origin, we have Ap. , = A}, _ and A\p. . = A}, .(p). Also

Mma = (=1)""% 1 (Sa, P*) = (1) %n (Sa,w),

where w is the constructible function defined by w(p) = x (P*), = x (Fhp)—
1 with F}, , being the Milnor fiber of h at p. Hence, by equation (5.2) we
have that

;L,Z = Z(_l)didmn (Sa7 U}) Pz (Sa) .
This is the description of the local Lé cycles in terms of local polar varieties
we need in order to define the global Lé cycles for compact projective
varieties.

5.2 Affine Lé cycles

In the affine context, Schiirmann and Tibar in [49] describe the Schwartz-
MacPherson classes of a complex algebraic proper subset X C CV using
algebraic cycles, which were called MacPherson cycles. In this construction
a key role is played by the affine polar varieties, which we now describe
(see [28]).

Definition 5.8. For each 0 < i < N, let L; be a linear subvariety of CV
of codimension ¢. If X is of pure dimension d < N, the k-th affine polar
variety of X, with 0 < k < d, is the following algebraic set

Py (X, Liy1) i= {# € Xyeg | dim (TyXyeg N Lps1) > d — k}.

For Ly sufficiently general, the polar variety Py (X, Li+1) has pure di-
mension k. We have P;(X) := X and we set P(X) :=0 for k& > d.

We fix an Whitney stratification {S,} of X with connected strata. In
this context X does not need to be pure dimensional and we only assume
d =dim X < N. Let 8 be a constructible function on X with respect to
this Whitney stratification.

Schiirmann and Tibar make the following definition.

Definition 5.9. The k-th MacPherson cycle of (0 <k < d) is:

MPy (8, Lit1) = Y _(=1)*n (Sa, B) Pi (Sa, Lit1) ,

[

where d, = dim S, and P4 (Siol, Lk-‘,—l) is the k-th global affine polar variety
of the algebraic closure S, C CV of the stratum S,.
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The main result of [49] is that, for generic Lji1, the cycle
M Py (B, Liy1) represents the k-th dual Schwartz-MacPherson class éf M ()
in the Chow group Ay (X), where ¢ (8) = (—1)kc¢y™ (B). That is, Schiir-
mann and Tibar describe the Schwartz-MacPherson classes via affine polar
varieties:

M (B) = (1) [MPy(B)]
= (~DF S (= 1)% 0 (Sa, B) [Pr (52)] (5-3)

(03

Definition 5.10. We define the k-th affine Lé cycle of 3 by
Ay (B L) = Z(—l)dfdaﬁ(smﬁ) Pi (Sa, Liy1) -

(03

Notice that

Ajs (B, Lir) = (=) M Py, (B, Lit1) -
Hence, by equation (5.3) we have that

cc'(8) = (—1>’“+d [A‘W)]
= DD S ) (B ) Y

An interesting feature of these affine Lé cycles of X is that they are a
global extension of the Lé cycles defined by Massey:

Proposition 5.11. Let X be a closed subvariety of CN and let B be a
constructible function on X with respect to a Whitney stratification {Sq}
of X. Let x € X and let U C CN be an open neighborhood of x. Let
{#} = Ly C Ly_1 C --- C Ly C Ly = C¥ be a generic flag of linear
subvarieties of CN with L; being of codimension i and such that L; N\U =
V (20,...,2i—1) where z = (z0,...,2N-1) are generic linear coordinates
around x. Let 1 : UNX — CN be the inclusion. Then, the flat pull-back
of the affine Lé cycles satisfies the following property

L*A% (ﬁ, Lk+1) = Allf:*(ﬁ),z
Proof. In fact,

VAR (B, Ligr) = 0 (Z(_Dd_da (Sa, B) Pr. (Sa, Lk+1)>

= Z 1 (Sas B) ¢* (Pi (Sas Lit1))
—Z 1 (Sa NU,*(B)) P (SaNT)
= A 0*(8),2 =
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5.3 Projective Lé cycles

Let X be a complex analytic space in CPY of pure dimension d. For each
0 < k < N, let Ly be a linear subspace of CPY of codimension k.

Definition 5.12. The k-th projective polar variety of X, with respect to
Lo, is defined by

Py (X, Liya) := {# € Xyeg | dim (TyXyeg N Lipy2) > d — k — 1},

where T, X,e, is the projective tangent space of X at a regular point x.

We observe that for Ly,o sufficiently general, the dimension of
P (X, Lgy2) is equal to k. Thus, we are indexing the polar varieties
by their dimension and not by their codimension, as it is usually done.
Also observe that the class [Py (X, Lgt2)] of Py (X, Lgt2) modulo rational
equivalence in the Chow group Ay (X) does not depend on Li o provided
this is sufficiently general. This class is denoted by [P, (X)] and it is called
the k-th projective polar class of X.

Remark 5.13. For any subvariety Z of CP" we denote by Cone(Z) the cone
in CN*! induced by Z. Analogously, for any conical subvariety through
the origin V of CV*! we denote by P(V) the induced projective variety in
CPN. Let X be a subvariety of CPY and let Ly, be a linear subvariety of
CPY of codimension k+2. In this case, Cone (Lg2) is a linear subspace of
codimension k+2 in CN*! and Py (Cone(X), Cone (Lg12)) the (k+1)-
th affine polar variety of Cone(X) with respect Cone (Lji2), that is a
conical subvariety of CV*! of dimension k& + 1. The relationship between
the projective and the affine polar varieties is given by

]Pk (X, Lk+2) =P (Pk+1 (COHG(X)7 Cone (Lk+2)))
Definition 5.14. For any given F* € D%(X), where S = {S,} is a Whitney
stratification of X, define the k-th projective Lé cycle, with respect to
Lk+27 by
Ap (F®, Liys) = Z(*l)dfd“ﬂ (Sa» F*) Py, (Sas Liy2) »

where d, = dim S,.

Hence, the class of this cycle in the Chow group Ax(X) does not depend
on Lyio provided this is sufficiently general. This class is denoted by
A7 (7).

If 3 is the constructible function associated to F'® as in Remark 5.6
we also denote this cycle A} (F*®, Lyi2) by A} (8, Lii2) and the class
[AE (F*)] by [AE(8)]. That is,

AL (B, Lita) i= Y (=1)4"%n (Sa, B) Pk (Sa, Lit2) -

(03
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The next result is going to relate the affine and projective Lé cycles
(see [37, Theorem 4.4]).

Theorem 5.15. Let X C CPYN be a d-dimensional projective variety
endowed with a Whitney stratification S = {S,} with connected strata.
Let Ly, be a linear subvariety of CPYN of codimension k + 2. Let 7 :
CNTIN{0} — CP¥ be the natural projection. Let B be a constructible
function on X, with respect to this stratification. Then

1. 8 = {r"1(5,)} U{{0}} is a Whitney stratification of Cone(X).

2. B induces a constructible function B on Cone(X) with respect to the
Whitney stratification S'.

3. Ay (B, Liy2) =P (A%H (B,Cone (Lk+2))) )
Summarizing we get:

Theorem 5.16. The affine Lé cycles restricted to every point in X give
the local Lé cycles, and the projective Lé cycles are the projectivization of
the affine Lé cycles of the affine cone defined by a projective variety.

5.4 Lé classes and Milnor classes of hypersur-
faces

Lé cycles are originally associated to map-germs C**! — C and determine
the diffeomorphism type of the Milnor fiber. These were extended above
to invariants of projective manifolds. On the other hand Milnor classes are
by definition the difference between two extensions of the classical Chern
classes to the case of singular varieties.

It was proved in [14] that these two concepts are remarkably linked
together in a deep way. In fact the main result in [14] says that the
information encoded in the Milnor classes is essentially equivalent to the
information encoded in the Lé cycles.

Let M be a smooth complex submanifold of CPY of dimension n + 1,
let Z be the hypersurface in M defined by the set of zeroes of a reduced
holomorphic section s of a line bundle L on M.

Definition 5.17. The k-th Lé class of Z is Ag(Z) := [A} (w, Li12)], where
w(z) = x(F;) — 1 (Euler characteristic of the Milnor fiber of Z at x) and
Ly, 4o is a generic linear subspace of CPY of codimension k + 2.

One has:
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Theorem 5.18. Assume M, L and Z are as above. Set h := ¢1(Opn (1)|7z)
and denote by My(Z) the k-th Milnor class of Z. Then, for each k =
0,...,7 = dim(Zsing), there are cycles, obtained with respect to the choice
of a linear subspace of CPN , which give rise to well defined classes Ay, (Z)
of Z in the Chow group and integral homology group of Z, that we call the
global Lé classes of Z, and these are related to the Milnor classes My (Z)
by the formulas:

M =Y 3 =0 (L Yatnt na)

j>0i>k+j5

and conversely:

AR(Z)=) (1)

<k+j+1
i>0

k1 ) WO Miy(Z) + er(Llz) Myt 11(2)).
One gets the corollary below, which extends and strengthens [10, Corol-
lary 5.13] in the hypersurface case:

Corollary 5.19. Assume M,L and Z are as above and equip M with a
Whitney stratification {Zg} adapted to Z. Let d be the dimension of the
singular set Zgng. Then we have the following equalities of cycles in the
Chow group of Z:

Ma(Z) = D M, [Ss] = (—1)'Aa(2),

SB CZsing

where the sums run over the strata of dimension d which are contained in
Zsing and )‘dsﬁ is the d-th Lé number of Sa.

The trail for getting to Theorem 5.18 can be roughly described as
follows. The first step is recalling the main theorem of A. Parusinski and
P. Pragacz in [43], Theorem 4.7 above. This expresses the total Milnor
class as a function of the Schwartz-MacPherson classes of the closure of
the strata of a Whitney stratification:

M(Z) =Y s, (e(Ly,) 7 N (is,,2).¢5M (Sa)) - (5.5)
S.ES

Then one has the aforementioned MacPherson cycles [49], associated to
any constructible function on a complex algebraic proper subset X ¢ CV
that represent the (dual) Schwartz-MacPherson classes in the Borel-Moore
homology group, and also in the Chow group. We already described above
the analogous result in the projective case. In this construction a key role
is played by the projective polar varieties.
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Next one uses R. Piene characterization in [44] of the Mather classes
via polar varieties to give a formula for the Schwartz-MacPherson classes
in terms of polar varieties and the normal Morse indices (see Definition
5.4). Finally we use the above described characterization of the global Leé
cycles for constructible sheaves via polar varieties. This also answers a
conjecture posed by J.-P. Brasselet in [7], claiming that Milnor classes can
be expressed in terms of polar varieties.



Chapter 6

Milnor classes of complete
Intersections

From now on, let M be an n-dimensional compact complex manifold. Set
M) .= M x ... x M, r times. We let E be a holomorphic vector bundle
over M(") of rank d. Consider A : M — M) the diagonal morphism,
which is a regular embedding of codimension nr —n. Let ¢t be a regular
holomorphic section of E. The set of zeros of ¢ is a closed subvariety Z(t)
of M(") of dimension nr —d. Consider Z(A*(t)) the set of zeros of the pull
back section of ¢ by A of dimension n — d.

Following [20, Chapter 6] we have that A induces the refined Gysin
homomorphism

At Hop(Z(1) = Haonrn) (Z(A*(2))).
The refined intersection product is defined by:
Qv v Q1= A!(al X X Q).

For the usual homology this is defined by duality between homology and
cohomology:

A'= A*: Hop(Z(t);2) = H* ™ =R (Z(t); Z) —

F2(nr—k) (Z(A* (1)); Z) o~ HQ(kfn'rukn) (Z(A*(t))5 Z)'

In [15, Proposition 1.15, Theorem 1.12, Corollary 1.13] we obtain a
Verdier-Riemann-Roch type theorem for the Fulton-Johnson, Schwartz-
MacPherson and Milnor classes:

Proposition 6.1. Assume that Z(t) admits a Whitney stratification {75}
transversal to A(M) such that the strata T, N A(M) are connected. The

49
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refined Gysin morphism satisfies:
A (T (2(1)) =c ((TM|Z(A*t))@T_1) N el (Z(A%))
and
A (SM(Z(1)) =c ((TM|Z(A*,§))$T_1) NeSM(Z(AM)).
Therefore,
AM(Z (1)) = (~1)" "¢ ((TM|Z(M))@“1) NM(Z(A™).

Now, let {E;} be a finite collection of holomorphic vector bundles over
M of rank d;, 1 < ¢ < r. For each of these bundles, let s; be a regular
holomorphic section and X; the (n — d;)-dimensional local complete in-
tersections defined by the zeroes of s;. We assume that we can equip the
product X; X ...x X, with a Whitney stratification such that the diagonal
embedding A is transversal to all strata. This transversality condition is
necessary for using above proposition.

Let p; : M(") — M be the i*"-projection, then we have the holomorphic
exterior product section

5:31@...@5T:M(T)%pTEleB...@p:ET,

given by s(z1,...,z.) = (s1(1),...,8r(zr)). Then Z(s) = X1 x ... x X,
and Z(A*(s)) = X1 N...N X, is a local complete intesection of dimension
n—dy—-...-—d,.

Theorem 6.2. ([16, Prpositions 2.1 and 2.4]) Set X = Z(A*(s)). Then:

(i) M) = e (M) ) A (SH(X) LX)

(ii) P (X) = ¢ ((TM|X)@T_1)71 A (P - eI (X): and
therefore
(iii) M(X) = (—1)dimXc((TM|X)@r_1>_l N (CFJ(Xl)-...-cFJ(XT)—
SM(X) - ~cSM(XT)).
Example 6.3. Let Z; and Z, be the hypersurfaces of P* defined by
H(xo,...,x4) =xozr1 and G(xzg,...,24) =23 .

The line bundle of Z; is O(2H), where H = ¢1(O(1)), so the class of the
virtual tangent bundle of Z; is:

(1+ H)2H/(1 +2H) = 2H + 6H* + 8H3 + 4H*,
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while the Schwartz-MacPherson class is, by the inclusion-exclusion formula
in [1]:

2¢(TP?) —c(TP?) = 2((1+ H)*H) - (1+ H)*H? = 2H + TH* + 9H> + 5H*

Therefore the Milnor class of Z; is H?>+ H®+ H*. On the other hand, since
Z5 is smooth, the Schwartz-MacPherson class and the Fulton-Johnson class
of Zy are (1 + H)*H = H + 4H? + 6H? + 4H*. Therefore, by Theorem
6.2, the Milnor class of Z1 N Zs is given by

M(Z1 N Zy) = —c(TPH L N eSM(Z)M(Z1) = —HB.

If we restrict the discussion to the case where the bundles F; in question
are all line bundles L;, then we obtain some applications:

i) A Parusinski-Pragacz type formula for local complete intersections. This
expresses the Milnor classes using only Schwartz-MacPherson classes, and
it answers positively the expected description given by Ohmoto and Yokura
in [38] for the total Milnor class of a local complete intersection. We
notice that a different generalization of the Parusiniski-Pragacz formula
for complete intersections has been given recently in [34].

Corollary 6.4. (16, Corollary 3.5])

M(X) = (—1)" "¢ ((TJ\4|X)@’“*1)_1 N

erroer C(L1) - e(Ly)er SM G SM G
e N S1) ... S,
( aSl,.A.,ST C(Ll D... .0 Lr) c ( 1) c ( )
where the sum runs over all possible choices of the strata provided that
(S5, 8r) # (X1)regs -, (Xp)reg), Vi 1 the inductive function obtained
by Milnor fibre of X; (see (4.2)), ag, " = (71)("’1)(614“‘JFE’“)’yél_61
l—e, L 1, Zf S; C (Xi)reg

Vs, | and € = { 0, if dim(S;) <n—1
ii) A description of the total Milnor class of the local complete intersection
X in the vein of Aluffi’s formula in [2] for hypersurfaces, using Aluffi’s p-
classes.

For each X, the Aluffi’s u-class of the singular locus is defined by the
formula

pir; (Sing(X;)) = o(T"M @ L;) N s(Sing(X;), M).

Given a cycle a € Hy.(X;,Z) and oo = 3, o/, where o/ is the codimen-
sion j component of a, then Aluffi introduced the following cycles

J
V.o N (21l - @
o’ = Z( 1)’ and a®L; .—Z Ly

=0 =0
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Then Aluffi proved in [2] that the total Milnor class M(X;) can be de-
scribed as follows:

M(X3) = (=1)" " e(Le)" ™ N (uz, (Sing(X:))¥ @ Li). (6.1)
Corollary 6.5. ([16, Corollary 3.3])

M(X) = (-1)""te ((TM\X)@’"*Y1 N

(Z(—l)”—lau o (L) 0 (i, (Sing(X5) )Y @ Li)) ;
=1

ASM( X)) if i<y
where a;; = { FI(X)) i i

iii) As seen in the previous section there is a concept of global Lé classes
of a singular hypersurface Z in a smooth complex submanifold M of CPY
and a formula relating these with the Milnor classes of Z. It is also possible
to get a description of the Milnor classes of the local complete intersections
X = XiNn...NnX, via the Leé classes of each hypersurface X; (cf. [16,
Remark 3.6]).
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