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Abstract. We review and comment recent research on random interlace-
ments model introduced by A.-S. Sznitman in the paper ‘Vacant set of
random interlacements and percolation’ (Ann. of Math. 171 (2010)). A
particular emphasis is put on motivating the definition of the model via
natural questions concerning geometrical /percolative properties of random
walk trajectories on finite graphs, as well as on presenting some important
techniques used in random interlacements’ literature in the most acces-
sible way. This text is an expanded version of the lecture notes for the
mini-course given at the XV Brazilian School of Probability in 2011.
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Chapter 1

Introduction

These notes are based on the mini-course offered at the ‘XV Brazil-
ian School of Probability’ in Mambucaba in August 2011. The lectures
tried to introduce the audience to random interlacements, a ‘dependent-
percolation’ model recently introduced by A.-S. Sznitman in [47]. The
emphasis was put on motivating the definition of this model via some
natural questions about random walks on finite graphs, explaining the dif-
ficulties that appear when studying the model, and presenting some of the
techniques used to analyze random interlacements. We tried to present
these techniques in the simplest possible way, sometimes at expense of
generality.

Let us start setting the stage for this review by introducing one of the
problems which motivated the definition of random interlacements. To
this end, fix a finite graph G = (V, £) with a vertex set V' and an edge set
€&, and denote by (X,,)n>0 a simple random walk on this graph, that is the
Markovian movement of a particle on G prescribed as follows: It starts at
a given (possibly random) vertex x € G, Xy = x, and given the position
at time k > 0, say Xy = y, its position Xy, 1 at time k + 1 is uniformly
chosen among all neighbors of y in G.

Random walks on finite and infinite graphs, in particular on Z?, has
been subject of intense research for a long time. Currently, there is a great
deal of studying material on this subject, see for instance the monographs
[27, 28, 291 42, 58]. Nevertheless, there are still many interesting questions
and vast areas of research which are still to be further explored.

The question that will be of our principal interest was originally asked
by M.J. Hilhorst, who proposed the random walk as a toy model for cor-
rosion of materials. For sake of concreteness, take the graph G to be the
d-dimensional discrete torus T = (Z/NZ)% which for d = 3 can be re-
garded as a piece of crystalline solid. The torus is made into a graph
by adding edges between two points at Euclidean distance one from each
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other. Consider now a simple random walk (X, ), >0, and imagine that this
random walk represents a corrosive particle wandering erratically through
the crystal, while it marks all visited vertices as ‘corroded’. (The particle
can revisit corroded vertices, so its dynamics is Markovian, i.e. it is not
influenced by its past.)

If the time that the particle runs is short, then one intuitively expects
that only a small part of the torus will be corroded, the crystal will be
‘intact’. On the other hand, when the running time is large, many sites
will be corroded and the connected components of non-corroded sites will
be small, the crystal will be destroyed by the corrosion, see Figure
for the simulations. The question is how long should the particle run to
destroy the crystal and how this destruction proceeds.

u=2.000

u=3.000 u=3.500

Figure 1.1: A computer simulation by David Windisch of the largest com-
ponent (light gray) and second largest component (dark gray) of the va-
cant set left by a random walk on (Z/NZ)? after [ulN3] steps, for N = 200.
The pictures correspond consecutively to u being 2.0, 2.5, 3.0, and 3.5. Ac-
cording to recent simulation, the threshold of the phase transition satisfies
ue(T3) = 2.95+0.1.

Remark that throughout these notes, we will not be interested in the
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instant when all sites become corroded, that is in the cover time of the
graph by the simple random walk. Note however that random interlace-
ments can also be useful when studying this problem, see the recent papers
[3, 4] of D. Belius.

In a more mathematical language, let us define the wvacant set left by
the random walk on the torus up to time n

Vn(n) = T4\ {Xo, X1, X} (1.1)

Vn(n) is the set of non-visited sites at time n (or simply the set non-
corroded sites at this time). We are interested in connectivity properties of
the vacant set, in particular in the size of its largest connected component.

We will see later that the right way to scale n with N is n = uN? for
u > 0 fixed. In this scaling the density of the vacant set is asymptotically
constant and non-trivial, that is is for every z € T4,

lim Problz € Vy(uN%)] = ¢(u,d) € (0,1). (1.2)
N —oco

This statement suggest to view our problem from a slightly different
perspective: as a specific site percolation model on the torus with density
(roughly) c(u,d), but with spatial correlations. These correlations decay
rather slowly with the distance, which makes the understanding of the
model delicate.

At this point it is useful to recall some properties of the usual Bernoulli
site percolation on the torus ’]I“Iiv, d > 2, that is of the model where the sites
are declared open (non-corroded) and closed (corroded) independently
with respective probabilities p and 1 — p. This model exhibits a phase
transition at a critical value p. € (0,1). More precisely, when p < p., the
largest connected open cluster Cy .. (p) is small with high probability,

max

p<pe = lim Prob|Cl.(p)|=O(og" N)] =1,  (13)
— 00

and when p > p., the largest connected open cluster is comparable with

the whole graph (it is then called giant),

pP>p. = lim Prob[|C..(p)] ~ N9 = 1. (1.4)
N—oc0

Much more is known about this phase transition, at least when d is large
[9) 10]. A similar phase transition occurs on other (sequences of) finite
graphs, in particular on large complete graph, where it was discovered (for

the edge percolation) in the celebrated paper of Erdds and Rényi [19].
Coming back to our random walk problem, we may now refine our ques-
tions: Does a similar phase transition occur there? Is there a critical value
ue = uc(T?) such that, using Ciax(u, N) to denote the largest connected
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component of the vacant set on T4 at time uN¢9,

u<u, = lim Prob[|Cuax(u, N)| ~ N9 =1,
N—oc0

u>u = lim Prob[|Cmax(u, N)| = o(N¥)] =17 (18)
N—0o0
At the time of writing of these notes, we have only partial answers to
to this question (see Chapter [2| below). It is however believed that this
phase transition occurs for the torus in any dimension d > 3. This belief
is supported by simulations, cf. Figure [I.1]

Remark 1.1. It is straightforward to see that such phase transition does
not occur for d € {1,2}. When d = 1, the vacant set at time n is a segment
of length roughly (N —(n'/2€))Vv0, where ¢ is a random variable distributed
as the size of the range of a Brownian motion at time 1. Therefore, the
scaling n = uN? = uN in is not interesting. More importantly, it
follows from this fact that no sharp phase transition occurs even on the
‘corrected’ scaling, n = ulN2. The situation in d = 2 is more complicated,
but the fragmentation is qualitatively different from the case d > 3.

The phase transition for the Bernoulli percolation on the torus, ,
, can be deduced straightforwardly from the properties of its ‘infinite
volume limit’, that is the Bernoulli percolation on Z? which is very well
understood (see e.g. the monographs [20] {]). It is thus legitimate to ask
whether there is an infinite volume percolation which is a local limit of
the vacant set. This question is not only of theoretical interest. There are
many problems that are easier to solve in the infinite volume situation. As
we will see, the existence of the phase transition is one of them.

One of the main goals of these notes is to construct ezplicitly this in-
finite volume limit, which is called random interlacements, and study its
properties. We will not go into details how these properties can be then
used to control the finite volume problem, even if not surprisingly, the
recent progress in understanding random interlacements has been useful
to analyze the original questions concerning the vacant set on the torus,
see [53].

Organization of these notes

In the first chapters of these notes we restrict our analysis to d-dimensional
torus and Z%, with d > 3, cf. Remark

In Chapter [2| we study the random walk on the torus, aiming on moti-
vating the construction of random interlacements. We will define what we
call the ‘local-picture’ left by the random walk on Tﬁiv- To be more precise,
suppose that N is large and that we are only interested in what happens
in a small fixed box A C T4. It is clear that as the number of steps n
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of the walk grows, the random walk will visit A several times, leaving a
‘texture’ of visited and non-visited sites inside this box.

To control this texture we split the random walk trajectory into what
we call ‘excursions’ which correspond to the successive visits to A. Using
some classical results from random walk theory, we will establish three key
facts about these excursions:

(i) the successive excursions to A are roughly independent from each
other,

(ii) the first point in A visited by each excursion has a limiting dis-
tribution (as N grows), which we call the normalized equilibrium
distribution on A.

(iii) when the number of steps n scales as uN?, the number of excursions
entering A is approximately Poisson distributed (with parameter is
proportional to ).

All these properties hold precisely in the limit N — oo when A is kept
fixed.

Starting from these three properties of the random walk excursions,
we define a measure on {0, 1}, which is the candidate for the asymptotic
distribution of the wanted infinite volume percolation (intersected with A).
This limiting distribution is what we call the local picture. In view of
properties (i)—(iii), it should not be surprising that Poisson point processes
enter the construction here.

In Chapter [3] we will use this local picture to give a definition of random
interlacements. To this end we map A C Tﬁiv into its isometric copy A C
Z% and transfer the local picture to {0,1}*. Then, taking the limit as
A 1 Z4, we essentially obtain a consistent measure on {0,1}%", which we
call random interlacements.

The actual construction of random interlacements given in Chapter [3]
is more complicated, because its goal is not only to prove the existence
(and uniqueness) of the infinite volume measure, but also to provide a
way to perform calculations. In particular, the actual construction aims
on preserving the Poisson point process structure appearing in the local
picture.

We will construct the random interlacements as a trace left on Z? by
a Poisson point process on the space of doubly infinite random walk tra-
jectories modulo time shift, see below. Intuitively speaking, every
trajectory appearing in this Poisson point process correspond to one ex-
cursion of the random walk in the torus.

In Chapter [4] after having defined the random interlacements measure,
we will describe some of its basic properties. We will study its correlations,
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translation invariance and ergodicity, and compare it to Bernoulli site per-
colation. This comparison helps determining which of the techniques that
have already been developed for Bernoulli percolation have chance to work
in the random interlacements setting.

As we will find out, many of the techniques of Bernoulli percolation are
not directly applicable for random interlacements. Therefore, we will need
to adapt them, or develop new techniques that are robust enough to deal
with dependence. In Chapter [5] we prove a result related to the existence
of a phase transition for random interlacements on high dimensions, see
Theorem [5.2] The proof of this theorem makes use of a technique which
is very important in various contexts, namely the multi-scale renormaliza-
tion.

The last two chapters of these notes present two recent branches of the
random interlacements research. In Chapter [} we study the properties
of the interlacement set of random interlacements on Z%. This set is the
complement of the vacant set, and should be viewed as the limit of oc-
cupied/corroded sites in the random-walk-on-torus problem. We will see
that the properties of the interlacement set are rather well understood,
contrary to those of the vacant set.

Finally, in Chapter [7} we return to random walk on finite graphs, this
time however not on the torus, but on random regular graphs. We explain
that the infinite volume limit of this problem is random interlacements on
regular trees, and sketch the techniques used to show that for these graphs
there is a phase transition in the spirit of .

We would like to precise the scope and structure of these notes. We do
not want to present a comprehensive reference of what is currently known
about random interlacements. Instead, we intend to favor a motivated
and self-contained exposition, with more detailed proofs of basic facts that
should give the reader familiarity with the tools needed to work on the
subject. The results presented here are not the most precise currently
available, instead they were chosen in a way to balance between simplicity
and relevance. For interested reader we collect the pointers to the relevant
literature at the end of each chapter.



Chapter 2

Random walk on the torus

In this chapter we discuss some properties of the random walk on a
discrete torus. Our aim is to motivate the definition of the local picture
discussed in the Introduction, that is to understand the intersection of the
trajectory of the random walk with a fixed set A C T4 as N becomes
large.

2.1 Notation

Let us start by fixing the notation used through these notes. We con-
sider, for N > 1, the discrete torus T4, = (Z/NZ)?, which we regard as a
graph with an edge connecting two vertices if and only if their Euclidean
distance is one.

On T% we consider a simple random walk. For technical reasons that
will be explained later, we actually consider the so called lazy random
walk which stays put, with probability one half, and jumps otherwise to a
uniformly chosen neighbor. Its transition matrix is given by

1/2, ifz =y,
C(z,y) =< 1/(4d), if x and y are neighbors in T%, (2.1)
0, otherwise.

Let 7 be the uniform distribution on the torus T4,. It is easy to see that
m and C(x,y) satisfy the detailed balance condition, that is 7 is reversible
for the random walk.

We write P for the law on (T%)N of lazy simple random walk on T%
started with uniform distribution 7#. We let X,,, n > 0, stand for the
canonical process on (T%)N. The law of the canonical (lazy) random walk
started at a specified point x € T;j\, is denoted by P,.

13
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Note that we omit the dependence on NN in the notation 7, P, P, and
X,,. This will be done in other situations throughout the text, hoping that
the context will clarify the omission.

For k& > 0, we introduce the canonical shift operator 0 in the space of
trajectories (T% )N, which is characterized by X,, o 0 = X, for every
n > 0. Analogously, we can define 6 for a random time 7.

The main reason for considering the lazy random walk are the following
facts:

C(-,-) has only positive eigenvalues 1 = Ay > Ay > -+ > Aya > 0. (2.2)
Its spectral gap Ay := \; — Ay satisfies Ay > cN ™2, (2.3)

see for instance [29], Theorems 5.5 and 12.4. A simple calculation using
the spectral decomposition leads then to

sup | Pp[X, =y] — w(y)| < ce™ v for all n > 0, (2.4)
z,yeTe,

see [29], (4.22), (4.35) and Theorem 5.5.
It will be useful to define the regeneration time ry associated to the
simple random walk on T% by

rn = Ayt log® N ~ ¢cN%log? N. (2.5)

To justify the name regeneration time, observe that, for every x € T%, by
(2.2) and (2.4), the total variation distance between P.[X,, € -] and 7
satisfies

HP:E[XTN ] - 7T HTV Z ‘P ﬂ-(y>‘

yE’JI‘d
< C/Nde—c10g2 N

—clog? N
)

(2.6)

</ e

which decays with N faster than any polynomial. This means that, inde-
pendently of its starting distribution, the distribution of the random walk
position at time 7y is very close to being uniform.

We also consider the simple (lazy) random walk on the infinite lattice
Z¢ where edges again connect points with Euclidean distance one. The
canonical law of this random walk starting at some point = € Z% is denoted
by szd. If no confusion may arise, we write simply P,.

We introduce the entrance and hitting times H4 and H 4 of aset A of
vertices in T, (or in Z9) by

Hy=inf{t>0:X, € A},

. (2.7)
Hya=inf{t >1: X, € A}.
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Throughout these notes, we will suppose that the dimension d is greater
or equal to three (cf. Remark [1.1), implying that

the random walk on Z< is transient. (2.8)

Fix now a finite set A C Z? (usually we will denote subsets of Z? by
A,B,...). Due to the transience of the random walk, we can define the
equilibrium measure, ey, and the capacity, cap(A), of A by

ea() = 1yen PX [Hy = 0],  w€Zf,

(2.9)
cap(A) = ep(A) = ex (Z4).
Note that cap(A) normalizes the measure e, into a probability distribution.
Throughout this notes we use B(z,r) to denote the closed ball centered
at z with radius r (in the graph distance), considered as a subset of Z¢ or
T¢;, depending on the context.

2.2 Local entrance point

We now start the study of the local picture left by the random walk on
T¢,. To this end, consider a (finite) box A C Z¢ centered at the origin.
For each N larger than the diameter of A, one can find a copy Ay of this
box inside T%. We are interested in the distribution of the intersection of
the random walk trajectory (run up to time n) with the set Ay, that is
{Xo,X1,...,Xn} N Ax. As N increases, the boxes Ax get much smaller
compared to the whole torus ’]I“Iiv, explaining the use of the terminology
‘local picture’. In particular, it is easy to see that

m(Ay) —0 as N — oo. (2.10)

As soon as N is strictly larger than the diameter of the box A, we can
find an isomorphism ¢y : Ay — A between the box Ay and its copy A in
the infinite lattice. As usual, to avoid a clumsy notation, we will drop the
indices N by ¢n and Ay.

The first question we attempt to answer concerns the distribution of the
point where the random walk typically enters the box A. Our goal is to
show that this distribution almost does not depend on the starting point
of the walk, if it starts far enough from the box A.

To specify what we mean by ‘far enough from A’, we consider a sequence
of boxes A’y centered at the origin in Z¢ and having diameter N'/2 (the
specific value 1/2 is not particularly important, any value strictly between
zero and one would work for our purposes here). Note that for N large
enough Aﬁv contains A and N1/2 < N. Therefore, we can extend the
isomorphism ¢ defined above to ¢ : Ay — A’y C Z%, where A’y is a copy
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of Ay inside T%. Also m(A%\) — 0 as N — oo, therefore, under P, the
random walk typically starts outside of A’y .

The first step in determination of the entrance distribution to A is the
following lemma which roughly states that the random walk likely regen-
erates before hitting A.

Lemma 2.1. (d > 3) For A’ and A’ as above, there exists § > 0 such that

sup Py[Ha <rn] < N7°, ‘A isn’t hit before regenerating’ (2.11)
zETE\ A’

sup Pfd [Hy < 00] < N7, ‘escape to infinity before hitting A’
xE€ZIN\A'
(2.12)

Proof. From [27], Proposition 1.5.10] it can be easily deduced that there is
¢ < oo such that for any £ > 1 and x € Z4, with |z| > ¢,

d £ \d—2
PE [Hp 0.0 < 0] < c<m> . (2.13)

The estimate (2.12]) then follows directly from (2.13]).

To show (2.11)), let IT be the canonical projection from Z? onto T%,.
Given an z in TS \ A’, we can bound P, [H4 < ry] from above by

7z 74
Pgry [Hp(o(),N 1082 N)e < TN] + Poy [Hi-1(a)nB(é(2),N 1og? N) < 0] -
(2.14)

Using (3.30) on p. 227 of [31], we obtain
Zd
Pyte) [HB(6(a) N10g2 3y < TN]

< p% - > 2

< Py ax | Xt — ¢(2)|oc = cNlog” N (2.15)

< 2dexp{—2(cNlog® N)?/4ry}

< Ce—clog;2 N-
The set TI-1(A) N B(¢(z), N log? N) is contained in a union of no more
than clog® N translated copies of the set A. By the choice of z, ¢(x) is at
distance at least ¢cN'/2 from each of these copies. Hence, using the union
bound and (2.13) again, we obtain that

P¢(I) [HH—l(A)ﬂB(¢(w),Nlog2 Ny < OO] < C(lOg N)CN_C. (2.16)
Inserting the last two estimates into (2.14), we have shown (2.11]). O

As a consequence of (2.11), we can now show that, up to a typically
small error, the probability Py[Xy, = z] does not depend much on the
starting point y € T4 \ A":
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Lemma 2.2.

sup  |P,[Xp, =] — Py[Xu, =z]| <cN7°. (2.17)
TEA,
y,y' €ETEH\A’

Proof. We apply the following intuitive argument: by the previous lemma,
it is unlikely that the random walk started at y € Tﬁl\, \ A’ visits the set
A before time rpy, and at time 7y the distribution of the random walk is
already close to uniform, i.e. it is independent of y. Therefore the hitting
distribution cannot depend on y too much.
To make this intuition into a proof, we first observe that is implied
by
sup
yEeTY,\ A/

To show ([2.18]), we first deduce from inequality (2.4) that

P,[Xu, = 1] — P[Xp, = x}‘ < eNS, (2.18)

sup
yeTE\ A

< > s )Py[XrN =y —n(y)
y’ET}{, yET?\,\A/

E,[Px,, [Xu, = ol] = P[Xn, =]

PylXu, =a]  (2.19)

2 2
SCNde_CIOg N < e—clog N.

For any y € T% \ A, by the simple Markov property applied at time rx

and the estimate (2.19),
Py[XHA :J}] SPy[XHA ZJ},HA>’/‘N]—|—Py[HA ST‘N]
< E,[Px, [Xu, =] + P)[Ha <ry] (2.20)
< PlXp, =] +e N L P[Ha <ryl.

With ([2.11)), we have therefore shown that for any y € T4 \ A/,
P, Xy, =] — P[Xyg, =2] < N (2.21)

On the other hand, for any y € T4 \ A’, by the simple Markov property
at time r again,
Py[XHA :.’I}] > Py[XHA :SL’,HA > TN]
> E, [PXTN (X, = m]} — Py[Ha <rp] (2.22)
> P[Xy, =a] - N°,

using (2.19), (2.11) in the last inequality. Combining (2.21)) and (2.22),
(2.18]) follows. O
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Given that the distribution of the entrance point of the random walk in A
is roughly independent of the starting point (given that the starting point
is not in A’), we are naturally tempted to determine such distribution.
This is the content of the next lemma, which will play an important role
in motivating the definition of random interlacements later.

Lemma 2.3. For A and A’ as above there is 6 > 0 such that

sup PXy, =x]— eal@()

< N9, (2.23)
€A, y€Td\ A/ cap(A)

Note that the entrance law is approximated by the (normalized) exit dis-
tribution, cf. definition (2.9) of the equilibrium measure. This is intimately
related to the reversibility of the random walk.

Proof. Let us fix vertices x € A,y € T4\ A’. We first define the equilibrium
measure of A, with respect to the random walk killed when exiting A’,

el (2) = 1a(2) P[Hypq\ ar < Ha), for any z € A. (2.24)

Note that by (2.12) and the strong Markov property applied at ijr}dv \A’

en(d(2)) < €4 (2) < eal(d(2)) + N~°, for any z € A. (2.25)

In order to make the expression Py[Xp, = x] appear, we consider the
probability that the random walk started at = escapes from A to T4 \ A’
and then returns to the set A at some point other than x. By reversibility
of the random walk with respect to the measure (7.).crqe , we have

> mePulHpa\a < Ha, Xg, =2 = 7 Pe[Heg\ a0 < Ha, Xpg | # 7]
z€A\{z}

= Z WZPZ[HT‘Z{,\A’<I;[A’XE[A:$]'
z€A\{z}
(2.26)

By the strong Markov property applied at time HTL;V\A,, we have for any
z € A,

7"'sz[]y’Jl‘?\,\A' < Ha, Xpg, =1

:ﬂ-zEz |:1{HTdN\A/<I:IA}PXH [XHA :x]}

With (2.25) and (2.17), this yields

mP(Hpa a0 < Ha, X, = 7] — moea(9(2) Py [Xu, = a:]’ < N9,
(2.28)

d \ At
T4\ A
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for any z € A. With this estimate applied to both sides of (2.26]), we
obtain

erA(Qb(x))(l - Py[XHA = :z:])

s (2:29)

:Py [XHA = x] (7Ta: Cap(A) - erA((b(f))) =+ O(|A|N )a
implying ([2.23). O
We observe that the entrance distribution Py[Xp, = ‘| was approxi-

mated in Lemma by a quantity that is independent of N and solely
relates to the infinite lattice random walk. This is a very important ingre-
dient of the local picture construction.

2.3 Local measure

We continue to study the trace that a random walk on the torus leaves
inside a small box A C ']I‘ﬁi\,. We already know from the previous section
that the random walk typically enters A in a point = chosen with distribu-
tion ea(¢p(x))/ cap(A). After entering the box A, the random walk behaves
in the same way as on the infinite lattice Z¢ until it gets far away from
A again. We will therefore split the random walk trajectory into so-called
excursions. For this, recall the definition of A’ and the shift operators 6
from Section 22 and let

Ro = Hy, DO:H']rdN\A'OQRo"‘ROa

2.30
Ry=Hyo00p, , +D_4, Dl:H’]I‘dN\A’ooR1+Rlv for I > 1. ( )
These will be respectively called return and departure times of the random
walk between A and A’, see Figure 2.1
Observe that every time n for which the random walk is inside A has to
satisfy Ry < n < Dy for some k£ > 0. This implies that

k
{Xo, X1,...,Xp, } NA=|J{Xr,, Xr,41,..., Xp,} N A. (2.31)
j=0

Or in other words, the trace left by the random walk trajectory in A up
to time Dy is given by union of the traces of k separate excursions.

Since Xp, ¢ Ay, using Lemma and the strong Markov property
applied at the time Dy, we can conclude that the set of points in A visited
by the random walk between times Rj41 and Dgq is roughly indepen-
dent of what happened before the time D,. Therefore, the excursions
{XRr,;, XR,+1,.---,Xp,}, j = 0,1,2,..., should be roughly independent.
A fixed number of such excursions should actually become i.i.d. in the
limit N — oo.
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d
T%

Figure 2.1: A trajectory of the random walk inside the torus split into
excursions (thick lines) and the remaining parts (thin lines) with respect
to the boxes Ay, Ay.

Lemma yields that the entrance points Xg, of these trajectories
in A are asymptotically distributed as ex(¢(+))/ cap(A). Moreover, as N
grows, the difference Dy — Ry tends to infinity. Therefore, as N grows, the
excursion {Xg, 11,...,Xp,} looks more and more like a simple random
walk trajectory on Z? (note that this heuristic claim is only true because
the random walk on Z¢, for d > 3, is transient).

From the previous arguments it follows that the asymptotic distribution
of every excursion should be given by

QA[XO =z, (Xn)nZO € } = Ceai)((fg) Pzd[']’ for x € Zd' (232)

To understand fully the trace left by random walk in A, we now have to
understand how many excursions are typically performed by the random
walk between A and A’ until some fixed time n.

Using a reversibility argument again, we first compute the expected
number of excursions before time n. To this end fix £ > 0 and a and let us
estimate the probability that k is a return time R; for some j > 0. This
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probability can be written as
Plk = R, for some j > 0]

:Z Z ZP[Xm:yvxk:fL',XiEA/\A,m<@'<k]_ (233)

x€Aye(A’)e m<k

Let T';(y,«) be the set of possible random walk trajectories of length j
joining y to z and staying in A’ \ A between times 1 and j — 1. By
reversibility, for every v € I';(y,x) and [ > 0,

Pl(Xi,..., Xi45) =] = 7(y) Py[(Xo, ..., Xj) = 1]

= 7(z)P[(Xo,- .- ,Xj) =4, (2.34)

where 4 € T'j(z,y) is the time-reversed path y. Observing that the time
reversal is a bijection from I'; (y, z) to I';(z, y), the right-hand side of (2.33))
can be written as

ZZ > > Pl(Xp,..., Xi) =1]

m= IGAyG AN NET | (y,)

ZZ Y r@PA(Xo, . Xiem) =7

m= OxEAye(A’ © YET k—m (,Y) (235)

_ZZN YPylk —m = Hyg\ a4 < Hal
cEAMmM

N—¢ Z Py[Hypg\ 40 < min{k, Ha}].
z€A

We now use (2.25) to obtain that

lim lim [N“P[k = R; for some j > 0] — capA| =0.  (230)

N—00 k—o0

As the random variables (R; 411 — R;);>0 are asymptotically i.i.d. with
non-periodic support, we expect by the renewal theory that

lim N~ ?E[Ri;1 — R;] = (capA)~} (2.37)
N—o0

see for instance [I8] Example 3.3 p.292 and Exercise 4.2 p.301. Thus, for
all uw > 0 fixed,

lim E[# excursions between times 0 and uN“| = ucapA.  (2.38)

N —o0

Remark that we finally obtained a justification for the scaling mentioned

n!
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The expectation of the difference R;.; — R; ~ N? is much larger than
the regeneration time. Hence, typically the random walk regenerates many
times before returning to A. It is thus plausible that, asymptotically as
N — oo, N"4(R;41 — R;)/cap A has exponential distribution with pa-
rameter 1, and that the number of excursions before uN¢ has Poisson
distribution with parameter cap A. This heuristic can be made rigorous,
see [I, 2].

Combining the discussion of the previous paragraph with the asymptotic
i.i.d. property of the excursions, and with , we deduce the following
somewhat informal description of how the random walk visits A:

e the random walk trajectory is split into roughly independent excur-
sions,

e for each x € A, the number of excursions starting at x is approxi-
mately an independent Poisson random variable with mean ues (),

e the trace left by the random walk on A is given by the union of all
these excursions intersected with A.

To make the last point slightly more precise, observe that with high
probability Xo, X,n¢ ¢ A’, that the times 0 and uN? are not in any
excursion. So with high probability there are no incomplete excursion in
A at time uN?.

2.4 Local picture as Poisson point process

We are now going to make the above informal construction precise, using
the formalism of Poisson point processes. For this, let us first introduce
some notation. Let W be the space of infinite random walk trajectories
that spend only a finite time in finite sets of Z%.

Wy = {w:N—>Zd lw(n) —w(n+1)]j; <1 foreach n>0

P (2.39)
and {n : w(n) = y} is finite for all y € Z¢}.

(Recall that we consider lazy random walk.) As usual, X,,, n > 0, denote
the canonical coordinates on W, defined by X, (w) = w(n). We endow
the space W, with the o-algebra W, generated by the coordinate maps
Xn,n > 0.

Recall the definition of Q4 in and define the measure Q} :=
cap(A)Qx on (W+, W), that is

QX0 =2, (Xp)nso € F] = ea(z)PX'[F], 2zeZ'FeW'. (240)

From the transience of the simple random walk on Z¢ it follows that W,
has full measure under Q, that is @ (W) = ea(A) = cap A.
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To define the Poisson point process we consider the space of finite point
measures on W™,

n
Q+:{w+zz5wi:nEN,wl,...,wn6W+}, (2.41)
i=1
where §,, stands for the Dirac’s measure on w. We endow this space
with the o-algebra generated by the evaluation maps wy +— w4 (D), where
D 6 W+-

Now let P} be the law of a Poisson point process on {1} with intensity
measure u@; (see e.g. [39], Proposition 3.6, for the definition and the
construction). The informal description given at the end of the last section
can be then retranslated into following theorem. Its full proof, completing
the sketchy arguments of the last section, can be found in [56].

Theorem 2.4. Let uw > 0, J be the index of the last excursion started
before uN<, J := max{i : R; < uN%}. For everyi < J define w® € W+
to be an (arbitrary) extension of the i excursion, that is

wi' (k) = ¢(Xpr,+k) forall k €{0,...,D; — R;}. (2.42)

Then the distribution of the point process ), ; 6,5 converges to P} weakly
on Q4. -

As consequence, the distribution of ¢({Xo, ..., Xyna} N A) on {0,1}*
converges to the distribution of | J,. y Range w; N A, where the law of wy =

Zfil O, is given by PY.

2.5 Notes

The properties of the vacant set left by the random walk on the torus
were for the first time studied by Benjamini and Sznitman in [6]. In this
paper it is shown that (for d large enough) when the number of steps
scales as n = uN? for u sufficiently small, then the vacant set has a giant
component, which is unique (in a weak sense). The size of the second
largest component was studied in [55]. Other studies have been concerned
with the geometric aspects of the trace of a random walk on the torus,
such as [32] and [34].

The local picture in the torus and its connection with random inter-
lacements was established in [56] for many distant microscopic boxes si-
multaneously. This result was largely improved in [53], by extending the
connection to mesoscopic boxes of size N1~¢. More precisely, for A being
a box of size N'7¢ in the torus, Theorem 1.1 of [53] constructs a coupling
between the random walk on the torus and random interlacements at levels
u(1 —¢) and u(1 + ¢) such that for arbitrary o > 0

Prob[Z3=9%NA c {Xo,..., Xyna}NA C TUFIUNA] > 1-N"%, (2.43)
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for N large enough, depending on d,¢,u and a. Here, Z" is the interlace-
ment set at level u, that we will construct in the next chapter.

This coupling allows one to prove the best known results on the prop-
erties of the largest connected component Cp,ax(u, N) of the vacant set on
the torus, going in direction of the phase transition mentioned in .
In the following theorem, which is taken from Theorems 1.2-1.4 of [53],
ux = ux(d) < 0o denotes the critical parameter of random interlacements
on Z%, that we define in below, and U, = U (d) < oo is another
critical value introduced in (0.6) of [46], satisfying .. > u,. We recom-
mend [41] for further material on this subject.

Theorem 2.5 (d > 3). (i) Subcritical phase: When u > u,, then for
every n > 0,

N—oc0

P[|Cumax (u, N)| > nN9 === 0. (2.44)
In addition, when u > Uy, then for some A >0

N—o0

P[|Conax (u, N)| > log* N] —= 0. (2.45)
(ii) Supercritical phase: When u is small enough then for some § > 0,

P[|Cunax (u, N)| > 6N4] 222 1, (2.46)

Moreover, for d > 5, the second largest component of the vacant set
has size at most log>‘ N with high probability.

It is believed that the assumption u > u, of (2.44) is optimal, i.e. (2.44]
does not hold for any u < u,. The other two results are not so optimal.
The following behavior is conjectured:

Conjecture 2.6. The vacant set of the random walk on the torus exhibits
a phase transition. Its critical threshold coincides with the critical value
Uy of random interlacements on 74, In addition, u., = uy and thus for

U > Uy, (2.45) holds. Finally, for u < u,

N—oc0

N~ Coax (1, N)| =25 p(u) € (0,1). (2.47)

2.5.1 Disconnection of a discrete cylinder

These notes would be incomplete without mentioning another problem
which motivated the introduction of random interlacements: the discon-
nection of a discrete cylinder, or, in a more picturesque language, the
problem of ‘termite in a wooden beam’.

In this problem one considers a discrete cylinder G x Z, where G is an
arbitrary finite graph, most prominent example being the torus ’]I‘ﬁlv, d>2.
On the cylinder one considers a simple random walk started from a point
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in its base, G x {0}. The object of interest is the disconnection time, Tg,
of the discrete cylinder which is the first time such that the range of the
random walk disconnects the cylinder. More precisely, T is the smallest
time such that, for a large enough M, (—oo, —M| x G and [M, 00) x G are
contained in two distinct connected components of the complement of the
range, (G x Z)\ {Xo,..., X1}

The study of this problem was initiated by Dembo and Sznitman [16]. It
is shown there that Ty := TTﬁiv’ is of order N2?, on the logarithmic scale:

log Ty
im
N—oo log N

=2d, d>2 (2.48)

This result was successively improved in [I7] (a lower bound on Tix: the
collection of random variables N2¢ /Ty, N > 1, is tight when d > 17), [44]
(the lower bound hold for any d > 2), [46] (an upper bound: T /N?? is
tight). Disconnection time of cylinders with a general base G is studied
in [43]: for the class of bounded degree bases G, it is shown that T is
roughly of oder |G|%.

Some of the works cited in the last paragraph explore considerably the
connection of the problem with the random interlacements. This connec-
tion was established in [45], and states that the local picture left by random
walk on the discrete cylinder converges locally to random interlacements.
The connection is slightly more complicated than on the torus (that is why
we choose the torus for our motivation). The complication comes from the
fact that the parameter u of the limiting random interlacements is not
deterministic but random, and depends on the local time of the ‘vertical
projection’ of the random walk. We state the connection as a theorem
which is a simplified version of [45, Theorem 0.1].

Theorem 2.7. Let zy € ']T‘fv X Z be such that its Z-component zx satisfies
limy o 2n/N% =v. Let L7 = Zf:o 1{X; € T4 x {z}} be the local time
of the vertical projection of the random walk. Assume that ty satisfies
limty/N2? = . Then, for any n > 0 fized, in distribution,

N—o0

({Xo,..., Xex } N B(zn,n), LY /NY) == (I* N B(n),L), (2.49)

where L/(d+ 1) has the distribution of the local time of Brownian motion
at time o/(d + 1) and spatial position v, and I* is the interlacement set
of random interlacements at level L.

A version of Theorem for cylinders with general base G is given
in [57].

The dependence of the intensity of the random interlacements on the
local time of the vertical projection should be intuitively obvious: While in
the horizontal direction the walk mixes rather quickly (in time N?2log N),
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there is no averaging going on in vertical direction. Therefore the intensity
of the local picture around xy must depend on the time that the random
walk spends in the layer zy, which is given by L;¥.

It should be not surprising that Conjecture [2.6] can be transfered to the
disconnection problem:

Conjecture 2.8 (Remark 4.7 of [46]). The random variable Ty /N?? con-
verges in distribution to a random variable U which is defined by

U=inf{t > 0:supl(t/(d+1),z) > u.(d+ 1)}, (2.50)
z€R

where L(t,x) is the local time of a one-dimensional Brownian motion and
uy(d + 1) is the critical value of random interlacements on Z4+1,

A relation between the tails of Ty /N?¢ and of the random variable U is
given in [46].



Chapter 3

Definition of random
Interlacements

The goal of this chapter is to extend the local picture obtained previ-
ously, cf. Theorem to the whole lattice. We will define a (dependent)
percolation model on Z¢, called random interlacements, whose restriction
to any finite set A C Z< is given by (the trace of) the Poisson point process
Py.

3.1 Construction of random interlacements

Before starting the real construction, let us first sketch a cheap argument
for the existence of the infinite volume limit of the local pictures (it is worth
remarking that infinite volume limit refers here to A 1 Z%, not to the limit
N — oo performed in the last chapter). To this end consider A C ']I“]iv, and
denote by Qg’“ the distribution of trace left by random walk in A, that
is the distriblltion of (1{z € VN(U]YCI)})JJEA on {0,1}4. Consider now
another set A D A and N > diam A. From the definition, it is obvious
that the measures QX’“ and QZ’“ automatically satisfy the restriction
property

Y= maae QY )

where 75 4 : {0,1}* — {0, 1} is the usual restriction map. Moreover, by
Theorem [2.4] (or Theorem 1.1 of [56]),

X’“ converges weakly as N — oo to a measure Q'%, (3.2)

!For a measurable map f :S; — S2 and a measure p on S1, we use f o u to denote
the push forward of u by f, (f o u)(-) := u(f~1(").

27



28 Cerny, Teixeira

where @Y is the distribution of the trace left on A by the Poisson pro-
cess IPY.
Using (3.2), we can see that the restriction property (3.1) passes to the
limit, that is
Q4 =ma40QY. (3.3)

Kolmogorov’s extension theorem then yields the existence of the infinite
volume measure Q" on {0, 1}Zd (endowed with the usual cylinder o-field).

The construction of the previous paragraph has a considerable disad-
vantage. First, it relies on (3.2), whose proof is partly sketchy in these
notes. Secondly, it does not give enough information about the measure
Q". In particular, we completely lost the nice feature that )% is the trace
of a Poisson point process of random walk trajectories.

This is the motivation for another, more constructive, definition of the
infinite volume model. The reader might consider this definition rather
technical. However, the effort put into it will be more than paid back
when working with the model. The following construction follows the
original paper [47] with minor modifications.

We wish to construct the infinite volume analog to the Poisson point
process IP§. The first step is to introduce the measure space where the new
Poisson point process will be defined. To this end we need few definitions.

Similarly to (2.39), let W be the space of doubly-infinite random walk
trajectories that spend only a finite time in finite subsets of Z¢, i.e.

W:{w:Z—>Zd:||w(n)—w(n+1)||1Slforeachnzo

; (3.4)
and {n : w(n) = y} is finite for all y € Z*}.

We again denote with X,, n € Z, the canonical coordinates on W, and
write Oy, k € Z, for the canonical shifts,

Op(w)(-) =w(-+ k), for k€Z (resp. k>0 when we W,).  (3.5)

We endow W with the o-algebra W generated by the canonical coordi-
nates.

Given A C Z¢, w € W (resp. w € W), we define the entrance time in
A and the exit time from A for the trajectory w:

Hy(w) = inf{n € Z (resp. N) : X,,(w) € A},

Ta(w) = inf{n € Z (resp. N) : X,,(w) ¢ A}. (3.6)

When A cC Z? (i.e. A is a finite subset of Z¢), we consider the subset of
W of trajectories entering A:

Wy ={weW:X,(w) € A for some n € Z}. (3.7)
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We can write W, as a countable partition into measurable sets

Wy = U Wi, where W = {w € W : Hy(w) = n}. (3.8)
nez

Heuristically, the reason why we need to work with the space W of the
doubly-infinite trajectories is that when taking the limit A — Z9, the
‘excursions’ start at infinity.

The first step of the construction of the random interlacements is to ex-
tend the measure Q to the space W. This is done, naturally, by requiring
that (X_,)n>0 is a simple random walk started at X, conditioned not to
return to A. More precisely, we define on (W, W) the measure Q, by

QA[(an)nZO eEF Xy=nrz, (Xn)nzo € G] = Pw[F|HA = OO]@A({L‘)PQJ[G],
(3.9)
for F,G € W, and z € Z%.

Observe that @ gives full measure to W. This however means that
the set A is still somehow registered in the trajectories, more precisely
the origin of the time is at the first visit to A. To solve this issue, it is
convenient to consider the space W* of trajectories in W modulo time shift

W* =W/ ~, where w ~ w' iff w(-) = w'(- + k) for some k € Z, (3.10)

which allows us to ‘ignore’ the rather arbitrary (and A-dependent) time
parametrization of the random walks. We denote with 7* the canonical
projection from W to W*. The map 7* induces a o-algebra in W* given
by

W ={U cW*: (r*)"1(U) e W}. (3.11)
It is the largest o-algebra on W* for which (W, W) Lt (W*, W*) is mea-
surable. We use W} to denote the set of trajectories modulo time shift

entering A C Z9,
Wi =75 (Wy). (3.12)

It is easy to see that Wy € W*.

The random interlacements process that we are defining will be governed
by a Poisson point process on the space (W* x Ry, W* ® B(R,)). To this
end we define 2 in analogy to :

0= {w = Zé(w;,ul‘) cw; € W* u; € Ry such that
izl (3.13)
w(W} x [0,u]) < oo, for every A cC Z% and u > 0}.

This space is endowed with the o-algebra A generated by the evaluation
maps w — w(D) for D € W* @ B(R,.).
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At this point, the reader may ask why we do not take € to be simply
the space of point measures on W*. The reason for this is that we are, for
practical reasons, trying to construct the infinite volume limit of local pic-
tures for all values of parameter v > 0 simultaneously. In other words, we
construct a coupling of random interlacements models for different values
of u, similar to the usual coupling of Bernoulli percolation measures with
different values of parameter p. The component u; of the couple (w}, u;)
can be viewed as a label attached to the trajectory w;. This trajectory
will influence the random interlacements model at level u only if its label
satisfy u; < u.

The intensity measure of the Poisson point process governing the random
interlacements will be given by v ® du . Here, du is the Lebesgue measure
on R, and the measure v on W* is constructed as an appropriate extension
of Q4 to W™ in the following theorem.

Theorem 3.1 ([47], Theorem 1.1). There exists a unique o-finite measure
v on the space (W*, W*) satisfying, for each finite set A C 72,

lwg ~I/:7T*OQA,2 (314)
where the finite measure Qa on Wy is given by (3.9).

Proof. The uniqueness of v satisfying ((3.14) is clear since, given a sequence
of sets Ay 1T Z%, W* = U W5, -
For the existence, what we need to prove is that, for fixed A C A’ C Z¢,

7'1'*0(11/[/A 'QA/) ZW*OQA. (315)

Indeed, we can then set, for arbitrary A, 1 Z¢,

v= D, (70 Q) (3.16)
The equality then insures that v does not depend on the sequence Ay.
We introduce the space
Waa ={w e Wy : Hy(w) =0} (3.17)
and the bijection sy o : Wy ar — Wy 4 given by
[sa.ar(w))() = w(Ha(w) + ), (3.18)

moving the origin of time from the entrance to A’ to the entrance to A.
To prove (3.15)), it is enough to show that

saar o (lw, ,, - Qar) = Qa. (3.19)

2For any set G and measure v, we define 1 - v(-) := v(GN").
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Indeed, from it follows that 1y, , QA/ = IWA Qu and thus
follows just by applylng 7* on both sides

To show (3.19), we consider the set ¥ of finite paths o : {0,...,N,} —
74 such that cr(O) € A, ( ) ¢ A for n < Ny, and o(N,) € A. We split
the left-hand side of (3.19)) by partitioning Wy 4 into the sets

Wg o = {w € Wy ar : w restricted to {0,---, Ny} equals o}, for o € .
(3.20)
For w € W ,,, we have Hy(w) = N,, so that we can write

saaro(lw,,, Q)= 0,0 (wg,, - Qu)- (3.21)

cEX

To prove (3.19), consider an arbitrary collection of sets A; C Z4, for
i € Z, such that A; # Z% for at most finitely many i € Z. Then,

saa o (lw, ,, - Qa)[X; € Ajyi € Z

=Y QuXipn, (W) € Aiyi € Z,w € W ]
oEX (322)

= > QulXi(w) € Ai_,,i € Z,w € W ,].
oeX

Using formula (3.9), the identity

en(z)Py]-|Hy = 0] = Py[ -, Hy = ], x € suppea’, (3.23)

and the Markov property, the above expression equals

Yo D R[XjeA NP> 0, Hyr = o0]

TESUppeyr c€EX
X Pw[Xn =o(n) € Ap_n,,0<n < Na]
x P, (N, )[Xn S An,’I’L > O]
= Z Z Z PI[XjEA_j_NU,jZ(),fIA/:OO]
resupp eyr yeEA o:0(Ny)=y
X Pp[X, =0(n) € Ay_n,,0<n < Ny|Py[X,, € Ay,n > 0].
(3.24)

For fixed x € suppey and y € A, we have, using the reversibility in the
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first step and the Markov property in the second,

Z Px[XjEA,j,NU,jZO,ﬁA/:OO}
o:0(Ny)=y
X Pz[Xn =o(n) € Ap_n,,0<n < Ng]

> P[X; €A n,,j>0Hy =]

o:0(Ny)=y
o(0)=x
x P, [Xm =0(N,—m)€A_,,0<m< NU] (3.25)
Z Xm=0(N,—m)€e A_,,0<m < Ny,
Uzogj\gg):y ! Xm € A7m>m > NowﬁA’ o eNc, =0
o(0)=z

H, = oo, the last visit to A’
occurs at x, X, € A_,,,m >0

Using (3.25)) in (3.24) and summing over = € supp eas, we obtain

saa 0 (Iw, ,, - Qa)[X; € Ay, i € Z

= Py[Hp =00, Xy = A_py,m > 0]P,[ X € Ay, > 0]
yEA

QualXm € Ap,m € Z).

Py

(3.26)

This shows (3.19) and concludes the proof of the existence of a measure v
satisfying (3.14). Moreover, the measure v is clearly o-finite, it is sufficient
to observe that (W}, [0,u]) < oo for any A CC Z? and u > 0. O

We can now complete the construction of the random interlacements
model by describing the infinite volume of the local pictures discussed in
the previous chapter. On the space (€2,.A) we consider the law P of a
Poisson point process with intensity v(dw* ® du) (recall that v is o-finite).
With the usual identification of point measures and subsets, under P, the
configuration w can be viewed as an infinite random cloud of doubly-infinite
random walk trajectories (modulo time-shift) with attached non-negative
labels u;.

Finally, for w = Y7.500(wr ) € Q we define two subsets of Z¢, the
interlacement set at level u, that is the set of sites visited by the trajectories
with label smaller than w,

T"(w) = |J Range(w;), (3.27)

pu; <u
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and its complement, the vacant set at level u,
Vi(w) = 24\ T%(w). (3.28)
Let II* be the mapping from §2 to {0, 1}Zd given by
M*(w) = (1{z € V*(w)} : = € Z%). (3.29)

We endow the space {0, I}Zd with the o-field ) generated by the canonical
coordinates (Y, : x € Z%). As for A CC Z¢, we have

VY oA if and only if w(WZ x [0,u]) =0, (3.30)

the mapping I1* : (Q,.4) — ({0,1}%",)) is measurable. We can thus
define on ({0,1}%",)) the law Q" of the vacant set at level u by

Q" =I"oP. (3.31)

The law Q" of course coincides with the law Q" constructed abstractly
using Kolmogorov’s theorem below (3.3). In addition, we however gained
a rather rich structure behind it, and which will be useful later.

Some additional notation. We close this chapter by introducing some
additional notation that we use frequently through the remaining chapters.
Let s4 : WX — W be defined as

sa(w*) =w’, where w° is the unique element of W} with 7*(w") = w*,

(3.32)
i.e. sy ‘gives to w € W} its A-dependent time parametrization’. We also
define a measurable map pa from Q to the space of point measures on
(Wi x Ry, Wy @ B(R4)) via

iD= [ Sl weldet de), frwe (339
Wi xRy

where f is a non-negative measurable function on W, x Ry and for w €

W, wy € W, is its restriction to N. In words, us selects from w those

trajectories that hit A and erases their parts prior to the first visit to A.

We further define a measurable function p, ,, from Q to the space of point

measures on (W,, W, ) by

fuau(w)(dw) = pua(w)(dw > [0, u]), (3.34)

which ‘selects’ from pa(w) only those trajectories whose labels are smaller
than u. Observe that

T (w)NA= U Rangew N A. (3.35)

WESUPP Pa,u (W)
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It also follows from the construction of the measure P and from the
defining property ((3.14) of v that

pay o P =Py (3.36)

3.2 Notes

As we mentioned, random interlacements on Z? were first time intro-
duced in [47]. Later, [50] extended the construction of the model to any
transient weighted graphs. Since then, large effort has been spent in the
study of its percolative and geometrical properties, which relate naturally
to the above mentioned questions on the fragmentation of a torus by ran-
dom walk. In the next chapter we start to study some of the most basic
properties of this model on Z?.



Chapter 4

Properties of random
interlacements

4.1 Basic properties

We now study the random interlacements model introduced in the last
chapter. Our first goal is to understand the correlations present in the
model.

To state the first result we define the Green’s function of the random
walk,

g(z,y) = pr[Xn =y], for z,y € Z°. (4.1)

n>0

We write g(z) for g(z,0), and refer to [27], Theorem 1.5.4 p.31 for the
following estimate

/

& Cc
= <glz,y) < ————— for z,y € Z°. 4.2
1+ |$ — yld_2 = g(.’E y) — |.13 . y|d_2 or T,y ( )

Lemma 4.1. For every u >0, z,y € Z¢, A cC 72,

P[A C V"] = exp{—ucap(A)}, (4.3)
Plz € V'] = exp{—u/g(0)}, (4.4)
P{z,y} € V'] = exp{ - W} (4.5)

Remark 4.2. The equality (4.3) in fact characterizes the distribution of
the vacant set V", and can be used to define the measure Q“. This follows
from the theory of point processes, see e.g. [25], Theorem 12.8(i).

35
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Proof. Using the notation introduced at the end of the last chapter, we
observe that A C V*(w) if and only if pa ,(w) = 0. Claim (4.3) then
follows from

Pliin (@) = 0] B2 exp{—uQu (W)}

o (4.6)
= exp{—ueA(Zd)} = exp{—ucap(A)}.

The remaining claims of the lemma follows from (4.3), once we com-
pute cap({z}) and cap({x,y}). For the first case, observe that under
P, the number of visits to x has geometrical distribution with parame-
ter P,[H, = co] = cap({z}), by the strong Markov property. This yields
immediately that

cap({z}) = g(0)™". (4.7)
For the second case, we recall the useful formula that we prove later,
P.[Hy < 0] = ng y)ea(y reZ A cczt (4.8)

YyEA

Assuming without loss of generality that x # y, we write e, ) = Pz, +

pydy, and cap({z,y}) = p» + p, for some p,, p, > 0. From formula (4.8),
it follows that

1= pa9(z,z) + pyg(2,y), for z € {z,y}. (4.9)
Solving this system for p,, p, yields

I
9(0) + gz —y)°

Claims and ([@.5) then follows directly from (4.3) and (4.7), (@.10).

To show et L =sup{k >0: X, € A} be the time of the last visit

cap({z,y}) = (4.10)

to A, with convention L = —oo if A is not visited. Then,
Py[Hy <00l = P[L>0]=> Y Pi[L=n,XL =y
yEAR>0
ZZZPx[XnZy,Xk¢AfOI‘k>n] (4.11)
yEAN>0
=Y "> PX, =ylealy) = > g(z,y)ealy)
y€EANn>0 yEA

where we used the strong Markov property in the forth, and the definition
of the Green function in the fifth equality. O
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The last lemma and (4.2) imply that

2U_ _9u/4(0)
e glz—y
9(0)? (e=9) (4.12)

> culz —y[PY,  as |z —y| = .

COVIP‘(la:EV“ , ]-er“) ~

Long range correlations are thus present in the random set V*.
As another consequence of (4.3) and the sub-additivity of the capacity,

cap(AUA’) < capA + cap A, (4.13)
see [27, Proposition 2.2.1(b)], we obtain that

PAUA' Cc V] >P[A C VY|P[A' c VY],  for A,A" cc Z¢ u >0,
(4.14)
that is the events A C V* and A’ C V* are positively correlated.

The inequality (4.14]) is the special case for the FKG inequality for the
measure Q% (see (3.31))) which was proved in [50]. We present it here for
the sake of completeness without proof.

Theorem 4.3 (FKG inequality for random interlacements). Let A, B € Y
be two increasing events. Then

Q“[AN B] > Q“[A]Q"[B]. (4.15)

The measure Q" thus satisfies one of the principal inequalities that hold
for the Bernoulli percolation. Many of the difficulties appearing when
studying random interlacements come from the fact that another impor-
tant inequality of Bernoulli percolation (the so-called van den Berg-Kesten)
does not hold for Q* as one can easily verify by .

4.2 Translation invariance and ergodicity

We now explore the behavior of random interlacements under transla-
tions in Z¢. For z € Z¢ and w € W we define w +z € W by (w+z)(n) =
w(n) + x,n € Z. For w € W*, we then set w* + & = 7*(w + z) for
7 (w) = w*. Finally, for w =3 ;5 0w u,) € 2 we define

TpW = Zé(w;,z’ui). (4.16)

i>0
We let £,, x € Z¢, stand for the canonical shifts of {0, 1}%".
Proposition 4.4.

(i) v is invariant under translations 7, of W* for any x € Z%.
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(ii) P is invariant under translation 7, of Q for any x € Z4.

(#i5) For any u > 0, the translation maps (t;),cze define a measure pre-
serving ergodic flow on ({0, 1}Zd,y,Q“).

Proof. The proofs of parts (i), (ii) and of the fact that (t;),eza is a measure
preserving flow are left as an exercise. They can be found in [47, (1.28) and
Theorem 2.1]. We will only show the ergodicity, as its proof is instructive.
Knowing that () is a measure preserving flow, to prove the ergodicity
we only need to show that it is mixing, that is for any A cC Z¢ and for
any [0, 1]-valued o(Y, : € A)-measurable function f on {0, 1}Zd, one has
Jim B[f - fot] = B (4.17)
x| —0o0
In view of (3.35), will follow once we show that for any A cC Z? and
any [0, 1]-valued measurable function F' on the set of finite point measures
on W, endowed with the canonical o-field,

lim E[F(ua.0)F (i) © 7] = E[F (. 0)]% (4.18)

|z]| =00

Since, due to definition of 7, and py ., there exists a function G with
similar properties as F, such that F(ua ) o7e = G(late.w), (4.18) follows
from the next lemma.

Lemma 4.5. Let u > 0 and Ay and As be finite disjoint subsets of VAS
Let Fy and F5 be [0, 1]-valued measurable functions on the set of finite
point-measures on W, endowed with its canonical o-field. Then

E[F1 (kay u) F2(baz )] — E[Fy (kay ) E[F2(kas )] |

< ducap(Ar)cap(As) sup g(z —y).
rC€A1,yEA2

(4.19)

Proof. We write A = A; U Ay and decompose the Poisson point process
A, into four point processes on (W, Wy ) as follows:

MAw = M1, + p1,2 + p21 + f2,2, (4.20)

where
p11(dw) = H{ Xy € Ay, Hy, = co}pp (dw),
p12(dw) = 1{Xo € Ay, Hy, < co}pp (dw
) (
) (

po,1(dw) = 1{Xo € Ay, Hy, < oo}t (dw
po2(dw) = H{Xo € Ay, Hy, = co}pa o(dw),.

)

)
;’ (4.21)
)

In words, the support of ;1 are trajectories in the support of ji4 ,, which
enter A; but not Ay, the support p; o are trajectories that enter first A;
and then A, and similarly po 1, p2 2.
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The p; ;’s are independent Poisson point processes, since they are sup-
ported on disjoint sets (recall that A; and Ay are disjoint). Their corre-
sponding intensity measures are given by

ul{XO S Al?‘HAQ = OO}PGM
ul{Xo € Ay, Hy, < 0} P,,,
ul{Xo € Ag, Hy, < 0} P,,,
UI{XO S A27HA1 = OO}PeA.

(4.22)

We observe that pa, o — p1,1 — pt1,2 is determined by p 1 and therefore
independent of 1 1, p2,2 and 1,2 In the same way, fa, .4 — f2,2 — ft2,1 is
independent of s 2,21 and 1. We can therefore introduce auxiliary
Poisson processes fi5 ; and p] , having the same law as jia, o — p1,1 — p1,2
and fip, . — p22 — po,1 respectively, and satisfying p5 y, pf o, pij, 1 <
1,7 < 2 are independent. Then

E[F1 (pay )] = BIF ((fay u — f1,10 — p1,2) + pa1 + pa2)]
=E[F1 (41 + pa1 + pa2)],

and in the same way
E[Fo(pa,)] = E[Fa (i) o + pi22 + p2,1)]- (4.24)

Using (4.23), (4.24) and the independence of the Poisson processes uj ; +
pia+ g2 and g + pop + p2 we get
E[Fy (pay) ] E[F2(pa, )]
=E[F1(pny + pag + p12) Fa(ph o + pa2 + p2.1)]-

From (4.25) we see that
|E[FL(kay ) Fa(pan)] — ELF (pa,)] E[F2 (k)] |
< Plugy #0o0r gy o #0o0r pgq # 0 or pugz # 0]

< 2(Plug,1 # 0] + Plua,2 # 0])
< QU(PGA[XO €A, Hy, <oo|+ P, [Xo € Ao, Hy, < OOD

(4.23)

(4.25)

(4.26)

We now bound the last two terms in the above equation

P,

€A UAg

[Xo € Ay, Hp, <00 < ) g, () Po[Ha, < 0]
rE€A

= Z ea, (2)g(x,y)ean, (y) (4.27)

€A1, y€h2

< cap(A;) cap(Az) sup  g(z,y).
€A, y€Ay

A similar estimate holds for P, , [Xo € Ag, Hy, < o] and the lemma

follows. O
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As ([@.18) follows easily from Lemma the proof of Proposition [4.4]is

completed. O
Proposition iii) has the following standard corollary.

Corollary 4.6 (zero-one law). Let A € Y be invariant under the flow
(ty : x € Z%). Then, for any u >0,

Q“[A] =0 or 1. (4.28)
In particular, the event

Perc(u) := {w € Q: V*(w) contains an infinite connected component},
(4.29)
satisfies for any u > 0
P[Perc(u)] =0 or 1. (4.30)

Proof. The first statement follows from the ergodicity by usual techniques.
The second statement follows from

P[Perc(u)] = Q" [{y € {0, I}Zd .Y contains an infinite H (4.31)

connected component of 1’s

and the fact that the event on the right-hand side is in ) and ¢, invariant.
O

We now let
n(u) = P[0 belongs to an infinite connected component of V|, (4.32)
it follows by standard arguments that
n(u) >0 < P[Perc(u)] = 1. (4.33)
In particular defining
uy = sup{u > 0:n(u) > 0}, (4.34)

we see than the random interlacements model exhibits a phase transition
at u = u,. The non-trivial issue is of course to deduce that 0 < u, < co
which we will (partially) do in the next chapter.

4.3 Comparison with Bernoulli percolation

We find useful to to draw a parallel between random interlacements and
the usual Bernoulli percolation on Z2.
We recall the definition of Bernoulli percolation. Given p € [0, 1], con-

sider on the space {0, 1}Zd the probability measure RP under which the
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canonical coordinates (Y;),cze are a collection of i.i.d. Bernoulli(p) ran-
dom variables. We say that a given site x is open if Y, = 1, otherwise we
say that it is closed. Bernoulli percolation on Z¢ is rather well understood,
see e.g. monographs [20], [§].

In analogy to @ and , one defines for Bernoulli percolation the
following quantities:

6(p) = RP[the origin is connected to infinity by an open path],

4.35
pe = inf{p € [0,1] such that 6(p) > 0}. (4.35)

An well-known fact about Bernoulli percolation is that for d > 2, p. €
(0,1), see for instance [20, Theorem (1.10)]. In other words, this means
that the model undergoes a non-trivial phase transition. As we said, we
would like to prove an analogous result for random interlacements perco-
lation, that is to show that u, € (0,00).

Before doing this, let us understand how the random configuration in
{0, 1}Zd obtained under the measures RP and Q" defined in compare
to one another.

The first important observation is that under the measure RP every
configuration inside a finite set A has positive probability, while this is not
the case with @Q*. This follows from the following easy claim, which is the

consequence of the definitions (3.13)), (3.31) of  and Q".

for every u > 0, almost surely under the measure Q“, the

set {z € Z? : Y, = 0} has no finite connected components. (4.36)

One particular consequence of this fact is that the random interlace-
ments measure Q* will not satisfy the so-called finite energy property. We
say that a measure R on {0, 1}Zd satisfies the finite energy property if

0< R(Y, =1|Y,,z #y) < 1, R-as., for all y € Z%, (4.37)

for more details, see [21] (Section 12). Intuitively speaking, this says that
not all configurations on a finite set have positive probability under the
measure @Q“. As a consequence, some percolation techniques, such as
Burton and Keane’s uniqueness argument, will not be directly applicable
to Q*.

Another important technique in Bernoulli independent percolation is the
so-called Peierls-type argument. This argument makes use of the so-called
*-paths defined as follows. We say that a sequence xq, x1, . .., T, is a *-path
if the supremum norm |z; — ;41| equals one for every i =0,...,n — 1.
The Peierls argument strongly relies on the fact that, for p sufficiently close
to one,

the probability that there is some x-path of 0’s (closed sites)

from the origin to B(0,2N) decays exponentially with N. (4.38)
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This can be used for instance to show that for such values of p there
is a positive probability that the origin belongs to an infinite connected
component of 1’s (open sites).

This type of argument fails in the case of random interlacements. Ac-

tually, using (4.4) together with (4.37) we obtain that

for every uw > 0, with positive probability there is an infinite

*-path of 0’s starting from the origin. (4.39)

It is actually possible to show that the probability to find a long planar
*-path decays, see Chapter However, this is done using a different
technique than in Peierls argument.

We further show that random interlacements cannot be compared to
Bernoulli percolation via stochastic domination techniques. (This is not
completely true if one only considers subspaces of sufficiently large co-
dimension, see Appendix in [12].)

For two measures @ and @’ on {0, 1}Zd, we say that Q dominates Q' if

/f dQ > /f d@’, for every increasing f : {0, I}Zd — Ry, (4.40)

Lemma 4.7. For any values of p € (0,1) and u > 0, the measure Q"
neither dominates nor is dominated by RP.

Proof. We start by showing that Q" is not dominated RP. For this,
let A = Ay = [1,L]9 N Z4% and consider the function f = 1{Y, =
1 for every € A}. This function is clearly monotone increasing and for
every choice of p,

/f dR? = p**, (4.41)
while for every u > 0, by (4.3),
/f dQ" = exp{—ucap A}. (4.42)
Using the inequality (see by (2.16) of [27])
cL?™? <capAp < L2 (4.43)

it follows that the right-hand side of is at most exp{—culL?2}.
From these considerations, it is clear that for any v > 0 and any p € (0, 1)
we have [ fdRP < [ fdQ“ for some L large enough. This finishes the
proof that RP does not dominate Q.

Let us now turn to the proof that R? is not dominated by @Q“. For this,
we consider the function g = 1{Y, = 1 for some = € A}, which is clearly
increasing and satisfies

/g dRP =1— (1 -p)~". (4.44)
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In order to estimate the integral of g with respect to Q“, we observe that
if the whole cube A is covered by the random interlacements, then g = 0.
Therefore,

/g @ <1-PacT]® ¥ i-pilac  (J  Range(w:,)].
wy ;€supp(wy)

(4.45)

In order to evaluate the above probability, let us first condition on the
number of points in the support of wy.

Py {A C U Range(er,i)}

wy ;Esupp(wy )

> P [wy (Wy) = [L97?1log” L] (4.46)
L% 210g? L]

L2 1og? L i
X Pfi} Cap(A)g ! [A C U Range(X )}
i=1

where the last probability is the independent product of LLd_2log2 L]
simple random walks X*’s, starting with distribution ea / cap(A4).

Let us first evaluate the first term in (4.46)), corresponding to the Pois-
son distribution of wy(W,). For this, we write & = ucap(A) and 8 =
| L4—2 log2 L|. Then, using de Moivre-Stirling’s approximation, we obtain
that the left term in the above equation is

e al e tB ranB
>c — 4.47
2o (5) (4.47)
and using again (4.43)), for L > ¢(u) sufficiently large,
B
> exp{—c, L% + | L log? L] } ( ——=
> expf L2 log L5 )
cu \P 2 2 rypd-2 (4.48)
> > — .
> (log2L> > exp { — ¢y log(log” L) - (log” L)L*?}

> exp { — cu(log® L)L42},

To bound the second term in (4.46), fix first some z € A and estimate

®B B
P cap(a) [z € U;_;Range(X;)]
B
=1~ (Pe,/cap(a) [ # Range(X1)]) (4.49)
" c d— o
gl_(l—CL27d) L 21g2L21—67610g2L.
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Therefore, by a simple union bound, we obtain that the right-hand side of
(4.46)) is bounded from below by 1/2 as soon as L is large enough depending
on u. Putting this fact together with (4.46) and (4.48), we obtain that

/g dQ" <1—cexp{ — cu(log? L)Ld*Q}, (4.50)

which is smaller than the right hand side of (4.44) for L large enough
depending on p and u. This proves that Q% does not dominate RP for any
values of p € (0,1) or u > 0, finishing the proof of the lemma. O

4.4 Notes

Various interesting properties of random interlacements have been es-
tablished in recent works. Let us mention here a few of them.

In Theorem 2.4 of [47] and in Appendix A of [12], the authors provide a
comparison between Bernoulli percolation and random interlacements on
sub-spaces (slabs) of Z<. If the co-dimension of the subspace in question
is at least three, then the domination by Bernoulli percolation holds. This
domination was useful in simplifying arguments for the non-triviality of
the phase transition for the vacant set and the behavior of the chemical
distance in Z" in high dimensions, see Remark 2.5 3 of [47] and Appendix A
of [12] for more details.

Another important result on the domination of random interlacements
says that the component of the interlacement set Z* containing a given
point is dominated by the range of a certain branching random walk, see
Propositions 4.1 and 5.1 in [52]. This result does not add much for the
study of random interlacements on Z¢ (as the mentioned branching random
walk covers the whole lattice almost surely), but it has been valuable for
establishing results for random interlacements on non-amenable graphs,
see [52].

It may be interesting to observe that the measure @Q“ does not induce a
Markov field. More precisely, this means that the law of V*N A conditioned
on V¥ N A€ is not the same as that of V* N A conditioned on V* N {z €
A¢;x ~ A}. See [50], Remark 3.3 3) for more details.

After defining random interlacements on different classes of graphs (see
[50] for such a construction), one could get interested in understanding
for which classes of graphs there exists a non-trivial phase transition at
some critical 0 < u, < co. This question is expected to be very relevant
to the study of the disconnection time in arbitrary cylinders, see [43] and
[57]. Some results in this direction have been established already when
the graph in question is a tree, see Theorem 5.1 of [50], or under some
hypotheses on the isoperimetrical profile of the graph, see Theorems 4.1
and 4.2 of [50] and Proposition 8.1 of [52].



Chapter 5

Renormalization

In this chapter we are going to prove that u, > 0 for d sufficiently large
(d > 7 is enough). This only establishes one side of the non-triviality of
Uy, but illustrates the multi-scale renormalization, which is employed in
several other problems of dependent percolation and particle systems. The
biggest advantage of the renormalization scheme is that it does not enter
too much on the kind of dependence involved in the problem. Roughly
speaking, having only a control on the decay of dependence (such as in
Lemma we may have enough to obtain global statements about the
measure under consideration.

5.1 Renormalization scheme

To better control the dependences using Lemma [£.5] we need to under-
stand the decay of the Green’s function for the simple random walk on Z¢.
We quote from Theorem 1.5.4 of [27] that

g(x) < clz. (5.1)
The main result concerning the non-triviality of the critical value is
Theorem 5.1. For any d > 3, we have that 0 < u, < co.

which was proved in [45] and [40].
What we intend to prove in this chapter is a part of the above, more
precisely,

Theorem 5.2. For d > 7, we have that u, > 0.

Proof. The proof we present here follows the arguments of Proposition 4.1
in [47] with some minor modifications.

45
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We will use this bound in the renormalization argument we mentioned
above. This renormalization will take place on Z? C Z%, which is identified
by the isometry (z1, z2) — (z1,22,0,...,0). Throughout the text we make
no distinction between Z2 and its isometric copy inside Z¢.

We say that 7:{0,--- ,n} — Z? is a x-path if

|7(k+1) —7(k)|oc =1, forall k € {0,--- ,n — 1}, (5.2)

where |p|s is the maximum of the absolute value of the two coordinates
of p € Z2. Roughly speaking, the strategy of the proof is to prove that
with positive probability there is no *-path in Z% N Z? surrounding the
origin. This will imply by a duality argument that there exists an infinite
connected component in V*.

We now define a sequence of non-negative integers which will represent
the scales involved in the renormalization procedure. For any Ly > 2, let

L1 =1,L,, for every n > 0,

where [,, = 100| L% | and a = (5.3)

1
1000
Here |a| represent the largest integer smaller or equal to a.

In what follows, we will consider a sequence of boxes in Z2 of size L,,
but before, let us consider the set of indices

Jn = {n} x Z*, for n > 0. (5.4)

For m = (n,q) € J,, we consider the box

Dy = (Lnq +[0,L,)*) NZ2, (5.5)
And also B
D,, = U D q+(i.5))- (5.6)
i,je{—l,O,l}

As we mentioned, our strategy is to prove that the probability of finding
a *-path in the set Z" N Z? that separates the origin from infinity in Z? is
smaller than one. We do this by bounding the probabilities of the following
crossing events

B _ { w € Q : there exists a x-path in Z% N Z? } (5.7)
™ | connecting D,, to the complement of D,, J’ '
where m € J,. For u > 0, we write
gt = B[BY, o)) TR B o piBY). (5.8)

meJn,

In order to show that for u small enough ¢~ decays with n, we are going
to obtain an induction relation between ¢ and ¢, (that were defined in
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D, D,

[T T T T T [JI]]

57/

m

my

[TTTTY

[TTTTTT I T T TT]

D,

Figure 5.1: The figure shows all the boxes with indices in I’y and 2. Note
that the event By, implies By, and B for some m; € Ky and m» € Ks.

terms of two different scales). For this we consider, for a fixed m € J, 41,
the indices of boxes in the scale n that are in the “boundary of D,,,”. More
precisely

K7 = {my € J, : Dm, C D,, and Dy, is neighbor of Z*\ D,,}. (5.9)

And the indices of boxes at the scale n, having a point at distance L,,11/2
from D,,, i.e.

KD = {7ts € J : Dimy 0 {2 € 22 : dya (2, D) = Lysr/2} £ 0} (5.10)

The boxes associated with the two sets of indices above are shown in
Figure 5.1} In this figure we also illustrate that the event B implies
the occurrence of both Bl ~and B for some choice of m; € KT" and
mo € ’Cgl

This, with a rough counting argument, allows us to conclude that

qn, < cl?

n

sup P[Br, N B, ], for all u > 0. (5.11)
m e
T ekl

We now want to control the dependence of the process in the two boxes
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ﬁml and 5m2. For this we will use Lemma which provides that
P[By;, N By ]

< P[BL, |P[By, | +4u cap(Dy, ) cap(Dis,) sup g(z —vy)
Ieﬁﬁl ,yEfJWQ

(G0 L?
< (gh)? —|-CL$LL5"
n+1

(5.12)

where we assumed in the last step that w < 1. Using (5.11)) and taking the
supremum over m € J,41, we conclude that

q;f-u < Cli ((1#)2 + LiLnil) (5.13)

With help of this recurrence relation, we prove the next lemma, which
shows that for some choice of Lj and for u taken small enough, ¢ goes
to zero sufficiently fast with n. The recurrence in the next lemma is only
possible due to the assumption d > 7, giving us the decay L;il in the
above equation.

Lemma 5.3. There exist Ly and u = u(Lg) > 0, such that
qa

4y < YRE (5.14)
for every u < 4.
Proof of Lemma[5.3. We define the sequence
= qg/2q", forn > 0. (5.15)
The equation can now be rewritten as
bot1 <c ((Z"H)sz + (lyg1ln)?LEL D ) for n > 0. (5.16)
L, " nnE

With 1) one concludes that (I,,111,)% < cL2*L2% | < chL‘”Q‘f. Inserting
this in (5.16) and using again ([5.3)), we obtain

boi1 < an(L2% 02 + L2071 < quL2 (02 + L, ). (5.17)

We use this to show that, if for some Lo > (2qq)* and u < 1 we have b,, <
L;l/Q, then the same inequality also holds for n + 1. Indeed, supposing
b, < L;1/2, we have
QQJ}L;IAQLi/Q(Ha)Haz_l

b'n, < 9 2a%2—-1
+1 anls, (5.18)

NG |/\E

1/2 -1/4 1/2
QquLn/ /<Ln+/17
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which is the statement of the lemma. So all we still have to prove is that
by < Ly/? for Ly > (2qp)* and small enough u. Indeed,

-19) “ -
bo = qi3al < ai? sup P[T" N D,y # 0]

meJo
(5.19)
3
< qLy*? sup Pla € 7] 2 aLy (1 — e~ cartizhu),
eV
For some Lo > (2qq)*, we take u(Lo) small enough such that by < L61/2
for any u < u(Lg). This concludes the proof of Lemma [5.3 O

We now use this lemma to show that with positive probability, one can
find an infinite connection from (0,0) to infinite in the set V* N Z%. For
this we choose Ly and u < u(Lg) as in the lemma. Writing B), for the set
[—M, M] x [-M, M] C Z?, we have

1 —n(u, (0,0)) < P[(0,0) is not in an infinite component of V* N Z?]

there is a x-path in Z2 \ By, ]

< PIZ"0 B # 0] + P[ surrounding the point (0,0) in Z?2

< (1~ exp(—u - cap(Bu)))
T* N Z?%\ By contains a x-path surrounding (0,0) and
+ P[ . Ll , ]
passing through some point in [Ly, L,41 — 1] x {0} € Z

n>ngo

(5.20)

The last sum can be bounded by >, -, 5" P[B} ] where the index m runs
over all labels of boxes D,, at level n that intersect [L,, L,+1 — 1] x {0} C
Z2. Since the number of such m’s is at most I, < cL2,

1-n(u, (0,0)) < cL? u+ Z cLoL7V? L (L2 u+ Z LYY, (5.21)

n>ng n>ng

Choosing ng large and u < u(Lg, ng), we obtain that the percolation prob-
ability is positive. So that u, > 0 finishing the proof of Theorem O

5.2 Notes

As we mentioned below Theorem [5.2] its proof is largely inspired by
Proposition 4.1 of [47]. It illustrates well how the renormalization scheme
can help us to deal with the dependence present in the measure Q*. We
would like to mention two important improvements that were developed
over the above techniques.
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Sprinkling is a technique that first appeared for random interlacements
in Section 3 of [47]. It allows us to obtain estimates similar to that of
Lemma but by “sprinkling” some extra trajectories into the picture,
one can wash away the dependence even further and obtain better error
estimates. This technique has been for instance useful later in [44] and
53] .

Another modification of the renormalization we presented here, that has
been very efficient in boosting the decay of dependence (such as in (5.3))
are the so-called decoupling inequalities. The idea behind this procedure
is to create a binary tree, which encodes the occurrence of bad events in
various sub-boxes. Then, by carefully comparing the number of such trees
with the probability that they are corrupted, one obtains a bound on the
probability of bad events. This idea first appeared in [51] and [41], being
later generalized in [48].

Renormalization tools very similar to the ones described above have
proved themselves useful in obtaining various results, both for random
interlacements and for other dependent percolation processes, see for in-
stance [54] and [23)].

Remarkably, some more elaborate renormalization schemes were able to
establish the non-triviality of the phase transition that V* undergoes at
u,. More precisely, it was shown that

uy < oo for any d > 3, see Theorem 3.5 in [47], (5.22)

and
uy > 0 for any d > 3, see Theorem 3.4 in [40]. (5.23)



Chapter 6

Interlacement set

Up to now, we have mainly investigated the vacant set left by a random
walk on a finite graph or by random interlacements. In this chapter we are
going to consider the interlacement set Z* of the random interlacements,
which is of course related to the trace left by random walk on a graph,
{Xo,. ., Xuyjar}-

Contrary to the Bernoulli percolation, where by changing p to 1 —p, one
can interchange the laws of open and closed sites, the interlacement set Z“
is a genuine object: It cannot be obtained from V* by a re-parametrization.
Its properties should be thus studied separately.

6.1 Main properties of random interlacements

In general, understanding of 7% is easier than of V*. The main reason
for this is that the independence coming from the Poisson point process
structure is easier to explore when considering the interlacement set; Z“
is the trace left by the Poisson point process, not its complement. In
addition, there is no phase transition for the connectivity of Z", which
further simplifies the studies of Z":

Theorem 6.1 ([47,[12]). For every d > 3, the interlacement set " on Z°
satisfies
P[Z" is connected for all u > 0] = 1. (6.1)

Proof. The proof of the theorem is based on the following proposition,
that is much stronger than (6.1). To state it, it is useful to introduce the
following notation. We write f(n) = se.(n) when f(n) < ce="" for some
e, )6 € (0,00), 'se.” staying for ‘stretched-exponentially’ small. We write
f(n) =1—se(n), when 1 — f(n) = se.(n). Observe that n°se.(n) = se.(n)
for any fixed ¢ > 0. So, it is quite convenient to use this notation e.g. in

51
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the following situation: assume that we have at most n¢ events, each of
probability bounded from above by se.(n). Then, the probability of their
union is se.(n) as well.

Recall from Chapter [3]that P denotes the law of the Poisson point process
on W* x [0,00) defining the random interlacements and that pp ,, is the
map that selects from w those trajectories which intersect A and have
labels smaller than w. Let us define Z} to be range of the trajectories
intersecting B(n),

IH(w) = U Range w. (6.2)

WESUPD LB (n),u (W)
Proposition 6.2. For everyd >3 and 0 < u < v/,

P[Z) is connected] =1 — se.(n). (6.3)
PVw € supp(ppn),u’ — 1B(n),u) 15 connected to 1] = 1 — se.(n). (6.4)

Let us first explain how to Proposition [6.2]implies Theorem Assume
for the moment that the claim of Theorem [6.1]is false, that is

Plthere exists u > 0 such that Z* is not connected] > 0. (6.5)
Then, one can find € > 0 and 0 < u < v’ < oo such that
Plthere exists @ € [u,u'] such that Z% is not connected] > & (6.6)
and so,

lim inf P[there exists & € [u,u'] such that Z" is not connected] > e.

n—oo
(6.7)
This, however, contradicts Proposition since, by the second claim of
the proposition, the probability that Z? is connected for all @ € [u,u/]
approaches 1 as n — oco. So, cannot be true. 0O

We now show Proposition The proof that we present is more com-
plicated than necessary, but it has some important implications that we
explore later. It is a simplified version of some of the arguments used in
361, 138, [12].

The proof is based on the following heuristics. It is known fact that one
random walk trajectory is a two-dimensional object. Considering all tra-
jectories in supp i p(n),, intersecting this trajectory (including this trajec-
tory), we obtain a four-dimensional connected object. Another iterations
of this procedure give us 2k-dimensional objects (if 2k < d). The capac-
ity of a 2k-dimensional object intersected with a ball of size n is roughly
comparable with n?*, as long as 2k < d — 2. Hence, when 2k > d — 2,
this 2k-dimensional object saturates the B(n) in terms of capacity, and



Chapter 6. Interlacement set 53

any other random walk trajectory has a non-negligible chance to hit it.
Iterating then the construction once more, if necessary, gives an object
which is very likely hit by every other walk in supp p1p(n),., implying that
I} is connected.

Proof of Proposition[6.4 We start the formal proof. In d = 3,4, the
proposition is a direct consequence of Theorem 7.6 in [26] which states
that two independent random walks in d = 3,4 intersect (infinitely of-
ten) with probability 1, and of the fact that the number of trajectories in
SUPD [4B(n),u 18 finite P-a.s. Therefore we will assume that d > 5 in the
proof.

Will repeatedly use the following lemma.

Lemma 6.3. Let A C Z¢, and x € Z? be such that maxyep dist(z,y) <r
Then, for some ¢ > 0 depending on the dimension only

P.[Hy <72 A Hp(z,27)c] > er?~lcap A. (6.8)

Proof. The proof of the lemma is a variant of the proof of (4.8). The only
non-trivial new ingredient is the observation that for z,y with dist(z,y) <
r the ‘truncated Green function’ satisfies

2
r°AHp(, 2,2)c

gB(gc,2r2)(xay; 7,2) = Z Pm[XZ = y] > cg(:c,y). (69)
=0

We therefore omit the details and leave the proof of and of the lemma
as exercise. O

To apply Lemma [6.3] we need to estimate capacities of various collec-
tions of random walk trajectories. The estimate we will use is given in
Lemmas below. We start with a technical estimate.

Lemma 6.4. Let d > 5, (xx)k>1 be a sequence in Z¢, and let X* be a
sequence of independent simple random walks on Z¢ with X} = x). Then
for all positive integers N and n and for all (xx)r>1,

[Z Z LxD] < o(vns NP (610)
k,Jl=11%,j=n+1

Proof. Let X be a simple random walk with X, = 0, then for all y € Z¢
and for all positive integers k, by the Markov property,

9 (Xr, ) ZP =yl <C) i< oR (6.11)

i=k
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Here we used the inequality sup, .z« P[X; = y] < Ck~%2, see [42] Propo-
sition 7.6] In order to prove (6.10), we consider separately the cases k =1
and k # [. In the first case, the Markov property and the fact that

g(z,y) = g(x —y) imply

B3 3 oxtad] - ve[ 3 st
=14,j=n+1 i,j=n+1 (6.12)

(d=5)

‘ CNn(l—i—iil_d/Q) < CNn.
i=1

In the case k # [, an application of (6.11)) gives

E[ Z } < n?Cnl=9/2, (6.13)
i,j=n+1

This completes the proof. O

Let (X*);>1 be the collection of independent random walks, as in the
previous lemma. For A C Z4, let TF = inf{i > 0 : XF ¢ A} be the
exit time of X* from A. For positive integers N and n, define the subset
®(N,n) of Z4,

C =

®(N,n) = {Xk L<i<nATh,,. an)} . (6.14)

k

1

Lemma 6.5. For any sequence (x;);>1 C 74 and for all positive integers
N and n,

cap ®(N,n) < CNn, (6.15)

and
E cap ®(N,n) > cmin(Nn,n(4-2/2), (6.16)

Proof. The upper bound follows from the sub-additivity of the capacity
and the fact that cap({z}) = ¢(0,0)"! < oo.

We proceed with the lower bound on F cap ®(N,n). By Kolmogorov’s
maximal inequality applied coordinate-wise, for each A > 0 and n > 1,

P[lrgax 1X,] > /\} < 7 (6.17)

Let J be the random set J = {1 <k < N : sup,<;<,, |XF — x| < 2n1/2},
and D the event D ={|J| = N/4}. From (6.17), it follows that E|J| >
N (1—-2)> 4. Since |J| < N, we get P[D] > 1.
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To obtain a lower bound on the capacity, the following variational for-
mula (see Proposition 2.3 [56]) is useful:

cap A = (inf £(v)) 7, (6.18)

where the energy £(v) of a measure v is given by

Ew)= > v@wy)g,y), (6.19)

z,yezd

and the infimum in (6.18) is taken over all probability measures supported
on A.

Taking v to be v(x) = ﬁ dokes Z?:n/Z 1{X} = 2}, which is obviously
supported on ®(N,n), we obtain

Ecap®(N,n) > E[E(v) '] = E[E(v) " 4] (6.20)
Therefore, in order to prove (6.16)), it suffices to show that
1
{<|J|2n2 Z Z ) A] > cmin (Nn,n(dfz)/z). (6.21)
k,leJi,j=n/2

Using the Cauchy-Schwarz inequality and the definition of the event D,
the left-hand side of the last display can be bounded from below by

eN?n2P(D ( {Z Z ; D*l (6.22)
k€] ij=n/2

Since J is a subset of {1,..., N}, this is larger than

P oR(E[ S 3 atxt xp])”
kl=14,j=n/2 (623)
(6.10) cN2n?

e . (d—2)/2
N N2 ar > cmin (Nn,n ).
This completes the proof. O

Lemma 6.6. In the setting of the previous lemma, assume that for some
§>0,n<N<n o =9 then for every ¢ > 0 sufficiently small

P[cap ®(N,n) > (Nn)'~¢] =1 —se.(n). (6.24)

Proof. To see that this lemma holds it is sufficient to split the trajectories
into n® pieces of length n'~¢ and consider them separately. More precisely,
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observe that ®(N,n) D Uy<pcpe 1 P, where

o= U Kk X NBOG 2007972)
E<N
Xja-c €B(Xg,n'/?)

(6.25)
Using the standard random walk scaling, P[X[ , . € B(Xk,n'/?)] > c for
all £ € {0,...,n°}, and thus the union contains more than N'=¢ terms
with probability at least 1 — se.(n). Therefore, using the both estimates
of Lemma [6.5] the Markov property, and the assumption of the present
lemma, Plcap ®¢ > (Nn)'=¢|Fpp1-<] > . P-a.s., where F; is the o-algebra
generated by X¥, k < N, j <i. As cap®(N,n) > maxy<n- cap @y, the
lemma follows easily from these facts. O

Remark 6.7. Lemma [6.6] holds also for N = 1. An easy adaptation of the
previous proof is left as exercise.

We may now prove of Proposition Let {wy,...,wn} be an
arbitrary enumeration of supp pg )., that is wy’s are random walk tra-
jectories hitting B(n) with labels smaller than u. We will show that for
every k,l

P[Range wy, and Rangew; are connected within Z%] > 1 — se.(n). (6.26)

By the definition of random interlacements, N has Poisson distribution
with parameter ucap B(n) ~ n?~2. Therefore, P[[N > n?] = se.(n), and
thus, by the remark after the definition of se.(-), (6.26) implies (6.3). With-
out loss of generality, we take k =1, =2 in

Let s = s(d) = [4] — 1. We split {ws,...,wy} into s independent
Poisson processes,

He = UB(n) bu/r — He—1, = ..., (627)
where (19 = 64, + 0w,. As before, P[|supp | > n?27¢] = 1 — se.(n).
For w € W, let T,(w) = inf{k > 0 : w(k) ¢ B(3n)} and R(w) =
{w(0),...,w(n? A T,(w))}. Set Vo = {wi}, Ag = R(w1), and for ¢
1,...,7,

Ve ={w € supp pue : R(w) N A1 # 0}, (6.28)
A= J R(w). (6.29)
weVy
We claim that for all £ =1,...,r and some £ > 0 small.

P[|Ve| > n*7°] = 1 — se.(n). (6.30)



Chapter 6. Interlacement set 57

Indeed, this is trivially true for |Vp|. If (6.30) holds for £ — 1, then by
Lemma [6.6]

Plcap Ag_y > n(179CED=)p200=6)] — 1 _ 56 (n), (6.31)

When cap Ap_1 > n%’gl, then by Lemma the probability than one
random walk started in B(n) hits A;_; before time n? is bounded from
below by en?l=e'p2=d = cp2tt2-d—<' Ag e contains with probability 1 —
se.(n), at least 92~ independent walks, at least nd—2-ep2f+2-d—<'p—e —
n2¢=¢ of them hit A,_; before the time n?, and exit B(3n), again with
1 — se.(n) probability. This completes the proof of (6.30).

From (6.30) it follows that |Vi| > n?*=¢ > n?=3=¢ and, by Lemma
and Rem cap R(wg) > cn?~¢, with 1 — se.(n) probability. Consider
now random walks in V;. After hitting A, 1 the rest of their trajectories
is independent of the past, so Lemma [6.3] once more implies that

P[{XII?IAS_l yese 7XI]?IAS_1+TL2} N R(’LUQ)] Z n4—d—s]. (632)

Hence, the event ’at least one walk in V; hits R(ws)’ has probability at
least 1 — se.(n). This implies and completes the proof of .

The proof of is analogous, it is sufficient to take wy € SUpp pp(n),ur\
Supp UB(n),u-

The proof of Proposition that we just finished, has some interesting
consequences. We actually proved that the set

TV = U R(w) (6.33)

WESUPP LB (n),u

is with high probability connected. Since R(w) C B(3n), we see Z% C I%
is connected ‘locally’, that is one does not to go far from B(n) to make
a connection. Of course, in general, Rangew N B(n) # R(w) N B(n), so
we did not show that Z% N B(n) is ‘locally connected’. However, it is not
difficult to extend the previous techniques to show

Plevery z,y € B(n)NZ* are connected in Z*NB(3n)] = 1—se.(n). (6.34)

Another consequence of the previous proof is the following claim. With
probability 1 — se.(n), for every pair w,w’ € supp fip(n),, there are w =
Wo, W1, ..., Wsp1 = W € SUPP fiB(n),u Such that w; intersects w;_1, i =
1,...,s+ 1. Borel-Cantelli lemma then implies:

Corollary 6.8 (d > 5). Consider (random) graph G whose vertices are
all trajectories in supp iz ,,, and whose two vertices are connected by an
edge iff the corresponding trajectories intersect. Then P-a.s., the diameter

of G satisfies diam G < |d/2].
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Surprisingly, this bound is optimal when d is odd. The correct upper
bound (and in fact also the lower bound) is given in the following theorem.

Theorem 6.9 ([35,38]). For everyu > 0, the diameter of G equals [d/2]—
1, P-a.s.

For even d’s, our upper bound exceeds the correct one by one. The main
reason for this is that we decided to prove se.(n) bounds on probabilities,
which in turn forced us to loose n® it many steps. These n®’s are what
is missing in the last paragraph of the proof of Proposition [6.2] to get the
optimal bound.

Almost the same techniques, however, allow to show that (cf. (6.30),
(6.32))), for all n large enough,

P|Vi>en* 2 >¢ >0 and  Plw, intersects A,] > ¢.  (6.35)

In [38], estimates similar to together with ideas inspired by Wiener
test (see [27, Theorem 2.2.5]) are applied to obtain the optimal upper
bound.

Our proof of Proposition has yet another consequence on what is
called chemical distance on the interlacement set, defined for x,y € Z% by

pu(z,y) = min {n :dr = 29,21,...,2, = y such that (6.36)
ZiEIu and ‘Zi—zi,1‘217i217...,n}. ’
Claim (/6.34) easily yields,
Plpu(z,y) < IV, y € B(n)NZ%] =1 — se.(n). (6.37)

The bound 9n¢ is of course far from being optimal. (6.37) is however one
of the ingredients of the optimal upper bound Cn which is proved in [12]:

Theorem 6.10 ([12]). For every w > 0 and d > 3 there exist constants
C,C" < o0 and 6 € (0,1) such that

P[there exists x € T%N[—n,n]? such that p,(0,z) > Cnl0 e T"] < Cle .

6.2 Notes

The properties of interlacement set Z* on Z? were investigated already
in the paper [47]. A weaker version of Theorem [6.1] is proved there (see
(2.21) in [47]), namely, for every u > 0,

P[Z* is connected] = 1, (6.38)

which is sufficient to deduce the absence of the phase transition. The proof
of [47] is based on the Burton-Keane argument [11].
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Theorem states that for every w > 0, Z" is supercritical. It is thus
natural to ask, as in the Bernoulli-percolation theory, to which extend the
geometry of Z% (at large scales) resembles the geometry of the complete
lattice Z.

Many results going in this direction appeared recently: In [36] it was
proved that Z*" percolates in two-dimensional slabs, namely that for every
u > 0 and d > 3 exists R > 0 such that Z% N (Z? x [0, R]%~2) contains
an infinite component P-a.s. In [37] it was further shown that the random
walk on Z" is P-a.s. transient. Theorem [6.10]is another result of this type.

Theorem [6.9] giving the diameter of the graph G, was independently
shown by Procaccia and Tykesson [35] using ideas of stochastic dimension
theory developed in 5], and by RAjth and Sapozhnikov [38] whose methods
are commented above.

The techniques used in our proof of Proposition [6.2|are mixture of meth-
ods from [38] (where we borrowed Lemmas and and [12] (which
contains contains many se.(n) estimates).

The results of this chapter can be used to deduce some properties of
the trace {Xo,..., X,na} of the simple random walk on the torus. E.g.,
Theorem [6.10 was combined in [12] with the coupling of random interlace-
ments and random walk from [53] to control the chemical distance on the
random walk trace.



Chapter 7

Locally tree-like graphs

In the previous chapters we have studied the random walk on the torus
and the corresponding interlacement set on Z?. We have seen that in
that case many interesting questions are still open, including the existence
of a sharp phase transition in the connectivity of the vacant set of the
random walk, and its correspondence to the phase transition of random
interlacements. Answering these questions requires a better control of the
random interlacements in both sub-critical and supercritical phase which
is not available at present.

In this chapter we are going to explore random interlacements on graphs
where such control is available, namely on trees. We will then explain how
such control can be used to show the phase transition for the vacant set of
random walk on finite ‘locally tree-like’ graphs, and to give the equivalence
of critical points in both models. In other worlds, we prove Conjecture [2.6
on the locally tree-like graphs.

7.1 Random interlacements on trees

We start by considering random interlacements on trees. We will show
that vacant clusters of this model behave like Galton-Watson trees, which
allows us to perform many exact computations. As in this lecture notes
we only deal with random walks and random interlacements on regular
graphs, we restrict our attention to regular trees only.

Let Ty be infinite d-regular tree, d > 3, for which the simple random
walk is transient. We may therefore define random interlacements on Ty
similarly as we did for Z<.

We write P, for the law of the canonical simple random walk (X,,) on Ty
started at x € T4, and denote by ex, K CC Ty the equilibrium measure,

ex(r) = Py[Hg = oo]1{z € K}. (7.1)

60
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Observe that if K is connected, ex can be easily computed. Indeed, de-
noting by d(-,-) the graph distance on the tree, we observe that under
P,, the process d(X,,x) has the same law as a drifted random walk on
N started at 0. If not at 0, this walk jumps to the right with probability
(d —1)/d and to the left with probability 1/d; at 0 it goes always to the
right. Using standard computation for the random walk with drift, see
e.g. [58], Lemma 1.24, it is then easy to show that

5 d—2
P,[H, = 00] = Py[H, = o0] = 1 (7.2)
for every neighbor y of z. For K connected, we then get
1 d—2
ex(z) = #y:y~zy¢ K} o—, (7.3)

where the first two terms give the probability that the first step of the
random walk exists K.

We consider spaces W, W, W* Q and measures Qi defined similarly
as in Chapter [3} replacing Z? by T, in these definitions when appropriate.
As in Theorem [.] it can be proved that there exists a unique o-finite
measure v on (W* W*) satisfying the restriction property . Using
this measure, we can then construct a Poisson point process w on W* xR
with intensity measure v(dw*) ® du and define the interlacements at level

u and its vacant set as in (3.27)), (3.28).

The main result of this section is the following theorem.

Theorem 7.1 ([50], Theorem 5.1). Let x € Ty and define f, : Tqg — [0,1]
by
fo(2) = P,[d(Xn,x) > d(z, z) for all n > 0]

X P,[d(Xp,x) > d(x,2) for all n > 0]. (7.4)

Then the vacant cluster of V¥ containing x in the random interlacements
has the same law as the open cluster containing x in the inhomogeneous
independent Bernoulli site percolation on Ty characterized by

Prob[z is open] = exp{—ufs(2)}. (7.5)

Remark 7.2. 1. Observe that on Ty, f.(z) is the same for all z # z. Hence,
the cluster of V" containing x can be viewed as a Galton-Watson tree with
a particular branching law in the first generation.

2. Beware that the joint law of, e.g., vacant clusters containing two
points x # y € Ty is not the same as in the Bernoulli percolation.

Proof. We partition the space W* into disjoint subsets W** according to
the position where w* € W* get closest to the given point x,

wr= | w=, (7.6)

z€Ty
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where
W** = {w* € W* : z € Range(w"), d(z, Range(w*)) = d(z,2)}. (7.7)

(The fact that W** are disjoint follows easily from the fact that Ty is a
tree.)

As a consequence of disjointness we obtain that the random variables
w(W** x [0,u]) are independent. We may thus define independent site
Bernoulli percolation on Ty by setting

Y (w) = H{w(W*? x [0,u]) > 1} for z € Tg. (7.8)
By (3.9), and (7.7), we see that
BV = 0] = exp{—uf, (=)}, 79)

To finish the proof of the theorem, it remains to observe that the null
cluster of (Y*) containing « coincides with the component of V* containing
x. The easy proof of this claim is left as exercise. O

As a corollary of Theorem and (|7.3) we obtain the value of critical
threshold of random interlacements on T, which, similarly as on Z¢, is
defined by

u,(Tq) = inf {u > 0 : P[the cluster of z in V* is infinite] = 0}.  (7.10)

Corollary 7.3. The critical point of the random interlacements on Ty is
given by

d(d —1)log(d —1)
(d-2)*

Proof. For z # x, by considering drifted random walk as above (7.1)), it is
easy to see that

uy(Ta) = (7.11)

L d-2 d-1d-2 (d—2)
0 At b R e YL

(7.12)

Hence, the offspring distribution of the Galton-Watson process mentioned

in Remark is (except in the first generation) binomial with parame-

ters (d — 1, exp{—ul(;(lﬁ)lj ). This Galton-Watson process is critical if the

mean of its offspring distribution is equal one, implying that u,(Ty) is the

solution of )
(d—2) } _1
d(d-1)

yielding (7.11). O

(d—1)exp { —u (7.13)
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Remark 7.4. For the previous result, the offspring distribution in the first
generation is irrelevant. Using (|7.1) and Theorem it is however easy
to see that (for k =0,...,d)

P[Jf c Vu] — efucap(m) — efufz(m) — efu(d72)/(d71)’ (714)

2 o2
PV N{y:y~a} =klz V'] = (Z) R e (1—e™ i@ )dik.

(7.15)

We will need these formulas later.

7.2 Random walk on tree-like graphs

We now return to the problem of the vacant set of the random walk on
finite graphs. However, instead of considering the torus as in Chapter
we are going to study graphs that locally look like a tree, so that we can
use the results of the previous section.

Actually, most of this section will deal with so-called random regular
graphs. A random d-regular graph with n vertices is a graph that is chosen
uniformly from the set G,, 4 of all simple (i.e. without loops and multiple
edges) graphs with the vertex set V,, = [n] := {1,...,n} and all vertices
of degree d, assuming tacitly that nd is even. We let P, 4 to denote the
distribution of such graph, that is the uniform distribution on G, 4.

It is well-known that with probability tending to 1 as n increases, the
majority of vertices in a random regular graph has a neighborhood with
radius clogn which is graph-isomorph to a ball in Ty, see Lemma 3.2 of
[30].

For a fixed graph G = (V,&) let PY be the law of random walk on G
started from the uniform distribution and (X;);>o the canonical process.
As before we will be interested in the vacant set

VE=V\{X,:0<t<uV]}, (7.16)

and denote by C, . its maximal connected component.
We will study the properties of the vacant set under the annealed mea-
sure Py, 4 given by

/PG P, 4(dG) ( ZPG ) (7.17)

The following theorem states that a phase transition occurs in the be-
havior of the vacant set on random regular graph.

Theorem 7.5 (d > 3, uy := us(Ty)).
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(a) For every u < u, there exist constant c(u) € (0,1) such that
77! Cona| T ¢(u) in P, q-probability. (7.18)

(b) When u > u,, then for every e there is K(u,e) < oo such that for
all n large
P,.a[|Cmax| > K(u,€)logn] <e. (7.19)

Observe that Theorem not only proves the phase transition, but
also confirms that the critical point coincides with the critical point of
random interlacements on Ty. The theorem was proved (in a weaker form
but for a larger class of graphs) in [14]. In these notes, we are going to
use a simple proof given by Cooper and Frieze [I5] which uses in a clever
way the randomness of the graph. Besides being simple, this proof has an
additional advantage that it can be used also in the vicinity of the critical
point: By a technique very similar to the ones presented here, it was
proved in [13] that the vacant set of the random walk exhibits a double-
jump behavior analogous to the maximal connected cluster in Bernoulli
percolation:

Theorem 7.6.
(a) Critical window. Let (u,)n>1 be a sequence satisfying
|3 (u, —u,)| < X< oo for all n large enough. (7.20)

Then for every € > 0 there exists A = A(e,d, \) such that for all n
large enough

P,aA" 0?3 <|Cun | < An??] > 1 —e. (7.21)

(b) Above the window. When (u,)n>1 satisfies

Uy — Uy ——22 0, and 3w, —up) 2 00, (7.22)
then
Cn | /%3 22 o, in Py, q-probability. (7.23)
(c) Below the window. When (u,)n>1 satisfies
Uy — Uy =220, and M3 (uy — uy) 222 —00,  (7.24)
then
cn | /m?/® 2222 0. in P, 4-probability. (7.25)

We will now sketch the main steps of the proof of Theorem Detailed
proofs can be found in [I5, 13].
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7.2.1 Very short introduction to random graphs

We start by reviewing some properties of random regular graphs, for
more about these graphs see e.g. [7, 59].

It turns out that it is easier to work with multi-graphs instead of simple
graphs. Therefore we introduce M,, 4 for the set of all d-regular multi-
graphs with vertex set [n].

For reasons that will be explained later, we also define random graphs
with a given degree sequence d : [n] — N. We will use G4 to denote
the set of graphs for which every vertex = € [n]| has the degree d, =
d(x). Similarly, Mg stands for the set of such multi-graphs; here loops
are counted twice when considering the degree. P, 4 and Pgq denote the
uniform distributions on G, 4 and G4 respectively. We say that a given
event holds asymptotically almost surely (denoted by P, 4-a.a.s. or Pg-
a.a.s depending on the case) if it holds with probability converging to one,
with respect to Py, 4 or Pg.

We first introduce the pairing construction, which allows to generate
graphs distributed according to P, 4, starting from a random pairing of a
set with dn elements. The same construction can be used to generate a
random graph chosen uniformly at random from Gg.

We consider a sequence d : V,;, — N such that erVn d, is even. Given
such a sequence, we associate to every vertex x € V,,, d, half-edges. The
set of half-edges is denoted by Hq = {(z,4) : * € V,,,i € [dy]}. We write
H,, q for the case d; = d for all z € V,,. Every perfect matching M of
Hy (i.e. partitioning of Hg into |Hg|/2 disjoint pairs) corresponds to a
multi-graph Gy = (Vp,, Enr) € Mg with

Ev = {{x,y} : {(x,i),(y,j)} € M for some i € [d,], j € [dy]} (7.26)

We say that the matching M is simple, if the corresponding multi-graph
G is simple, that is G is a graph. With a slight abuse of notation, we
write Pg for the uniform distribution on the set of all perfect matchings of
Hg, and also for the induced distribution on the set of multi-graphs Mg.
It is well known (see e.g. [7] or [31]) that a Py distributed multi-graph G
conditioned on being simple has distribution Pg4, that is

Pd[G (S |G € gd] = ]P)d[G (S '}, (727)
and that, for d constant, there is ¢ > 0 such that for all n large enough
c<Pr4lGEGra <1-—c (7.28)

These two claims allow to deduce P, 4-a.a.s. statements directly from Pn,d—
a.a.s. statements.

The main advantage of dealing with matchings is that they can be con-
structed sequentially: To construct a uniformly distributed perfect match-
ing of Hg one samples without replacements a sequence hy, ..., hjg, of
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elements of Hy in the following way. For ¢ odd, h; can be chosen by an
arbitrary rule (which might also depend on the previous (h;),<;), while if
i is even, h; must be chosen uniformly among the remaining half-edges.
Then, for every 1 < i < |Hg|/2 one matches hy; with ho;_1.

It is clear from the above construction that, conditionally on M’ C M
for a (partial) matching M’ of Hgq, M \ M’ is distributed as a uniform
perfect matching of Hg \ {(z,?) : (2,7) is matched in M'}. Since the law
of the graph G); does not depend on the labels ‘i’ of the half-edges, we
obtain for all partial matchings M’ of Hy the following restriction property,

Pd[GM\]\/[/ S IM > M/] = Pd/[GM S '], (729)

where d., is the number of half-edges incident to x in Hg that are not yet
matched in M’, that is

d/m =d; - H{(ylai)a (y27.])} eM : Y1 =2z, € [di]}lv (730)

and Gyp\ p- is the graph corresponding to a non-perfect matching M\ M,
defined in the obvious way.

7.2.2 Distribution of the vacant set

We now study the properties of the vacant set of random walk. Instead
of the vacant set, it will be more convenient to consider the following object
that we call vacant graph V*. It is defined by V% = (V, &) with

E={{z,y} €€ 2,y e V4T (7.31)

It is important to notice that the vertex set of V% is a deterministic set
V' and not the random set V¢. In particular V* is not the graph induced
by V& in G. Observe however that the maximal connected component of
the vacant set Cryax (defined before in terms of the graph induced by V* in
@) coincides with the maximal connected component of the vacant graph
V* (except when V* is empty, but this difference can be ignored in our
investigations).

We use D* : V — N to denote the (random) degree sequence of V*, and
write Q:‘L 4 for the distribution of this sequence under the annealed measure
Pn,d; defined by Pn,d(') = fPG()]pn’d(dG)( = ZG PG()Pn’d[G])

The following important but simple observation from [I5] allows to re-
duce questions on the properties of the vacant set V* of the random walk
on random regular graphs to questions on random graphs with given degree
sequences.

Proposition 7.7 (Lemma 6 of [15]). For every u > 0, the distribution
of the vacant graph V" under P, 4 is given by Pq where d is sampled
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according to Qy, 4, that is

PV €] = [ Bal6 € 1Q1a(dd) (= 3 PalG € QL)) (732)
d

Proof. The full proof is given in [I5] and [13], here we give a less rigorous
but more transparent explanation. The main observation behind this proof
is the following joint construction of a P,, 4 distributed multi-graph and a
(discrete-time) random walk on it.

1. Pick Xg in V uniformly.

2. Pair all half-edges incident to Xy according to the pairing construc-
tion given above.

3. Pick uniformly a number Z; in [d] and set X; to be the vertex paired
with (,Xv()7 Zo)

4. Pair all not-yet paired half-edges incident to X; according to the
pairing construction.

5. Pick uniformly a number Z; in [d] and set X5 to be the vertex paired
with ()(17 Zl)

6. Repeat the above steps for X, and
7. Stop when Xy, and its neighbors are known.

At this moment we have constructed the first |V|u steps of the random
walk trajectory and determined all edges in the graph that are incident to
vertices visited by this trajectory. To finish the construction of the graph
we should

8. Pair all remaining half-edges according to the pairing construction.

It is not hard to observe that the edges created in step (8) are exactly
the edges of the vacant graph V* and that the degree of x in V* is known
already at step (7). Using the restriction property of partial matchings
(7:29), it is then not difficult to prove the proposition. O

Due to the last proposition, in order to show Theorem [7.5] we need an
information about two objects: the maximal connected component of a
Pg4-distributed random graph, and about the distribution QZ 4 We deal
with them in the next two subsections.
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7.2.3 Random graphs with a given degree sequence.

The random graphs with a given (deterministic) degree sequence are well
studied. A rather surprising fact, due to Molloy and Reed [33] is that the
phase transition in its behavior is characterized by a single real parameter
computed from a degree sequence. We give a very weak version of result
of [33]:

Theorem 7.8. For a degree sequence d : [n] — N, let

2
Z;L:l dm -9
2 a1 Ga

Consider now a sequence of degree sequences (d"),>1, d" : [n] — N,

and assume that the degrees d;} are uniformly bounded by some A and that
{x €[n]:d? =1} >(n for a ( > 0. Then

e Ifliminf Q(d™) > 0, then there is ¢ > 0 such that with P4 probability
tending to one the mazimal connected component of the graph is
larger than cn.

Q(d) = (7.33)

e When limsup C_Q(d") < 0, then the size of the mazimal connected
component of Pq-distributed graph is with high probability o(n).

Later works, see e.g. [24] [22], give a more detailed description of random
graphs with given degree sequences, including the description of the critical
window which allows to deduce Theorem [7.6l

7.2.4 The degree sequence of the vacant graph

We will show that the distribution of the degree sequence of the vacant
graph is the same as the distribution of the number of vacant neighbors of
any given vertex x in a random interlacements on Ty. More precisely, it
follows from Remark @ that the probability that € Vi and its degree
in Vi, is4,¢=0,...,d, is given by

o /d\ .
d} = e_"% (Z>pz(l — pu)dﬂ, (7.34)

with p, = exp{—u fffﬁ)s 12

Recall D* denotes the degree sequence of the vacant graph V*. For
any degree sequence d, n;(d) denotes the number of vertices with degree
i in d. The following theorem states that quenched expectation of n;(D")
concentrates around nd;'.

Theorem 7.9. For every u > 0 and every i € {0,...,d},

|EG[nZ(D“)] —nd}| < c(log® n)n/?, P, 4-a.a.s. (7.35)
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We decided not to present the proof of this theorem in these notes, as
it uses very similar arguments as the proofs in Chapter 2l The full proof
can be found in [53].

In order to control Q% , we need to show that n;(D") concentrates
around its mean. This is the result of the following theorem that holds for
deterministic graphs.

Theorem 7.10. Let G be a d-regular (multi)graph on n wvertices whose
spectral gap' g is larger than some o > 0. Then, for every e € (0, i),
and for every i € {0,...,d},

PO In;(D") — E%n;(D")]| > n'/?*¥] < cpee™ e, (7.36)

The proof of this theorem uses concentration inequalities for Lipschitz
functions of sequences of not-independent random variables, and can be
found in [I3].

From Theorems [7.9] and it is easy to compute the typical value of
Q(D™). Tt turns out that it is positive when u < wu, and negative when
u > uy. This proves via Theorem [7.8| and Proposition [7.7] the existence of
a phase transition of the vacant set.

In fact, the above results allow to compute Q(D*) up to an additive
error which is o(n*1/2+5). This precision is more than enough to apply
the stronger results on the behavior of random graphs with given degree
sequences [22] and to show Theorem

7.3 Notes

Theorem that is the comparison of the cluster of the vacant set
containing a given point with the cluster of Bernoulli percolation, can be
generalized to arbitrary locally finite (weighted) trees. However, as the
invariant measure of the random walk is then in general not uniform, a
slight care should be taken in defining the random interlacements, see [50].

Apart Ty, there is to our knowledge only one other case where the critical
value of random interlacements can be computed explicitly (and is non-
trivial), namely for the base graph being a Galton-Watson tree. In this
case, it was shown in [49] that u, is a.s. constant (i.e. ‘does not depend’ on
the realization of the Galton-Watson tree) and can be computed implicitly
as a solution to a particular equation.

As we have already mentioned, a result very similar to Theorem [7.5] was
first proved in [14] (see Theorems 1.2 and 1.3). In [14], the proof strategy
follows a description of the local measure, with a flavor similar to that
of Chapter [2] therefore it is very different from the techniques sketched

ISpectral gap Ag of a graph G is defined as the spectral gap of the transition matrix
of the lazy random on G, see ([2.2)).
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in this chapter. Although we believe that the local picture approach can
hardly work to the level of precision obtained in Theorem the class of
graphs for which this technique applies is much broader: Let us informally
mention that Theorems 1.2 and 1.3 of [14] apply to any sequence of graphs
(Gpn)n>1 such that for each n > 1,

e (5, are d-regular,
e the spectral gap of G,, is bounded from below by a constant and

e there exists an ¢ > 0 such that every ball B(z,elogn) in G,, has at
most one cycle.

In [52] the interlacement set Z" was studied in various different graphs.
There, special emphasis was given to the connectivity of Z* on different
classes of graphs. More precisely, it was proved that

if G is a vertex-transitive, non-amenable graph,
then, for w > 0 small enough, (7.37)
the interlacement set I is almost surely disconnected.

On the other hand,

if G is a vertex-transitive, amenable, transient graph, (7.38)
then, for all w > 0, Z" is a.s. connected. )

An interesting example is given by the product T¢ x 74 of a d-regular
tree with a d’-dimensional lattice, with d > 3 and d’ > 1. In this case, we
know that there is a transition between a disconnected and a connected
phase for 7% as u crosses a critical threshold u.. It is worth mentioning
that this critical value has been proved in [52] to be unique, despite the
fact that connectivity is not a monotone property.
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