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Abstract. A smooth map between manifolds is said to be image simple if
its restriction to its singular point set is a topological embedding. We study
the parity of the number of connected components of the singular point
set for image simple fold maps from a closed manifold of dimension > 2 to
a surface. It is known that this parity is a homotopy invariant when the
source manifold is of even dimension and the target surface is orientable.
In this paper we show that for an arbitrary image simple fold map from
a closed odd-dimensional manifold of dimension > 3 to a (possibly non-
orientable) surface, this parity is not a homotopy invariant. We give two
constructive proofs: one uses techniques from open book decompositions
and round fold maps, and the other uses allowable moves. The constructed
homotopies add one new component to the singular point set. We also
give a new proof of the homotopy invariance of the parity of the number
of connected components of the singular point set for image simple fold
maps from a closed even-dimensional manifold to an orientable surface
together with an example showing that this does not hold for maps into
non-orientable surfaces in general.
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1 Introduction

Given a smooth map f: M — N between manifolds of dimensions m and
n, respectively, with m > n, we say that x € M is a singular point if the
differential df: T, M — T)N does not have the maximal rank n. It is
known that when f is a generic smooth map into a surface N = S, the set
Y (f) of its singular points consists of folds and cusps (defined in Section 2),
see [21, 22]. More specifically, for a given closed manifold M of dimension
> 2 and a surface S, the set of smooth maps f: M — S which have only
folds and cusps as their singular points is open and dense in the space
C* (M, S) of smooth maps of M into S endowed with the Whitney C*°
topology (for example, see [7]). In this sense, generic maps to surfaces can
be considered as generalizations of Morse functions on manifolds which are
generic maps into the 1-dimensional manifold R. Therefore, it is expected
that the topology of the source manifold M is somehow related to various
properties of generic maps M — S on that manifold.

In this paper, we focus on generic maps to surfaces without cusp singu-
larities. A smooth map f: M — S that has only folds as its singularities
is called a fold map. Note that if M is a closed manifold, then the singular
point set X(f) is a finite disjoint union of circles in M, and the restric-
tion flx(s) is an immersion. Among fold maps, we are mainly interested
in those whose singular point sets have well-behaved images. We say that
a smooth map f between manifolds is image simple if the restriction of f
to the set X(f) of its singular points is a topological embedding. In other
words, the image f(X(f)) of the singular point set has no self-intersections
in the target manifold. Image simple smooth generic maps have recently
attracted some detailed studies (see, for example, [2, 3, 11, 12, 13, 18, 20]).

Thus, our main objective is to study certain topological properties of
image simple fold maps from a closed manifold M of dimension m > 2 to a
surface S. The image f(X(f)) of the singular point set X(f) of such a map
is a finite disjoint union of embedded closed curves in S. The main aim of
the paper is to study one of the basic characteristics of an image simple
fold map f, namely the parity of the number #|%(f)| of components of
the singular point set, and specifically, whether this parity is a homotopy
invariant of f or not.

Example 1.1. The restriction of the standard projection R® — R2 to
the standard unit sphere defines an image simple fold map f: $% — R?
with #|X(f)| = 1. For any prescribed positive odd integer k, it is easy
to construct an image simple fold map fi of S? into R? with #[X(fx)| =
k; however, no such map exists for any positive even integer k by [10,
Theorem 1.1] or by Theorem 6.1 of the present paper. In fact, according
to [23], there exists no fold map g: S? — R? with #[3(g)| even, even if we
allow g not to be image simple. See also Remark 6.3.
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The above question is a generalization of the first of the two Takase
problems formulated in [18, Problem 3.2]. Takase considered image simple
generic maps f: S% — S? without definite fold singular points with X(f) #
(). (For the definition of a definite fold singularity, refer to Section 2.) The
first Takase problem asks if the number #|3(f)| of components of X(f) is
congruent modulo two to d + 1, where d € Z = 73(S?) is the homotopy
class represented by f. The second problem asks if the minimum number
of components of X(f), over all f as above in the given homotopy class
d € Z = m3(S?), is equal to |d| + 1.

The second author [19] later answered the first Takase problem in the
negative by constructing two homotopic image simple fold maps f and g
without definite folds such that #|3(f)| £ #|2(g)| (mod 2), see Section 5
for details. Thus, in the case of image simple fold maps of manifolds M of
dimension 3 to surfaces S, the parity of the number of fold components is
not a homotopy invariant. It is worth mentioning that the second author
constructed an explicit generic homotopy F': M x [0, 1] — Sx [0, 1] between
f and g. The singular point set of a generic homotopy between fold maps to
a surface is, in general, a smooth surface properly embedded in M x [0, 1],
and we see that for the specific generic homotopy F constructed in [19], the
surface X(F') of the singular points of F' is the disjoint union of ¥(f) x [0, 1]
and a Mobius band. Furthermore, the restriction of F' to the M6bius band
has a triple self-intersection point.

Note that every homotopy between image simple fold maps can be ap-
proximated arbitrarily well by a generic homotopy (for details, see §3).
Therefore, when two image simple fold maps are homotopic, we may as-
sume that the homotopy is generic.

The mentioned results raised the broader question of identifying the
precise conditions under which the parity of the number of fold components
is a homotopy invariant. It was partially answered by the first author and
Kahmeyer in [10], who proved that for an image simple fold map f: M — S
of a closed manifold M of dimension > 2 to a surface S, the parity of the
number of connected components of 3 f) does not change under homotopy
F: M x[0,1] — S x [0,1] if any of the following conditions holds:

(1) the dimension of M is even and S is orientable (refer to Theorem 6.1
of the present paper as well),

(2) F is generic and the singular point set X(F') of the homotopy is an
orientable surface, or

(3) F is generic and the restriction F'|5r) of homotopy to its singular
point set does not have triple self-intersection points, and either M
is a closed orientable manifold of dimension 3 and S is orientable, or
M is a closed manifold of odd dimension m > 2 and S is R? or S2.
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In the present paper we will study the cases excluded in the above
result (1): when the dimension of M is odd and is at least 3 and S is an
arbitrary surface, and when the dimension of M is even and S is a non-
orientable surface. Our first main result shows that in the odd-dimensional
case, the parity is not a homotopy invariant as follows.

Theorem 1.2. Let M be a closed odd-dimensional manifold with m =
dim M > 3, and S be a possibly non-orientable surface. Then, for every
image simple fold map f: M — S, there exists a homotopy F connecting
f to another image simple fold map g such that #|35(f)| and #|2(g)| have
different parities. Furthermore, the homotopy F can be chosen so that it
is supported in an arbitrarily small m-disc in M.

In fact, we will construct an explicit generic homotopy F: M x [0,1] —
S x [0, 1] satisfying the conclusion of Theorem 1.2. Its singular point set
Y(F) contains a Mébius band component, and F|xpy has a triple self-
intersection point. This shows that conditions (2) and (3) above are nec-
essary in general. On other hand, since Theorem 1.2 permits the target
surface S to be non-orientable, it is not guaranteed that every generic
homotopy satisfying the conclusion of the theorem must have a triple self-
intersection point. However, if we remove the condition that the homotopy
should be supported in a small disc, then, as we will see below, in the case
where M is even-dimensional, and both M and S are non-orientable, the
absence of a triple self-intersection is not a necessary condition.

Our second main theorem is the following.

Theorem 1.3. For every n > 1, there exist a closed 2n-dimensional non-
ortentable manifold M and image simple fold maps f and g: M — M to
the open Mdbius band M such that f and g are homotopic, but #|X(f)| Z
#[2(g)| (mod 2).

We also construct an explicit generic homotopy F' between f and g in
Theorem 1.3 such that the singular point set 3(F) is non-orientable, but
that it has no triple self-intersections. This again shows that condition (2)
above is necessary in general: however, condition (3) is not necessary in
general.

To summarize, let M be a closed manifold of dimension at least 2, and
S be a surface. Let F be a (generic) homotopy between two image simple
fold maps f and g: M — S. Suppose that the dimension of M is even.

o If S is orientable, then the parity is a homotopy invariant by [10] or
by Theorem 6.1.

e If S is non-orientable, then the parity is not a homotopy invariant
by Theorem 1.3.
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o If #|X(f)| # #I2(9)| (mod 2), then X(F) is non-orientable, but
F|s(r) may or may not have triple self-intersection points by [10]
and by Theorem 1.3.

Suppose that the dimension m of M is odd.

e The parity of the number of fold components is not a homotopy
invariant in general by [19] in the case m = 3 and by Theorem 1.2
in the case m > 3.

o If 3(F) is an orientable surface, then the parity is an invariant by
[10].

Furthermore, suppose that either M is a closed orientable manifold of
dimension 3 and S is orientable, or M is a closed manifold of odd dimension
m > 2 and S is R? or S2.

o If#|5(f)| # #[X(9)| (mod 2), then F|s(py has a triple self-intersec-
tion point by [10].

Note that the last statement does not hold in general without the assump-
tion on S according to Theorem 1.3.

The paper is organized as follows. In Section 2 we prepare some basic
notions necessary in the paper. In Section 3, for the reader’s convenience,
based on [5, 8, 10, 20], we summarize the moves for generic maps to-
gether with sufficient conditions for some of them to be allowable, which
will be used in later sections for constructing explicit homotopies. In Sec-
tion 4 we use open book decompositions as well as round fold maps of
odd-dimensional spheres to prove Theorem 1.2 producing a homotopic
modification g of f with #|X(g)] = #|2(f)| + 1 (mod 2). In Section 5
we give another proof of Theorem 1.2 along the argument in [19], using
allowable moves (or always-realizable moves) as listed in Section 3. In Sec-
tion 6, we first give a new proof of the homotopy invariance of the parity
of the number of connected components of the singular point set for image
simple fold maps from a closed even-dimensional manifold to an orientable
surface (see Theorem 6.1). Then, we prove Theorem 1.3 by constructing
an explicit example.

Throughout the paper, manifolds and maps between them are smooth
of class C'°° unless otherwise specified. The symbol “=” denotes an appro-
priate isomorphism between algebraic objects or a diffeomorphism between
manifolds.
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2 Preliminaries

Let M be a smooth closed manifold of dimension m > 2, and S a smooth
surface.

Definition 2.1. A singular point p of a smooth map f: M — S that can
be described by the normal form

(t7.’171,$2,...,.1‘m,1) = (va) = (tv_x%_"'_$22+x22+1+"'+w727171)

with respect to appropriate coordinates around p and f(p) is called a fold
singularity (or a fold), where the integer 4 is called the index with respect
to the (—Y')-direction (see Figure 2.1). When we choose the Y-coordinate
so that 0 < ¢ < |(m — 1)/2] holds, ¢ is called the absolute index. Note that
the absolute index of a fold is well-defined and does not depend on the
choice of local coordinates.

When ¢+ = 0 or m — 1, the singular point is called a definite fold.
Otherwise, it is called an indefinite fold.

A smooth map f: M — S that has only folds as its singularities is
called a fold map.

For a smooth map f: M — S, 3(f) denotes the set of singular points
of f.If f is a fold map and the source manifold M is closed (compact and
without boundary), then X(f) is a disjoint union of finitely many circles,
and f|s(y) is an immersion.

Definition 2.2. A singular point of a smooth map M — S that has the
normal form
(t1,t2, @1, T, ..., Tm—2)
= (XY) = (b 8+l —2f — o —af + i+ 2, )
for some 0 < i < (m — 2)/2 is called a cusp singularity (or a cusp). See
Figure 2.1.



On the number of components of folds of image simple fold maps 9

>

singular point set

fold cusp

Figure 2.1. Fold and cusp singularities for m = 2

Definition 2.3. A fold map f: M — S of a closed manifold into a surface
is said to be image simple if f[5r): X(f) — S is a topological embedding.
Since, for a fold map, the restriction to its singular point set is an immer-
sion, this is equivalent to requiring that f|ss) is a smooth embedding.

Let C. = {x € R? : ||z]| = r} denote the circle of radius r > 0
centered at the origin. We say that a set C' of embedded circles in R? is
a finite collection of s concentric circles if there is a diffeomorphism of R2
that takes the collection C' to the disjoint union of circles C1,Cs, ..., Cs. A
round fold map [11, 12, 13] of a closed manifold M is a fold map f: M — R?
whose restriction f|s () to the set of singular points is an embedding onto
a finite collection of concentric circles in R2. Note that a round fold map
is always image simple.

Let F' be a compact manifold of dimension k, and pu: ' — F a dif-
feomorphism which is the identity on the boundary OF. Then, we have a
fiber bundle

S'XF =[0,27] x F/~ — S,

where we define (2m,2) ~ (0, u(z)) for each = € F, and where the pro-
jection map is induced by the projection to the first factor [0,27] x F —
[0,27]. Note that the boundary of this bundle is a trivial fiber bundle
S x OF — S'. Then, the space M = S*xF/~ obtained from S'xF by
identifying St x {y} to a point for each y € OF has a natural structure of
a smooth closed (k 4 1)-dimensional manifold. Such a description of M is
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called an open book decomposition with monodromy u. Furthermore, the
submanifold {t}x F of M for each t € S! is called a page and the subman-
ifold (diffeomorphic to OF) obtained from S x F by the identification is
called the binding.

Suppose that there exists a smooth family fi: F — [0,00) of Morse
functions, ¢ € [0, 27], such that, for each ¢,

L] ft (3F) — 0,
o the critical values of f; are in (0, 00), and
o the critical values of f; are all distinct.

Furthermore, we assume that fo, = fo oy and hence that the family
{f:} induces a smooth map 3: S1XF — S! x [0,00) defined by S(t,x) =
(t, fi(x)). Then, the composition of 3 with the natural map S* x [0, 00) —
R? corresponding to the polar coordinates of R? defines a smooth map
M — R2. We see easily that the map thus constructed is a round fold
map. Furthermore, the indices of its fold points with respect to the inward
direction coincide with those of the corresponding critical points of the
Morse functions f;.

3 Generic homotopies of maps to a surface

Let C*° (M, N) denote the space of smooth maps of a manifold M into a
manifold N. It is endowed with the Whitney C*° topology. We say that
a map f: M — N is right-left equivalent to a map g: M — N if g =
® o foW ! for some diffeomorphisms ¥ of M and ® of N. The same
definition applies to map germs. A map f: M — N is said to be stable if
every map ¢ sufficiently close to f in C'*° topology is right-left equivalent
to f. A map germ of f: M — N is stable at a point p € M if for every
neighborhood U of p and every map g: M — N sufficiently close to f there
is a point p’ in U such that the map germ of g at p’ is right-left equivalent
to the map germ of f at p (for example, see [1]).

Let f: M — N be a smooth map. For a point p in M, we define
Y, (f) as the set of points in M at which the map germ of f is right-left
equivalent to the map germ of f at p. Now, suppose that all map germs of f
are stable. Then, Mather [14] proved that the sets 3,(f) are submanifolds
of M. For a finite family of subspaces {P;}{_, of a vector space, we say
that the spaces are in general position if for every sequence of integers
1<i; <ig <+ <i, <8, we have

codim (P;, NP, N---NP; ) =Y codim P,
k=1
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where “codim” denotes the codimension. Suppose that all map germs of f
are stable and for any finitely many points p1,ps,...,ps with s > 1 and
f(p1) = f(p2) = -+ = f(ps) = q, the subspaces d,, (T}, Xy, (f)) are in
general position in T, N. Then we say that f satisfies the Mather normal
crossing condition.

In a series of papers, Mather investigated stability of maps and proved
its equivalence to various other conditions. In particular, Mather proved [14]
that a proper map f is stable if and only if it satisfies the Mather nor-
mal crossing condition (for this particular interpretation of the Mather
result, and a new proof, see [16]). In the case of maps with fold and cusp
singularities the Mather normal crossing condition simply requires that
the images of submanifolds of fold and cusp singular points intersect (and
self-intersect) generically. In particular, image simple fold maps are always
stable.

To study homotopies of stable maps into surfaces, we work with generic
homotopies. For the definition and some properties of generic homotopies,
the reader is referred to [10]. In particular, the class of generic homotopies
is open and dense in the space of all homotopies (e.g., see [10, Lemma
4.1]), which means that an arbitrary homotopy between stable maps can
be approximated arbitrarily well by a generic homotopy. For this reason,
we may and will almost always assume that a homotopy between stable
maps is generic. Furthermore, under a generic homotopy, the image of
the singular point set is modified by isotopy as well as by finitely many
local modifications or moves listed in Theorem 3.1 below (e.g., see [10,
Theorem 4.2]). For a precise formulation of moves and their realizability
(or always-realizability), the reader is referred to [20, §3] as well.

Theorem 3.1. Under a generic homotopy between stable maps of a closed
manifold of dimension > 2 to a surface, the image of the singular point
set is modified by isotopy as well as

o type II fold crossings and their reverse moves,
o type III fold crossings,

o cusp-fold crossings and their reverse moves,

e birth-death moves,

e cusp merges and fold merges, and

e flip-unflip moves.

To discuss the realizability of the moves listed in Theorem 3.1, we need
a coorientation (or normal orientation) convention as follows. Suppose that
p is a fold singular point of f, (¢, z1,22,...,2Zm—1) are local coordinates



12 R. Sadykov and O. Saeki

around p, and (X,Y") are local coordinates around f(p) with respect to
which f is given by its normal form as in Definition 2.1. We choose the
coorientation of f(X(f)) at f(p) as indicated in Figure 3.1. We emphasize
that locally in the standard coordinate chart, the coorientation of the
image of the fold curve is chosen in the direction of —Y.

Figure 3.1. Coorientation convention at a fold singularity

Now we discuss the six local modifications listed in Theorem 3.1.

Type II fold crossing

The type II fold crossing increases the number of self-intersection points
of f(2(f)) by two, see Figure 3.2 from left to right. Suppose that the two
fold curves are of indices 7 and j as indicated in the figure. If i < j, then
the fold crossing move is always-realizable by a (generic) homotopy. The
inverse to the fold crossing is realizable if j < 1.

-
/TN

Figure 3.2. Type II fold crossing and its reverse move

Type III fold crossing

This move occurs at a triple self-intersection point of the images of three
arcs of fold singular points. Suppose that the three fold curves are of indices
1,7 and k as in the left of Figure 3.3. The move in the figure from left to
right is realizable if any of the following three conditions are satisfied (see
[5, Chapter IV, §2.2, Prop. 2]):
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e i+ k>m,
o max{i,k} > j, or
o i) =i9 =1i3 > 2.
The move from right to left is realizable if
e i+k<m-—2,
e min{i,k} < j, or

ci=j=k<m-3.

Figure 3.3. Type III fold crossing

Cusp-fold crossing

The cusp-fold crossing is shown in Figure 3.4, from left to right. This move
is realizable if ¢ > 0. The reverse move is realizable if (see [5, Chapter IV,
§3.3, Prop. 4])

e i4+75<m—2,o0r

. i<y

Birth move and death move

The birth move creates a new component of singular points. Such a move is
always-realizable, see Figure 3.5. Its reverse, i.e., the move that eliminates
a component is always-realizable in the case where one of the fold arcs is
of absolute index 0, see [5].
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Figure 3.4. Cusp-fold crossing and its reverse move

1+ 1

s

Figure 3.5. Birth move (from left to right) and death move (from right
to left)

Cusp merge and fold merge

The cusp merge, depicted in Figure 3.6, from left to right, is realizable
provided that the fiber over the point * is path connected. The fold merge,
which is depicted in Figure 3.6, from right to left, is not always-realizable.

Figure 3.6. Cusp merge (from left to right) and fold merge (from right
to left)

Flip and unflip

The flip move is depicted in Figure 3.7, from left to right. It is always-
realizable for ¢ < m — 1. The unflip is depicted in Figure 3.7, from right
to left. It is realizable if i = 0 or 2 < i < m — 2, see [8, Part I, Chapter V,
Proposition 1.4].
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Figure 3.7. Flip (from left to right) and unflip (from right to left)

4 A peculiar open book decomposition of the
sphere S%"t1

For n > 1, let P denote the total space of the disc bundle over S™ associated
with the tangent bundle T'S™ over S™. Specifically, we choose S™ to be the
standard unit Riemannian sphere in R™*!, and let P be the submanifold
of T'S™ consisting of points (x,v) with © € S™ and v € T, S™ such that the
length ||v|| of the vector v at x is at most 7. The projection of this disc
bundle is denoted by 7p: P — S™.

Example 4.1. In the case n = 1, the disc bundle P over S' is diffeomor-
phic to the cylinder St x [0, 27]. We will define a generalized Dehn twist
motivated by the standard example. The standard Dehn twist is a diffeo-
morphism of the cylinder that twists it fixing the boundary pointwise. In
coordinates it is given by (x,t) > (ze®,t).

We now define a generalized Dehn twist of P relative to the boundary
as follows. Suppose that ¢ is a self-diffeomorphism of P that is the identity
on the boundary. It takes a fiber D, = 7' () over a point € S™ to a
properly embedded disc ¢(D,) in P. Since ¢ preserves 0D, pointwise, the
projection 7p|,(p,) takes the boundary of the disc ¢ (D) to the point z,
and therefore the restriction mp o ¢|p, defines an element in 7, (S™) = Z.
We say that the self-diffeomorphism ¢ of P is a generalized Dehn twist if
it is the identity on the boundary, and the map mp o ¢|p, represents a
generator of the group m,(S™) & Z for every fiber D, of wp. (If we orient
S™ and the fibers of P consistently, then we say that ¢ is a generalized
positive Dehn twist if wp o p|p, represents 1 € m,(S™) = Z.)

To construct such a diffeomorphism ¢ explicitly, let v: P — P denote
the smooth map that takes a tangent vector v at a point z € S™ to the
point (¢(1),¢'(1)) € P, where ¢ is the unique geodesic R — S™ such that
£(0) = x, '(0) = v, and £'(t) € TyS™ denotes the velocity vector of £ at
t € R. We see easily that v is a diffeomorphism, since one can construct
its inverse by sending (z,v) to (£(—1),¢(—1)).
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Lemma 4.2. The diffeomorphism v: P — P is isotopic to the identity
through diffeomorphisms which may not fix the boundary pointwise.

Proof. For v € T,,S™ with |[v|| < 7 and ¢ € [0, 1], let v;(z,v) be the point
(e(t),0'(t)) € P, where £ is the unique geodesic as described above. We
see easily that this defines a well-defined smooth geodesic flow v;: P —
P, which will be often considered as an isotopy of P, in the following
argument. By an argument similar to the above, we see that this defines a
smooth 1-parameter family of diffeomorphisms. Furthermore, we see that
o is the identify of P and that vy; = -y. This completes the proof. O

Now, we define the diffeomorphism ¢ by ¢ = 7 oy, where 7 is the
involution that takes a tangent vector v at € S C R™*! to the tangent
vector —v at —x. Here, we are identifying the tangent space T,S™ with
{v € R : z.v = 0}, where “-” denotes the usual Euclidean inner
product. It immediately follows that the diffeomorphism ¢ is the identity
on the boundary of P, and that mp o ¢|p, represents a generator of the
group 7, (S™) & Z for every fiber D, of 7p.

We also construct a Morse function f: P — [—1,2] with exactly two
critical points p and ¢ of indices 0 and n, respectively, such that f(p) = —1,
f(g) = 1 and f(OP) = 2. Namely, let £: S™ — [—1,1] be a standard
Morse function on S™ with two critical points p and ¢ of indices 0 and n,
respectively, and 1 a Morse-Bott function on P that assigns to each vector
v the square ||v||? of its length. Then f = £ omp + (2 — Eomp) - n/7w? is
a desired Morse function on P. Note that the critical points p and ¢ € P
of f are points in the zero section S™ of P. The closure of the descending
disc of the critical point ¢ coincides with the zero section S™ of P, while
the ascending disc of ¢ is the fiber D, = 71'131((]), provided that we choose
the gradient-like vector field of f appropriately.

Let DP = Pr U Pr, denote the (untwisted) double of the manifold P,
formed from the disjoint union of Pr and P, by identifying their bound-
aries by the identity map. Then, ¢~!(D,) in Pr together with D, in P,
form a sphere Si. A copy of D, in Pr and a copy of D, in P;, also form a
sphere Ss.

Lemma 4.3. The sphere Sy is isotopic, in DP, to a sphere that intersects
Sy transversely at a unique point.

Proof. The sphere Sy is isotopic to the sphere S| which is the union of a
copy of ™! (Dp) in Pg and a copy of D, in Pr, since D, and D, are isotopic
through fibers. Then, we see that Sf NSy consists of ¢~1(D,) N D, in Pg,
since D, and D, are disjoint in Pp. Since ¢ = 7o~ and 771(D,) = D,,
we have only to show that D, and v(D,) intersect transversely at (g,0),
the point of the zero section on the fiber D,. This is obvious by the very
definition of . This completes the proof. O
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Let X denote the closed manifold of dimension 2n + 1 with an open
book decomposition given by the page P and monodromy . We will give
the description of X as in [9]. The manifold X can be constructed from
[0,27] x P by performing a “vertical” identification V' and a “horizontal”
identification H, where

o V identifies (27, x) with (0, ¢(z)) for every z € P, and
o H identifies (t,y) with (s,y) for every y € OP and all ¢, s € [0, 27].

Let Xy and X_ denote the subspaces of X consisting of the equivalence
classes of points in [0,7] X P and [, 27] x P, respectively. Then X is
the union of X and X_. The interiors of X} and X_ are disjoint, while
the boundaries 0X, and 0X_ are diffeomorphic to the double DP of
the manifold P. We write 0X4 = P}% U PLi, where Pf{ C X, stands
for {0} x P, P} and P; stand for {r} x P, and Py stands for {27} x P.
Thus, the manifold X is obtained from the disjoint union of X and X_ by
identifying PZF with P, by means of the identity map, and by identifying
Pp with P} by means of ¢: Py — Pt (see Figure 4.1).

X X,

Figure 4.1. Open book decomposition of X

The page P has a handle decomposition that consists of a handle of
index 0, and a handle A™ of index n. Therefore, the manifold X admits
a handle decomposition with a handle of index 0, a handle of index n, a
handle of index n+1 and a handle of index 2n+1. Indeed, the manifold X _
admits a handle decomposition with a handle of index 0 and a handle of
index n, while X admits a handle decomposition with a handle of index
n+ 1 and a handle of index 2n + 1. Thus, the manifold X admits a handle
decomposition as described.

The attaching sphere of the (n + 1)-handle in X is the union of the
cocore disc coc(h™)r, of the n-handle A" in P, = P and the copy of its
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image ¢~ !(coc(h™)g) in P = P. By Lemma 4.3, the attaching sphere
coc(h™) L Up~t(coc(h™)R) of the (n+1)-handle in X is isotopic to a sphere
that intersects the belt sphere coc(h™)g U coc(h™)y, of the n-handle in X
at a unique point transversely, and therefore the n-handle and the (n+ 1)-
handle in X are canceling. We conclude that the manifold X is obtained
by gluing two smooth (2n+ 1)-dimensional discs. Therefore, X is a smooth
manifold 32"+ homotopy equivalent to a sphere. In particular, for n =
1,2, X is diffeomorphic to the standard sphere S?"+1,

We claim that the monodromy ¢ can be modified, if necessary, in a
neighborhood U of a point, say zg € Int P = Int Py, so that the resulting
manifold X is diffeomorphic to the standard (2n+1)-sphere, provided that
n > 3. Furthermore, we may choose U such that its closure is contained in
Py \ @, where @ is the union of the zero section S™ of Py and ¢~ !(D,).
Indeed, assume that X is an exotic sphere X227+, It is obtained by gluing
two discs D*"*! and D" by means of a diffeomorphism ¢: S2" — §?".
By modifying ¢ by isotopy if necessary, we may assume that ¢ is the
identity map except on a small disc neighborhood B?" of a point. Let
¢p: B*™ — B?" be the restriction of ¢ to B?". Let us embed B2" to a
small neighborhood U of a point x¢ in the interior of P such that the
closure of U is contained in Py \ Q. Then, by modifying ¢: P; — Pj on
B?" using ¢5', we get a manifold diffcomorphic to Xf(—X2"+1) = §2n+1,
where —Y2"*1 is the manifold ¥27*! with the orientation reversed (see [4]).

Recall that P admits a Morse function f with a unique critical point
p of index 0 and a unique critical point ¢ of index n. Now, we construct a
smooth family of functions on P:

ftZP—>R

parametrized by t € [0, 2x] such that fo = f, for = fo ¢, fi is a Morse
function with a unique critical point of index 0 with value —1, a unique
critical point of index n with value 1, and f,(0P) = 2 for all ¢ € [0, 27].
To this end we will construct an ambient isotopy g; of P parametrized by
t € [0,27] such that f; = f o g; is a desired family of Morse functions.

To construct an ambient isotopy ¢;, we first consider an isotopy para-
metrized by ¢ € [0,7] of the ascending disc ¢~ (D,) = v~ 1(r71(Dy)) of
f o ¢ to the ascending disc D, of f. Such an isotopy can be constructed
by using the ambient isotopy ¢, t € [0, 1], followed by an isotopy taking
77H(Dy) to Dy, where v, t € [0, 1], is the ambient isotopy of P constructed
in the proof of Lemma 4.2. Furthermore, we may choose an ambient isotopy
¢ of P that takes 7=1(D,) to D, so that it consists of diffeomorphisms
of P induced by rotations of S™ about any axis perpendicular to the line
pq passing through p and ¢ in R”*!. Here, note that when n is even, the
isotopy thus constructed reverses the orientations of ¢ ~1(D,) and D,.



On the number of components of folds of image simple fold maps 19

Finally, we can modify the isotopies y; and 7 slightly so that their
concatenation defines a smooth ambient isotopy g; of P parametrized by
t e 0,7

Note that the Morse function f o ¢: P — [—1,2] has critical points ¢
and p of indices 0 and n, respectively. Then, we have f o g, = f o ¢ over
the ascending disc ¢~!(D,) of p as well as the closure of the descending
disc S™ of p. Indeed, since y; and 7; preserve the lengths of the vectors in
P, we conclude that f o g, = f o over ¢~!(D,). On the other hand, v
is the identity on S™, while T takes every level set of f|gn to a level set.
Therefore, we have fog, = fop on S™. Note that we have g.(Q) = ¢p(Q)
even though g, may not be isotopic to ¢ on Q.

We observe that P\ @ is diffeomorphic to (0P \ ¢=1(8D,)) x (—1,2]
under the diffeomorphism that takes a point € P\ @ to the pair (y, f o
gr()), where y is the unique point on 9P \ ¢~1(8D,) that lies on the
gradient curve of f o g, passing through x. There is an isotopy g; of P\ Q
parametrized by t € [m, 2] that takes a point 2 with coordinates (y, f o
gr(x)) to the point with coordinates (y, f o p(x)). Such an isotopy extends
over @, since f o g, = f oy over (), and we can also modify the two
isotopies g; for ¢t € [0, 7] and t € 7, 27] to produce a smooth isotopy of P
parametrized by t € [0, 27].

By replacing f; by f; — 2, we arrange the Morse functions f; so that
f:(OP) =0, t € [0,27]. Define the map

[0,27] x P — R?

by p(t,x) = —fi(x) and 6(t,x) = t, where (0, p) are the polar coordi-
nates on R?. The map thus constructed defines a well-defined smooth map
fx: X — R2. This is an image simple round fold map with a unique fold
circle of index 2n, and a unique fold circle of index n with respect to the
inward direction (see Section 2).

Now, let f: M — S be an arbitrary image simple fold map into a
(possibly non-orientable) surface S. We first consider the disjoint union
fUfx: MUX — S, where fx(X) is contained in a small 2-disc in f(M)\
F(Z(f)). We apply the birth move (see Figure 3.5) to create a wrinkle
consisting of two cusps together with fold arcs of absolute indices 0 and 1
in such a way that the image sits just next to fx(X(fx)). (For this and
the following, see Figure 4.2. The integers attached to some curves indicate
the corresponding indices of the relevant folds with respect to the normal
directions indicated by arrows, see Section 3). Then, we construct an image
simple fold map M#X = M — S by the connected sum operation along
definite folds, as described in [17, Lemma 5.4], in such a way that the
image of the singular point set is as depicted in the upper right figure of
Figure 4.2. Note that the fold index n does not change even if we change
the normal direction, since the dimension of the source manifold is equal



20 R. Sadykov and O. Saeki

to 2n + 1. We apply the reverse move of type II crossing twice so that the
image of the fold circle of index n gets out of the wrinkle. This is possible
as long asn < 2n—1, i.e. n > 2 (see Figure 3.2). Finally, we can eliminate
the wrinkle, which is possible, since one of the fold arcs has absolute index
0 (see Figure 3.5).

connected

‘271 birth ‘ sum
2n —1 2n

reverse move of
type 11

n  death : n crossmg

2n —1 2n —1

type 11
crossing

Figure 4.2. Sequence of the singular point set images

The resulting fold map g: M — S is image simple and we have #|%(g)|

= #[Z(f)+ L.
This completes the proof of Theorem 1.2 for n > 2.

Remark 4.4. (1) We do not know if a similar argument works for n = 1.
We will give another argument to cover this case in Section 5. On the
other hand, if we merge the two cusp points in the upper right figure of
Figure 4.2 using a path whose image is embedded in the left hand side of
the wrinkle, we get an image simple fold map h: M — S homotopic to f
such that #|X(h)| = #|X(f)| + 3. This proves Theorem 1.2 for the case of
n=1.

(2) We see easily that f and g are homotopic as continuous maps.
However, we do not know how to construct an explicit homotopy between
f and g thus constructed.

5 Allowable moves approach

Let us give another proof to Theorem 1.2 by an approach similar to that
n [19]. For the moves that we use in this section, the reader is referred to
Section 3.

Suppose n > 2. Let f: M — S be an arbitrary image simple fold map
of a closed (2n 4 1)-dimensional manifold into a (possibly non-orientable)
surface S. We consider a small 2-disc A contained in f(M)\ f(Z(f)), and
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we modify the map f on a connected component of f~1(A), following
the procedure as described in Figure 5.1. These figures depict the singular
value sets of generic maps inside A. The integers attached to some curves
indicate the corresponding indices of the relevant folds with respect to
the normal directions indicated by arrows. The lower left figure depicts
the singular value set inside the 2-disc A, i.e. the empty set. Then, we
create three wrinkles, using the birth move three times (see Figure 3.5).
Then, by three flip moves, we turn the wrinkles into three bow ties with
involved folds of indices n — 1, n and n + 1 (see Figure 3.7). Note that the
index n — 1 turns into n + 1 if we reverse the normal direction. Then, by
three cusp merges we merge the three bow ties as in the upper right figure
(see Figure 3.6). This is possible, since we are modifying the maps only
on a connected component of f~(A) so that the relevant fibers over the
points on the paths between the images of the cusps that are merged are
connected. As the three fold curves all have indices n > 2, we can perform
the type III crossing as in the lower right figure (see Figure 3.3). Finally,
we need to perform three unflips. This is possible, since the involved folds
are of indices n and n + 1 with 2 <n < 2n — 1 (see Figure 3.7).

e R F

merges

type 111
3 births @crossing

A O 3 untlips

Figure 5.1. Sequence of moves

The above argument may not work directly for n = 1. However, as
noted in [19], by merging the three pairs of cusps with appropriate “twists”,
we can guarantee that the type III crossing can be applied.

This completes the proof of Theorem 1.2.
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This approach allows us to determine the singular point set of the
constructed homotopy as follows. As we perform three births, we have
three 2-discs as the singular point set in the first three steps. In the fourth
step, we merge the 2-discs by three bands in such a way that the resulting
compact surface has exactly one boundary circle whose image is depicted
in the upper right figure of Figure 5.1. Therefore, the singular point set
for the first four steps must be a Mobius band. The rest of the homotopy
does not change the topological type of the singular point set component.
Therefore, the resulting singular point set of the (generic) homotopy is a
Mobius band, except for the cylinder part corresponding to the fold circles
of the original image simple fold map f.

So, the singular point set of the entire (generic) homotopy F: M X
[0,1] = S x [0, 1] is diffeomorphic to the disjoint union of #|X(f)| copies
of the cylinder together with a M&bius band. Note also that F[x(ry has a
triple self-intersection point.

This is consistent with the results obtained in [10] when the target
surface S is orientable and M is a closed orientable manifold of dimension
3,or S = R? or S? and M is a closed orientable manifold of odd dimension
m with m > 2.

Note that in Theorem 1.2, the target surface .S is possibly non-orientable
so that we do not know if for every homotopy F as in Theorem 1.2, F[s5p)
has a triple self-intersection point.

Remark 5.1. Let us give a short remark concerning the first Takase
problem formulated in [18, Problem 3.2] mentioned in Section 1. The map
f: 8% — R? constructed in [19] does not give a direct negative answer
to the problem. However, if we use the procedure as described above, we
get a counter example for every element n of m3(S?) = Z, since the newly
created fold circle is indefinite. Therefore, the number modulo two of fold
components of such image simple fold maps without definite fold points is
not a homotopy invariant in general.

6 Even dimensional case

The following has been obtained in [10, Theorem 1.1] by using cumulative
winding number in %Z. Here, we give another proof, which seems to be
more elementary in nature.

Theorem 6.1. Let M be an even-dimensional closed manifold of dimen-
sion m > 2 and S a connected orientable surface. Then, for image simple
fold maps f: M — S, the parity of the number of connected components
#|2(f)| of the singular point set is a homotopy invariant of f.
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Proof. Consider an image simple fold map f: M — S. Then, f(X(f)) is
a finite disjoint union of embedded closed curves in S, and we denote by
Ri, Ry, ..., R, the connected components of S\ f(X(f)). We also denote by
X: € Z the Euler characteristic of the fiber over a point in R;, i = 1,2,...,s
When R; is not contained in the image of f, we set x; = 0. Note that the
regular fibers of f are of even dimension m — 2 and that the parity of
their Euler characteristics is a homotopy invariant of f. We denote it by
Xf €EZLJ2Z. Setry =0 € Z/4Z if xy = 0 and set ry = 1 € Z/4Z otherwise.

Let us consider a point in S crossing a component of f(3(f)). Then
the Euler characteristic of the corresponding fiber always changes by +2.
Let Ry (vesp. Ry) be the union of R;’s such that x; = r; (mod 4) (resp.
xi =77 +2 (mod 4)). Note that S\ f(X(f)) is the disjoint union RoU R;.

First suppose that S is a closed connected orientable surface. Then, we
have

x(M)

> xix(R
i=1

rix(Ro) + (r +2)x(R1) (mod 4)
rix(Ro) + (ry +2)(x(S) = x(Ro)  (mod 4)
2x(Ro) + (ry +2)x(S) (mod 4).

As the closure of Ry is a compact orientable surface with boundary f(3(f)
we see that 2x(Ro) = 2#[X(f)| (mod 4). Since (M) and (r; + 2)x(S
(mod 4) are homotopy invariants of f, we see that the parity of #|%(f)]
is a homotopy invariant of f.

);
)

In the general case where S may not be closed, for two homotopic image
simple fold maps f and g: M — S, we consider an appropriate compact
sub—surfaceAS' of S that contains the image of the homotopy between f
and g. Let S be the closed orientable surface obtained by attaching 2-discs
to the boundary circles of S. Then, for image simple fold maps f and
g: M — S, the above argument implies that #|3(f)| = #|2(¢g)| (mod 2).

This completes the proof. O

As a corollary to the above proof, we have the following.

Corollary 6.2. Let M be an even-dimensional closed manifold of dimen-
stion m > 2 and S a connected orientable surface. Suppose that M admits
an image simple fold map f: M — S. Then x(M) is even. If S is not
closed, then we have

#1501 =200 (mod 2).
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If S is closed, then x(S) is also even, and we have

7)((;\4) + Xf@ (mod 2),

#12(f)]

where x; = 0 € Z/27Z if the regular fibers of f have even Euler character-
istics, and x5 =1 € Z/2Z otherwise.

Remark 6.3. In the case of an image simple fold map f of a closed
orientable surface M to R2, the components of X(f) can be signed so
that the algebraic number of components of ¥(f) is equal to x(M)/2.
Specifically, every component of f(X(f)) bounds a region (actually, a 2-
disc) in R2. Given a component v of f(3(f)), if the number of points in
the preimage of a point in R? near + in the bounded region is greater
than that of a nearby point in the unbounded region, then we say that ~ is
positive; otherwise it is negative. Suppose X( f) has n negative components
and p positive components. We can perform surgeries of index 2 along
the n negative components; in other words, for each such component, we
remove an annular neighborhood of the corresponding singular point set
component in M, and attach two 2-discs on which we consider the natural
embedding into R2. In this way, we can construct an image simple fold
map of the resulting surface M’ with p positive components. Then M’ is
a disjoint union of p copies of the 2-sphere, and the Euler characteristic of
M’ is equal to 2p = x(M)+2n. Thus, for the map f, the algebraic number
of fold components is precisely equal to x(M)/2.

Let us now show that even if we allow g not to be image simple, there
exists no fold map g: S? — R? with #|3(g)| even (see Example 1.1).
Let f: M — R? be a fold map of a closed orientable surface M to the
plane. Then, X(f) splits M into compact orientable (possibly discon-
nected) surfaces My and M_ with boundary, where f|n, (or flar_) is
orientation preserving (resp. reversing). By [6], their Euler characteristics
coincide. Since x(M4) + x(M_) = x(M) and x(M) is even, we see that
X(My) = x(M-) = x(M)/2. Now, we have OM; = OM_ = X(f) and the
number of boundary components of M, (or M_) has the same parity as
X(M;) (resp. x(M_)), since they are orientable. Therefore, #|X(f)| has
the same parity as x(M)/2, even if f may not be image simple.

In the case where the target surface is non-orientable, Theorem 6.1
does not hold in general. Let us construct an explicit example as follows.

Example 6.4. Let w and z: S' — R be two Morse functions such that
(refer to Figure 6.1)

e w has exactly two critical points a; and as of indices 0 and 1, re-
spectively, with w(a;) = —1 and w(ag) =1,
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e 2 has exactly four critical points b1, b, b3 and by of indices 0,0, 1
and 1, respectively, with z(by) = —1, z(b2) = —1/2, 2(b3) = 1/2 and
Z(b4) = ]-7

o there exists an orientation reversing involution o: S — S* such that
woo =—w, o(a;) = ag and o(az) = aq,

« there exists an orientation reversing involution 7: S' — S such that
ZOT = —Z, T(bl) = b47 T(bg) = b3, T(bd) = b2 and T(b4) = bl.

2 B
J R gt by
St oap i 1
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 1 \
2 1/2
w .
o —> T ,
—1/2
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, . /
-1
by

Figure 6.1. Two Morse functions on S!

Then, w induces a fold map
idjp,1) x w: [0,1] x ST — [0,1] X R,
which further induces a fold map
b =idg1 xw: S1x St — STXR,
1], S*x St is obtained

) for each z € S, and
t) with (1, —t) for each

where idjg 1) is the identity map of the interval [0
from [0, 1] x S! by identifying (1,z) with (0,0(z)
S1XR is obtained from [0,1] x R by 1dent1fy1ng (0,
t € R. Similarly, we get a fold map

Z =idg1xz: S'xST — STXR.

We see that @ and Z are image simple fold maps from the Klein bottle
to the open Mobius band M and that #|3(w)| = 1, while #|X(2)| = 2.
On the other hand, since w and z are null-homotopic, we see that w and
z are homotopic. Hence, the parity of the number of singular point set
components is not a homotopy invariant for the image simple fold maps w
and Z.
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The above construction can be generalized to produce functions w and
z: 821 5 R, n > 1, that lead to image simple fold maps @ = idg1 xw
and Z = idg: xz of the 2n-dimensional Klein bottle S*%.52"~! into the
open Mébius band M = S xR such that @ has a single fold component,
while Z has two fold components, as follows.

The function w is the standard height function on the unit sphere
S§2n—1 c R?”, where n > 1, i.e., w is the restriction of the last coordinate
function zs, in R?" to S?"~!. Let o: S?"! — S§2"~! be the orientation
reversing involution defined by the reflection with respect to the coordinate
hyperplane x5, = 0. Note that w oo = —w.

To define the function z, let us observe that S2*~! can be obtained
from the disjoint union of two solid tori S”"~! x D™ and D™ x S"~! by
identifying their boundaries via the identity map:

D(S" 1 x D) = S x gnoL AD gnl s gnel = gD x S,
Here, in order to get S?"~! which is oriented, we need to orient S"~! x D"
and D" x 8™ ! in such a way that the identity map as above should be
orientation reversing.

Since the solid torus S™~! x D™ is a union of a 0-handle and an (n —
1)-handle, this description yields a handle decomposition of S?"~1 that
consists of four handles of indices 0, n — 1, n and 2n respectively. In turn,
such a handle decomposition gives rise to an associated Morse function z
on S?"~1, There is an involution 7 on $2"~! that swaps the two solid tori
S~ x D™ and D™ x S"~!. By the above remark, T should be orientation
reversing. Furthermore, we can choose z so that zo7 = —z. Then, the rest
of the argument is parallel to the above argument.

This proves Theorem 1.3.

We can construct a generic homotopy between the image simple fold
maps w and Z: S1xS?"~1 — M as follows. We first apply the birth move
(see [20, Figure 5]) to @ in such a way that we have a wrinkle consisting
of two cusps together with fold arcs of indices n — 1 and n near the center
circle of M, i.e., inside the region R bounded by M\ w(X(w)). Note that if
we reverse the normal direction, the indices turn to n and n — 1. Then, we
merge the two cusps using a path connecting them in the source manifold
whose image is embedded in R. This is possible for n > 1, since the fibers
over the points in R are connected. For n = 1, the fibers are not connected:
however, we can use a similar cusp elimination technique as in [15]. Then,
we get an image simple fold map equivalent to Z. The singular point set of
the (generic) homotopy thus constructed is the disjoint union of a M&bius
band and a cylinder, and it has no triple self-intersections.
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