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Abstract. This article offers an introductory overview of the different
ways in which graphs have been used to describe and classify maps be-
tween manifolds. We recall basic notions about graphs and stable maps,
review examples arising from plane curves and Reeb graphs, and discuss
graph structures associated with stable maps between surfaces and with
the stable Gauss map, where vertex weights encode global topological in-
formation. We also outline the use of weighted graphs in the study of
maps from closed 3-manifolds into R3, and conclude with a brief summary
of edge-pairings of regular polygons and related constructive techniques.
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1 Introduction
In [71], in the early 1990s, Vassiliev introduced a method for determining
topological invariants of isotopy classes in spaces of knot maps into R3.
This technique was applied to the study of plane curves by Arnol’d in [2],
to the local study of surface maps into 3-space by Goryunov in [17], and to
the study of maps between surfaces by Ohmoto and Aicardi in [53]. These
studies rely on the behavior of the image of the map, where in some cases
two identical images may be non-equivalent, having different complements
of the singular set.

Aiming to contribute to the use of Vassiliev invariants in the classi-
fication of stable maps between surfaces, [30] introduced graphs associ-
ated with stable maps from closed, oriented surfaces into the plane. These
graphs have become a central tool in the classification of maps between
low-dimensional manifolds, being later extended to maps between closed
surfaces, to Gauss maps of closed, oriented surfaces immersed in 3-space,
and to maps from closed 3-manifolds into 3-space.

In this work, without intending to provide an in-depth study, we aim
to present an introductory overview of the different ways in which graphs
have been related to maps between two manifolds. The paper is organized
as follows: In Section 2, we briefly recall some basic concepts about graphs
and stable maps between manifolds. In Section 3, we present examples of
graphs of plane curves, in the sense of Arnol’d, and Reeb graphs associated
with height functions. In Section 4, we discuss graphs associated with
stable maps between surfaces and the stable Gauss map, where graphs
with weights on the vertices provide a global description of the topology
of the domain surface.

In Section 5, We present a summary of edge pairings of regular poly-
gons [13], together with some techniques introduced in [12, 38, 39] for
constructing such edge-pairings, which may be related to error-correcting
codes (see [1, 16, 57, 68]).

Finally, in Section 6, we offer a brief introduction to the study of maps
from 3-manifolds into R3, where graphs with weights on the vertices and
edges provide a global description of the topology of both the singular and
regular regions of the domain.

2 Basic concepts
In this section, we recall the basic notions and terminology of graph theory
that will be used throughout the paper, providing the foundational con-
cepts needed to understand the constructions and applications presented
in the subsequent sections. We then proceed with a brief review of the
fundamental concepts of stable maps between manifolds.
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2.1 Betti numbers
Let M be a compact, connected, and orientable k-dimensional manifold
with boundary ∂M . The singular homology groups Hn(M ;R) with co-
efficients in a field R (such as Q or R) are topological invariants that
measure the presence of n-dimensional “holes’’ in M ([23]). Since each
Hn(M ;R) is a vector space, the n-th Betti number of M is defined by
βn(M) = dimRHn(M ;R). The following classical properties hold for M :
i) β0 is the number of connected components of M ; ii) β1 counts the inde-
pendent classes of loops that are nontrivial in homology; iii) β2 measures
the independent classes of closed surfaces contained in M ; iv) if M is a
closed n-manifold, Poincaré duality implies βk = βn−k.

Note that, in the particular case of a 3-manifold with boundary, the
second Betti number β2(M) measures the presence of essential closed sur-
faces that are not boundaries of 3-dimensional submanifolds inside M . We
denote the interval [0, 1] in the real line by I.

Example 2.1. Let M = S2 × I be a manifold with boundary. Since I
is contractible and H2(S2) ∼= Z, the Künneth theorem (or the homotopy
equivalence S2×I ' S2) impliesH2(S2×I) ∼= H2(S2) ∼= Z. Thus β2(S2×I) =
1, and the generating class is represented by any slice S2 × {t} with t ∈ I.

2.2 Graphs
Graphs play a fundamental role in mathematics as combinatorial struc-
tures that encode relations and patterns of connectivity among discrete
elements [8, 73].

A graph G is a pair (V,E) where V is a finite set of vertices and
E ⊆ {{u, v} | u, v ∈ V, u 6= v} is a set of edges connecting pairs of vertices.

Definition 2.2. A path in K is a sequence of edges connecting a sequence
of distinct vertices. A graph is said to be connected if there exists a path
between any two vertices.

A cycle is a closed path in which all vertices (except the first and last)
are distinct.

The number of cycles in a graph is given by β1(G) = 1− |V |+ |E| (the
first Betti number of the graph), where |V | and |E| denote, respectively,
the number of vertices and the number of edges of the graph. A graph
without cycles (β1 = 0) will be called a tree.

The presence of cycles in a graph is measured by its first Betti number
β1, which counts the number of independent cycles and quantifies the
deviation of the graph from being a tree.

In Section 4, we will see that these graphs can be associated with stable
maps between oriented surfaces, as well as with stable Gauss maps.
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A central topological invariant associated with graphs is the Euler
characteristic, which relates the number of vertices, edges. For a finite
connected graph G = (V,E), it is defined as

χ(G) = |V | − |E| = 1− β1(G).

The Euler characteristic provides a combinatorial measure of a graph’s
structure and establishes a connection between graph theory and algebraic
topology [28, 50].

Definition 2.3. Two graphs G1 = (V1, E1) and G2 = (V2, E2) are said to
be isomorphic if there exists a bijection f : V1 −→ V2 such that for any
pair of vertices u, v ∈ V1,

{u, v} ∈ E1 ⇐⇒ {f(u), f(v)} ∈ E2.

The bijection f is called an isomorphism between G1 and G2. Intuitively,
G1 and G2 have the same structure up to a relabeling of their vertices.

These combinatorial and topological concepts provide the foundation
for maps between manifolds, such as Reeb graphs, graphs associated with
smooth maps between surfaces, and graphs arising in the study of 3-
manifolds. These topics will be briefly discussed in the following sections.

Definition 2.4. The degree of a vertex v in a graph is the number of
edges incident to it.

A vertex v is said to be extremal if v has degree one.
If all vertices have degree k, then the graph is said to be k-regular.

Definition 2.5. A bipartite graph is a graph whose vertex set V can be
partitioned into two disjoint subsets V + and V − such that every edge joins
a vertex in V + to a vertex in V −. Equivalently, no two vertices within the
same subset are adjacent [19].

Every tree is a bipartite graph.

Definition 2.6. A bipartite graph G(V,E), with V = V + ∪ V −, is said
to be positive if all its extremal vertices belong to V +.

G is called 2-negative if all vertices in V − have degree two.

Lemma 2.7 ([47]). A bipartite graph G(V,E) is 2-negative if and only if
it is positive and E = 2|V −|.

Proof. All extremal vertices of a 2-negative bipartite graph are positive by
definition. We will prove that any 2-negative bipartite graph satisfies the
identity E = 2|V −| by induction on the number k of negative vertices.
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If k = 1, the 2-negative bipartite graph has two possible configurations:
one with two extremal positive vertices and another with a single positive
vertex of degree two. In both cases, we have E = 2, which establishes the
base case.

Now assume that the statement holds for any 2-negative bipartite graph
with k negative vertices, and let G be a 2-negative bipartite graph with
k + 1 negative vertices. By removing one negative vertex together with
its two incident edges, we obtain a 2-negative bipartite graph G′ with k
negative vertices, for which E(G′) = 2k.

To construct a 2-negative bipartite graph with (k+1) negative vertices,
we must add two edges corresponding to the new negative vertex; therefore,
E(G) = 2k+2. Conversely, a positive bipartite graph satisfying E = 2|V −|
is 2-negative, since none of its negative vertices has degree 1.

We observe that only one of the above conditions, i.e. to be positive or
E = 2|V −| does not guarantee a 2-negative graph.

Theorem 2.8 ([47]). A connected bipartite graph G(V,E) is 2-negative
if and only if it is positive and |V +| − |V −| = 1 − β1(G), where β1(G)
denotes the first Betti number of G(V,E).

Proof. For a connected graph G = (V,E), the Betti number is given by

β1(G) = |E| − |V |+ 1.

Applying Lemma 2.7, we obtain that a connected bipartite graph is 2-
negative if and only if it is positive and |V +| − |V −| = 1− β1(G).

2.3 Stable maps between manifolds
Let us denote by C∞(M,N) the space of all smooth maps between man-
ifolds M and N (with the C∞-topology of Whitney [15, 74]). Two maps
f, g ∈ C∞(M,N) are said to be A-equivalent if there exist diffeomorphisms
ϕ :M →M and ψ : N → N such that g = ψ ◦ f ◦ ϕ−1.

Moreover, f and g are said to be isotopic if both diffeomorphisms ψ
and ϕ are isotopic to the identity.

Definition 2.9. A map f ∈ C∞(M,N) is said to be stable if all maps
sufficiently close to f , with respect to the Whitney C∞-topology (see [15]),
are equivalent to f .

The set of all stable maps, denoted by E∞(M,N), is open and dense
in C∞(M,N). A point p ∈M is said to be non-singular if f is an immer-
sion in a neighborhood of p; otherwise, p is a singular point. The stable



36 C. Mendes de Jesus

maps form a subset of codimension zero in the space C∞(M,N), while the
discriminant set

∆ = C∞(M,N) \ E∞(M,N)

consists of non-stable maps of codimension greater than or equal to one.
In [29], Mather emphasizes the central role of stable mappings in sin-

gularity theory and motivates the development of methods for proving
stability. He also studies in detail the spaces of smooth mappings endowed
with the Whitney topology. In the sense of Mather (see [15, 70, 75]), the
stable maps preserve the invariants associated with the singular set and
the bifurcation set under small perturbations, allowing a classification of
their local singularities. The singular set admits a Whitney stratification
whose strata are smooth submanifolds. If M and N have the same dimen-
sion n, the principal stratum of the singular set is a smooth submanifold of
dimension n− 1, corresponding to fold-type singularities, while the strata
associated with more degenerate singularities (such as cusps) have strictly
smaller dimension.

If dimM > dimN , the singular set of a generic stable map has posi-
tive codimension in M and admits a Whitney stratification by Morin-type
singularities (see [4, 29, 49, 61]). The principal stratum consists of fold
points and is a smooth submanifold of dimension dimM − 1. Higher-order
singularities, such as cusps and swallowtails, occur along strata of strictly
lower dimension and higher codimension within the singular set.

In the particular case where dimM = 3 and N is the plane, the singular
set of a stable map is generically a compact 1–dimensional submanifold
of M , whose image is a planar graph with cusp points as vertices. The
regular fibers are homeomorphic to circles or finite unions of circles, and the
map admits a natural factorization obtained by collapsing each connected
component of a fiber to a point. The resulting quotient space, known as the
Reeb space, is a finite graph that encodes essential topological information
about the map and serves as a powerful combinatorial invariant (see [61,
62]).

Our main goal is to focus on the case where dimM = dimN . As
examples of maps between manifolds of different dimensions, we briefly
discuss plane curves and the height function on closed surfaces.

Consider a homotopy

F :M × [a, b] −→ N, (x, t) 7−→ F (x, t) = Ft(x),

between two stable maps f, h : M −→ N in E(M,N). As t varies in the
interval [a, b], the bifurcation set of Fa = f is deformed into the bifurcation
set of Fb = h. It may happen that for some t0 ∈ [a, b] the map Ft0 lies in
∆. In other words, if f and h are not A-equivalent, then there exists at
least one t0 ∈ [a, b] such that Ft0 ∈ ∆.
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The homotopy classes in C∞(M,N) are path-connected; therefore,
there exists a path in C∞(M,N) connecting two maps in different con-
nected components of each homotopy class that crosses ∆, passing only
through maps of codimension 1, which represent generic transitions across
the discriminant ∆. To verify whether δ is a Vassiliev-type invariant (see
[71]), it is necessary to check that δ vanishes along any closed path in the
space of smooth maps that crosses only strata corresponding to codimen-
sion 1 transitions and encircles strata of codimension greater than or equal
to 2 in ∆.

In the study of graphs associated with stable maps, the codimension 1
strata that play a central role are those corresponding to transitions that
primarily alter the number of connected components of the singular set.
Such transitions may induce modifications in the associated graph, includ-
ing changes in the number of edges, the number of vertices, or the assigned
weights on vertices and edges.

We denote by Σf the singular set of f : M → N , and byBf = f(Σf ) the
branch set (also called apparent contour or branching set). If M and N are
n-dimensional manifolds and f is stable, then Σf is an (n−1)-dimensional
submanifold that separates M into disjoint connected components, each
of which is an n-dimensional manifold with boundary. The boundary of
each connected component of M \Σf is a union of components of Σf . The
singular sets of two equivalent maps are themselves equivalent: there exists
a diffeomorphism of M carrying Σf onto Σg, and similarly for the branch
sets in N .

Hence, any diffeomorphism-invariant of the singular or branch sets is
a topological invariant of the map. In particular, the number of connected
components of Σf and the topological types of the non-singular regions are
invariants of f . These invariants can be encoded in graphs, with weights
assigned to vertices and edges when necessary.

In the following sections, we aim to present different types of graphs
associated with each pair (M,Σf ). In each case, the graphs exhibit specific
features that depend on the dimension of the manifolds involved.

Before presenting the graphs for specific cases corresponding to appli-
cations of the same dimension in dimensions 2 and 3, we will first consider
two cases in which graphs are associated with maps between manifolds of
different dimensions.

Notation. The closed surfaces are denoted by: S2 sphere; T2 torus; tT2

connected sum of t tori; RP2 or simply P2 denotes real projective plane;
K2 = 2P2 is the Klein bottle (connected sum of two real projective planes);
pP2 is the connected sum of p projective planes. If p > 2, we can write the
connected sum as pP2 = rT2#qP2, with p = 2r + q and q > 0.
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3 Examples of graphs and manifolds
In this section, we present an overview of graphs associated with plane
curves, as introduced by Arnol’d, highlighting how such graphs capture
the behavior of generic singularities along the curve. We then provide a
brief summary of Reeb graphs associated with height functions, which offer
a global description of the topological changes in level sets.

3.1 Graphs and plane curves (Arnol’d)
In 1937, Whitney [74] introduced a complete invariant for these isotopy
classes, the rotation number of a curve, given by the total number of turns
made by the tangent vector along the oriented curve. Arnol’d extended
this approach using Vassiliev theory, stratifying C∞(S1,R2) via its dis-
criminant.

In 1994, V.I. Arnol’d [2] attracted significant attention by presenting
new aspects of a well-known topological object: the theory of closed plane
curves. Let C∞(S1,R2) denote the space of smooth, oriented, closed curves
immersed in the plane. This space has connected components correspond-
ing to different isotopy classes of immersed plane curves.

To refine the classification presented by Whitney, Arnol’d introduced
three invariants of plane curves, together with operations on curve surg-
eries. In the pursuit of identifying families of generic closed curves for
which Arnol’d’s invariants can be systematically computed using explicit
formulas, several approaches have been proposed.

Various authors [52, 56, 72] have developed different computational
techniques for this purpose. Arnol’d’s invariants for generic immersed closed
plane curves are usually introduced by fixing normalization values for a few
basic models. Figure 3.1 shows four standard examples often cited in the
literature: the figure-eight curve, the curve with a small negative loop (K0),
the convex circle (K1), the curve with a small positive loop (K2), and the
curve with two small positive loops (K3).

K0 K1 K2 K3

Figure 3.1. Basics curves of Arnol’d. Source: Authors’ own work, based
on [3].

A generic closed smooth curve in the plane, γ : S1 → R2, possibly with
singular points such as transversal double points decomposes the plane into
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connected regions (faces) separated by the curve itself, and the singular
points act as distinguished landmarks in this decomposition [9, 14].

One of the classical methods for evaluating Arnol’d’s invariants consists
in performing the connected sum of two curves lying in distinct half-planes
as shown in Figure 3.2. This construction was later generalized to curves
that intersect, as discussed in [45, 63], where explicit formulas were pro-
vided to describe the increments of the invariants arising from the inter-
sections.

Figure 3.2. Examples of connected sums of plane curves. Source: Authors’
own work, based on [3].

In [2], Arnol’d introduced graphs associated with plane curves, where
each vertex corresponds to a connected region of R2\γ that has at least one
singular point on its boundary, and each edge corresponds to a smooth seg-
ment of the curve between singular points or self-intersections, separating
two such regions.
Definition 3.1. A generic immersion of a circle into the plane is called
extremal if its index has the value #(n+1) (the maximal value permitted
by the number n of double points according to the Whitney theorem).

There exists a simple classification of extremal curves (see Figure 3.3):
they are enumerated by the plane rooted trees. The invariants of an ex-
tremal curve can be easily calculated in terms of its tree.

Figure 3.3. Examples of graphs of plane curves. Source: Authors’ own
work, based on [3].

Definition 3.2. The Gauss diagram of a generic immersion of the circle
into the plane is the union of chords in the disc bounded by the circle,
each connecting the preimages of a double point (one chord for each double
point).
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A curve γ is said to be tree-like if removing any double point decom-
poses the curve into exactly two connected components (see Figure 3.3).

Definition 3.3. A tree-like curve is an immersion whose Gauss diagram
consists of non-intersecting chords. In other words, a curve is tree-like if
any of its double points subdivides it into two disjoint loops.

Following Arnol’d [3], choose a point in any of the n+ 1 domains into
which n non-intersecting chords of the Gauss diagram of a tree-like curve
divide the disc. Connect every two points in domains separated by a single
chord by a segment. The resulting graph of a tree-like curve is a tree. The
tree of a tree-like curve with n double points consists of n edges and n+1
vertices.

Each vertex of the tree of an extremal curve corresponds to one of the
regions into which the curve subdivides the plane. The arcs of the domain
of the disc containing the vertex are mapped by the extremal immersion
onto the arcs bounding the corresponding regions in the plane.

One of the regions of the plane is unbounded. The vertex corresponding
to the unbounded component is the root of the rooted tree of an extremal
curve.

Theorem 3.4 ([3]). The mapping associating to an extremal curve its
rooted plane tree defines a bijection between the set of classes of extremal
curves (with n double points and index #(n+ 1)) and the set of classes of
plane rooted trees (with n edges).

From now on, to simplify the notation, we shall make a slight abuse by
denoting the numbers |V | and |E| simply as V and E, respectively.

3.2 Height functions and Reeb graphs
Originally defined in 1946 by the mathematician Georges Reeb [59] for
smooth manifolds, the Reeb graph was later introduced to the field of
Computer Graphics by Shinagawa et al. [65] in 1991. Since then, it has
been applied to a variety of problems related to shape matching, mor-
phing, and shape encoding. For example, in [6], the authors present an
overview of Reeb graphs as compact shape descriptors that capture topo-
logical information derived from the level sets of a function defined on a
shape.

The Reeb graph derived from a height function provides a compact
representation of the topology of surfaces and serves as a versatile tool
across various fields. In the analysis and simplification of 3D shapes, it en-
ables the extraction of skeletal structures and the identification of essential
topological features. In topological data analysis, it offers a structural view
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of complex data sets, revealing patterns and transitions, with relevant ap-
plications in computer graphics, animation, and shape recognition, since
it is invariant under smooth deformations and preserves the underlying
topological properties.

An important and illustrative example of a stable map arises from the
study of smooth surfaces embedded in the Euclidean space R3. Let Mg

be a closed, oriented surface with genus g, and for each direction v ∈ S2,
consider the map

hv :Mg −→ R, hv(p) = 〈p, v〉,

which assigns to each point p ∈ Mg its orthogonal projection onto the
direction v. This map is known as the height function of Mg in the direc-
tion v.

Definition 3.5. A direction v ∈ S2 is said to be generic if the correspond-
ing height function hv is a stable map, that is, if all small perturbations
of v induce A-equivalent functions.

For a generic direction v, the singular set of hv is given by the points
where the tangent plane to Mg is orthogonal to v:

Σhv
= { p ∈M | v ⊥ TpM }.

This set consists of a finite number of smooth, closed curves on Mg, known
as the curves of critical points.

According to Whitney [74], the singular set of a generic smooth map
consists of smooth submanifolds of codimension-one, separating the man-
ifold into regular components. The singularities of stable maps have been
extensively studied in the theory developed by Golubitsky-Guillemin [15].

Definition 3.6. Given a stable map f :Mg → R, we define an equivalence
relation on Mg by x ∼ y ⇔ f(x) = f(y) and x, y belong to the same
connected component of f−1(f(x)). The quotient space Mg/ ∼, denoted
by R(f), is called the Reeb graph (or R−graph) associated to f [59].

The space R(f) admits the structure of a connected graph in the fol-
lowing way:

1. The vertices correspond to connected components of level curves
f−1(u) that contain critical points of f , where u ∈ R is a critical
value;

2. Each edge corresponds to points that represent connected compo-
nents of regular level curves f−1

1 (u), where v is a regular value.
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Each vertex of the graph may be of three types, depending on the
critical points in the corresponding connected component, as illustrated in
Figure 3.4.

Figure 3.4. Incidence rules for the vertices in a R−graph. Source:
Adapted from the authors’ previous work [34].

Let u1, . . . , ur ∈ R be the critical values of f . Choose a base point
u0 ∈ R and an orientation such that u0 ≤ u1 < · · · < ur. We label each
vertex with the index i ∈ {1, . . . , r} corresponding to the critical value ui.
It is known that the R-graph is a complete topological invariant for stable
functions (cf. [2]).

Example 3.7. Let S2 be the round 2-sphere and f : S2 → R the height
function f(x, y, z) = z. All fibres of f are circles, except over the north and
south poles, where they reduce to single points. The associated R−graph
consists of a single edge connecting two vertices, corresponding to the
maximum and minimum points of f .

Example 3.8. Let T2 ⊂ R3 be the standard torus, and consider the height
function f : T2 → R given by f(x, y, z) = z. The function f is a Morse
function with four critical points. Its R−graph is a connected graph with
four vertices and four edges: two edges join the two saddle points, and each
of the remaining two edges connects a saddle point to the maximum and
the minimum, respectively.

Example 3.9. Figure 3.5 illustrates two R-graphs: in (a), the map from
S2 has three maxima, two minima, and two saddle points; in (b), the map
from T 2 has two maxima, two minima, and six saddle points.

(a) (b)

Figure 3.5. Examples of R−graphs. Source: Authors’ own work.



Graphs and maps between manifolds 43

From the possible incidence rules between edges and vertices in a R-
graph, it follows that all its vertices have degree 1 or 3. Graphs with this
property will be called 1-trivalent graphs.

Definition 3.10. Let G(V,E) be a graph with V vertices and E edges.
We say that G(V,E) is 1-trivalent if all its vertices have degree 1 or 3.

Remark 3.11. The R−graphs are particular cases of graphs associated
with the decomposition of a manifold by its singular set. Each vertex cor-
responds to a singular component, and each edge corresponds to a regular
component homeomorphic to an open cylinder. They have been widely
applied in shape analysis and computational topology [6, 67].

Theorem 3.12 ([35]). Any 1-trivalent graph G(V,E) is the R-graph as-
sociated to a stable map f : Mg → R from a smooth, closed, orientable
surface Mg, whose Euler characteristic satisfies χ(Mg) = 2(V − E).

Proof. Given a 1-trivalent graph G(V,E), we can construct a surface Mg

such that G(V,E) is the R-graph associated to a height function f :Mg→R.
Indeed, consider an embedding of G(V,E) into R3, and let Mg be the

boundary of a thin tubular neighborhood of the embedded graph. Then
Mg is a smooth, closed, orientable surface whose Euler characteristic is
χ(Mg) = 2(V − E).

Moreover, the restriction of the standard height function on R3 to Mg,
f = height|M : Mg → R, is a stable map whose associated R-graph is
equivalent to G(V,E).

Theorem 3.12 illustrates how graph–theoretic data can completely en-
code the singular behavior of maps from surfaces into the real line. We now
turn to the more general setting of stable maps between surfaces, recalling
their singularity types and the decomposition they induce on the domain
surface.

4 Graphs and stable maps between surfaces
Let M and N be two surfaces and E∞(M,N) the set of all stable maps.
If f ∈ E∞(M,N), the singular set of f , denoted by Σf , consists of a finite
collection of simple, regular, and closed curves in M , formed by fold points
with normal form (x, y2), and possibly isolated cusp points with normal
form (x3 + yx, y). The set f(Σf ), the image of the singular set, is called
the apparent contour or branching set and will be denoted by Bf . The
regular set M \ Σf consists of a finite set of connected regions, which are
immersed in N by f , with boundaries being the singular curves of f . If
M is a non-orientable surface, M \ Σf may contain both orientable and
non-orientable regions.
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In [21, 46], graphs with weights on the vertices were associated with sta-
ble maps between closed surfaces, where edges correspond to the singular
curves, vertices to the regular regions, and the weight at a vertex v corre-
sponds to the genus of the regular region associated to the corresponding
vertex. The graph associated with these stable maps is a global invariant
that completely classifies the topology of the singular set, as shown in [21].

4.1 Graphs and surfaces with curves
Consider a closed surface Mσ

g (σ = 0, 1 and g ≥ 0), where:

• M0
g denotes the orientable surface

M0
g = S2#g T2;

• M1
g denotes the non-orientable surface

M1
g = # g P2 = tT2#pP2, where g = 2t+ p.

Let C be a collection of E pairwise disjoint simple closed curves on Mσ
g .

For each α ∈ C, let Uα denote a tubular neighborhood of α in Mσ
g . Then:

i) For M0
g , Uα is always diffeomorphic to a cylinder (see Figure 4.1 (a)).

ii) For M1
g , Uα can be one of the following (see Figure 4.1):

(a) diffeomorphic to a Möbius strip when Uα \ α is connected;
(b) diffeomorphic to a cylinder when Uα \ α is disconnected.

(a) (b)

Figure 4.1. Examples of neighborhoods of curves on the 3P2. Source:
Authors’ own work.

In [46, 48], graphs with vertex weights associated with the pair (Mσ
g , C)

were introduced as follows:

• each region Uv ∈M \ C is associated with a vertex v ∈ G;

• each curve αa ∈ C corresponds to an edge a ∈ G, which connects to
v if, and only if, αa is on the boundary of Uv;
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• v receives the weight (t, 0) if Uv is orientable and has genus t (con-
nected sum of t tori minus several disjoint disks), and v receives the
weight (0, p) if Uv is non-orientable and has genus p (connected sum
of p projective planes minus several disjoint disks).

• An edge a ∈ G is called a ⋆-loop if αa ∈ C has a Möbius strip as a
tubular neighborhood, as illustrated in Figure 4.1 (b).

Notation. The graph associated with the pair (Mσ
g , C) is denoted by Gσ =

(V,E, (T, P ), S), or simply Gσ. In cases where the graph may or may not
be bipartite, we simply write G. Here, V is the number of vertices, E is the
number of edges, T =

∑V1

i=1 ti, P =
∑V2

i=1 pi, and S is the total number of
⋆-loops in the graph.

Proposition 4.1 ([46]). If G = (V,E, (T, P ), S) is the graph associated
with the pair (Mσ

g , C), then g = 2σ
(
1− V + E + T

)
+ P − S.

Note that for the pair (M0
g , C) the graph G0 is bipartite and S = P = 0,

then g = 1− V + E + T.
Given a graph G = (V,E, (T, P ), S) with weights wi on the vertices

vi, we can construct a pair (Mσ
g , C) associated with G, as illustrated in

Figure 4.2.

(a) (b)

(a) (b)

Figure 4.2. Surface obtained as a tubular neighborhood of the graph.
Source: Authors’ own work.

(a) Let G0 = (V,E, (0, 0), 0) denote the graph G with all vertex weights
equal to zero and S = 0. Embed G0 in R3 and take a convenient
tubular neighborhood TG of G0, with boundary surface S0. The genus
of S0 is given by

g(S0) = β1(G0).
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(b) For each edge ai ∈ G0, naturally associate a simple closed curve αi

on S0 that is transverse to ai. Let C0 denote the collection of curves
αi on S0. Thus, G0 is the graph associated with the pair (S0, C0).

(c) We realize the graph G1 = (V,E, (T, P ), 0) by a pair (S1, C1) ob-
tained from the pair (S0, C0), as follows: For each vertex vi ∈ G1

with non-zero weight wi, perform a connected sum of S0 in the re-
gion Ui corresponding to vi with:

• an orientable surface of genus ti if wi = (ti, 0), or
• a non-orientable surface of genus pi if wi = (0, pi).

The resulting surface S1 has genus

g(S1) =

{
1− V + E + T, if P = 0,

2(1− V + E + T ) + P, otherwise.

where T =
∑VT

i=1 ti and P =
∑VP

i=1 pi, and VT (resp. VP ) denotes the
number of vertices with weights (ti, 0) (resp. (0, pi)).

(d) The original graph G can be realized by the pair (M,C), obtained
from the pair (S1, C1), as follows: For each ⋆-loop lj at a vertex vi,
replace a disk in the region Ui ⊂ S1 corresponding to vi by a Möbius
band, which is a neighborhood of a curve γj corresponding to the
⋆-loop lj , for j = 1, . . . , S.
The resulting surface M has genus

g(M) =

{
1− V + E + T, if S = P = 0,

2(1− V + E + T ) + P − S, otherwise.

The notion of connected sum used in the construction of the surface
above is based on the theory of surgery for stable maps between surfaces,
which was introduced in [21] in the context of stable maps into the plane
and later extended to other types of maps between closed surfaces (see [22,
21, 31, 44, 46, 48]).

The technique of associating graphs with maps between two surfaces
was later adapted in [36] to the setting of stable Gauss maps of a closed,
oriented surface immersed in R3. In this context, surgery between two sur-
faces always introduces a hyperbolic region and two parabolic curves. Here,
surgeries of the Gauss map [36] combined with codimension-one transi-
tions [69] suffice to determine which vertex-weighted graphs are associated
with a Gauss map.
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4.2 Stable maps between surfaces
By Whitney’s theorem (see [74]), the singular set of any stable smooth
map between surfaces consists of a finite collection of curves of double
points, possibly containing isolated cusp points. The branch set Bf , ap-
parent contour or branching set, is thus a finite union of immersed curves
in N (possibly with cusps), whose self-intersections are transverse and dis-
joint from the cusps.

If f ∈ E∞(Mσ
g , N) and Mσ

g is a closed surface, the singular set of f
Σf , consists of a finite collection of simple, regular, and closed curves in
Mσ

g , formed by fold points with normal form (x, y2), and possibly isolated
cusp points with normal form (x3 + yx, y) (see Figure 4.3). A stable map
without cusp points is called a fold map.

(a) (b)

Figure 4.3. Examples of points of fold and of cusp. Source: Authors’ own
work.

The regular set of a stable map f : Mσ
g → N , denoted by Mσ

g \ Σf ,
consists of a finite set of connected regions, which are immersed in N by
f , with boundaries in Σf , where:

i) a region in M1
g \ Σf can be orientable or non-orientable.

ii) a region in M0
g \ Σf will be called positive if f preserves orientation

on it, and negative otherwise.

In [20, 30], graphs with weights on the vertices were introduced and
associated with stable maps between closed surfaces, where edges corre-
spond to singular curves, vertices correspond to regular regions, and the
weight assigned to a vertex v represents the genus of the regular region
associated with that vertex.

To determine which graphs can be associated with these maps, two
types of surgeries between maps were introduced in [21]: horizontal surgery,
in which the connection between two surfaces also connects curves of the
singular set, and vertical surgery, in which the connection between two
surfaces creates a new singular curve (see Figure 4.4).
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p
q

y y

p q

Figure 4.4. Local examples of surgery on stable maps. Source: Adapted
from the authors’ previous work [21, 46].

These surgeries, together with codimension–one transitions in the space
of smooth maps described by Ohmoto and Aicardi in [53], as well as some
basic previously known constructions, provide sufficient tools to establish
the existence of stable maps between surfaces associated with a prescribed
graph.

Figure 4.5 illustrates the lips transition and one of the four different
local effects of the beaks transition on the associated graph. The lips tran-
sition always increases the number of singular curves and regular regions,
in the sense that it increases the number of cusps. In contrast, the beaks
transition may either increase or decrease the number of singular curves
in this sense, and may also change the number of regular components or
modify the genera of the regions, while always keeping the total genus g
constant.

Figure 4.5. Local examples of lips and beaks transitions. Source: Adapted
from the authors’ previous work [21, 46].

The effects of the remaining beaks transitions can be seen in [46, 48].
We emphasize these two codimension–one transitions because they are
precisely the ones that alter the topology of the singular set.
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Example 4.2. Figure 4.6 presents three planar maps: in (a), a map of
the torus, and in (b) and (c), maps of the Klein bottle. Although these
mappings share the same apparent contour, each map is associated with a
different graph.

(a) (b) (c)

Figure 4.6. Examples of stable maps into R2: (a) T2; (b) and (c) K2.
Source: Adapted from the authors’ previous work [33].

Note that the dual graph associated with a stable map f between two
surfaces, which we denote by G(f), is a topological invariant that assists
in the classification of stable maps between surfaces. Moreover, this graph
is a very useful tool in the construction of such stable maps.

Definition 4.3. Let f, h ∈ C∞(Mσ
g , N). The maps f and h are said to be

stably isotopic if there exists a smooth homotopy H : Mg × I −→ N such
that H(x, 0) = h(x) and H(x, 1) = f(x) for all x ∈Mg, and for each t ∈ I,
the map Ht = H|Mg×{t} is stable.

Note that two stably isotopic maps are in the same connected com-
ponent of E∞(Mσ

g , N), their singular sets are diffeomorphic as subsets of
Mσ

g , and their apparent contours are homeomorphic in N .

Definition 4.4. Let f, h ∈ E∞(Mσ
g , N) and DN be a simply connected

region in N .

• If h(Mσ
g ) ⊂ DN and f is homotopic to h, then f is said to be a

planar map.

• If h(Σh) ⊂ DN and f is homotopic to h, then f is said to be a map
with an apparent planar contour.

• If f is not homotopic to a planar map, then f is said to be a non-
planar map.

Example 4.5. Figure 4.7 illustrates two stable maps: (a) f : K2 → P2,
a non-planar map with a planar apparent contour and a single singular
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curve; (b) f : P2 → P2, a planar map with two singular curves. Note that
the planar map in (b) can be obtained from (a) by performing a special
surgery that replaces a Möbius band with a disk.

(a) (b)

Figure 4.7. Examples of stable maps into P2 from: (a) K2 and (b) P2.
Source: Adapted from the authors’ previous work [48].

Theorem 4.6 ([11]). Every graph of the type Gσ = (V,E, (T, 0), S) is an
M-graph of some stable map f :Mσ

g → S2, where g = 2σ(1−V +E+T )−S,
for σ = 0, 1.

An idea of the proof is as follows. To realize a map from MMσ
g into

S2 associated with a given graph, one may first remove one edge from
each cycle of the graph, thereby obtaining a tree. This tree can then be
realized as a planar (degree-zero) map of an orientable surface. Next, the
regions from which the edges were removed are connected by a “vertical
tube”, producing a singular curve without double points or cusps. This
curve corresponds to the removed edge.

If necessary, the desired degree in each region can be achieved by per-
forming a connected sum in that region with a map from S2 of the required
degree.

Theorem 4.7 ([46]). Every graph of the type Gσ = (V,E, (T, P ), S) (σ =
0, 1), for P > 0, is an M-graph of some stable map f :M1

g → P2 with an
apparent planar contour, where g = 2(1− V + E + T ) + P − S ≥ 1.

An idea of the proof consists, first, in modifying each of the r vertices
vi with weights pi > 0 by replacing the weights (0, pi) with (0, 0) and
attaching to the vertex vi a set of pi new vertices {ui1, . . . , uipi

} of degree
1 and weight (0, 0). This “extended’’ graph G = (V + P,E + P, (T, 0), S)
can be realized by a planar map f :Mσ

g → P2,

g = 2σ
[
1− (V + P ) + (E + P ) + T

]
− S (σ = 0, 1).

To realize the original graph G = (V,E, (T, P ), S), a “special surgery’’
is performed in each regular region Ui corresponding to the vertex vi. In
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this surgery, each disk U i
j associated with the vertex uij (j = 1, . . . , pi) is

replaced by a Möbius band, and the singular curves forming the boundaries
of the disks U i

j are removed.

Theorem 4.8 ([44]). Suppose that V ≥ 2, P ≥ 1 or V = 1, E ≥
1, P ≥ 1. Every graph of the type G1 = (V,E, (T, P ), S), is an M-graph
associated with a stable non-planar map f :M1

g → P2, where M1 has genus
g = 2(1− V + E + T ) + P − S ≥ 1.

Example 4.9. Figure 4.8 illustrates four fold maps into the plane, from:
(a) and (b) T2, each with two singular curves; (c) 2T2 with a single singular
curve; and (d) 2K2 with a single singular curve.

(a) (b)

(c) (d)

Figure 4.8. Examples of stable maps and their M-graphs. Source:
Adapted from the authors’ previous work [48].

Definition 4.10. We say that a map f : U → N preserves orientation in
U ⊂ M0

g if, for every x ∈ U , the determinant of the Jacobian matrix at x
is positive; otherwise, we say that f reverses orientation.

Let f :M0
g → N be a stable map between two closed orientable surfaces

M and N of degree deg(f). It was shown by Quine [58] that

χ(M0
g )− 2χ(M−) + C = deg(f)χ(N),

where χ denotes the Euler number, M+ and M− are as above and C =
C+ − C− is the difference between the numbers of positive and negative
cusp points of f . It can be shown ([36]) that

deg(f) = V + − V − − (T+ − T−) +
1

2
(C+ − C−).
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Clearly, for a fold map, we have

deg(f) = (V + − V −)− (T+ − T−).

The singular set Σf forms the common boundary between the positive
and negative parts of M0

g . We denote by M+ (resp. M−) the union of all
positive (resp. negative) regions, including their boundaries. Clearly, M+

and M− intersect precisely along Σf .

Theorem 4.11 ([21]). Every graph of the type G0 = (V,E, (T, 0), 0), with
V ≥ 2, is an M-graph associated with some stable map f : M0

g → R2,
where g = 1− V + E + T .

Theorem 4.12 ([22]). Every graph of the type G0 = (V,E, (T, 0), 0) is
an M-graph associated with some stable fold map f : M0

g → S2, where
g = 1− V + E + T and deg(f) = (V + − V −)− (T+ − T−).

Theorem 4.13 ([31]). Every graph of the type G0 = (V,E, (T, 0), 0) is
an M-graph associated with some stable map f : M0

g → nT2, where g =
1− V + E + T and n ≥ 1.

For n = 1, f has degree d ≥ 0. For n > 1, degree f is 0 ≤ d ≤
∣∣∣m−1
n−1

∣∣∣.
The previous results show how stable maps between surfaces can be

described combinatorially through their associated M-graphs. In a similar
spirit, one can associate graphs to another fundamental class of maps be-
tween surfaces: the Gauss maps of immersed surfaces in R3. These maps
encode curvature information and exhibit the singular behavior, which can
also be captured for a graph. We therefore briefly recall the basic frame-
work of stable Gauss maps and the graphs that describe their singular
sets.

4.3 Graph and stable Gauss maps
Another type of map between surfaces to which we can associate graphs
is the Gauss map of closed, oriented surfaces Mg immersed in R3. Given
an immersion f : Mg → R3 of a closed orientable surface Mg and letting
S2 denote the unit sphere, we say that its Gauss map Nf : Mg → S2 is
stable if there exists a neighbourhood Uf of f in the space I(Mg,R3) of
immersions of M into R3, in the Whitney C∞-topology (see [15, 69]), such
that for all g ∈ Uf , the Gauss map Ng is A-equivalent to Nf . The stability
of Nf depends on the perturbations of f and not on the perturbations of
the map itself. The stability of Nf is equivalent to the structural stability
of the family of height functions given by 〈f(x), v〉, where v ∈ S2 ([2, 5,
40, 60]).
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The regular points on the stable Gauss map Nf correspond to elliptic
or hyperbolic points on Mg, where the height function has a Morse-type
singularity (A1) in the normal direction. The singular points of Nf cor-
respond to the parabolic points of Mg, where the height function has a
non stable singularity. These may be fold points or cusp points, when the
height function in the normal direction has singularities of type A2 or A3,
respectively.

The singular set ΣNf
is the parabolic set of M associated to the immer-

sion f . By Whitney’s theorem (see [7, 15]), the singular set of any stable
smooth map between two closed orientable surfaces consists of curves of
fold points, possibly containing isolated cusp points. Moreover, the branch
set of Nf , consists of a collection of closed curves immersed in S2 with
possible isolated cusps whose self-intersections (double points) correspond
to parabolic points with parallel normals of the same orientation. The reg-
ular set M\ΣNf

, immersed into the surface S2 by Nf , consists of a finite
number of connected regions.

The number of connected components of the singular set of Nf , as well
as the topological types of the connected elliptic and hyperbolic regions,
are invariants of a stable Gauss map, in the sense that there exists a
diffeomorphism sending the singular set of Nf to the singular set of Nh,
for any h ∈ Uf , and similarly for the regular set and the branch set. As in
the case of stable maps between surfaces, this information associated with
stable Gauss maps can also be encoded by a weighted graph from which
the pair (Mg,ΣNf

) can be reconstructed, up to diffeomorphism (see (see
[36, 40, 46]).

In the weighted graph defined by a stable Gauss map Nf the edges
correspond to the path-components of the parabolic set of Mg and its
vertices to the different regions of the surface with non vanishing Gaussian
curvature. A weight is defined as the genus of the region that it represents
and is attached to each vertex.

Each vertex of G(f) is labeled by + or − according to whether the
corresponding region has positive or negative Gaussian curvature. Let V +

(resp. V −) denote the number of connected components of M+ (resp.
M−), so that V = V + + V −. Similarly, let W+ (resp. W−) be the total
genus of M+ (resp. M−), and thus W = W+ +W−. The sets M+ and
M− meet along their common boundary, the singular set ΣNf

, which has
E connected components. Since Mg is orientable, each parabolic curve
bounds exactly one positive and one negative region. Consequently, every
edge of the graph G(f) = (V,E,W ) joins a positive vertex to a negative
one, so G(f) is naturally bipartite.

Definition 4.14. For a stable Gauss map Nf :Mg → S2, there exists an
associated weighted bipartite graph G = (V,E,W ), where V denotes the
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number of vertices, E the number of edges, and W the total weight. We
refer to G = (V,E,W ) as an F-graph, associated with Nf .

Example 4.15. Figure 4.9 illustrates three stable Gauss maps of the torus
with their corresponding F-graphs. We label positive vertices in black
and negative vertices in grey. The number at each vertex indicates the
weight, which is omitted when the weight is zero. The branch set of the
stable Gauss map (b) has two curves each of them with 4 cusp points
with alternate signs (refer to Definition 4.17 for the sign). The branch set
of each of the stable Gauss maps (a) and (c) has one curve with 6 cusp
points (see [5]).

Figure 4.9. Stable Gauss maps of the torus and their F-graphs. Source:
Adapted from the authors’ previous work [40, 47].

Figure 4.10 illustrates locally the surgery between two elliptic regions A
and B of a stable Gauss map N . This surgery identifies the boundaries of
A′ and B′, which are obtained by removing a disk from A and B, through
a hyperbolic region homeomorphic to a cylinder. Moreover, the surgery
adds two parabolic curves to the singular set.

Figure 4.10. Surgery of stable Gauss map. Source: Authors’ own work.

As in the case of stable maps between surfaces, this surgery, together
with the lips and beaks transitions described in [69], as well as some previ-
ously known basic constructions, provides sufficient tools for constructing
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stable Gauss maps of closed, oriented surfaces associated with a prescribed
graph.

Figure 4.10 illustrates locally the surgery between two elliptic regions
Up and Uq of a stable Gauss map N . This surgery identifies the boundaries
of A′ and B′, which are obtained by removing a disk from U ′

p and U ′
p,

through a hyperbolic region homeomorphic to a cylinder. Moreover, the
surgery adds two parabolic curves to the singular set.

As in the case of stable maps between surfaces, this surgery, together
with the lips and beaks transitions described in [69], as well as some previ-
ously known basic constructions, provides sufficient tools for constructing
stable Gauss maps of closed, oriented surfaces associated with a prescribed
graph.

Theorem 4.16 ([36]). A weighted graph G = (V,E,W ) can be realized
by a Gauss stable map of a closed orientable surface Mg in R3, with
g = 1−V +E+W . Any graph can be realized by a Gauss stable map of an
embedded sphere if and only if it is a tree with weight zero at each vertex.

Definition 4.17. Given a cusp point x ∈ ΣNf
and a neighbourhood Ux

of x, the singular set ΣNf
separates Ux into two regions U−

x and U+
x where

the map Nf reverses or preserves orientation, respectively. Then if any
regular value y ∈ S2 of Nf |Ux

has two pre-images in Ux− and one in Ux+ ,
the cusp point x is called positive. Conversely, when y has two pre-images
in U+

x and one in U−
x , the cusp point x is called negative.

Since Mg is an orientable surface, it follows from Quine’s theorem [58]
that for a fold map (without cusp points), we have

deg(Nf ) = V + − V − − (W+ −W−). (4.1)

If Nf :Mg → S2 is a stable Gauss map, then the positive and negative
regions correspond to the elliptic and hyperbolic regions, respectively. In
this case, g = 1− V + E +W and the degree of Nf is given by

deg(Nf ) = 1− g. (4.2)

Consequently, combining equations 4.1 and 4.2, for a fold Gauss maps [47]

E = 2(V − −W−). (4.3)

Example 4.18. Figure 4.11 illustrates a sequence of stable Gauss maps,
where (a), with four parabolic curves, and (e), with two parabolic curves,
are fold maps (see [47]).

We do not discuss here the codimension-one transitions that occur
along the path between the two fold maps.
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(a) (b) (c) (d) (e)

 

Figure 4.11. Examples of stable maps of Gauss from T2. Source: Adapted
from the authors’ previous work [40, 47].

Theorem 4.19 ([47]). G = (V,E, 0) is a graph corresponding to a fold
Gauss map of a closed orientable surface Mg, with g = 1− V + E, if and
only if G is a 2-negative graph.

Theorem 4.20 ([41]). Any weighted 2-negative graph G = (V,E,W )
with W− = 0 is an F -graph corresponding to a fold Gauss map of a closed
orientable surface Mg, where g = 1 + E − V +W+.

In subsequent studies concerning graphs with vertex weights associated
with fold Gauss maps, it was proved that every graph associated with a
fold Gauss maps satisfies W− = 0. It follows from Equation 4.3 that the
number of edges of the graph of a fold map is E = 2|V −|.

Example 4.21. Figure 4.12 illustrates a framed immersion of the torus
and the double torus in R3, where the parabolic curves have no cusp points.
These maps can be obtained by surgeries on Gauss maps (see [47]) and
codimension-one transitions (see [69]).

(a) (b) (c) (d)

Figure 4.12. Example of fold map of Gauss from nT2, for n = 1, 2. Source:
Adapted from the authors’ previous work [40].
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The examples of stable maps and of stable Gauss maps illustrate how
the combinatorial structure of singularities can be encoded by graphs.
This provides a natural bridge between the study of singularities, low-
dimensional topology, and graph theory.

Let j : M → R3 be an immersion of a surface M into three–dimensional
space, and let Mg = j(M). The Gauss map Nf : Mg → S2 is completely
determined by the immersion j. Associated with the immersion j, one can
also define a height function and a planar projection.

First, choose a point P and a direction vector v ∈ R3. Consider the line
R through P in the direction v and the plane R2 orthogonal to v deter-
mined by the pair (P, v). Then the pair of maps (Hj , πj), where the height
function Hj : Mg → R and the planar projection πj : Mg → R2 are smooth
maps naturally associated with the immersion j. If the triple (Hf , πf ,Nf )
is stable, we may associate to it a triple of graphs (GH ,Gπ,GN ).

Figure 4.13 illustrates an immersion of S2 together with its three asso-
ciated graphs. Observe that GN is determined by the immersion, whereas
GH and Gπ depend on the chosen vector v.

(a) (b) (c)

Figure 4.13. A triple of graphs (GH ,Gπ,GN ) associated with an immer-
sion of S2. Source: Authors’ own work.

A natural question then arises: which triples of graphs (G1,G2,G3) admit
a stable immersion j : M → R3 such that, for some v ∈ R3, the triple
(Hf , πf ,Nf ) is a tri-stable map?

An introductory study of bi-graphs associated with pairs of bi-stable
maps of the form (Hf , πf ) was presented in [35], while pairs of the form
(πf ,Nf ) were studied in [42], where necessary conditions were obtained
for such pairs to arise from a stable map. In [43], the study was extended
to the general case of pairs of graphs with vertex weights.

The stable maps and stable Gauss maps examples and, illustrate how
the combinatorial structure of singularities can be encoded by graphs.
This provides a natural bridge between the study of singularities, low-
dimensional topology, and graph theory.
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Still within the context of maps between 2–dimensional manifolds, we
present a brief discussion of edge pairings of regular polygons, which pro-
vide a concrete way to represent tessellations of surfaces and their asso-
ciated graphs. This approach offers an alternative method for associating
graphs with maps between manifolds.

5 Edge-pairing of regular polygons
Graph theory is applied in several areas of the real world, especially in the
technological domain, where it has significantly contributed to information
and coding theories. Regular tessellation, which can be described by a
combinatorial pairing of the edges of a regular polygon, is a technique for
covering a two–dimensional surface by means of regular polygons without
overlaps or gaps. This tessellation, denoted by {p, q}, where p is the number
of sides of the polygon and q is the degree of the vertices of the associated
graph, can be associated with error–correcting codes.

In [13], Faria and Palazzo show that the optimal codes, those presenting
low error probability, are related to the sphere packing problem with max-
imal packing density. The authors argue that the tessellation {12g− 6, 3},
where g is the genus of a compact surface, is precisely the one that yields
sphere packings with the highest possible density. Hence the topological
interest in studying such tessellations for surfaces of genus g and the graphs
associated to them.

The study of edge-pairings of regular polygons has motivated the de-
velopment of new techniques for determining the possible pairing graphs
associated with surfaces Mg, with genus g ≥ 1.

Example 5.1. For M1, Figure 5.1 shows two identifications of the sides of
P4 and P6, for which the resulting quotient space X/R is homeomorphic to
the torus T2. In (a) the case of P4, we have the unique canonical pairing,
where the pairing is most easily visualized. Consider the set X = I× I. Let
R be the equivalence relation defined by (x, 0) ∼ (x, 1) for all x ∈ I and
(0, y) ∼ (1, y) for all y ∈ I. In (b) we have the unique 3-regular or trivalent
edge-pairing.

(a) (b)

a

b

Figure 5.1. Edge-pairing on the polygon P4. Source: Authors’ own work.
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For orientable surfaces of genus g = 2 and g = 3, the possible edge-
pairings yielding trivalent graphs were determined in [27, 51]. In [38, 12,
32], new techniques were introduced to aid in determining the possible
pairing graphs for surfaces of genus g ≥ 2.
Definition 5.2. Let Pn be a regular polygon with n = 2A sides (edges),
denoted by {a1, . . . , an}, and n vertices {u1, . . . , un}, where ui = ai ∩ ai+1

for 1 ≤ i < n and un = an ∩ a1. The boundary of Pn, denoted by ∂Pn, is
the union of its n edges and n vertices.
Definition 5.3. Let q : Pn → Mg be a quotient map, injective on the
interior of the polygon Pn, which maps each pair of distinct edges (ai, aj) ⊂
∂Pn (with i 6= j) onto a curve arc αs (s ∈ {1, . . . , A}) on Mg, and maps
each set of k vertices of ∂Pn onto a point pt ∈Mg (t ∈ {1, . . . , V }). In this
context, q is called an edge-pairing of the regular polygon Pn over Mg.

The image of ∂Pn in Mg will be denoted by Gq(V,A) = q(∂Pn), or
simply G, and is called the edge-pairing graph associated to q.
Definition 5.4. An edge-pairing q : Pn →Mg it is said to be k-regular if
Gq(V,A) is a k-regular graph.

An edge pairing q is said to be a canonical edge pairing if the associated
graph G has a single vertex, that is, if all vertices of Pn are mapped to a
single point of Mg.

It is well known that the Euler characteristic of a closed, oriented sur-
face Mg of genus g satisfies χ(Mg) = 2− 2g. On the other hand, if G(V,A)
is a graph on Mg and the complement Mg\G(V,A) has F simply connected
regions, then χ(Mg) = V −A+F . From these two equalities, the following
result follows.
Proposition 5.5 ([38]). If G(V,A) ⊂ Mg is a graph of edge-pairings,
then Mg \ G(V,A) is simply connected and g = (1− V +A)/2.

Consequently,
1. V −A = 1− 2g.

2. A = 2g ⇐⇒ q is a canonical pairing.
Consequently, if G(V,A) is k-regular and associated with q : Pn →Mg,

then

V =
2(2g − 1)

k − 2
, A =

k(2g − 1)

k − 2
, n =

k(4g − 2)

k − 2
.

Definition 5.6. The diagram of the edge-pairing q : Pn −→Mg, denoted
by

D(q) = {[ai, aj ] ⊂ Pn | ai ∼q aj},
is the set of line segments [ai, aj ] on Pn that connect each pair of edges
(ai, aj) identified by q.
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Definition 5.7. Two diagrams D1 and D2 are said to be equivalent if
there exists a planar isotopy sending D1 onto D2, preserving the incidence
relations of the diagram.

Definition 5.8. We say that two edge pairings q1, q2 : Pn −→ Mg are
equivalent if their respective diagrams D1 and D2 are equivalent.

Example 5.9. Figure 5.2 illustrates the eight possible diagrams of triva-
lent pairings associated with their five non-isomorphic graphs, as deter-
mined in [27]. In the figure, the vertices have been moved to a more visible
region. In [51], one can see the 927 diagrams of trivalent pairings on the
tritorus, which are associated with 65 non-isomorphic graphs.

(a) (b) (c)

(d) (e)

Figure 5.2. Example of edge-pairings graphs on 2T2. Source: Authors’
own work, based on [27]

In [66, 39], the authors classified four non-equivalent canonical pairings
of P8 on the bitorus. In [66], Silva determined 82 canonical pairings of P12

on the tritorus and a much larger number in the case of P16 on the 4-torus.

5.1 Surgery between two edge-pairings
Let G1(V1, A1) and G2(V2, A2) be graphs associated with the respective
edge-pairings q1 : Pm → Mg1 and q2 : Pn → Mg2 on the closed surfaces
Mg1 and Mg2 . Let H(1, 2) be a graph embedded in a surface N homeo-
morphic to S2.

Choose an edge ai in each graph Gi, and remove a disk Di from Mgi

centered at ai, for i = 1, 2. Remove two disks D′ and D′′ from N , each
centered at one of the edges a′1 and a′2 of H.
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The surgery S between the two maps q1 and q2, as illustrated in Fig-
ure 5.3, connects the surfaces Mg1 , N , and Mg2 into a new surface Mg1+g2 ,
as well as the graphs G1, N , and G2 into a new graph

G′(V1 + V2 + 1, E1 + E2 + 2) ⊂Mg1+g2

embedded on the same surface Mg.

(a) (b)
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Figure 5.3. Example of surgeries between two surfaces. Source: Authors’
own work.

Consider the regions of the complements

R1 =Mg1 \ G1(V1, A1), R0 = N \H(V ′, A′), R2 =Mg2 \ G2(V2, A2),

where each of the regions R0, R1, and R2 is simply connected. Then, the
surgery connects these three regions into a single simply connected region

R = R1#R0#R2,

which corresponds to adding the two polygons Pn1
and Pn2

, resulting in
a polygon Pn1+n2+4.

Another way to perform the surgery to obtain

(Pn,Mg,G) = (Pn1
,Mg1 ,G1)⊕S (Pn2

,Mg2 ,G2)

where g = g1 + g2 is as follows (see Figure 5.3):

1. Choose an edge a1 ∈ G1(V1, A1) and an edge a2 ∈ G2(V2, A2) where
the surgery will be performed. Add a degree-two vertex v1 on a1
and a degree-two vertex v2 on a2, obtaining the new graphs G′

1(V1 +
1, A1 + 1) and G′

2(V2 + 1, A2 + 1).
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2. Remove a disk D1 from Mg1 and a disk D2 from Mg2 near the ver-
tices v1 and v2. Take the surfaces with boundary Mg1 \ D1 and
Mg2 \ D2. Identify their two boundary circles to obtain the new
surface Mg1#SMg2 , containing the graphs G′

1 and G′
2. The region

Mg1#SMg2 \ (G′
1 ∪ G′

2) is homeomorphic to a cylinder.

3. On Mg1#Mg2 , identify the vertices v1 and v2 as the vertex w∗ to
complete the surgery construction, resulting in a new graph

G(V,A) = G1(V1, A1)⊕S G2(V2, A2),

where V = V1 + V2 + 1, A = A1 + A2 + 2 and the complement
Mg1#SMg2 \ G is homeomorphic to a disc.

Remark 5.10. If G1 and G2 are two 4-regular graphs, then G = G1 ⊕S G2

is also 4-regular.

Theorem 5.11 ([12, 32]). If G1 and G2 are two edge-pairing graphs then
the graph G = G1 ⊕S G2 is an edge-pairing graph.

In the next section, we present a new technique, introduced in [32],
which constructs new graphs from a given edge-pairing graph on a surface.
This new technique is required because not all graphs can be obtained by
surgery on smaller graphs (see Figure 5.2).

5.2 Extension in graph edge-pairings
Before introducing the formal definition, we briefly describe the operation
of graph extension and its inverse, contraction, on graphs embedded on a
surface. Intuitively, an extension consists of stretching a vertex of a given
graph to create a new edge, thereby producing a larger graph. Conversely,
a contraction reduces such an extended edge back to a single vertex, re-
covering the original graph.

Definition 5.12. A graph G′ ⊂Mg is called an extension of a graph G if
there exists an edge uv in G′ that can be obtained by stretching a vertex
w of G.

In this case, we say that G is a contraction of G′.

Theorem 5.13 ([38]). Any edge-pairing graph G(V,A) on Mg can be
contracted to a canonical graph G(1, 2g).

Corollary 5.14. Every edge-pairing graph over Mg can be obtained by a
finite sequence of extensions over Mg of some graph G(1, 2g).
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Figure 5.4. Example of an extension of a graph on 2T2. Source: Authors’
own work.

Let w∗ ∈ G = G1⊕SG2 be the degree-4 vertex obtained from the surgery
S between two pairing graphs G1 and G2.

There are two possible extensions of w∗ on Mg1#Mg2 (see Figure 5.5).
We denote the extension of w∗ by E1

w (resp. E2
w) when the resulting graph

G′, after the extension, minus the edge uv, G′ \ uv, is disconnected (resp.
connected).

S1 S2

1

2
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4 6

5
7

8

10
9

11
12

Figure 5.5. Different extensions of a vertex in a graph on 2T2. Source:
Authors’ own work.

Definition 5.15. An extended surgery Si (i = 1, 2) between two graphs
G1 and G2 is defined as a surgery S between the two graphs, followed by
the extension Ei

w (i = 1, 2) of the vertex w∗. In this case, we denote

G = G1 ⊕Si
G2, (i = 1, 2).

Note that these surgeries do not depend on the ambient space in which
the graph is embedded. Moreover, if the graphs G1 and G2 are trivalent,
then G = G1 ⊕Si

G2, (i = 1, 2), is also trivalent.

Proposition 5.16 ([12]). If G1 and G2 are trivalent edge-pairing graphs,
then G = G1 ⊕Si G2 (i = 1, 2) is also a trivalent edge-pairing graph.

Example 5.17. Figure 5.6 shows examples of the surgeries S1 and S2

between two trivalent edge-pairing graphs G(2, 3) and the graphs type
G(6, 9) as (a) and (d) from Figure 5.2.



64 C. Mendes de Jesus

Figure 5.6. Example of a surgery between trivalent pairing graphs.
Source: Adapted from the authors’ previous work [32].

It can be observed that, among the resulting graphs, some are isomor-
phic. However, to determine whether two pairings associated with the same
graph are truly equivalent, one must verify whether their corresponding
diagrams are equivalent, since a single graph may correspond to differ-
ent diagrams, as illustrated in Figure 5.2. We leave this verification as an
exercise for the reader.

5.3 Changing edges of graphs on surfaces
Let γ be a path between two vertices u and v of G(V,A) in Mg, with
one endpoint of the path lying on the edge a = zu, such that γ does not
intersect any other edge of G.

Definition 5.18. Let G(V,A) be a graph with vertex set V and edge set
A. Consider two vertices u, v ∈ V . The change of edge between u and v
consists of the following operation (see Figure 5.7):

1. Take an edge a = zu ∈ A, where z ∈ V is a vertex adjacent to u.

2. Move this edge along a path γ connecting u to v, without skipping
any edges of the graph, transforming a = zu into a new edge b = zv.

3. Denote the resulting graph as G′(V,A′), where A′ = (A\{zu})∪{zv}.

Thus, the edge zu is “re-attached” to v instead of u, following the path γ
in the graph.
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(a) (b)

Figure 5.7. Example of edge exchange of a graph on 2T2. Source: Adapted
from the authors’ previous work [32]

Note that, unlike the extension of graphs, an edge swap in an edge-
pairing graph on a surface keeps the number of vertices and edges constant,
although it may change the degrees of the vertices. Moreover, such a swap
preserves the number of connected components and the topology of Mg\G.
As a consequence, we have the following result.

Theorem 5.19 ([32, 39]). Every graph obtained by changing edges of an
edge-pairing graph (on the surface) is also an edge-pairing graph.

The combination of the surgeries, edge swaps, and graph extension and
contraction on the surface, where an edge can be moved from one vertex
to another without crossing any other edge, is sufficient to determine any
edge-pairing graph of a regular polygon. Following the authors [27] and
[51], the following question remains: for a fixed n > 3, how many k-regular
pairing graphs exist for 3 ≤ k ≤ 2g?

After studying graphs associated with maps between surfaces, we turn
our attention to maps between 3-manifolds. In this context, graphs (also
associated with the singular and regular sets) play an important role in the
classification of stable maps, now encoding richer topological information
arising from the structure of the singular sets. This transition highlights
how graph based invariants naturally generalize from two-dimensional to
3-dimensional settings, capturing both combinatorial and topological fea-
tures of stable maps.

6 Graphs and maps between 3–manifolds
Further results on the study of maps of 3–manifolds can be found in [10],
where Carrara, Ruas, and Saeki analyzed maps of manifolds, including 3–
manifolds, into the plane. In [18, 54], the authors studied the local invari-
ants of stable maps of 3–manifolds into R3. In [37, 55], global topological
invariants of such maps of closed 3–manifolds into R3 were introduced.

We do not pursue these applications further here and instead turn our
attention to an introduction to the study of graphs associated with stable
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maps of closed, orientable 3–manifolds into R3. In particular, we present
some results based on [24, 25, 37, 54]. Here, the vertex weights reflect
the topology of the corresponding regular regions with boundary and are
closely related to the second Betti number of the associated 3–manifolds.

6.1 Singularities of stable maps between 3–manifolds
We denote by Mn = S3#n(S1 × S2), n ≥ 0, a closed, oriented 3–manifold,
connected sum of S3 with n copies of S1 × S2.

According to Whitney, the singular set of f , denoted by Σf , consists of
disjoint, closed, oriented surfaces smoothly embedded in Mn. Each such
surface consists of fold points, along which there are curves of cusp points
(points whose image is a cusp point of the discriminant set f(Σf )), and
isolated swallowtail points may occur (see Figure 6.1). The number of
singular surfaces in Σf , the number of cuspidal curves, and the number of
swallowtail points in f(Σf ) are all finite.

Figure 6.1. Cuspidal edge with swallowtail. Source: Adapted from the
authors’ previous work [25, 26].

The bifurcation set of f , denoted byBf = f(Σf ), consists of a collection
of surfaces in the 3–space, not necessarily disjoint (self-intersections may
occur). The normal forms of the germs of these singular points in the
bifurcation set Bf are given as follows:

A1: fold point, where locally we can write f(x, y, z) = (x2, y, z);

A±
2 : cuspidal edge, consisting of cusp points, that is, points where locally

f(x, y, z) = (±x3 + yx, y, z);

A±
3 : swallowtail point, where locally f(x, y, z) = (±x4 + yx2 + zx, y, z).

On the other hand, the bifurcation set Bf = f(Σf ) of a stable map f
may exhibit self-intersections of the following types (see Figure 6.2):

A2
1: transverse intersection of two fold surfaces (along regular curves);
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A3
1: isolated triple points, obtained from the intersection of fold sur-

faces;

A±
2 A1: transverse intersection of a cuspidal edge with a fold surface.

Figure 6.2. Example of transverse intersection of two fold surfaces.
Source: Adapted from the authors’ previous work [25].

Example 6.1. Figure 6.3 illustrates the image of the singular set (branch
set) of four maps from S3 into R3, whose singular sets consist of: (a) two
surfaces of type S2, one of them having two cuspidal axes; (b) and (c) one
surface of type S2 and one of type T2, each with two cuspidal axes; (d)
three surfaces, one of type S2 and two of type T2, all without cuspidal
axes.

(a) (b) (c) (d)

Figure 6.3. Examples of cuspidal axes in bifurcation set of maps from S3.
Source: Adapted from the authors’ previous work [25, 26].

6.2 Graphs and maps between 3-manifolds
In [37], weighted graphs associated with stable maps from a 3-manifold
to R3 were introduced to study the global invariants of such maps and
their properties. Since the singular set Σf consists of closed surfaces, the
weighted graph G associated with the map f as follows: to each surface
Si ⊂ Σf we associate an edge, and to each regular component Mj of M \Σf

we associate a vertex. The weights on the vertices are defined as follows:
given a vertex vj (corresponding to the regular region Mj in Mn \Σf ) in
the graph, we define its weight as

cj = β2(Mj)− sj + 1,
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where β2 is the second Betti number and sj is the number of connected
components of the boundary of Mj .

Intuitively, cj can be viewed as the number of generators of H2(Mn)
in Mj that are not determined by the boundary of Mj . To each edge, we
assign the weight given by the genus gi of the surface Si that it represents.

The graph associated with a stable map f ∈ E(Mn,R3) will be denoted
by G = (V,E,Wv,We), where V and E denote, respectively, the number
of vertices and edges of the graph, and Wv and We denote the total sum
of the weights on the vertices and on the edges.

Given an orientation of Mn, as in the case of maps between two ori-
ented surfaces, the singular set Σf separates Mn into two collections of
regular regions: M+

n , consisting of the regions of Mn \ Σf on which the
orientation is preserved by f , and M−

n , consisting of the regions of Mn\Σf

on which the orientation is reversed by f . Thus, one can naturally assign
signs ± to each connected region U of Mn \ Σf .

Consequently, one can assign signs to the vertices of the graph Gf ,
where each vertex receives the sign of its corresponding region and each
edge of Gf connects vertices with opposite signs. Hence, Gf is bipartite.

We say that a bipartite graph G, with weights on the vertices and edges,
is realizable by a some stable map f : Mn → R3 if G can be associated
with the pair (Mn,Σf ).

Theorem 6.2 ([37, 54]). Every tree graph whose vertices all have weight
zero and whose edges have positive integer weights can be realized by a
stable map f : S3 −→ R3.

Theorem 6.3 ([37, 54]). Every bipartite graph with a single cycle, whose
vertices all have weight zero and whose edges have positive integer weights,
can be realized by a stable map f : S1 × S2 −→ R3.

The proof of these results is based on codimension-one transitions,
where one first constructs a known map and then, through codimension-
one transitions, modifies the map along a path in the space of smooth
maps until reaching the desired map.

Example 6.4. Figure 6.4 illustrates the image of the singular set (branch
set) of six maps from S3 into R3. The singular sets are as follows:

(a) a single S2 with no intersection points and no cuspidal axis;

(b) two S2, one of which has a cuspidal axis;

(c) three S2, all without intersection points and without a cuspidal axis;

(d) three S2, two of which possess a cuspidal axis;
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(e) a T2 with no intersection points and no cuspidal axis;

(f) two S2, one exhibiting a self-intersection and the other contained
within that self-intersection.

(a) (b) (c)

(d) (e) (f)

Figure 6.4. Basic graphs associated with maps from S3. Source: Adapted
from the authors’ previous work [25, 64].

Figure 6.5 illustrates the image of the singular set (branch set) of three
maps from S2 × S1 into R3, all of which have singular sets without inter-
section curves. The singular sets consist of: in (a) a T2 with no cuspidal
axis; in (b) a T2 without a cuspidal axis, together with a S2 that has a
cuspidal axis; and in (c) two T2 and one S2, all without a cuspidal axis.

(a) (b) (c)

Figure 6.5. Basic graphs associated with maps from S2 × S1. Source:
Adapted from the authors’ previous work [26, 64].

To realize graphs with stable maps from Mn, for n > 1, it was nec-
essary to introduce surgeries of maps of 3-manifolds into R3 in [24, 55].
Given a bipartite graph with weights on the vertices, knowing some basic
maps (with one or two edges), it is possible to realize the given graph by
performing surgeries between these maps and codimension-one transitions.
We will not go into details of these techniques, which can be found in the
references [24, 25, 55]. The next result provides a condition under which
weighted graphs (with weights on vertices and edges) can be realized by
some maps of 3-manifolds into R3.
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Theorem 6.5 ([55]). A bipartite graph G = (V,E,Wv,We) is realizable
by a stable map f : Mn → R3 if and only if

Wv + 1− V + E ≤ β2(Mn) ≤Wv +We + 1− V + E, (6.1)

where equality holds when We = 0. Here, β2(Mn) denotes the second Betti
number of 3-manifolds Mn.

These graphs, which are associated with maps between 3-manifolds,
help classify stable maps of 3-manifolds into R3 and also serve as a tool
for constructing such maps. However, in some cases these graphs cannot
determine the domain of the map. As can be seen in Figures 6.4-(e) and 6.5-
(a), they fail to distinguish a map from S3 from a map from S2 × S1.

In [24, 25, 26], a decomposition of the vertex weights was introduced,
which allows one to distinguish these maps. In this new graph, the weights
gi on the edges are replaced by the corresponding pair (wi, ti) such that
gi = wi + ti, where ti is the number of trivial handles and wi is the
number of nontrivial handles of the singular surface Si ⊂ Σf . With this
new definition, the weight of the edge in Figures 6.4-(e) is (1, 0), whereas
the weight of the edge in Figures 6.5-(a) is (0, 1).

Throughout this study, we have seen that graphs can encode the com-
binatorial structure of singularities of maps between low-dimensional man-
ifolds. Such representations allow topological properties to be investigated
through combinatorial methods, providing a bridge between singularity
theory, geometric topology, and graph theory.
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