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1 Introduction

When the third author began his PhD, his advisor, Prof. Dr. Maria Apare-
cida Soares Ruas, known as Cidinha, introduced him to the paper [12], in
which a number appears for the first time somewhat discreetly and would
later be referred to as the Bruce-Roberts number. From that moment on,
Professor Ruas emphasized the importance of investigating this number
and its possible relationships with other invariants in Singularity Theory,
pointing out that much remained to be explored.

At that time, however, we did not give this concept the attention it
deserved, as our main interest was focused on establishing conditions for
the (in a certain sense) relative topological triviality of families of function
germs, in terms of the integral closure of an appropriate ideal ([43, 42]).

After its introduction, the Bruce-Roberts number remained largely un-
explored for some time. Nearly twenty years later, in independent works
developed during the PhD of the second author and in the study presented
n [21], the subject resurfaced with the aim of investigating the relation-
ships between the Bruce-Roberts number and the Milnor number of a
function (see [38]), as well as between the Bruce-Roberts number and the
Euler obstruction.

Since then, several authors have devoted their research to the study
of the Bruce-Roberts number and its applications (see [6, 7, 8, 21, 25, 32,
28, 31, 30, 29, 33, 39, 38, 40]), once again confirming Professor Cidinha’s
vision and intuition, as she always insisted that there was still much to be
discovered in this field.

The Milnor number u(f) is probably the most important invariant of
a holomorphic function germ f: (C",0) — C. It is defined algebraically as
the colength of the Jacobian ideal J f, generated by the partial derivatives
of f in O,, the local ring of holomorphic function germs (C™,0) — C. The
finiteness of u(f) is equivalent to that f has isolated singularity, which
is also equivalent, by Mather’s theorem, to that f is finitely determined
with respect to R, the group of coordinate changes in the source. From
the topological viewpoint, Milnor showed in [36] that the Milnor fibre of
f has the homotopy type of a wedge of (n — 1)-spheres and that u(f) is
precisely the number of such spheres. Another important property is the
conservation of the Milnor number, which implies that p(f) is equal to the
number of critical points of a Morsification of f.

An interesting and natural extension of this theory appears when we
look at function germs defined over singular varieties. In [12], Bruce and
Roberts studied function germs f: (C",0) — C considered over a germ
of analytic variety (X,0) in (C",0). They defined an invariant, which we
call the Bruce-Roberts number of f with respect to X, and denote it by
upr(f,X). This number is a generalization of the Milnor number in the
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sense that upr(f, X) = p(f) when X = C™. Moreover, it also has the prop-
erties that upgr(f, X) is finite if and only if f has isolated singularity over
(X,0) (in the stratified sense), if and only if f is finitely R x-determined,
in which Rx is the subgroup of R of coordinate changes which preserve
X, (see [12], p. 64).

This paper is organized as follows. Section 2 recalls the definition and
main properties of the Bruce-Roberts number. Section 3 explores its re-
lation to the Milnor number and other classical invariants, specifically
when the analytic variety is a hypersurface or a complete intersection. Sec-
tion 4 examines the logarithmic characteristic variety and its link to the
Bruce-Roberts number; in particular, we investigate hypotheses that guar-
antee the logarithmic characteristic variety is Cohen—Macaulay. Section 5
presents applications, including connections with the Euler obstruction
and invariance in families. Finally, Section 6 reviews recent developments
and generalizations, such as the Bruce-Roberts’ Tjurina number and ex-
tensions to 1-forms.

2 The Bruce-Roberts number

Let O,, be the ring of germs of analytic functions f: (C™,0) — C, and let
(X,0) C (C™,0) be the germ of an analytic variety. Two germs f, g: (C™,0)
— C are said to be R x-equivalent (respectively C*-R x-equivalent) if there
exists a germ of diffeomorphism (respectively homeomorphism) ¢: (C™,0)
— (€™, 0) such that ¥(X) = X and f = go.

We denote by 0,, the O,,-module of germs of holomorphic vector fields
on (C™,0). Any element £ € ©,, can be written in the form

- 0
522%'67@,

where a; € O,,. Given h € O,,, the derivative of h in the direction of £ is
defined by

Let X C (C™,0) be a germ defined by an ideal Ix C O,,. We denote
by ©x ¢, or simply Ox, also written Der(—log X), the O,-submodule of
O,, consisting of germs of vector fields tangent to X at its smooth points;
that is,

Ox ={£ €0, |dh(&) e Ix forall heIx}.

Definition 2.1. Let f: (C™,0) — (C,0) be a holomorphic function germ
and (X,0) C (C™,0) an analytic variety.
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The Bruce-Roberts number of f with respect to X is defined by

On
X) =dim¢g ——.

per(f, X) = dimg FOx)
The relative Bruce-Roberts number is defined by
_On
df(Ox) +1Ix

Here df(©x) denotes the image of ©x wunder the differential of f,
df: ©,, — O,

These invariants were introduced in [12] and can be regarded as natural

generalizations of the classical Milnor number to the context of function
germs defined on analytic varieties.

/’LBR(fa X) = dlmC

The main properties of ugr(f, X) are the following (see [12]):

(a) ppr(f,X) is invariant under the action of the group Rx of diffeo-
morphisms ¢ : (C",0) — (C™,0) which preserve (X, 0);

(b) upr(f,X) < oo if and only if f is finitely determined with respect
to the R x-equivalence;

(¢) upr(f,X) < oo if and only if f restricted to each logarithmic stra-
tum (see Section 4) is a submersion in a punctured neighbourhood
of the origin.

3 Milnor number and Bruce-Roberts number

For f € O,, the Jacobian ideal J f contains df (©x) for any analytic variety
(X, 0). Hence, finiteness of the Bruce-Roberts number of f with respect to
(X,0) implies that the Milnor number

u(f) = dime O, /J f

is finite. We remark that the converse is not true as we can see in the
following example.

Example 3.1. Let f : (C%,0) — C be the function defined by f(z,y) =
zy, and let X be the z-axis. Then,

Ox = <(17O)’ (an» and df(@X) = <y7$y>'

Moreover, the Milnor number of f is u(f) = 1, while the Bruce-Roberts
number ppr(f,X) is not finite (f is not a submersion on the stratum

{y =0}).
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It is true that the Bruce-Roberts number is smaller than or equal to the
Milnor number, hence, it is natural to investigate the relationship between
these numbers.

When (X,0) is an isolated hypersurface singularity and ppr(f, X) is
finite, the fiber (f~1(0) N X,0) is an isolated complete intersection singu-
larity (ICIS), (see [8, Proposition 2.8]).

For an ICIS, there exist the well-known Milnor and Tjurina numbers:
Let (Y,0) be the ICIS defined by a map germ ¢ = (¢1,...,¢x) : (C",0) —
(C*,0); that is, Iy = (1, ..., d), the Tjurina number of (Y,0), which can
be interpreted as the minimal number of parameters in a versal deforma-
tion of ¢, is
O

Y.0) = dimg ————n
7(¥,0) = dimc Im(J¢) + Iy OF

Here, Im(.J¢) denotes the O,-submodule of OF generated by the columns
of the Jacobian matrix of ¢ (see [20, Theorem 1.16, p. 238]).

Moreover, each fiber ¢~1(s) (for a generic s) has the homotopy type
of a bouquet of spheres of dimension n — k. The Milnor number of (Y, 0),
w1(Y,0), is the number of spheres in this bouquet(see [22, 23]). For its
computation, one uses, the well-known Lé-Greuel formula recursively (see
[11, 26]): if Y7 is the ICIS defined by (¢1,...,¢r—1), then

On
(D1, Pr—1, )

where J¢ denotes the minors of maximal order of the Jacobian matrix

of ¢.

For k = 1, that is, in the hypersurface case, we have

(Y, 0) + p(Y1,0) = dime

: Jz" 55 and p(Y.0) = dinmc &9@ — 1(6).

The following result, proved in [28] and independently in [25], describes
how these invariants are related to the Bruce-Roberts number.

T(Y, O) = dim(c

Theorem 3.2 ([25, 28]). Let (X,0) C (C™,0) be an isolated hypersurface
singularity defined by ¢: (C™,0) — (C,0), and let f € O,, be finitely Rx-
determined. Then

per(f. X) = p(f) + u(f71(0) N X,0) + u(X,0) - 7(X,0).

This result was obtained earlier in [38] for the case where the hyper-
surface (X, 0) is weighted homogeneous. In this case, the relation is

usr(f, X) = u(f) + n(f71(0) N X,0).
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The proof for this particular case strongly uses the characterization of the
logarithmic vector fields presented by Wahl [51] (see also [12, Proposition
7.2]).

To study how this result generalizes to other types of analytic varieties,
we must be able to compute the Bruce-Roberts number in those settings.
This task can be challenging, as it requires determining ©x for a given
variety X in (C™,0), which involves calculating the corresponding syzygies.
Consider the following example.

Example 3.3.

a) Let (X,0) C (C",0) be the hypersurface defined by ¢ : (C™,0) —
(C,0). Then

0 G,
Ee0x > BOEW) > Gt bbb =,

n
for some A € O,,.

The goal is to determine all £ = (&1,...,§,) € ©,, such that there
exists A € O,, with

¢ ¢ _
5187m+~-+£n%—>\¢—0.

n

To compute ©x in this case, we compute the syzygy module of the

sequence
9 9
851:17.“7555n’

and project onto the first n coordinates.

b) Let (X,0) C (C™,0) be the variety defined by Ix = (¢1,...,dr).
Then

E€EOx = doi(§) elx Vi=1,... k,

ol dd;
= £1i+"'+§n ¢Z=/\i1¢1+"'+/\ik¢k
81'1 axn
for some A1, ..., \ix € O,. To compute © x, we consider the modules

0¢; 0¢; .
ﬂ:SyZygy QS PR ) ¢ 7¢)17"'7¢k b Z:17"'7k7
0x1 oxy,

and project onto the first n coordinates of T, obtaining T/, i =
1,...,k. Then

k
Oy = ﬂ T!.
=1
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It is possible to compute the generators of © x for certain varieties using
computer algebra software; however, the feasibility of such computations
depends on the complexity of the variety. In [37] and [48], algorithms are
provided for obtaining a set of generators of ©x in the cases of an isolated
hypersurface singularity and an ICIS, respectively.

In order to prove Theorem 3.2, we make use of the trivial vector fields
of a hypersurface. We define them below in the more general setting of
ICIS.

Definition 3.4. Let (X,0) be an ICIS defined by ¢ : (C",0) — (CF,0),
with Ix = (¢1,...,¢r). The module of trivial vector fields of X is defined
by

0% =kertp + Ix0,,
where t¢ : 0, — O(¢) is the homomorphism of O,-modules given by
& dpo&, and O(¢) denotes the O, -module of germs of vector fields
along ¢. We observe that ©(¢) can be identified with OF.

In the next proposition, we present a usefull characterization of the
module of trivial vector fields of an ICIS.

Proposition 3.5 ([30, Proposition 2.1]). Let (X,0) be the ICIS deter-
mined by the map ¢ = (¢1,...,¢x) : (C*,0) — (C*,0). Then

0 ... 0
oxq oz,
9¢1 ., 9¢u
ox ox
T 1 n .
GX:Ik+1 . <¢13x 17"'7k7]:1a"'7n>7
. . J
O¢r ... Odk
oxq oz,

where the first term on the right-hand side is the submodule of © x generated
by the (k + 1)-minors of the matriz.

We note that ©% is not equal to Ox.

Example 3.6. Let (X,0) C (C3,0) be the ICIS defined by ¢ : (C3,0) —
(C2,0) with ¢(z,y,2) = (23 +2%y? +y" + 23, 2y2). It is known that (X, 0)
is not weighted homogeneous. In this case,

9 9 0
ox Oy Oz

of =n| % o o0 |+ (07 606l i=12).

O¢a O¢2 O¢o
or OJy Oz

Let

B 0 0 5 0
&= 7:vz% +3yza—y + 7z %
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Then
ddjl({) € <¢17¢2>7 1= 1a2
In this example, £ € Ox but & ¢ ©%, and ¢ is not an Euler vector field,
that iSa g(éz) 7é (rbi, 1= 1; 2.
As a step toward proving Theorem 3.2, we obtained the following char-

acterization of the Tjurina number of an ICIS, which is of independent
interest.

Proposition 3.7 ([30, Proposition 4.6]). Let (X,0) be an ICIS and let
f €O, be a finitely R x-determined function germ. Then

df(©x)
G

dim@@—? = dim = 7(X,0).
Ox

In fact, the equality between the first and third numbers in the previous
proposition appears also in Tajima’s work (see [47]).

Since the invariants appearing in Theorem 3.2 are defined for an ICIS
(X,0), it is natural to ask whether the same relation holds in this case.
Unfortunately, this is not always the case, as shown by the following ex-
ample.

Example 3.8. Let (X,0) be the ICIS determined by the map-germ ¢ :
(C3,0) — (C2,0) defined by ¢(z,y,2) = (23 +2%y? +y"+23,2y2), and f €
O,, such that f(x,y,z) = 22 + yz. Using the software singular SINGULAR,

[14], we calculate the Milnor and Tjurina numbers, respectively, of the
ICIS
w(X,0) =51, 7(X,0) = 47.

Since these numbers are different (X,0) is not weighted homogeneous.
Moreover,

npr(f, X) =35+ 34 = u(f) + u(X N f71(0),0) + u(X,0) — 7(X,0).

At present, the known relation among these invariants in the case of
an ICIS is given by the following result.

Theorem 3.9 ([30, Theorem 4.7]). Let (X,0) be an ICIS and let f € O,
be a finitely R x -determined function germ. Then

pBr(f, X) = /J'(f) +/J,(Xﬁf_1(0),0) +M(X7O) —T(X,O)
IxNJf

dimg ———-
+ dimg TxJf s

— dim L
CUf+Ix
where Ix C O,, denotes the ideal defining (X, 0).

Example 3.10. With the setting of example 3.8, by using the software
SINGULAR, we see that, in fact
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IxﬂJf_

=1le dimc 2L =2
e dimg IxJ] ,

dim On
CTf+Ix
which is in agreement with previous theorem.

As mentioned earlier, in the Bruce and Robert’s paper, [12], another
invariant of a function germ with respect to an analytic variety is intro-
duced, namely the relative Bruce-Roberts number, pg,(f, X) (Definition
2.1). In [12, Proposition 7.7], it is proved that if the analytic variety under
consideration is a weighted homogeneous ICIS, then the relative Bruce-
Roberts number coincides with the Milnor number of the ICIS defined
by the intersection of the variety with the zero set of the function. This
proposition is generalized in the following result.

Theorem 3.11 ([30, Theorem 2.2]). Let (X,0) C (C™,0) be an ICIS
and let f € O, be such that upr(f, X) < oco. Then (X N f~1(0),0) defines
an ICIS and

p(X N f7H0),0) = ppp(f, X) — u(X,0) +7(X,0).

It is worth noting that Theorem 3.11 provides a very elegant proof
of the well-known fact that if an ICIS is weighted homogeneous, then its
Milnor number coincides with its Tjurina number.

4 The logarithmic characteristic variety and
Bruce-Roberts number

In this section, we study the relationship between the Bruce-Roberts num-
ber and the logarithmic characteristic variety. The Bruce-Roberts number
admits a particularly elegant geometric interpretation when the logarith-
mic characteristic variety is Cohen—Macaulay. This variety, originally de-
fined by Saito in [45], appears in several works in Singularity Theory, and
many significant consequences follow from the Cohen—Macaulay property.
We now recall its definition.

Let (X,0) C (C™,0) be a germ of a reduced analytic subvariety. Take
a representative X on some small open neighbourhood U of 0 in C™. For
each z € U, we denote by ©x (z) the linear subspace of T,,U generated by
the vectors §(x), with § € ©x .. Here, O x , is defined in the same way as
©x o, namely, it consists of germs at z of vector fields tangent to (X, z).

Lemma 4.1 ([12, Lemmal.5]). There is a unique stratification {X,; a €
I} of U that satisfies the following properties:

1. Fach stratum X, is a smooth connected immersed submanifold of U
and U 1is the disjoint union Uacr Xq.
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2. If x € U lies in a stratum X, then the tangent space T, X, coincides
with ©x (x).

3. If X and X are two distinct strata with X, meeting the closure of
X3 then X, is contained in the frontier of Xg.

Definition 4.2. The stratification {X,, : « € I} of the previous lemma is
called the logarithmic stratification of X and the strata X, the logarithmic
strata. The germ (X,0) is holonomic if, for some neighborhood U of 0 in
C™, the logarithmic stratification has only finitely many strata.

Example 4.3. By [12, Porposition 1.7], if (X,0) is an ICIS in C", then
the logarithmic strata are the connected component of C* \ X, X \ {0}
and {0}.

Definition 4.4. Define
LCy(X) = {(w,0) € THC" | al&(x)) = 0 for all € € Ox},

where T5C™ denotes the cotangent bundle of C" restricted to U. The
logarithmic characteristic variety of X, denoted by LC(X), is then defined
as the germ of LCy(X) along TFC™.

To compute LC(X), the following procedure is used. Denote the co-
ordinates on T*C" by z1,...,Zpn,P1,--.,Pn and consider the polynomial

ring O, [p] := Onlp1, - - -, Dnl-
Given a vector field ¢ € ©,,, write

and associate to £ the linear form
= (&p) Z a;p; € O

Let {&1,...,&k} be a set of generators of the O,-module ©x. Then
the linear forms 1. .., & generate an ideal I'1c(x) C Oy[p]. The logarith-

mic characteristic variety LC(X) is then regarded as the closed complex
subspace of T*C" defined by this ideal.

Example 4.5. Let (X,0) C (C?,0) be the hypersurface defined by

oz, y,2) =2 +y° + 2°.
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The germ (X, 0) is weighted homogeneous, and

9 9 9
2 2 2 o 9 0
Oy =1 ox Ody Oz - - —\.
X 2 307 32 322 + xax+y6y+26z

Therefore, the ideal I1c(x) C On[p] is generated by the linear forms

I (;22 ?zgyzz 552) + (zp1 +yp2 + 2p3) .

Remark 4.1. By [12, Proposition 1.14], the germ (X, 0) is holonomic if
and only if dim LC'(X) = n. In this case, let

Xo=C"\ X,...,X, = {0}

denote the logarithmic strata of X. Then, as germs of sets,
Lox) = v,
i=0

where Y; = N*X; denotes the closure in T*C"™ of the conormal bundle
N*X; of X;. The sets Y; (i = 0,...,r) are precisely the irreducible com-
ponents of LC(X). We denote by m; the multiplicity of LC(X) along Y;.

We now consider the relationship between the logarithmic characteris-
tic variety and the Bruce-Roberts number. If LC(X) is Cohen-Macaulay,
then pupr(f,X) coincides with the number of critical points of a Morsifi-
cation of f on each logarithmic stratum X;, counted with multiplicity.

Theorem 4.6 ([12, Corollary 5.8]). If f has an isolated critical point at
0 and n; is the number of critical points of a morsification of f on X;, then

mei < usr(f, X) (4.1)
with equality if and only if LC(X) is Cohen-Macaulay at (0,df(0)).

In [12, Proposition 5.10], Bruce and Roberts showed that if (X,0) has
codimension greater than 1 in (C",0), then LC'(X) is not Cohen-Macaulay
at any point of X x0 C LC(X). In the codimension 1 case, they also proved
that LC(X) is Cohen—Macaulay at any point outside X x 0.

Therefore, it only makes sense to ask whether LC'(X) is Cohen-Macau-
lay when (X,0) is a hypersurface; in general, this remains an open prob-
lem. In [38], we use Wahl’s characterization of Der(—log X) given in [51]
to show that, if (X,0) is a weighted homogeneous hypersurface with an
isolated singularity, then LC(X) is a determinantal variety, that is, it is
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defined by the minors of a certain matrix and has the expected codimen-
sion. Hence, by the Eagon-Hochster results [16], one concludes that, in this
case, LC(X) is Cohen-Macaulay.

Afterwards, there were no further developments on this topic for al-
most a decade, until the PhD thesis of Lima-Pereira in 2020, where it
was proved, using Theorems 3.2 and 4.6, that LC(X) is Cohen-Macaulay
for any hypersurface with isolated singularity. More recently, this result
was extended to holonomic weighted homogeneous hypersurfaces whose
singular set has dimension 1, see [32]. Altogether, we obtain the following
result.

Theorem 4.7 ([32, Corollary 3.12]). Let (X,0) be a holonomic hyper-
surface whose singular set has dimension at most 1, such that it is defined
by a Euler homogeneous function*. Then, LC(X) is Cohen-Macaulay.

In the following example, we exhibit a non-holonomic weighted ho-
mogeneous hypersurface whose logarithmic characteristic variety is not
Cohen-Macaulay. This shows that the holonomic hypothesis in the previ-
ous theorem cannot be removed. The remaining open problems concern
non—weighted homogeneous hypersurfaces with non-isolated singular sets,
as well as weighted homogeneous hypersurfaces whose singular set has di-
mension greater than 1.

Example 4.8. Let (X,0) C (C3,0) be the hypersurface defined by

o(x,y,2) = vy(r — y)(z + y(z + 1)).

[12, Example 18-b] shows that (X, 0) is not holonomic and by making the
calculations with SINGULAR,

dimOLC(X) =4#£3= depthOLC(X).
Therefore LC(X) is not Cohen-Macaulay.

As mentioned earlier, the logarithmic characteristic varieties of germs
of codimension greater than one are not Cohen-Macaulay. However, Bruce
and Roberts [12] introduced another notion of logarithmic characteristic
variety. With the notation of Remark 4.1, let N*X; = C™ x {0} denote the
zero section, defined by the ideal P = (pi,...,py). Clearly, Irc(x) C P.
The relative logarithmic characteristic variety LC(X)™ is the complex
subspace of T*C" defined by the saturation of Iy c(x) with respect to P,
that is, Iro(x) : P*°. As germs of sets,

LO(X) = O Y, = O N*X; = LC(X) N7 }(X),

where 7: T*C™ — C™ denotes the canonical projection.

LA function ¢ € O, is said to be Euler homogeneous if there exists a vector field
€ € Oy such that e(¢) = ¢)
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Just as LC(X) is related to upgr(f, X), the space LC(X)~ is related to
the relative Bruce-Roberts number ;5 (f, X). More precisely, LC(X,0)~
is Cohen-Macaulay at (0, p) if and only if

ppr(f,X) =" nm;, (4.2)
i=1

where X7,..., X, are the logarithmic strata excluding Xy = C* \ X, n;
denotes the number of critical points of a Morsification f; on the stratum
X;, and m; is the multiplicity of the corresponding irreducible component
Y; of LC(X,0); see [12, Proposition 5.11].

Bruce and Roberts proved in [12, Proposition 7.3] that if (X,0) is a
weighted homogeneous ICIS, then LC(X)~ is Cohen-Macaulay. In [30,
Theorem 3.1], using Theorem 3.11, this result is extended to general ICIS,
leading to the following theorem.

Theorem 4.9 ([30, Theorem 3.1]). If (X,0) is an ICIS, then LC(X)~
is Cohen—Macaulay.

Equations (4.1) and (4.2) show that, like the Milnor number, the num-
bers upr(f,X) and pgg(f, X) can be computed in terms of the number
of stratified critical points of a Morsification of f with respect to the loga-
rithmic stratification of X. Moreover, the Cohen-Macaulayness of LC(X)
and LC(X)~ implies the conservation of both numbers under arbitrary
deformation of f. Several authors have recently published papers on these
topics (see [2, 8, 21, 38]).

5 Applications

The results in Sections 3 and 4 have many applications developed by several
authors. We present some of them here.

5.1 Bruce-Roberts number and Euler obstruction

Let (X,0) be an isolated hypersurface singularity defined by a germ
¢ : (C™",0) = (C,0). Let f € O, be finitely R x-determined. From Theo-
rem 3.2, by replacing f with a generic linear projection p: (C™,0) — (C,0)
and applying the Lé-Greuel formula, we obtain

Oy
uer(p, X) = dimg ——— — 7(X, 0).
P X) = dime (o gy T
According to Gaffney [18], the (n — 1) polar multiplicity is defined by

On

my—1(X,0) = dimg m7
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and therefore,
mn—l(Xa O) = ;UBR(py X) + T(X7 O)

Furthermore, Pérez and Saia [24] proved that

n—1

L+ (="' u(X,0) = D (=1)'mq(X,0),
=0

where m;(X,0) denotes the i*" polar multiplicity. From the Lé& Tessier
formula, we also have

n—2

EU(X, 0) = Z(fl)niiizmi(Xv O)a
1=0

where Eu(X,0) denotes the Euler obstruction of (X,0) (see [35]). Com-
bining these expressions, we obtain
mp—1(X,0) — p(X,0) = Eu(X,0) + (71)’”71'
This leads to the following result.

Theorem 5.1 ([28, Corollary 4.5]). Letp: (C™,0) — (C,0) be a generic
linear projection, and let (X,0) C (C™,0) be a hypersurface with an isolated
singularity. Then:

1. mp—1(X,0) = ppr(p, X) + 7(X,0);
2. Bu(X,0) = psn(p, X) + 7(X,0)  p(X,0) + (~1)"

It follows from the above result that the Bruce-Roberts number of a
generic linear projection on an isolated hypersurface singularity does not
depend on the choice of the projection.

In [40], the aforementioned relations between the Bruce-Roberts num-
bers and other invariants are combined with the results of [41] to show
that

pon(f,X) = p(f) + p(X,0) + (=171 (Byx(0) = 1) = 7(X,0),
where By x denotes the Brasselet number ([15, Definition 3.18]) of a func-
tion f: (X,0) — C.

5.2 Bruce-Roberts numbers in families

Let (X,0) € (C™0) be a germ of analytic variety and f € O,. A
1-parameter deformation of f is a holomorphic map

F:UxV —C,
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with U and V open sets in C" and C, respectively, such that F(z,0) =
f(x), for all z € U. We denote f; : (C™,0) — C the germ of the function
defined by fi(z) = F(x,t).

We say that F'is upp-constant, respectively p-constant, if upr(f, X) =
uer(f, X), respectively u(f:) = p(f), for t € V small enough.

The constancy of the Milnor number in a family of holomorphic func-
tions is controlled via the integral closure of the Jacobian ideal (see [19]).
Similar results have been obtained for the Bruce-Roberts number in [2],
although in that work the additional hypothesis that LC(X,0) is Cohen-
Macaulay is required. It follows from our Theorem 4.7 that the results in
[2] hold for any isolated hypersurface singularity.

Recall that the polar curve of F' is defined by

C:={(z,t) eC*" xC |dF(&)(z,t) =0foralli =1,...,p},

where &1, ..., are generators of © x. The following corollary is an imme-
diate consequence of [2, Proposition 3.5] together with Theorem 4.7.

Corollary 1. With the above notation, if (X,0) is a hypersurface germ
whose singular set has dimension at most 1, then the following statements
are equivalent:

(i) F is a upgr-constant deformation of f;

(i) The polar curve of F with respect to {t = 0} does not split, that is,
C={0} xC.
Moremier, if %—f € df(©x), then F is a upr-constant deformation of f,
where I denotes the integral closure of an ideal I.

Other interesting results concerning g g-constant families of functions
were obtained by Grulha in [21]. If X is an isolated hypersurface singular-
ity, then from Theorem 4.7 and [12, Corollary 5.8], it follows that

per(f,X)=> " nm;.
=0

According to [12, p. 80], m; = 1 for i = 1,...,7—1, and from [28, Corollary
5.5] and [46, Proposition 2.3], we have

ppr(f, X) = pu(f) + (1) Eup(X,0) + m,_1(X,0) — 7(X,0),

where Euy (X, 0) denotes the Euler obstruction of f; on X at 0 (see [10,
46]). Therefore, from this expression and Theorem 3.2, we deduce that

Theorem 5.2 ([21, Theorem 5.18]). Let X C C" be a hypersurface
with an isolated singularity and let F: (C™ x C",0) — C be a family of
functions with isolated singularities. Then:
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(i) If upr(X,f;) is constant along the family, then u(f), u(XNf71(0),0),
and Euy, (X, 0) are also constant.

(ii) If u(ft) is constant along the family, then the constancy of either
Euy, (X,0) or u(X N f;71(0),0)) implies that ppr(X, f;) is constant
along the family.

Moreover, if (X, 0) is an ICIS, it follows from [12, Proposition 5.11] and
Theorem 3.11 that

r—1 r—1
H’BR f7 § niym; = § nim; + npMmy = § n; + m,
=1 =1

= (— ) 1 Eus(X,0) 4+ mq(X,0) —_T(X, 0)

H(X N f_l(O),O) = IUER(LX) - //'(X>O) + T(X7 0)
= (=1)" ' Eus(X,0) + ma(X,0) — u(X,0).

Corollary 2. Let X C C" be an ICIS, and let F: (C™ x C",0) — C be a
family of functions with isolated singularities. Then the constancy of any
one of the numbers ppr(X, fi), p(X N f;71(0),0), or Euy, (X,0) implies
the constancy of the other two.

The following is a classical result of Greuel [19], which presents several
equivalent conditions for the u-constancy of a family of functions.

Theorem 5.3 ([19, p.161]). For any deformation F : (C™ x C,0) —
(C,0) of a function germ [ with isolated singularity at the origin, the
following statements are equivalent:

1. F is a p-constant deformation of f;

2. for every holomorphic curve v : (C,0) — (C" x C,0),

oF f oF
o)
6‘15 ° 1= II} R v 8:1:2 v ’

where v denotes the usual valuation of a complex curve;

3. same statement as in (i) with “>” replaced by “>7;

4. OF /0t € Jp, where € Jp denotes the integral closure of the Jacobian
ideal
JF = <8F/8331, ce ,8F/633n> in0n+1;

5. OF /0t € \/Jp, where /Jp denotes the radical of Jp;
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6. the polar curve of F with respect to {t = 0} does not split, i.e.,

Cz{(x,t)E(C"x(C

OF .
oz, =0, z—l,...,n}—{O} x C near (0,0).

In [2], the corresponding version for the Bruce-Roberts number is an-
alyzed, and the following statements are considered.

(1,) F is a upgr-constant deformation of f;

(2,) for every holomorphic curve v : (C,0) — (C™ x C,0),
V(%ZOV) > inf {v(dF(&)oy) : i=1,...,p};

(3,) same statement as in (2r) with “>" replaced by “>7;

oOF ————
(4) G € Tr(Ox);

OF
(5r) o €V Jr(Ox);
(6,) the polar curve of F' in V with respect to {¢ = 0} does not split, i.e.,

C={(z,t)eC"xC|dF(&(x))=0, i=1,...,p} ={0} xC near (0,0).

The relations among these conditions are established in [2]. In partic-
ular, from [2, Theorem 3.3] we have

(2;) = (3r) = (4,) = (5).
Moreover, [2, Examples 3.1 and 3.2] show that
(1,) =& (4,) and (5,.) =5 (4,).
In addition, [2, Proposition 3.5] proves that
(1) = (65),
and that, if C' is Cohen—Macaulay, then
(6,) = (L)

Finally, for a hypersurface (X,0) whose logarithmic characteristic va-
riety LC(X) is Cohen-Macaulay, [2, Theorem 3.7] asserts the equivalence

(1) <= (6r),
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while, if (X,0) is a hypersurface with an isolated singularity, [2, Theo-
rem 3.11] establishes that

(4,) = (1)

Another classical result concerning the p-constancy of families of func-
tion germs is due to Varchenko [49]. It states that if f is a weighted homo-
geneous function germ with an isolated singularity and f; is a deformation
of f obtained by adding terms of weighted degree greater than or equal
to that of f, that is, a non-negative deformation, then the family f; is
p-constant. Motivated by this result, the relationship between the Bruce—
Roberts number and non-negative deformations was studied in [39].

Theorem 5.4 ([39, Theorem 3.6]). Let (X,0) C (C™,0) be a weighted
homogeneous hypersurface with isolated singularity, let f : (C™,0) — C be
a weighted homogeneous (with the same weights as X ) R x -finitely deter-
mined function and let f; be a deformation of f. The following statements
are equivalent:

1. the family f, is C° — Rx -trivial;
2. ft is a non-negative deformation;
3. upr(fi,X) is constant.

We observe that the results above provide sufficient conditions for a
family of functions to have a constant Bruce-Roberts number, assuming
the analytic variety is fixed.

In [13], Proposition 4.4 establishes an interesting result for toric va-
rieties, showing that under certain conditions the Bruce-Roberts number
remains invariant under simultaneous deformations of both the toric vari-
ety and the function.

5.3 Chern obstruction

In [33], the authors established a relation between the Chern obstruc-
tion and the relative Bruce-Roberts number under the assumption that
the relative logarithmic characteristic variety is Cohen-Macaulay. The key
ingredient in this relation is the following result.

Proposition 5.5 ([33, Proposition 5.2]). Let (X,0) C (C*,0) be a d—
dimensional reduced analytic variety, G = (g1,...,6p) : (X,0) = (CP,0) a
map-germ, where d > p, and V a Whitney stratification of XNG~*(0). Sup-
pose that f: (X,0) — (C,0) has (at most) a stratified isolated singularity
at the origin in XNG~1(0). Then the Chern obstruction Chxng—1(0)0{df }
is equal to the number of non-degenerated Morse critical points of a Mor-
sification of f appearing in the regular part of X N G~1(0).
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In this way, a connection between the Chern obstruction and the rel-
ative Bruce-Roberts number is obtained. In particular, when the relative
logarithmic characteristic variety is Cohen—-Macaulay, the relative Bruce-
Roberts number counts Morse critical points.

Theorem 5.6 ([33, Theorem 5.5]). Let (X,0) C (C™,0) be a reduced
analytic variety and F = (f,g1,...,9p) : (X,0) — (CPT1,0) be a map such
that f : (X,0) — (C,0) has (at most) a stratified isolated singularity at
the origin in X NG~1(0). Suppose that X NG~1(0) is a holonomic variety
and that the relative logarithmic characteristic variety LC(X N G~1(0))~
of X N G71(0) is Cohen-Macaulay. Then,

Chxnc-1©0),0{df} = npr(f,XNGTH0) = D nama.

As a consequence of the previous theorem and Theorem 4.9, we obtain
a particular relation when the variety is an ICIS.

Corollary 3 ([33, Theorem 5.6]). Let (X,0) C (C™,0) be a (d+ 1)—
dimensional ICIS and F = (f, g1,...,9p) : (X,0) = (CPT1,0) a map, such
that X NG~1(0) and X N F~1(0) are also ICIS. Then, for a generic linear
form I,

Chxne-1(0),0{df} = ppr(f; X NGH0)) — ppr(, X NG(0)).

Although the assumption that the relative logarithmic characteristic
variety is Cohen—Macaulay is rather restrictive, we expect that this condi-
tion is satisfied for any holonomic variety. Furthermore, this can be checked
computationally, (see [33, Examples 5.10, 5.11 and 5.12]).

6 State of the Art

In recent years, several authors [3, 4, 5, 31, 40] have investigated rela-
tionships between the Bruce-Roberts numbers and other invariants in Sin-
gularity Theory, as well as extensions of these invariants to the setting
of 1-forms. In particular, connections with the GSV-index have been ex-
plored, and links with foliations have been established, see [4].

6.1 The Bruce-Roberts Tjurina number

Another invariant which is related to a map germ is its Tjurina number,
which is related to the number of parameters which are necessary in a versal
deformation of the germ.
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It is well known that the Tjurina number of an ICIS is smaller then or
equal to its Milnor number and that the equality is equivalent to the fact
that the ICIS can be defined by a weighted homogeneous map (see [44,
50)).

In [1, 7, 6, 8], it is defined a generalization of the Tjurina’s number:
the Bruce-Roberts Tjurina number of f with respect to (X,0) is

: %
e = dime e
when this number is finite.

It is clear that the Bruce-Roberts number is greater than or equal to
the Bruce-Roberts Tjurina number, hence, upr/7x > 1. In the classical
case, that is, f : (C",0) — C, we have 1 < p/7 < n, see [34]. The following
result provides an estimate for the relative case.

Proposition 6.1 ([8, Corollary 3.3]).

,U'BR(f’X)
7x (f)

where ¢ (df (©x)) is the smallest integer r € Z>y such that f7 € df (Ox).

< rs(df(©x)),

In [6], it is defined a kind of relative quasihomogeneity: f and ¢ are
relativelly quasihomoegenous if they are weighted homogeneous with the
same weights. There is also an example which shows that the equality be-
tween the Bruce-Roberts number and the Bruce-Roberts Tjurina number
is not equivalent to the relative quasihomogeneity. In the next result, the
authors present sufficient conditions for this equivalence.

Theorem 6.2 ([6, Theorem 1.3]). Let (f, X) be a pair with ppr(f, X)
< 00. Suppose also that

1. f € M3, where M = {f € O, | f(0) =0} is the (unique) mazimal
ideal of Oy, or

2. X is a hypersurface with at most an isolated singularity at the origin.

Then, the equality ppr(f, X) = 7x(f) is equivalent to the relative quasi-
homogeneity of the pair (f, X).

In Cidinha’s last paper about this issue ([7]), they related the Bruce-
Roberts and Bruce-Roberts Tjurina numbers to dimensions of special mod-
ules generalizing the relationships for the invariants presented in the first
section.
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6.2 The Bruce-Roberts numbers of 1-forms

In [4, 5, 3], the authors extend the definition of the Bruce-Roberts num-
bers to the setting of 1-forms. Let (X,0) C (C",0) be an analytic variety,
and let w be a germ of a holomorphic 1-form at the origin. The Bruce-
Roberts numbers of the 1-form w with respect to (X,0) are defined by

O'fL
- X) :=di [
and  pgp(w, X) :=dimc NCES

where Ix denotes the ideal of germs vanishing on (X,0), and w(©x) is
defined in the natural way. Namely, if the 1-form w is given by

n
w= g w; dx;,
i=1

On
X) :=di
/.LBR(L«), ) dlmc w(@X)

and

= 0
n= Z‘”azi € Ox,
i=1

then .
wn) = Z a; w;.
i=1

We also denote by (w) = (wy,...,wy,) the ideal of O, generated by the
components of w.

Using these invariants, the results of [28, 29, 30] can be extended to
holomorphic 1-forms with isolated singularities. Let (X,0) C (C™,0) be an
isolated hypersurface singularity and let w be a holomorphic 1-form with
an isolated singularity at the origin. Then

ppr(w, X) = p(w) + Indgsy (w; X,0) — 7(X, 0),
tpr(w, X) = Indgsv(w; X,0) — 7(X, 0),

where p(w) = dime 8}> denotes the Milnor number for 1- forms, see [4] for
details.

The previous equalities were extended to the case of isolated complete
intersection singularities in [31]. Let (X,0) C (C™,0) be an ICIS and let w

be a holomorphic 1-form with an isolated singularity at the origin. Then
upr(w, X) = po(w) + Indgsy (w; X,0) — 7(X,0)

— dimg ——— + dim
Cw) +1Ix ©
and the relation defining the relative Bruce-Roberts number remains un-

changed.
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In order to establish these equalities, we use the algebraic characteri-
zation of the GSV-index given in [17, Theorem 2]|. More precisely,

On

Indasy(w, X, 0) = dime ———"
w
Ix + Iy <t¢>

)

where
W1 ... Wp
0¢1 991
w Oxy ' Oz,
to) | 1o
Odk [eloly
Ox1 " Oxnp

In Theorem 3.9, by taking w = df and applying the Lé-Greuel formula,
Indcsy (w; X, 0) = u(X N £71(0),0) + (X, 0),

we recover a particular case of the previous formula.
The following example illustrates the previous results in the case of a
non-exact 1-form.

Example 6.3. Let (X,0) be the ICIS determined by the map-germ ¢ :
(C3,0) — (C?,0) defined by ¢(z,y,2) = (2% + 2%y* + y" + 23, 2y2), and
let w = x2% + yQ% + (x4 z)%. Using the software singular SINGULAR,
[14], we calculate

upr(w, X) =36, pu(w)=4, Indgsv(w,X) =75, 7(X,0)=47

Ixﬁ<w>

T (@) =38.

dim¢ =4 e dimc

On
(W) + (91, b2)

To compute the last dimension, we can use the homolog library in
SINGULAR. An alternative is to use the fact that there is an isomorphism

therefore,

for further details, see [27, Proposition 5.39 and Corollary 5.47].
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Motivated by this isomorphism, the following conjecture was proposed.

Conjecture 6.4. Let (X,0) C (C",0) be an ICIS determined ¢ : (C™,0) —
(C*,0) and w a 1-form such that upr(w, X) < oo then

0, O k @)
ime Tor® (2 En ) — (R gime — 57
dim¢ Tor; ((w)’ IX) (z) dim¢ Tx + (@)

When k£ = 1, the conjecture is immediate. The case k = 2 was proved
in [30]. Recent progress on this conjecture is presented in [9], where the
authors reformulate it by adding the assumption n > k.

Conjecture 6.5 ([9], Conjecture 5.2). Let (R, M) be a regular local
ring of dimension n, let I be an ideal generated by an R-regular sequence
of length k£ < mn —1, and let J be an ideal generated by a regular sequence
of length n. Then, for any 0 < ¢ < k, we have

((Torf(R/I,R/J)) = <k) 4 <I+RJ> ;

1
where ¢(—) denotes the length as an R-module.

Still about Bruce-Roberts and 1-forms, in [5], the notion of the Bruce-
Roberts Tjurina number to holomorphic 1-forms was defined and a relative
GSV-index was presented. The authors further established relationships
between these new invariants and also obtained an inequality of the type
stated in Proposition 6.1 for the Bruce-Roberts number of 1-forms and the
Bruce-Roberts Tjurina number of 1-forms.

7 Conclusion

This survey presents central results concerning the Bruce-Roberts number,
with an emphasis on its relationships with other fundamental invariants in
Singularity Theory, including the Milnor and Tjurina numbers, the Euler
obstruction, the GSV-index, and logarithmic characteristic varieties. The
results discussed illustrate the structural richness of these invariants and
highlight several open problems, particularly in non-homogeneous settings
or in the presence of singular loci of positive dimension.

Much of the development in this area has been influenced by the contri-
butions of Maria Aparecida Soares Ruas, whose work played a significant
role in shaping the study of the Bruce—Roberts number. The perspectives
outlined here suggest further avenues for investigation and indicate that
these invariants remain a fertile topic for future research.
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