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1 Introduction

The use of Grassmannian calculus in probability theory remains a some-
what unfamiliar subject within the probabilistic community. While the
powerful methods of Grassmann algebra have been successfully applied
in theoretical physics, particularly in statistical mechanics and field the-
ory, their potential contributions to probability theory have yet to be fully
recognized and utilized. The aim of this survey is to bridge this gap by
providing an accessible yet rigorous introduction to Grassmannian meth-
ods in probability, highlighting their relevance, applications, and potential
for further development.

Role in Algebra

Grassmannian calculus, originally introduced in the 19th century by Her-
mann Grassmann [33], is a mathematical framework based on anticommut-
ing variables, known as Grassmann variables. These variables, denoted as
6 = (0;);, satisfy the fundamental relation 0;6; = —6;6;, making them es-
sential tools in areas where antisymmetric structures naturally arise. An
example of such context are differential forms, since Grassmann calculus
provides a natural language for integration on manifolds [48]. Further-
more, it serves as a foundation for Clifford algebras, Lie superalgebras,
and cohomological theories (see for instance [7, Ch. I1I1.7 and Ch. III.11]
or [14]). These structures have significant implications in homological al-
gebra, representation theory, and geometric topology.

Role in Probability

While perhaps not being mainstream, Grassmann calculus has been suc-
cessfully applied in probability theory, too. One notable area of applica-
tion is in the study of large random matrix ensembles, where Grassmann
variables facilitate the derivation of integral representations and correla-
tion functions [6]. Another recognized direction lies in stochastic pro-
cesses with fermionic structure, where supersymmetric methods have been
employed to analyze diffusion and percolation problems ([5, 38]). These
contributions underscore the potential of Grassmannian methods in tack-
ling problems that resist conventional probabilistic techniques. As stated
by [39], Grassmann calculus has the unique property that “it permits the
expression in formulas of the results of geometric constructions”.

In light of this remark, Grassmannian techniques have been successfully
utilized in combinatorial probability, particularly in the study of loop mod-
els, spanning forests, and the enumeration of walks [8, 31, 26]. These appli-
cations leverage the inherent antisymmetric nature of Grassmann variables
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to elegantly encode counting problems that involve non-intersecting paths
and constraints on connectivity. Other applications include for instance
dimer models and the Ising model [25, 41, 46].

Role in Supersymmetry

In theoretical physics, Grassmann variables play a central role in super-
symmetry (SUSY), an area that extends conventional quantum mechanics
and quantum field theory by positing a symmetry between bosonic and
fermionic degrees of freedom (see [52]). Supersymmetric theories have
been applied to various fields of physics, from string theory to optics, and
even a supersymmetric extension of the Standard Model was considered.
For a review on the topic we refer the reader for example to [50]. Note
that supersymmetric methods have also been adapted to study disorder
systems, Anderson localization, and the behavior of spin glasses for exam-
ple in [53, 23].

On the one hand, most researchers in probability theory are unfamiliar
with Grassmannian calculus. On the other hand, mathematicians already
acquainted with Grassmann algebra typically lack familiarity with prob-
ability theory. While we do not pretend to have covered all aspects of
the field, this survey seeks to offer a treatment of the core concepts, tech-
niques, and major achievements of Grassmannian calculus within probabil-
ity, thereby making the subject more accessible to probabilists, and to pro-
vide sufficient background in probability theory ensuring that those well-
versed in Grassmannian methods can appreciate the depth and breadth of
its applications in this field.

Structure of the paper

These notes begin with providing mathematical preliminaries in Sec. 2
and introduce Grassmann calculus in Sec. 3. We are going to deal with
Grassmann Gaussians in Sec. 4. We then proceed to show applications of
Grassmann calculus: the first one are uniform spanning trees in Sec. 5.
Another statistical mechanics model, the Abelian sandpile is presented in
Sec. 6 followed by supersymmetry in Sec. 7. We will finally give two fur-
ther applications of Grassmann calculus in probability theory: reinforced
processes in Sec. 8 and random matrix theory in Sec. 9.
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2 Mathematical preliminaries

2.1 Notation

We denote N := {1, 2, ...}. We write [n] := {1, 2, ..., n} for n € N. We
will use boldfonts to denote vectors (for example, = (1, ..., Z,)). The
set of n X n square matrices with entries in a field I is called M,,(F). The
cardinality of a set A is denoted as #A. Given a € C, we denote by R(a)
and $(a) the real and imaginary part of a, respectively.

Matrices

Definition 2.1 (Positive-(semi)definite matrix). A matrix A € M,,(C)
is positive-(semi)definite if

R@ETAz) > 0

(resp. > 0) for any & € C™\{0}, where ' denotes the transpose complex
conjugate of x. A similar definition applies to A € M, (R) by replacing
Z! with 2, that is, the transpose of @.

Definition 2.2 (Hermitian matrix). A matrix A € M,,(C) is Hermitian
if A= ZT, that is, for all 1 <4, j <n one has A(i, j) = A(j, 7).

Let n € Nand X = (X;); be a vector of real-valued random variables,
each of which has all finite moments.

Cumulants

For a reference on this paragraph see for example [40].

Definition 2.3 (Joint cumulants of random vectors). The cumulant
generating function K (t) of X for t = (¢1, ..., t,) € R" is defined as

n tmg

K(t) =log (E[exp(t-X)]) = Z Hm(X)H J—

meN” j=1
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where t - X denotes the scalar product in R", m = (mq, ..., m,) € N" is
a multi-index with n components, and

ylm|
m(X)= ————K(t ,
Fim (X) oty -+ oty (t) ti=...=tp=0
being |m| =mq + -+ + my,.

The joint cumulant of the components of X can be defined as a Taylor
coefficient of K (t) for m = (1, ..., 1); in other words

T Oty - Oty (t) ti=..=t,=0

In particular, for any A C [n], the joint cumulant k(X : ¢ € A) of X can
be computed as

K(XicieAd)= Y (r-D(-D" ] E lH Xi] ,

rell(A) Ber LieB

with II(A) the set of partitions of the set A and |r| the cardinality of .
Let us remark that, by some straightforward combinatorics, it follows from
the previous definition that

HXi] > J]rxi:ieB). (2.1)

i€A nell(A) Ben

E

If A={i, j}, i, j € [n], then the joint cumulant £(X;, X;) is the covariance
between X; and X;. In addition, for a real-valued random variable X, one
has the equality

KX, ..., X)=k,(X), neN,
————

n times

which we call the n-th cumulant of X.

2.2 Real and complex Gaussians

We will now give a brief recap of Gaussian integration in complex variables.
We will restrict ourselves to centered vectors but a more general theory
can of course be studied, as for example in the reference [37] where the
results we are presenting are proved.

Let A € M, (C) be an Hermitian positive-definite matrix with complex
entries.
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Definition 2.4 (Complex Gaussian random vector). A random vec-
tor Z = (Z1, ..., Z,) € C" has a complex Gaussian distribution with
mean zero and inverse covariance matrix A if it has a density equal to

| det(A)|exp (— (Z, AZ))
with respect to the measure

“AR(Z,) dS(Za
11 (Za) d3(Za)

i
a=1

which is a product of Lebesgue measures on the real resp. imaginary part
of Z,. We thus have

A —E {ZZT} ,

in other words for all 1 <4, j7 < n it holds that

E[ZiZj] =0
E[Zizj] = A_l(iv .]) = A_l(j’ Z)
E[|Zi|*] = A7 (i, 4).

Equivalently, for all 1 < i < n one has Z; = X; +1Y;, where (X, Y) is a
2n-dimensional Gaussian vector with

X N 0 1 /RA-L —gA-!
Yy/)"™ 0) 2\341 Ra!))-
2.3 Cumulants of Gaussian vectors

A characterization of real univariate Gaussian random variable is that
all its cumulants of order at least three vanish. More can be said about
cumulants of Gaussian vectors, and we will now proceed to proving what
the cumulants of the vector of their squares look like. Recall now the
notation &,, for the set of permutations of n elements, and #o to denote
the number of cycles in the cyclic decomposition of o € &,,. Both results
are taken from [36] (let us also mention that the original statement is for
Gaussian processes, but we will need only the vector-valued version in
these notes).

Proposition 2.5 (Cumulants of real Gaussian vector). Let S be a
finite set, #S =n € N. If o = (pz)zes s a centered real Gaussian vector
with covariance matrixz C/2 € M, (R), then for allk > 1, 21, ...,z € S
one has
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cyp(C)(xl, B xk)

k
Z H C(Ia, :L'U(a)).

c€S,: #o=1a=1

k(02 ..., 02) =

N~ N~

Proof. The desired result follows from Malyshev’s formula [40, Equation
(3.2.8)] for generalized cumulants as a sum of products of ordinary cumu-
lants. Note that the sum is restricted to cyclic permutations only. All
Gaussian cumulants are zero except those of order two, so the result is
a sum of products of covariances in the form C(xz;,, zj,)--- C(zi,, xj, ).
Since each value 1, ...,k occurs once as a first index and once as a sec-
ond index, (41, ..., jx) is a permutation of (i1, ...,4x). For each cyclic per-
mutation, there are 2¥~! distinct partitions of the 2k indices that sat-
isfy the connectivity condition, all giving rise to the same contribution
C(r1, 2501)) - Clay, xg(k))/Qk. As a consequence the joint cumulant is
one-half the sum of the cyclic products. O

Proposition 2.6 (Cumulants of complex Gaussian vector). Let S be
as in Proposition 2.5. If Z = (Z,;)zes is a centered compler Gaussian pro-
cess with covariance matriz C € M, (C), then forallk > 1, 21, ...,z € S
one has

£ (120 o 1Z0) = ()@, - )
k
= Z H C(-ron :Ecr(a))-
€S, #o=1a=1

Proof. The desired formula follows after arguing as in the proof of Propo-
sition 2.5 and using the covariance matrix C' instead of C/2. O

3 Grassmannian calculus

For this Section we are indebted to [1].
Let F be a field which contains the field Q of rational numbers.

Definition 3.1 (Associative algebra). An associative algebra A over a
field F is a vector space over F with an operation A satisfying the following
conditions: for all z, y, z € A, a € F one has

Left distributivity * A (y+2) =2z Ay+z A 2.
Right distributivity (x +y)Az=zAy+yA z.

Compatibility a(xz Ay) = (ax) Ay =z A (ay).
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Associativity (xAy)Az=xzA(yAz).

Example 3.2. An example of an associative algebra (A, A) is given by
the n x n matrices M, (R) or M,,(C) with the usual matrix multiplication.

For the rest of the notes, we will omit the symbol A unless there is a risk
of confusion with other operations. In our applications, F will typically
be the set of real numbers R or the complex numbers C, and we will not
work with any other field of numbers.

Definition 3.3 (Generators of A). The set {&; : i € I} forms a set of
generators for A if, for all z € A, there exists n € N such that

x:pOIF(gil’ "'751'")7 ZJEIv]-SJSn

In other words every element of the algebra can be written as a finite
polynomial in the &'s.

We are now ready to define a Grassmann algebra.

Definition 3.4. A Grassmann algebra G 4 is an associative algebra over
R (or C) generated by a set of generators {§; : ¢ € I} that satisfy the
following anticommutation relations:

&&= =& (3.1)

Corollary 3.5 (Nilpotency of the £’s). Since the base field of the al-
gebra contains Q, and in particular contains 1/2, it follows that

=0, iel.

Example 3.6. An example of a Grassmannian algebra is the algebra of dif-
ferential forms on an n-dimensional manifold with the operation A defined
as the standard wedge product. To show this, let V' be a n-dimensional
manifold with coordinates x1, ..., x,. A differential form on V can then
be written as

F=Fy++F,

where Fy € C*°(V) is a O-form, i.e., an ordinary function from V to R,
and Fj is an i-form for any i € [n], i.e.,

Fi(z) = f(x)dazy A ANday,,

with z € V and f € C*°(V). The form F), is the degree-p part of F' and a
form F has degree p if F' = F,. The set {dx; : i =1,...,n} forms a set of
generators for this algebra. To conclude the example and show that this is
indeed a Grassmann algebra, note that dz; Adz; = —dx; Adx; for any

i,7 € [n].
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Corollary 3.5 entails an important property: all elements of a Grass-
mann algebra are affine polynomials in the £’s, as we shall see now.

Definition 3.7 (Even and odd, parity). A non-zero monomial f € G4
is called even if it contains an even number of generators, and it is called
odd otherwise. We define the parity of such a monomial as

)0 if fis even,
P(f) = {1 if £ is odd.

We can extend the definition to even resp. polynomials whose monomials
are all even resp. odd.

Lemma 3.8 (Graded commutation relations). For all non-zero mono-
mials f, g € G4 one has

fg= (_1)p(f)p(g)gf,

Proof. To swap the order of the terms fg, one has to bring each generator
appearing in g to the front of f, yielding a (—1)P(9) for each generator. In
addition, each generator in g has to perform a number of swaps equal to
the number of factors of f, gaining an additional (—1)P(/). O

From Lemma 3.8 we readily obtain two important consequences. The
first is that even polynomials commute, while odd ones anticommute. This
gives rise to the nomenclature “bosons” for even terms in the algebra and
“fermions” for the odd ones. Secondly, it allows us to prove immediately
Pauli exclusion principle, which we phrase as follows.

Proposition 3.9 (Pauli exclusion principle). If f is an odd element
of G4 then f?2=0.

As an example, one can compute
(E1+E+E668) =66+ 66 =0

noticing that all other terms yield a factor of £? for some 1 < i < 3.
Even though there are several terms whose square is zero (indeed, one can
show that all polynomials whose monomials share at least one generator
enjoy this property) Pauli exclusion principle becomes significant, from a
physical viewpoint, when f is homogenous of degree 1.

Example 3.10. Not all polynomials squared are zero. Indeed,
4
(L& + &) =2]]& #0,
i=1

where we have used (£1£2)2 = (£3€4)? = 0.



Grassmannian calculus for probability 39

3.1 Functions of Grassmann variables

Definition 3.11. Let f: R — R be an analytic function given by f(z) =
>oreo apx®, and let F € G4 be an element of the Grassmann algebra.
We define the composition of an analytic function with an element of the
Grassmann algebra, f(F), by

F(F) = Zaka.
k=0

As a consequence of this definition, and the nilpotency of the genera-
tors, one can observe for example that for any generator &

o ok
exp(©) =Y 5 =14e
k=0

Proposition 3.12. If f,g € G4 are even polynomials, then

exp(f + g) = exp(f) exp(g). (3.2)

Proof. The proof follows because f and g are even polynomials, so when
variables are commutative the binomial formula still holds. O

Remark 3.13. Note that Proposition 3.12 does not necessarily hold for
odd polynomials. As an example, since (£1 + &)? = &€ + &6 = 0, we
have

exp(&1 + &) =1+ & + &,

whereas

exp(&1) exp(§2) = 1+ &1 + &2 + &1a.

3.2 Differentiation and integration

From now on, we will simplify the structure of the Grassmann algebra even
more by giving it only a finite number of generators {&; : 1 <1i < n}.

Definition 3.14 (Right derivative). The right derivative is the linear
map G4 — G4 which acts on monomials &;, &y, 1< <L <y <o,
as

%fil &y = (1) i Gy, o &, ifthereis 1< a <p
' such that iq = j,

0 otherwise.
(3.3)
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In other words, if x = x7 + §;x2 where x1, x5 € G4 are Grassmann
terms in which &; does not occur, one has

9
0%

It follows that the derivative is also nilpotent, in the sense that

a 2
<8€i> =0

for all i. Moreover, the derivative satisfies the Leibniz rule

0 0
10 = (et ) a+ 21 (59). (3.4
where f,g € G4 and P is the parity operator [51, Section 2.2] defined by
P (&) = ¢

This operator essentially multiplies a monomial of k variables by (—1)
(whence Lemma 3.8 can be rephrased as fg = P(gf)).

Tr = T2.

k

Proposition 3.15 (Taylor expansion for Grassmann algebras). Let
f: R = R be an analytic function with expansion f(x) = > <,amz™,
am € R. Let F,G € G4 such that F is generated by &1, ...,&, and G is an
odd polynomial. Then

f(F+G) Z SE(f (3.5)

where N is the nilpotency index of G, i.e., the biggest number such that

GN #£0, and
=> am Y,  FOGF...GF*,
m>k Jjot.-.+ig=m—k
with k representing the number of occurrences of G.
Proof. First, note that we can write
(F+a)™ Z > FRGF .- GF*,
k=0 jo+.--+ig=m—k
3O+ J =0

This formula can be easily checked by an induction argument. Define the
operator dg : G4 — G4 by

,_.

m—
FIGF™ 171 m>1,
Jj=0
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(Sg(OéFl + 6F2) = 04(5(;(F1) + ,8(5(;(F2) for all I, Fy € G4 and o, € R,
and dg(1) = 0. This operator essentially replaces the derivative of F™G
with respect to F' in this non-commutative setup. By using the Leibniz
rule (3.4) it is possible to show that the k-th composition can be written
as

ok (F™) = > FPGF---GF*, m>k,

ot tig=m—k
with the notational convention that
SL(F™) = F™.

Thus, by using the nilpotency of G' and the fact that 6% (F™) = 0 for
m < k, we can write

FF+G) =) amZ6G (F™) =Y amd&(F™)

m>0 k>0m>k
N
=3 66| D amF™ | =) SE(F(F)). O
k>0 m>k k=0

Example 3.16. As an example, for f(-) = exp(:), F = &1 &2, G = &5 one
obtains from (3.5)

exp(§182 + &3) = exp(§1€2) + exp(§1€2)86s = 1+ &1&2 + (1 + §162)8s.

This is an instance of the more general fact that, if F" and G commute and
G is a polynomial of degree at most one, (3.5) simplifies to

fF+G)=f(F)+ f(FG

Note that the oddness of G is crucial for (3.5) to make sense. Indeed,
in that case this substitution can be expressed in terms of a finite Taylor
series.

Definition 3.17 (Grassmann-Berezin integration). The Grassmann-
Berezin integral is defined as

/D(E)F:/dfldgg---dgnF = 0¢,0¢, -+ 0, F, FeGy.

Surprisingly the integral is defined in the same way as the derivative
(actually, the two coincide!). Even though surprising, this definition re-
tains many useful properties of the integral, for example linearity, or the
fact that an integral does not depend on the variables which are integrated
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out. It is however crucial to keep track of the order of integration because
of (3.3). For example

/da d&s(6261) = 1
but

0 0
/d& d&1(£6) = %, (88&(—5152)> = _875252 =-1L

For this reason, to fix notation we will now start working with a special
Grassmann algebra: the one in which n = 2m and the set of generators
is divided into two sets of variables {¢;, &; : 1 < i < m}. The bar is
reminiscent of complex conjugation, but we consider it only as a special
notation to distinguish the two sets of variables. In this setup, we choose

/D(E, &F = / (Hdgidgi> F, Fegy. (3.6)

It is important to observe that integration satisfies
/dgdg(a1+a2§+a32+a4&):a4, a; €eR 1<i<4 (3.7)

where £, € are arbitrary generators. In other words, only polynomial ex-
pressions in which all generator appear give a non-zero contribution to
integrals.

There are many properties of the Grassmann integral that work exactly
in the same way as for standard integrals: invariance under translation,
change-of-variables formulas and Fubini’s theorem. We will prove them
now for completeness, beginning with translation invariance. The fact that
it holds is intuitively clear because the integral is “morally” a derivative,
and thus does not see shifts. Let’s see the proof more precisely.

Proposition 3.18 (Invariance under translation for Grassman-
n-Berezin integration). Let I = {i1,...,i,} be an ordered sequence of
indices in [n] and let x1, ..., xn be odd elements of G4 satisfying x; = 0 for
any j ¢ I. Then

/d@-,,---dalf(ux)=/d@p--~d&1f<f>, (3.8)

where f(€+ x) denotes the substitution defined in (3.5).

Proof. To prove the statement, it is enough to show that (3.8) can be
written as

0 0 0 0
o, &, &+ = a&,  0g, F&)
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To prove this, it suffices to consider the cases in which f(§) = &, --- &,
for some sequence of indices {j1,...,jm} C [n]. For any i € I and j € [n]
we have that 5

0
a5 & ) = g

9&;

Using this relation together with the Leibniz rule, we note that %(éjl +

X51) - (&5, + Xj..) equals the same object in which x; has been replaced

by zero. By iterating this for % e %, we set x; = 0 for any ¢ € [.
i i

§j = dij-

However, by hypothesis these are the only nonzero y;. This concludes the
proof. O

Changing variables in Grassmann-Berezin integration is, unlike trans-
lation invariance, a rule that defies its standard counterpart. The rule is
as follows.

Proposition 3.19 (Linear change of variables for Grassmann-Bere-
zin integration). Let A € M,(R) and let f : R — R be an analytic func-
tion. Define new Grassmannian variables by x; = 2?21 A&, i=1,...,n.
Then

/dsnmdslf(&,...,&n) :det(A)/dxn~~~dxlf(><1,...7xn)- (3.9)

Proof. Let &,, denote the set of permutations of n elements and sgn(o)
the sign of the permutation o. The statement follows after noting that

/dfn'~-d€1><1~'~xnZ/dfn'”d& ZAljlfjl"' Z Anj, &,

Ji=1 Jn=1
n
= Z sgn(a)HAw(i)
cc6, i=1
= det(A4). O

Note that for ordinary multivariate integrals the factor det(A) should
be on the other side compared to (3.9): if u = Ax then

du

_ 1
Rnf(x)dml...dxn:/nf(A 'u) et Al

Finally we can state the analog of Fubini’s theorem, which essentially
mimics its standard counterpart up to a possible sign change.

Proposition 3.20 (Fubini theorem for Grassmann-Berezin inte-
gration). Let I = {i1,...,1p} be an ordered sequence of indices in [n],
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and let I¢ = {j1,..., jn—p}. Then, for any elements f € G generated by
§irs s &, and g € Ga generated by &, ..., &j,_,, we have

t/d£%-~d@1d@ww~~d§hfg

= (—1)p(n=P) (/dfip"'d&lf> (/dfj”p"'dfjlg) )

Proof. Expanding f and ¢ in monomials, we see that the unique terms
that contribute to the integrals are &, --- &, and §; ---&;,_, in f and
g, respectively. We can then assume without loss of generality that f =
&, &, and g =&, ---&;, . By using the derivative rule (3.3) and the
Leibniz rule (3.4), we get

[ag. ., agurg= e ( [ae., ~dfjlg) |

The result follow after integrating both sides with respect to d§;, ---d§;,.
O

4 Grassmannian calculus and Gaussian ran-
dom variables

This Subsection is devoted to studying “Gaussian integrals” in the Grass-
mannian setting. In particular, let A € M,(R). By using the notation
(&, AE) = szzl £, A(1, j)&; we wish to compute the analog of a Gaus-
sian measure, that is, objects of the form

/ D(E, §)e& 19,

We will prove that

Proposition 4.1.

[ P& €@ 10 = [ Die, G €40 — der(a),

Before we enter into the proof, let us note that there are no assumptions
needed on A, unlike the real case in which

n
dl‘i

requires A to be symmetric and positive-definite.

—3(@ A7) _ (qet A) "2
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Proof of Proposition 4.1. Since the polynomial (£, A€) is even, by Propo-
sition 3.12

n

exp (€, AE) = Hexp ngmfj =T 1+&> 48] @D

i=1 j=1

When expanding (4.1), since we are integrating with respect to D(&, £),
only the term containing ¢, for all ¢ = 1,...,n survives integration, which
gives rise to

ng ZAijgj ng ZAzyqﬁjz
i=1 j=1

Jji=1

Similarly, the terms that give non-vanishing contribution after integrating
must contain & - - - &, up to permutation. They have the form

Z Aljg(m ’ n]o(n)gnfja(n) Elﬁja(l)' (4'2)

ceS,

Putting Enfjﬁ(n) .- -Elgj”m into a standard order, i.e., £,&, - - - £,&1, yields
the sign of the permutation o, so that (4.2) becomes

Z HAzJ,,()Sgn g gn 'Elfl-

0€G, i=1

Since

/D(ga E)En&"ﬂ te '5151 = 17
we get the claim. O

Next we state Wick’s theorem which, like in the real case, allows one to
compute multipoint functions for a Gaussian vector. In the statement, we
are thinking of € resp. £ as (n x 1)-dimensional vectors. The version of the
Theorem we need is the following, but more can be found in [10, Theorem
A.16], together with their proofs. We will use, for a matrix A € M, (R),
the notation

Aic,jcu ’i7 ] S [n]
for the submatrix obtained removing row ¢ and column j from A.
Theorem 4.2 (Wick’s theorem). Let A be annxn, B an r xn and
C an n x r matriz respectively with coefficients in R. For any sequences
of indices I = {i1, ..., ir} and J = {j1, ..., jr} in [n] of the same length
r, if the matriz A is invertible we have that
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1. if we make the choice of ordering i1 < --- <1, and j; < --- < j., then

/ D&, €) [[ & & exp (€ AE)) = (1) io+Tado det (A 50)
a=1

2. /D(g, 11 (ETc)a (B€)a exp ((€, AE)) = det(A) det (BA™LC).

If #1 # #J, the integral is 0.

5 Grassmannian calculus and uniform span-
ning trees

At this stage we would like to show one main area of application for Grass-
mannian variables: studying spanning trees. Indeed we will show that
Grassmann variables can completely describe the edge probabilities of so-
called uniform spanning tree, whose definition we will recall now.

For the rest of this Section, we will let G = (V, E, w) be a finite
connected graph with vertex set V' and edge set E. We will assume that
each edge e = (u, v), u, v € V, has an edge weight w, = wy, > 0. In
particular, edges are unoriented.

Definition 5.1 (Spanning tree). A finite subgraph T' C G is called a
spanning tree of G if

e it has no cycles, i. e. there is no non-empty subset of the edge set of
H that forms a path! such that the first node of the path corresponds
to the last;

e it is connected, and

e it is spanning, i. e. every v € V has at least one edge of H incident
to it.

It is easy to see that any connected and finite graph possesses a finite
number T of spanning trees (and that this number is non-zero). There-
fore, it is legit to define a uniform probability on the set of spanning trees.

Definition 5.2 (UST). The uniform spanning tree is the probability
measure on the set of all spanning trees of G with probability mass function

1
P(t)=—
(0 =7
for t a spanning tree of G.
LA graph path is a sequence {v1, va, ..., vg} of distinct vertices such that (z;, z;+1)

are graph edges for all 1 <i <k — 1.
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In order to understand the UST measure, one has to get hold of the
constant T, more specifically needs to count the number of spanning trees.
To this end, we will need the following object: the Laplacian matrix, which
we have briefly encountered on the square lattice in the Introduction.

Definition 5.3 (Laplacian matrix). The Laplacian (matrix) A = A(G)
is the matrix indexed over V defined as

Way ife=(u,v) € E,
A(u, v) = —degg(u) == =3 cpy Wy fu=0v,
0 otherwise.

It follows from the definition that 0 is an eigenvalue for A with eigen-

vector
(1,1,...,1).
V| times

One can in fact prove [12, Chapter 1] that all eigenvalues of —A are real and
non-negative, and that the eigenvalue zero has multiplicity one. We are
now ready to prove Kirchhoff’s theorem, or the matrix-tree theorem [30].
This Theorem allows us to count the number of spanning trees as a deter-
minant of (a submatrix of) the Laplacian. We will give a “Grassmannian
proof” for it, which is due to [18]. A more extended version of this Theorem
can be found in [1].

Theorem 5.4 (Matrix-tree theorem). Choose an arbitrary o € V.
Then
Te = det(—Age, oc).

Proof. Let us call —Age ,c == 0. By Theorem 4.2 1. we have that
[ P& B e @29 — aet(0), (5.1

Therefore, we need to show that the left-hand side above counts the num-
ber of spanning trees of G. We expand the exponential as follows: fixing
u, and taking into account the nilpotency of the generators, we have

#V
exp <_ ZEUA(U, U)§v>
v=1

#V
1+ &,A(, v)é,

v=1
1- Z Eufkuv + Eugu Z Wy
v#u v#u

By symmetry, a term like w,, can appear together with a pair of variables
of the same index (£,&, or £,&,) or with a pair of variables with different
indices (£,&, or £,&,). We will now count graphically each appearance,
encoding it with a different type of arrow (illustrated in Figure 1).
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i &,&jwi J
[
u Eugv Wywv v
P ccccccccc—=- .’.
EOEO o
[ J

Figure 1: Arrow encoding for the proof of Theorem 5.4.

If w,, appears in the first instance, we will draw a solid arrow going
from u to v. If w,, appears in the second instance, we will draw a dashed
arrow from u to v. For £, &,, which appears in the integrand as well, we
will draw no in- or outgoing arrow from o. With this encoding, every
polynomial in the left-hand side of (5.1) that has a pair of variables at the
same site will have a corresponding outgoing arrow from there, while for a
pair of fields with one “real” variable on one vertex and one “conjugate”
variable at another vertex the arrow will be dashed (directed from the
“conjugate” site to the “real” one).

By (3.7) one must have exactly one conjugate variable per site. If a
site is visited by the tail of a solid arrow, like node k in Figure 2, or it is o,
the pair of variables is already complete, so this vertex can only be visited
by an arbitrary number of solid arrows, that bring no variable to the head.
If a site is visited by the tail of a dashed arrow, like node j in Figure 2, to
complete the pair of variables it must also be visited by a dashed arrow-
head, and by arbitrarily many solid arrow-heads. We therefore deduce two
statements:

1. dashed arrows come in closed, self-avoiding circuits (since for each out-
going arrow there is one and only one incoming arrow);

2. solid arrows create a subgraph of G whose connected components have
the following property. For each connected component, there must be a
“root structure” such that, for each vertex in the component, either the
vertex lies in the root structure or there is a single path which connects
it to the root, touching it only at the last vertex. This path is oriented
towards the root structure, in other words it is a tree rooted at the
“root, structure”.

We need know to understand what kind of root structures we can have.
The possibilities are:
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Figure 2: Skematic illustration of arrow configurations for Theorem 5.4.

(i) the vertex o;
(ii) a closed oriented circuit of dashed arrows;
(iii) a closed oriented circuit of solid arrows.

We now show that a polynomial appearing in the integral of (5.1) giving
rise to a root structure of type (ii) cancels exactly the integral contribution
of a polynomial with a root structure of type (iii). Indeed, if there exists
an oriented cycle of dashed arrows on ¢ vertices, which without loss of
generality we call {1, 2, ..., £}, then the associated polynomial must be
of the form

(=& 1&w2) (—Ex&was) -+ (—Ep&1wir)
@D Ewiz (Ex6was) -+ (§€owre) &
= — (§&wi2) (§bowas) -+ (E&wrr) (5.2)

where in the last equality we have used that the monomials &,¢; are even.
The proof is finished once one notices that the right-hand side of (5.2) is
of type (iii). O

Thanks to Proposition 4.1, we can define the Gaussian integration on
G 4 via its moments as
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(F) = (det(0))~! / D(E, E)e@ OO F

for all F € G4 and {&;,&,}icv. In view of Theorem 5.4, this means that
1 =1

which intuitively justifies the idea of “Gaussian probability measure” on
the Grassmann algebra.

In what follows we find a deeper relation between the P-probability
to have some fixed edges in a spanning tree and the expectation (-) of
some fermionic polynomials. We will use throughout this Section the no-
tation O = —Aye e, and use O~! to denote its inverse, which exists by
Theorem 5.4.

Fix an arbitrary orientation of the edges E. We will denote an oriented
edge as . Even if we have never used oriented edges before, one can prove
that this choice does not matter towards the next result (and we will indeed
give a “fermionic” explanation for this). We let

T (2%, uv) = O Ha, u) — Oy, u) — O Xz, v) + O (y,v), (5.3)

be the transfer-impedance matrix (see [9, Section 4]). A classical result
of [9, Theorem 4.2] states that the edge probabilities of the uniform span-
ning tree can be expressed as determinant of the transfer-impedance ma-
trix.

Theorem 5.5 (Burton-Pemantle theorem). For any finite collection
of disjoint undirected edges eq, ...,ep, € E,

P(ey,...,ex € 1) = det (T'(e;, ej)f’j:l)
for t a spanning tree of G, where the matriz T is defined in (5.3).

Define now, for any edge e = (uwv) € E,

Ce = wuv(gu — &) (6w — &) (5.4)
Note that the definition of (. is independent of the orientation of e.
Lemma 5.6 ([11, Lemma 4.5]). If ) # F C E, then

< 1T Cf> =det (T(f, f')1,yer) -
feF

Proof. Without loss of generality let us assume that F' = {f1, ..., fi},
k > 1, and each edge f; is oriented as u;v;. We observe that

€ —Cpii=1.. k) =€C (§, & i=1 ...k =DBE
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where B = CT and C is a (#V — 1) x k matrix such that the column
corresponding to the i-th point is given by

c(,i)=(0,...,0,-1,0,...,0,1,0,...,0)7T,

with the —1 (resp. 1) located at the v;-th position (resp. at the w;-th
position). Therefore,

k
<H <f> — @et(0)* [ D& (H (€¢c). (B£>a> exp (€, 0€).

feFr
(5.5)

The lemma now follows from item 2. of Theorem 4.2 and the computation

(BO™'C) (f, 9) =T(f, 9)
for f,ge F. O

As a comment to this lemma, note that the independence of ¢ from the
direction of the edges explains why the determinant of the transfer matrix,
as already mentioned, is not influenced by our arbitrary choice of the edge
orientation.

The following Theorem is the Grassmannian analogue of [9, Corollary
4.4], which is stated without proof in [32, Equation (3)] and proven in [42,
Proposition 3.6].

Theorem 5.7 (Edge-representation with fermions). For any () #
F, F' C E such that FNF' = (),

P(Fet,F'mt_(Z))—<HCf 11 (l—Cf')>-
feF  f'eF’

Proof. Note that, since

ITa=¢y=> "] ¢

frer” YCF! frey
we can write
<H ¢ I a Cf’)> = > (-ph <H a1l Cf’>' (5.6)
fer fleFr’ ~yCF! feF frey

By Lemma 5.6 and Theorem 5.5, we have that (5.6), for ¢ a spanning tree,
reduces to
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Y -)PFuUyet)=P(Fuyet)— > P(FUyet)

CF’ #=1,
V= yCF!

+ Y PFUyED+...

#v=2,
yCF!

(5.7)
Now we consider separately the two following cases:
(i) P(FCt)=0;
(ii) P(F Ct) #0.

Case (i). Note that in this case (5.7) equals 0, which proves our claim.

Case (ii). We can now divide each term of (5.7) by P(F C t). Thus,

1 .
W<Jg§ffg,(1Cf')>lP(El®7éfygF cy CHF Ct)
=P(B0#~YCF :yCH)|FCt)

=P(F'nt=0|FCt), (5.8)

where the second equality follows from the inclusion/exclusion principle.
To conclude, it suffices to multiply both terms of (5.8) by P(F Ct¢). O

6 Grassmannian calculus and the Abelian
sandpile model

One of the intriguing applications of Grassman calculus lies in its link to
combinatorial models such as the aforementioned USTs and the Abelian
Sandpile Model (ASM). They are both deeply connected to self-organized
criticality and the broader study of complex random systems.

The ASM is also known as the Bak-Tang-Wiesenfeld model [4, 28, 43].
It is a type of cellular automaton defined on a graph, typically a grid,
where each cell (or vertex) can hold a certain number of grains of sand. In
this model, height fields refer to the number of sand grains at each vertex
of the graph. Each vertex ¢ has an associated height h;, which is an integer
representing the number of grains at that vertex. The configuration of the
entire system is given by the set of heights at all vertices. The model
follows a dynamics in three steps. Firstly, grains of sand are added one
at a time to randomly chosen vertices. Secondly, topplings may occur. If
the height at any vertex exceeds a certain threshold Kipresn, that vertex
topples, distributing one grain of sand to each of its neighboring vertices.



Grassmannian calculus for probability 53

This can cause neighboring vertices to exceed their thresholds and topple
as well, leading to a cascade of topplings, known as an avalanche. Finally,
the sandpile stabilizes, meaning this process continues until all vertices are
below the threshold, resulting in a stable configuration.

One of the key features of the Abelian sandpile model is its Abelian
property. This means that the final stable configuration of the sandpile
does not depend on the order in which the grains are added or the order
in which the vertices topple. This property simplifies the analysis and
allows for exact results in many cases. Despite this and its apparently
simple description, studying the ASM presents several notable challenges.
Firstly, the system exhibits multifractal scaling rather than simple finite-
size scaling. This multifractality is a hallmark of systems exhibiting self-
organized criticality. Additionally, the height fields exhibit elaborate, non-
local correlations. While the height-one variables can be handled by local
calculations thanks to the burning bijection [35], higher height variables
involve more intricate interactions. Finally, in 2D large avalanches, though
rare, dominate the statistics in the thermodynamic limit. These rare events
can significantly affect the height field distributions and their correlations.
These factors make the study of height fields in the Abelian sandpile model
a rich and challenging area of research.

The burning bijection relates the stationary measure of the ASM on a
graph to the uniform spanning tree measure of the same graph. A spanning
tree of a finite connected graph G is a subgraph which has no loops and
connects via its edges all points of G. Kirchhoff’s theorem gives the number
of spanning trees in this setup, giving rise to a uniform probability measure
on all such trees, called the uniform spanning tree. This allows one to give
an alternative description of many observables of the ASM. For example,
for a suitable collection of vertices V' the event {degygr(v) = 1,Vv € V}
is equivalent to {h, = 1,Vv € V'}, and that the UST is incident to v via a
preferred edge n(v) (see Figure 3).

This means that the height-one field is a local event, that is, an event
which is measurable with respect to a finite number of edges only, even
as we let the size of the UST grow. This makes it amenable to exact
computations than higher heights, which in contrast are non-local [28].
The perhaps surprising fact is that this 0-1 field is closely related to a
special Gaussian field: the discrete Gaussian free field (DGFF).

6.1 ASM and DGFF

In [22, 13] an interesting relation between the height-one field of the ASM
and the discrete Gaussian free field was unveiled. In order to explain it,
we first need to introduce the DGFF [49, Chapter 2]. The DGFF is a
Gaussian vector indexed over a finite connected graph. In [22; 13|, this
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n(v) = East

U1

V2

U3

Figure 3: The event h(v1) = h(vz) = h(vs) = 1 in ASM is equivalent to
the UST incident to v; via the east neighbor.

graph is a subset of 74, although extensions to many other graphs are
possible. Let us call this graph G = (V, E) with its vertex set V' and edge
set F. On it, we define the Laplacian matrix A as follows: for i, j € V

1 if [|i — || = 1,
A(i, j) =1 —2d ifi=j,
0 otherwise.

Finally, we identify the boundary of the graph G as a subset ) # C C V
of vertices. With these notions, we have the following definition.

Definition 6.1 (Discrete Gaussian free field). The discrete Gaussian
free field (DGFF) ¢ on G with zero-boundary conditions on C is the mean-
zero multivariate Gaussian indexed on V with density (with respect to the
product Lebesgue measure on RV\C) proportional to

1 1 .
exp T2 Z ﬁ%’(‘A(% 7))e;
i, JEV\C

For simplicity of notation we now denote the height-one field by h. In [13]
one considers under a suitable rescaling procedure a graph G. = (V;, E.) C
Z?, where both the height-one h. and the DGFF ¢, are defined. One
studies then the ¢-joint cumulants of first order x of h. What one finds is
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that, when xgl), cee xg) is a set of ¢ > 2 pairwise distinct points, in the

limit A, satisfies

lim =25 (he(20),... e (1))

e—0

= —4 lim 5_241‘%} (Cq)g ($gl))7 LR} Cq)E (‘/Eg@))

e—0

(6.1)

with C' a universal explicit constant, and

2
P (v) = Z (pe(v+ei) — ‘PE(U))Q .

i=1

The field ®. can be though of as the gradient squared of the DGFF. One of
the goals of these notes is to elucidate the relation between the “squared
norm” of the DGFF, and the height-one field.

Going back to (6.1), we understand now that, if we want a Gaussian
field with cumulants exactly equal to those of the height-one field in the
limit, we would need to take a complex version of the DGFF (and possibly
sum over 2d, rather than d, directions). However, removing the nega-
tive sign in (6.1) seems out of reach at the moment, as the next Remark
discusses.

Remark 6.2. Consider two distinct random variables X,Y defined on
a common probability space on R such that km(X) = —rm(Y) for any
m € N%. Thus, formally,

Elexp (t-X)] = (6.2)

E [exp (t - Y)]

for any t € R?. Indeed, by means of Definition 2.3 we can formally write
that

d N
t.”
Elexp(t-X)=exp | > mmX) [[ 2
meN? j=1 M
d tm]
=exp | — Z "im(Y) #
meN? j=1 "7
_ 1
= Blew (€ V)]

But are there any random variables that satisfy (6.2)7 An immediate
example are the random variables X = v almost surely and Y = —v
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almost surely, with 0 # v € R%. The question is now whether there are
more “significant” ones. If such variables exist, one can always construct
a probability space in which they are independent, and in which it holds
that
Elexp(t-(X+Y))]=1

for all t € RY, yielding that X = —Y almost surely. Therefore, to find a
non-trivial answer, we need to consider the question in a different setup?.
For this reason, we will now tackle the concept of supersymmetry, that we
present in the next section.

7 Supersymmetry (SUSY)

7.1 SUSY Gaussians

For the rest of the Subsection, let m := #V and n = 2m. We will start
working with superspins, namely vectors living in a space R™" which is a
“hybrid” space in which both n standard, real variables and n Grassman-
nian generators live. More precisely, we define a superspin, or supervector,
as the vector

U; = (l‘% Yis §i7 Ei)Ta teV
where z;, y; € R and &, £, are two generators of G4. A smooth super-
function F € C°°(R"™™) can be written as

F=>" frlzr,yn&é;

1C(n)

where fr € C>°(R™) are smooth functions and ¢7¢; are Grassmann mono-
mials indexed over I. The body Fp of a superfunction F' is defined as
the ordinary smooth function obtained by formally setting all Grassmann
variables to zero:

Fy = fo(xg, yo)-

The remaining part is referred to as the soul:

Fo=F-Fy= Y filer,y)&é;.
0#1C[n]

In superspaces, integration works in the following way.

2If we allow the argument to become imaginary on the right-hand side of (6.2), we get
immediately the example of the independent variables X ~ A(0, 1) and Y ~ iN(0,1)
in d = 1. In fact, such a class of random variables is well-studied, and we are grateful to
Christophe Vignat who pointed us out to van Dantzig pairs [34]. The pair is constituted
by two analytic characteristic functions f, g such that f(t)g(it) =1 for all ¢ € R. See
also [24] for a general approach to this problem.
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7.2 Superintegration

The case of RO/"™ corresponds to integration in fermionic spaces as we have
already seen in Subsection 3.2. Namely,

/ F= / o frnynéés =Y. filenys /D I
ROI™ RO™ o 1Cn) 0£IC[n]
On R™", Berezin measures are written as
du=d(x,y, &€ = Y du(x, y)&&DE, &)
IC([n]

where d v; are measures in R"”. Then

/qu::Z/n (/D(ﬁa £)F£I£I)dyl(xv y):

For I = () we take duy to be the Lebesgue measure normalized by 7"/2
on R™ and vy = 0 otherwise, obtaining the Berezin-Lebesgue measure on
R™"™. From now on, we will denote it simply as d u.

Example 7.1. If n =2, a € R and F(u) = exp(—a(z? + y?) — a&€) then

/quzl.

Proof. Using the definition of superintegration, we obtain that

/e—a(m2+y2)—a55 _ /R2 o—a(@?+y?) (/D({, £) (—aff)) %dmdy
2
a —al‘z —

This also explains our choice of normalization of the Lebesgue measure on
R™. O

The interesting fact is that this integral seems to be independent of a,
and we would like to generalize this result, as well as using it as motivating
example to the phenomenon of supersymmetry.

Let A € M,,(C) be an Hermitian positive-definite matrix. If z, =
R(Za), Yo = S(Za), we recall the identities

- m d o,d N
exp (- (Z,42)) [ ===

a=1

S—

m

= [ e (= e ) = (3. Ay) TT S22 = dera)
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and B
[ P& 9@ — dera),
Thus, by letting
D(Z,Z) = ﬁ 4%adya
) A T

a=1

we get, as in Example 7.1,

/ D&, §)D(Z, Z)exp (— (Z. AZ) + (€, AL)) =

(7.1)

Note that the integral (7.1) does not depend on the choice of the matrix

A.

Define now the super inner product between two superspins at ¢ and

Jj € [n] as
(ui,uj) = ;x5 + y;y; + % (&€ + &Ej) .
Noting that
€46 2 5 (€.46) - 5 (6.48)

we deduce that (7.1) becomes

[ du exp (- (. 4u)) =

where u = (ug,...,u,)? and

(u, Au) ZAZ] )(ws, uj).

3,j=1

The measure defined in (7.3) is called supergaussian measure.

7.3 Localization

(7.2)

Let G4(R™) be the algebra of smooth functions from R" into G4, which

is our usual Grassmannian algebra generated by &1, ..., &m, &1, ...

sider the complex coordinates
z=x+1y, z=x—1y,

and define

0 _1(0 .0 9
0z; 2 o0x; 0y ’ 851‘

l\D\»—t

0 4 0
637% 18:‘/1 .

m- Con-
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The supersymmetry generator Q : G4(R™) — G4(R") is then defined as

- 0o - 0 0 0
Q-—;<fiazi+£iazi_2zza§ +227a€)

A function F' € G4(R"™) is defined to be supersymmetric or Q-closed if
QF = 0, and @Q-exact if there exists F' € G4(R"™) such that QF' = F.
If we prefer to write the supersymmetry generator in terms of the real
vectors x and y, we get that

0 0
JZQ“ fz@ gy, g g )

The fundamental property of supersymmetry is given by the following
localization theorem, whose proof can be found in [5, Theorem 11.4.5].

Theorem 7.2. Let the element F' € G4(R™) be a smooth integrable super-

symmetric form. Then
/ du F(u) = F,(0),

where Fy is the body of F' evaluated at 0.

As an example, when F' = exp(&; +&2) = 1+& + &, (see Remark 3.13),
one obtains [duF(u) =1

We can prove that the super inner product is supersymmetric.
Lemma 7.3. For alli, j € [n] one has Q(u;, u;) = 0.
Proof. Since @ formally exchanges generators as follows:

Qu; =&, Qui = &, Q& = —2x;, Q& = 2y;,

we have, up to a multiplicative constant factor 1/vi,
_ 1 _
Qui, uj) = Qi(ui, uj) + Qj(us, uy) = &y + &y; + 3 (—2&mi + 2y:€;)
1
+ ngj + yzfj (22/]51 2£1xj) = 0.0

We can now, for example, apply [5, Example 11.4.4] to the smooth
function exp(—A + tId) : R"*" — C for some ¢ € R" to show that

[ du exp (- (w Aw)exp (8. w) = 1,



60 S. Baldassarri and A. Cipriani

where formally

(t,u) = Z(ti’ Us).
i=1
This is formally equivalent to the cumulative generating function of u
satisfying
E [exp ((t u))]susy = 1’

where E [-], ., . means the expectation with respect to the supergaussian
measure defined in (7.3). So, if F resp. G is the cumulant generating
function of (x,y) resp. (€,€) as Gaussian measures in their respective
“worlds”, then F(-) = —G(-). Consequently, if F resp. G is the moment
generating function of (x,y) resp. (£,€) as Gaussian measures in their
respective worlds, then F(-) = 1/G(+), which accomplishes the task pointed
out in Remark 6.2.

We would like to point out that supersymmetry was, in fact, not neces-
sary to explain Remark 6.2 (see also [2]). However, we decided to introduce
it here to give a glimpse into its richness and its many possible applications

in probability theory.

8 Grassmannian calculus and reinforced
processes

Edge reinforced random walks (ERRW) [15, 29] and vertex reinforced jump
processes (VRJP) [16, 17, 44] are history-dependent stochastic processes
where the particle tends to come back more often on locations it has al-
ready visited in the past. Formally, let G = (V, E) be a finite undirected
graph.

Definition 8.1. The ERRW with starting point Xy = ip € V and ini-

tial weights (Wi;) (i j1ee is the stochastic process (X, )n>1 with transition
probabilities

L jyer(Wij + L)
> tikyers(Wie + Lif)

where L is the number of times the edge {i, k} has been crossed up to
time n (in either direction).

Since the VRJP can be related to the ERRW [44], in what follows we
only focus on the ERRW. With Grassmann calculus one is able to give an
alternative characterization for the ERRW in terms of a random walk in
random conductances as follows, known in the literature as magic formula

20, 44].

Pio (Xn-l-l =1 | X, = Js (Xm)mgn) =
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Proposition 8.2. On the graph G, the ERRW can be described as a ran-
dom walk in random conductances c;; = Wije“i ™% where {i,j} € E and
Wi; > 0 is an edge weight that may be deterministic or random. Finally,
{ui}iev is a family of real random variables with probability measure

/quo (du) Z H Wi ewitu; H e~ Wij(cosh (u;—u;)—1)
SeS {i,j}es {i,j}es

(8.1)
H rduz 3 (i )s

1€V \{io}

where iy is the starting point of the process, and S is the set of span-
ning trees over the graph G. We denote the corresponding expectation by

By iol]-

We refer the interested reader to [21, 20, 19, 44, 45], where key prop-
erties of the above measure were obtained using its relation to non-linear
sigma models where the spin has both real and Grassmann components.

Proof of Proposition 8.2. In what follows we use Grassmann variables to
derive the measure in (8.1).

Consider the Grassmann algebra G4 generated by {&;, & }iey and as-
sociate with each point i € V a spin v; = (24,9, 2, &, &) € R3|2, ie.,
the three components z;,y;, z; are real and the two components &;,&; are
Grassmann variables. We introduce the non-positive definite bilinear form

(v,0) =z’ +yy' — 22’ + €8 - €€

By adding the additional constraint (v,v) = —1, we further obtain that

z:i\/1+x2+y2+2§§_.

By choosing the positive part, we obtain the supersymmetric hyperbolic
sigma model H? with two additional Grassmann components, which mo-
tivates the name H?2. We now define the energy of a spin configuration

v = {vitiev as

E Wij (vi —vj,v; — vj)

{i,j}€E
=2 Y Wy(1+ (vi,vy))
{i,j}€E

=2 Z WU 225 — (1+ T + Yiy; + &f_j - f_zfg)) (8.2)
{i,j}eE
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Note that Fy(v) € G4 is even and hence e v () is well-defined. We
introduce now the analogue of the magnetic field by setting v;, = o :=
(0,0,1,0,0). The Gibbs measure can be written as

14 _ o dl’jdyj - l — By (v)
<f(v)>W,i0 B ~/('H22)V\{io} dd(vlo 0) H < 2 8§'ia£j Zj © f(v)

Jj#io

for regular enough functions f. The factor 1/z appears because we are
integrating over the non-linear manifold H22. This model is connected to
the probability measure iy, ; (u) introduced in (8.1) as follows:

El [f(e9)] = (f(@ + 2))pi, -

This can be seen by performing the change of coordinates (z,y,¢ E) —s
(u, s,1,1) (horospherical coordinates) defined via

2
:csinhue"(s'2+w>, y=cls, E=e'P,  &=e),

where u and s range over the real numbers. Note that (u,s,,1)) are
globally defined coordinates and

(u’ s’ /l/_}’ /l/)) = (0’07 07 O) @ (:1:7y7§7g) = (0’ 07 07 O)'

The expression for the energy (8.2) in them is

Z WZ] - )’

{i,j}€E

where

Sij =B + (1/% %)(1/11 j)etithi

Bj; = cosh (u; —u;) + 3(s; — s])Qe“”r“J.

Conditioned on u, the variables s, 1), are Gaussian distributed with co-
variance C'(u), and therefore the corresponding integral can be performed
exactly. The result is formula (8.1). For more details we refer to [21]. O

9 Grassmannian calculus and random ma-
trix theory

This Section is based on [51, Sec. 4.4] (see also [27, Sec. 10.3.2]). Here
we are going to use Grassmann calculus to prove a staple result in ran-
dom matrix theory: the classical Wigner semicircular law convergence for



Grassmannian calculus for probability 63

the empirical distribution of the eigenvalues of a Gaussian unitary ensem-
ble (GUE). The core idea is to compute the limiting spectral distribu-
tion of large random Hermitian matrices by leveraging fermionic integrals.
These integrals are particularly efficient when dealing with Gaussian en-
sembles, where expectations over matrix entries can be performed exactly
due to Wick’s theorem or Gaussian integration rules (see Proposition 4.1).
Thus, fermionic variables help because Grassmannian integrals encode de-
terminants compactly and allow us to manipulate them analytically. For
matrices with independent entries, the average over the ensemble can be
combined with Grassmannian calculus to obtain a tractable expression for
the spectral density.

We are now going to state all the necessary definitions for this result.

Definition 9.1. The GUE ensemble is the probability distribution on the
set of N x N Hermitian matrices with density

N

i=1 1<i<j<N

Basically, we are dealing with Hermitian matrices in which the upper-
triangular entries are i. i. d. with distribution N (0, 1)¢, and the diagonal
entries are i. i. d. with distribution A(0,1)g. A celebrated result by
Wigner states that the rescaled empirical spectral distribution (ESD)

1 N
N(dl‘) = ﬁ Z(S,\i

of the eigenvalues A1, ..., Ay of a GUE matrix admits a very precise limit.

Theorem 9.2 (Wigner semicircular law convergence). With proba-
bility one it holds that

lim py(dz) = pse(dz)
N—o0

where3 )
frse(dz) = 9.V (4 —2?)4dz
s
is the Wigner semicircular law.

The method of the proof uses classical tools in random matrix theory
which are then turned into Grassmann language. We will now define a few

3In this instance, the a.s. limit of the measures indicates that Nlim un(—oo, A) =
— 00

tse(—o0, A) a. s. for all A € R.
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objects (the interested reader can look up for example [47, 3] for in-depth
monographs on the topic). For an Hermitian matrix Hy of size N x N
define its resolvent as

Rn(2) = (Hy —zIn)"', z€CT,

where Iy is the N x N identity matrix. Moreover for a positive finite
measure p on the real line we define its Stieltjes transform as

S, (2) ::/M7 ze€ C\R. (9.1)

xr—z

The opposite —S,(-) is often called the Cauchy transform. Finally, let us
point out the difference between the notations for the trace

Tr(Hy) = Z[HN]ﬁ

and the normalized trace

TI‘(HN)

tr(HN) = N

that we are going to use in the sequel.

The key result is that convergence of Cauchy-Stieltjes transforms im-
plies weak convergence of the underlying probability measures. To be
precise, what we are actually going to prove is that the average measure
iy = E[un] converges weakly to the semicircle distribution. At the ex-
pense of not showing Theorem 9.2 in its full form, we wish to convey the
gist behind the use of fermionic calculus in random matrix theory.

Proof of Theorem 9.2 (abridged version). First by complex Gaussian inte-
gration (Def. 2.4) we can write, for 1 <i < j < N,

[zIn — Hy);;' = sdet (s (zIy — Hy)) /D(Z)Ziz-e_s(z (zIn—HN)Z)

(9.2)
where we introduce the shorthand notation

ﬂ dR(Z;) dS(Z:)

™

D(Z) =

i=1

and s = —isgn(Qz) is chosen so that the integral in (9.2) is convergent.
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This implies that
Tr(zly — Hy)™ !

=Y (zIn — Hy)3!

N
=sdet (S (ZIN — HN)) /D(Z) (Z Z1Z2> e—s(Z, (2In—HN)Z)
=1

Thus, since S, = Eftr(Rn)], we get

sdet (s (zIny — Hy))
N

L Ty(R(2)) =

~ /D(Z) (Z,Z) e (In=Hx)Z)

(9.3)
We use now Proposition 4.1 to develop the determinant in (9.3) obtaining

~Sin ()= [ D) [ DB (2.2) o6 Clx D (B =)

:%/mz)/p@ £)(2,7) 0= 52((Z.2)+(&.8)] 5(Z. HNZ)+5(6, HNE),
(9.4)

To obtain (9.1) we will now compute an expectation E with respect to the
GUE measure of one of the integrand terms, namely

E |:es(Z,HNZ)+(§,HNE):| — exp <2}\7 {(Z, Z)>+2(¢.2)(Z,€) - (E,S)QD.
(9.5)

Note that in (9.4) one needs to bring the expectation with respect to the
GUE measure inside the integrals. This is indeed possible because the
integral has a Gaussian decay in Hy, the Grassmann integration produces
only finitely many terms and lastly the bosonic integral is absolutely con-
vergent thanks to the fact that s is chosen according to sgn(Sz). This
implies that the combined integrand is absolutely integrable in the Hx-
variable, so that Fubini-Tonelli’s theorem gives the desired result. We
introduce the Hubbard-Stratonovich transformation

e (57 €9)°) - JE [wven(-ved-52) 09

which follows from a standard Gaussian integration in R. Plugging (9.6)
and (9.5) into (9.4) we can perform first the integral in the Grassmann
variables obtaining

/ D(E, &) exp(— (€, KE)) = det(K)
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with .
K= (sz4+v)Ixy + NZZT.

Note that 77" is an N x N matrix. The determinant of K is computed
in [51, Eq. (4.18)] as

det(K) = (sz + )NV~ (sz +u+ (ZNZ)> .

Therefore, (9.4) has now reduced to

= \/7~/(CN R dv (Z,Z) (sz +v)N !

(zNZ>>

X exp <—sz(Z, Z) - .2 ];[v2>.

2N
(9.7)

<sz+v+

The integral depends on the quadratic term (Z, Z), so introducing polar
coordinates will help us calculate it. We set p == (Z, Z) and transform the
right-hand side of (9.7) into

sz+v+ £ ~
N'“ /dv/ dp——— P h(z, v, p) (9.8)

N N P2 N
h(za v, /)) =p (SZ—HJ) exp (—Szp— oN Ev ) .

with

Since we are interested in the N — oo limit, we will evaluate the integral
through the saddle point method. The saddle points vy, po of h(-) are

2 2
vo=—522i\/qa po:_:t\/? (9.9)

as well as {vg = —sz, pg = 0}. However, we can exclude the latter couple of
points, since the integrand vanishes at them. We also notice that if in (9.9)
one takes points with square roots having opposite signs the integrand will
also vanish. Therefore, we will choose py having positive real part (since
the integral in p runs from zero to infinity) and we obtain h(z, vg, po) =
N exp(—N). On the other hand, the second derivatives of h(-) at the
saddle points are
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821nh__N 1 1 82lnh__ E_’_i
n? (82 + vg)2 T0pr pg N

821nh_ 821nh821nh_

——— =0, Y =422
Ovdp o  9p? ¥
From (9.8) we can conclude that
NN+1/2 -N sz + + Po 9
lim —S;,(2) = lim © > G T
N—oo N—o0 N! Vor sz g 821lnh 82Inh
ov?  Op?
=1(z+sV4-22).
(9.10)

If z € CT then s = —i, which implies that (9.10) is equal to minus the
Stieltjes transform of the semicircular law

z—Vz22 -4
2
whenever we consider the square root with non-negative imaginary part
(or real part if the imaginary part is zero). O
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